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One of the simplest observables from the theoretical perspective is the Energy-Energy

Correlator (EEC), defined as [2, 3]

d�

dz
=

X
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�
d�
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Q2
�

�
z �

1 � cos �ij

2

�
. (1.1)

Here Ei and Ej are the energies of final-state partons i and j in the center-of-mass frame,

and their angular separation is �ij . d� is the product of the squared matrix element and the

phase-space measure. The EEC can also be defined in terms of correlation function of ANEC

operators [4–7]

E(~n) =

��

0

dt lim
r��

r2niT0i(t, r~n) , (1.2)

where it is given by

d�

dz
=

hOE(~n1)E(~n2)O†
i

hOO†i
, (1.3)

for some source operator O. This provides a connection between event shape observables and

correlation functions of ANEC operators allowing the study of event shapes to profit from

recent developments in the study of ANEC operators, and conversely, the EEC provide a

concrete situation for studying the behavior of ANEC operators.

There has recently been significant progress in the understanding of the EEC from a

number of di�erent directions. For generic angles, the EEC has been computed at next-to-

leading order (NLO) in QCD [8, 9] for both an e+e� source, and Higgs decaying to gluons,

and up to NNLO in N = 4 SYM [7, 10]. It has also been computed numerically in QCD at

NNLO [11, 12].

There has also been progress in understanding the singularities of the EEC, which occur as

z � 0 (the collinear limit) and z � 1 (the back-to-back limit). In the back-to-back limit, the

EEC exhibits Sudakov double logarithms, whose all orders logarithmic structure is described

by a factorization formula [13, 14]. In the z � 0 limit, which will be studied in this paper,

the EEC exhibits single collinear logarithms, originally studied at leading logarithmic order

in [15–19]. Formulas describing the behavior of the EEC in the collinear limit were recently

derived in [20] for a generic field theory, and in [21–24] for the particular case of a CFT. This

limit is of theoretical interest for studying the OPE structure of non-local operators, and of

phenomenological interest as a jet substructure observable.

The two-point correlator is particularly simple since it depends on a single variable, z.

Indeed, in a conformal field theory (CFT), its behavior in the collinear limit is fixed to be a

power law

�(z) =
1

2
C(↵s) z�N=4

J (�s) , (1.4)
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Fig. 8: Small angle expansion of the energy correlation function. The expansion

is dominated by the propagation of a spin three non-local string state, denoted

here by a thick red line.

to the contribution of a physical (but non-local) string state that is localized in the y+

direction but propagating in the transverse directions. We generalize this result to AdS

by replacing the transverse space by H3. Now the non-local string states propagate on

the H3 subspace of AdS5. These states propagate from the center of H3, where the string

state created by the localized operator insertion is concentrated, to a region near the H3

boundary, near the insertion of the two energy flux operators, see fig. 8. At large distances

from the H3 center we expect that the wavefunction of the non-local string state goes as

1/| ~W |
�, | ~W | � 1, with

� ⇠ mRAdS ⇠
�

2�1/4 + · · · (4.26)

where m is given, to a good approximation, by the mass of the flat space state computed

in (4.24). Incidentally, we can calculate the conformal weight � of other (generally non

local) operators with arbitrary spin in the same manner. They correspond to the string

states

(��y+��y+)
j
2 �(y+)eik.y (4.27)

The mass of these states is given in flat space by m2 = �k2 = 2
�� (j � 2). Therefore

�(j) ⇠
�

2
�

j � 2�1/4 + · · · (4.28)

This formula is expected to be a good approximation only for j � �1/2, since it was derived

assuming the flat space approximation. For very large values of j we get a logarithmic

behavior in j, see [75]. Of course this is simply the analytic continuation of the leading

Regge trajectory.
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Energy Flow Operators

• From a field theory perspective, this is the study of matrix elements
of Energy Flow/ ANEC/ Lightray operators

I +

One of the simplest observables from the theoretical perspective is the Energy-Energy

Correlator (EEC), defined as [2, 3]

d�

dz
=

X

i,j

�
d�

EiEj

Q2
�

�
z �

1 � cos �ij

2

�
. (1.1)

Here Ei and Ej are the energies of final-state partons i and j in the center-of-mass frame,

and their angular separation is �ij . d� is the product of the squared matrix element and the

phase-space measure. The EEC can also be defined in terms of correlation function of ANEC

operators [4–7]

E(~n) =

��

0

dt lim
r��

r2niT0i(t, r~n) , (1.2)

where it is given by

d�

dz
=

hOE(~n1)E(~n2)O†
i

hOO†i
, (1.3)

for some source operator O. This provides a connection between event shape observables and

correlation functions of ANEC operators allowing the study of event shapes to profit from

recent developments in the study of ANEC operators, and conversely, the EEC provide a

concrete situation for studying the behavior of ANEC operators.

There has recently been significant progress in the understanding of the EEC from a

number of di�erent directions. For generic angles, the EEC has been computed at next-to-

leading order (NLO) in QCD [8, 9] for both an e+e� source, and Higgs decaying to gluons,

and up to NNLO in N = 4 SYM [7, 10]. It has also been computed numerically in QCD at

NNLO [11, 12].

There has also been progress in understanding the singularities of the EEC, which occur as

z � 0 (the collinear limit) and z � 1 (the back-to-back limit). In the back-to-back limit, the

EEC exhibits Sudakov double logarithms, whose all orders logarithmic structure is described

by a factorization formula [13, 14]. In the z � 0 limit, which will be studied in this paper,

the EEC exhibits single collinear logarithms, originally studied at leading logarithmic order

in [15–19]. Formulas describing the behavior of the EEC in the collinear limit were recently

derived in [20] for a generic field theory, and in [21–24] for the particular case of a CFT. This

limit is of theoretical interest for studying the OPE structure of non-local operators, and of

phenomenological interest as a jet substructure observable.

The two-point correlator is particularly simple since it depends on a single variable, z.

Indeed, in a conformal field theory (CFT), its behavior in the collinear limit is fixed to be a

power law

�(z) =
1

2
C(↵s) z�N=4

J (�s) , (1.4)

– 2 –

I �

One of the simplest observables from the theoretical perspective is the Energy-Energy

Correlator (EEC), defined as [2, 3]

d�

dz
=

X

i,j

�
d�

EiEj

Q2
�

�
z �

1 � cos �ij

2

�
. (1.1)

Here Ei and Ej are the energies of final-state partons i and j in the center-of-mass frame,

and their angular separation is �ij . d� is the product of the squared matrix element and the

phase-space measure. The EEC can also be defined in terms of correlation function of ANEC

operators [4–7]

E(~n) =

��

0

dt lim
r��

r2niT0i(t, r~n) , (1.2)

where it is given by

d�

dz
=

hOE(~n1)E(~n2)O†
i

hOO†i
, (1.3)

for some source operator O. This provides a connection between event shape observables and

correlation functions of ANEC operators allowing the study of event shapes to profit from

recent developments in the study of ANEC operators, and conversely, the EEC provide a

concrete situation for studying the behavior of ANEC operators.

There has recently been significant progress in the understanding of the EEC from a

number of di�erent directions. For generic angles, the EEC has been computed at next-to-

leading order (NLO) in QCD [8, 9] for both an e+e� source, and Higgs decaying to gluons,

and up to NNLO in N = 4 SYM [7, 10]. It has also been computed numerically in QCD at

NNLO [11, 12].

There has also been progress in understanding the singularities of the EEC, which occur as

z � 0 (the collinear limit) and z � 1 (the back-to-back limit). In the back-to-back limit, the

EEC exhibits Sudakov double logarithms, whose all orders logarithmic structure is described

by a factorization formula [13, 14]. In the z � 0 limit, which will be studied in this paper,

the EEC exhibits single collinear logarithms, originally studied at leading logarithmic order

in [15–19]. Formulas describing the behavior of the EEC in the collinear limit were recently

derived in [20] for a generic field theory, and in [21–24] for the particular case of a CFT. This

limit is of theoretical interest for studying the OPE structure of non-local operators, and of

phenomenological interest as a jet substructure observable.

The two-point correlator is particularly simple since it depends on a single variable, z.

Indeed, in a conformal field theory (CFT), its behavior in the collinear limit is fixed to be a

power law

�(z) =
1

2
C(↵s) z�N=4
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– 2 –

• These correlation functions completely characterize the flow of energy
(or other charges) at infinity. Have a direct correspondence with
“calorimeter cells” in real experiments.

h |E(n̂1) · · · E(n̂k)| i

E(~n) =

1Z

0

dt lim
r!1

r2niT0i(t, r~n)

[Hofman, Maldacena]

[Sveshnikov, Tkachov; Korchemsky, Sterman]
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Two Descriptions:
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Jet Shapes

• The classic approach to studying jets (dating back to Farhi’s “thrust”
in 1977) is to use “jet shapes”, which measure the spread of radiation.

• Organize jets by phase space regions =) useful for tagging.

LEP LHC
4

FIG. 5. The embedding of W jets into a two-dimensional
space with t-SNE. The gray contours represent the density of
embedded jets. Examples of W jets are shown throughout
the space. The color of each jet corresponds to its angularity
�(�=1/2) fractile to quantify the energy sharing of the two
prongs. An annulus emerges with jets in the lower (upper)
region of the manifold having a more energetic lower (upper)
subjet. More complex topologies with the largest angularity
values populate the center of the manifold.

increasingly complex and the dimension correspondingly
increases. It is satisfying that the dimension is relatively
low for a wide range of relevant energies, which is
critical for a variety of metric-based techniques such as
classification and low-dimensional visualization to work
e�ectively with a realistic amount of data.

Beyond probing its dimension, the entire space of jets
can be visualized using techniques such as t-Distributed
Stochastic Neighbor Embedding (t-SNE) [60–63], which
finds a low-dimensional embedding of the data that
attempts to respect the distances between points. Fig. 5
shows a t-SNE embedding of 5k W jets with pT �

[500, 510] GeV into a two-dimensional manifold using
scikit-learn [64]. The narrower pT range focuses the
EMD on the jet substructure and was found to yield
sharper visualizations, with other choices also yielding
sensible results. The W jets populate a circular subspace
roughly corresponding to the energy sharing of the two
prongs. As the W jet originates from a resonant decay,
the two decay quarks (after rotation) are solely described
by their energy sharing, which satisfyingly emerges from
the manifold of W jets. Moreover, the center of the
ring, distant from the annulus, tends to contain the most
complex jet topologies, resulting in a type of automatic
anomaly detection.

Finally, we illustrate the use of EMD for a new kind
of visualization strategy that clusters events to better
understand observable distributions. To describe a given
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EMD: QCD Jets, k=3-medoids

Pythia 8.235,
�

s = 14 TeV

R = 1.0, pT � [500, 550] GeV

FIG. 6. The jet mass distribution for QCD jets, with k = 3
medoids shown above each bin. This visualization highlights
that simple one-prong topologies dominate low jet masses and
complex two-prong topologies exist at high jet masses.

set of events, such as those in a histogram bin, we find
the k events (called medoids) which best describe the
set in that the sum of distances of each event to its
closest medoid is minimized. This procedure works for
any observable and provides an immediate glimpse of
the types of event topologies that correspond to a given
observable value. We use an iterative approximation of
k-medoids from the pyclustering Python package [65].
As an illustration, Fig. 6 shows the jet mass for QCD jets
with k = 3 medoids per bin, providing a snapshot of the
di�erent event topologies at di�erent masses.

In conclusion, we have equipped the space of events
with a metric, thereby allowing a powerful suite of
new tools and techniques to be directly applied to
collider physics. There are many potential applications
of the EMD at colliders beyond those presented here.
Pileup mitigation or detector reconstruction could use
the EMD to benchmark performance and thus benefit
from the quantitative bounds on IRC-safe observable
modifications. Further, machine learning models could
be trained to optimize the EMD, related to recent e�orts
in generative modeling [66–69]. By counting neighbors,
one could also perform density estimation in the space of
events [70]. While we have focused on jet substructure,
analogous studies could be carried out at the event level,
which may require working with composite objects such
as jets for realistic computation times. It would be
interesting to explore an EMD strategy for unfolding by
matching detector-level and simulated events. One might
consider alternatives to the EMD, such as symmetry-
projected metrics [22] or p-Wasserstein metrics [71, 72]
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Correlators

I +

One of the simplest observables from the theoretical perspective is the Energy-Energy

Correlator (EEC), defined as [2, 3]

d�

dz
=

X

i,j

�
d�

EiEj

Q2
�

�
z �

1 � cos �ij

2

�
. (1.1)

Here Ei and Ej are the energies of final-state partons i and j in the center-of-mass frame,

and their angular separation is �ij . d� is the product of the squared matrix element and the

phase-space measure. The EEC can also be defined in terms of correlation function of ANEC

operators [4–7]

E(~n) =

��

0

dt lim
r��

r2niT0i(t, r~n) , (1.2)

where it is given by

d�

dz
=

hOE(~n1)E(~n2)O†
i

hOO†i
, (1.3)

for some source operator O. This provides a connection between event shape observables and

correlation functions of ANEC operators allowing the study of event shapes to profit from

recent developments in the study of ANEC operators, and conversely, the EEC provide a

concrete situation for studying the behavior of ANEC operators.

There has recently been significant progress in the understanding of the EEC from a

number of di�erent directions. For generic angles, the EEC has been computed at next-to-

leading order (NLO) in QCD [8, 9] for both an e+e� source, and Higgs decaying to gluons,

and up to NNLO in N = 4 SYM [7, 10]. It has also been computed numerically in QCD at

NNLO [11, 12].

There has also been progress in understanding the singularities of the EEC, which occur as

z � 0 (the collinear limit) and z � 1 (the back-to-back limit). In the back-to-back limit, the

EEC exhibits Sudakov double logarithms, whose all orders logarithmic structure is described

by a factorization formula [13, 14]. In the z � 0 limit, which will be studied in this paper,

the EEC exhibits single collinear logarithms, originally studied at leading logarithmic order

in [15–19]. Formulas describing the behavior of the EEC in the collinear limit were recently

derived in [20] for a generic field theory, and in [21–24] for the particular case of a CFT. This

limit is of theoretical interest for studying the OPE structure of non-local operators, and of

phenomenological interest as a jet substructure observable.

The two-point correlator is particularly simple since it depends on a single variable, z.

Indeed, in a conformal field theory (CFT), its behavior in the collinear limit is fixed to be a

power law

�(z) =
1

2
C(↵s) z�N=4

J (�s) , (1.4)

– 2 –
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– 2 –

• A second approach is to directly measure the fundamental correlators:

• Not defined event by event. Only defined as ensemble average.

• These objects are much simpler to understand theoretically and o↵er
new ways to study jets.
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Why Correlators?

• Reason 1: These are genuine correlation functions living on the
celestial sphere. This enables the use of a variety of sophisticated
techniques (OPE, conformal blocks, symmetry, ....) that can’t be
used for jet shapes.
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• Reason 2: Correlators probe dynamics at a fixed scale. While I will use
an angle, this can easily be converted to “formation time”, ⌧f ⇠

1
E ✓2 .
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Imaging Jets with Correlators

Therefore, QCD is asymptotically free: the coupling constant decreases with the scale

Higher-order computations (up to four loops) do not change this behavior: QCD becomes a free theory in the 
asymptotic limit

Running of the QCD coupling has been verified in a wide variety of experiments, from low to high energy

Particle Data Group 2013

Juan Rojo                                                                                                           University of Oxford, 05/05/2014

The result that the QCD coupling 
becomes large at low scales hints 
towards confinement, which is 
however a purely perturbative 
phenomenon

• Real world QCD is complicated: Jets exhibit a transition from weakly
coupled quarks and gluons to freely propagating hadrons.

• Expect two qualitatively di↵erent regimes in a correlation function.
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Limiting Behavior

��×��-� ����� ����� �����
����

�

���

���

• In a weakly coupled conformal theory, have a power law scaling.

• Scaling (✓2)1�� associated with the pole of the underlying partons.

• Small angle singularity associated with the existence of jets in QCD.
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Limiting Behavior

��×��-� ����� ����� �����
����

�

���

���

• A second limiting behavior is a uniform distribution of energy.

• This occurs in strongly coupled N = 4 where you produce “mush”
instead of jets.

• What do we see in QCD?

[Hofman, Maldacena]
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Two-point Correlator with Data

• Allow one to “image” a jet at a given scale.
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• Distinct phases of QCD clearly visible by eye. Clean scaling behavior
in each regime.
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Relation with Formation Time

• Note: These correlators have a close relationship with “formation
time”, where one has the approximate relation ⌧f ⇠

1
E ✓2 .

• All our calculations can therefore be mapped to ⌧f using a simple
Jacobian.

• Useful to “reintroduce scales” for interpretation in Heavy Ion/
Nuclear applications.

• See Raghav’s Talk!
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Conformal Colliders Meet the LHC

• Progress in jet substructure allows for the direct measurement of
these correlators, and their associated lightray OPE scaling, inside
high energy jets at the LHC.
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Condensate Laboratory Aboard the ISS (CLASS) Concept Design
At the temperature of BEC, gravity can play a significant role in the cooling, 
trapping and dynamics of the ultra-cold atoms. Recognizing the potential benefits 
that microgravity research in this science area aboard the ISS might yield, the 
concept design of the CLASS was developed. CLASS was intended to provide 
researchers the capability to explore interactions in Bose Einstein Condensates 
of atoms at lower temperatures than achievable on the ground. !e principal 
investigator for this experiment was Nobel laureate W. Phillips from the National 
Institute of Standards and Technology (NIST) in Gaithersburg, Maryland.

Matter Near Critical Phase Transitions 
!e condensed phase of simple gases 
provides a unique test bed for the predictions 
of fundamental theories. For a certain 
combination of temperature and pressure, 
determined by the molecular properties of 
the gas, the differences between the liquid 
and the vapor phases disappear. !is state 
of the system is the critical point, in the 
neighborhood of which the fluid system 
exhibits the unusual properties of universality 
and scaling. Universality implies that 
the same parameters (critical exponents) 
characterize the system under many different 
conditions; scaling implies that the equations 
describing the system’s behavior do not 

change their form when the length scale is altered. Critical points are found in 
many different materials including fluids, solids, alloys, fluid mixtures and magnets.

!e physics of matter near critical points have been explored in detail in ground-
based experiments. Fundamental theories have been developed to explain the 
unusual behavior of universality and scaling for matter near critical points. 
!e special interest in this phenomenon is because the theoretical explanation, 
renormalization group (RG) theory, has implications for many diverse fundamental 
and applied research areas including weather modeling, metallurgy, oil field 
recovery, elementary particle physics, and cosmology. !e region very close to the 
critical transition, where correction terms are small compared to critical anomalies, 

Figure 3.3.1. Heat capacity of superfluid helium in 
microgravity conditions. (Source: J. Nissen)
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• Formulating the study of jet substructure in terms of correlation
functions opens door to use of new techniques and opportunity for
interplay with CFT developments.
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Energy Correlators in Open Data

• Many interesting features of the energy correlators can be directly
measured in data.

• To illustrate, I will focus on two of the most important features

1 Scaling behavior:

2 Shape dependence of the Three-Point Correlator
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Anomalous Scaling in Data
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• Anomalous scaling of energy correlators up to 10 points:

• Lorentzian scaling of lightray operators at the quantum level!!

• Proper treatment of exp/theory uncertainties, etc. ongoing.
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Anomalous Scaling
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• Quantitative Comparison

• Ratios have remarkably small non-perturbative corrections!
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The Three-Point Energy Correlator

• The first correlator with non-trivial shape dependence in the collinear
limit is the three-point correlator.

• Depends on a scaling variable x, and cross ratio variables (z, z̄) or
(u, v).

• “Kinematics” equivalent to a CFT 4 point function.
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Shape Dependence in Data
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• Standard parametrization is inconvenient for experimental binning:
We can map to a square grid by “blowing up” the OPE region.
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• Can directly measure correlation functions of lightray operators at the
LHC!
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Extending Precision Perturbative QCD
with Track Functions

Li, IM, Schrijnder van Velzen, Waalewijn, Zhu
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Energy Flow of Hadrons

• Improving precision is not just performing higher order calculations,
one also has to develop techniques to perform new classes of
calculations.

• Many interesting measurements of energy flow on a restricted set of
hadronic states, R, e.g. Charged hadrons (tracks). These cannot be
computed in perturbation theory.

hER(~n1)ER(~n2) · · · ER(~nk)i
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Tracks and Energy Correlators

• Energy correlators are weighted by energy flow through detector cells
as a function of angle.

• How to go from full calorimeter to tracks? simply multiply by first
moment of a track function!

hER(~n1)ER(~n2) · · · ER(~nk)i

=
X

i1,i2,··· ,ik

Ti1(1) · · · Tik(1)hEi1(~n1)Ei2(~n2) · · · Eik(~nk)i .

• Upshot: Any analytic calculation of energy correlators can be
upgraded to tracks!

• Exhibit interesting evolution.
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Track Functions
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FIG. 1: Schematic relationship between the partonic matrix
element �3 and the matching coe�cient �3 for e+e� � qq̄g.
Here, black (blue) dots represents the tree-level (O(�s)) track
functions. Diagrams with emissions from the other quark leg
are elided for simplicity. Note the trivial matching condition
�2 = �2.

where Ti(xi) is the track function for parton i. This
equation defines a matching onto track functions where
d�̄N/d�N represents the short distance matching coef-
ficient, which is calculable in perturbation theory. In
the absence of track functions, d�/de would exhibit a
mismatch between real and virtual diagrams in the form
of uncompensated IR divergences in the partonic com-
putation. The track functions absorb these IR diver-
gences, and the partonic cross section �̄N is correspond-
ingly modified with respect to �N . We will show below
for the example of e+e�

� qq̄g how the mismatch in the
absence of Ti(xi) occurs. Fig. 1 shows schematically how
we determine the IR-finite matching coe�cient �̄3 for this
case, by using that Eq. (3) is valid both at the hadronic
and partonic level. The fact that we consider factoriz-
able (otherwise) IRC-safe observables modified to include
only charged particles and that collinear divergences are
known to be universal in QCD [18–20] guarantees a valid
matching to all orders in the strong coupling constant ↵s.

At leading order (LO) in ↵s, the cross section depends
on a single partonic multiplicity N and there are no IR

divergences implying �̄(0)
N = �(0)

N . The LO T (0)
i (xi) is

simply a finite distribution which can be obtained di-
rectly from the energy fraction of charged particles in
a jet initiated by a parton i. Ideally, we would extract
this information from data, but just for illustrative pur-
poses, we can determine it from (tuned) Monte Carlo
event generators. We stress that our formalism does not
rely on the use of these programs nor on their built-in
hadronization models. In Fig. 2, we show the track func-
tions obtained from pure quark and gluon jet samples
produced by Pythia 8.150 [21, 22] and clustered using
the anti-kT algorithm [23] in FastJet 2.4.4 [24]. (To ex-
tract the track function at next-to-leading order (NLO)
we use Eq. (11); the jet radius R is correlated with the
RG scale µ.) As expected, the up- and down-quark track
functions are very similar, with a peak at x = 0.6. This
means that on average 60% of the energy of the initial
quark is contained in charged hadrons, in agreement with
a recent CMS study [25]. The small di�erence between
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FIG. 2: LO (dotted) and NLO (solid) track functions ex-
tracted in Pythia from the fraction of the jet energy carried
by charged particles.

up and down is due to strangeness, since us̄ mesons are
charged whereas ds̄ mesons are neutral. Because gluons
have a larger color factor than quarks, they yield a higher
track multiplicity, and the corresponding track functions
are narrower, as expected from the central limit theorem.

Formally, the (bare) track function is defined in QCD
in a fashion analogous to the unpolarized FF (cf. [26, 27]).
Expressed in terms of light-cone components,

Tq(x) =

�
dy+ d2y� e ik� y+/2 1

2Nc

X

C,N

�
�
x �

p�
C

k�

�

� tr
���

2
h0|�(y+, 0, y�)|CNihCN |�(0)|0i

�
, (4)

where � is the quark field, C (N) denote charged (neu-
tral) hadrons, and p�

C is the large momentum compo-
nent of all charged particles. Whereas the FF describes
the energy fraction carried by an individual hadron, the
track function describes the energy fraction carried by
all charged particles. As for the FF, gauge invariance
requires the addition of eikonal Wilson lines. The gluon
track function is defined analogously [28].

Treating the intermediate states in Eq. (4) partoni-

cally, we obtain the bare track functions T (1)
i,bare at NLO

in pure dimensional regularization with d = 4 � 2�,

T (1)
i,bare(x) =

1

2

X

j,k

�
dz

�↵s(µ)

2�

� 1

�UV
�

1

�IR

�
Pi�jk(z)

�

�

�
dx1 dx2 T (0)

j (x1, µ)T (0)
k (x2, µ)

� �
�
x � zx1 � (1 � z)x2

�
, (5)

which arise from collinear splittings, controlled by the
timelike Altarelli-Parisi splitting functions Pi�jk(x) [12].
In contrast with the analogous partonic FF calculation,
track functions involve contributions from both branches
of the splitting. Renormalizing the ultraviolet diver-
gences in Eq. (5) in MS leads to the evolution equation

• Track functions are a non-perturbative function describing the total
energy fraction going into hadrons with a particular property, R.

Tq(x) =

Z
dy+d2y?eik�y+/2 1

2Nc

X

X

�

 
x �

PR

k�

!
tr

"
��

2
h0| (y+, 0, y?)|RR̄ihRR̄| ̄(0)|0i

#

• e.g. for charged particles:

• Note: Fragmentation functions describe energy fraction carried by an
individual hadron. Track functions describe total energy fraction
carried by all particles of type R. This is necessary for computing
energy flow observables.
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Tracks

• Why are tracks hard?Incorporating Tracks
• For a -function type observable  

measured using partons: 
� e

d�
de

= ∑
N

∫ d�N
d�N

d�N
� [e � �e(p�

i )]

d�
dē

= ∑
N

∫ d�N
d�̄N

d�N ∫
N

∏
i=1

dxiTi(xi)� [ē � �e(xip�
i )]

• For an energy correlator at partonic 
level: e.g. 2-point correlator (EEC)

d�
d cos �

= ∑
i,j ∫

EiEj

Q2 � (cos � � cos �ij) d�

En
i � ∫ dxiTi(xi)xn

i En
i

= Ti(n)En
i

‣ Energy correlators: tracking easily included and can use 
modern fixed-order techniques.

( d�
d cos � )tr

= ∑
i,j

Ti(1)Tj(1)∫
EiEj

Q2 � (cos � � cos �ij) d�̄

�ij

[Chen, Moult, Zhang, Zhu, 2004.11381]

[1303.6637]

full functional 
form of T moments of T

Ti(1)Ei

Tj(1)Ej

Track EEC

Mellin moments

8

tra
ck

s

only

• Note: This is simply a factual distinction between amount of
non-perturbative input needed for (groomed) mass vs. energy
correlators. No amount of thought/ theory work can overcome it.

• My conclusion: Energy correlators are superior for studies of
substructure where angular resolution is required!
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RG Evolution

Track Function Evolution
• LO evolution





Nonlinear, involving contributions from both 
branches of the splitting.


• Beyond leading order: Involves contributions 
from multiple branchings.

d
d ln �2 Ti(x, �) = as(�)∑

j,k ∫ dzdx1dx2P(0)
i�jk(z1, z2)�(1 � z1 � z2)

� Tj(x1, �)Tk(x2, �)�[x � z1x1�z2x2] .

[1303.6637]

10

• While for fragmentation functions: Only 
one branch observed  Linearity�

d
d ln �2 dh/i(z, �) = ∑

j
dh/j � PT

ji (z, �)

Tg(1)

Tg(1)

Tq(1)

Tq(3)q

Tg(x1)

Tg(x2)
Tq(x3)

• Unlike DGLAP, the evolution of track functions is non-linear.
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RG Evolution

A Surprising Symmetry:
• Energy conservation implies the evolution 

is shift-symmetric: x � x + a

12

d
d ln �2 Ti(x + a) = ∑

X
∫ (∏

m
dxmdzmTim(xm + a)) Pi�i1�im�({zm}) � (1 � ∑

m
zm) � (x � ∑

m
xmzm)

•  This uniquely fixes the form of the evolution of the first three moments:  

For fragmentation functions: 
d

d ln �2 dh/i(z, �) = ∑
j

dh/j � Pji(z, �)

• Scale invariant  .d(y) � d(ay)

Here  where  denotes the singlet timelike splitting function. �ji(n) = � ∫
1

0
dz zn�1Pji(z, as) Pji

shift-invariant objects: 

• Evolution of low moments largely fixed by symmetries
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RG Evolution

Mellin Space
Track Function Evolution at 
➡

�(�2
s )

• Higher moments involve products of  track functions. 


• The expressions for the evolution can be simplified in terms of shift-invariant objects (central 
moments). 

� 2

d
d ln �2 Tg(1) = ��(1)

gg (2)Tg(1)+∑
q

(�2�(1)
qg (2)) Tq(1) ,

d
d ln �2 Tg(2) = ��(1)

gg (3)Tg(2)+∑
q

(�2�(1)
qg (3)) Tq(2)+[C2

A (�8�3 + 2158
675 + 26�2

45 ) � 4
9 CAnfTF] Tg(1)Tg(1)+� ,

d
d ln �2 Tg(3) = ��(1)

gg (4)Tg(3)+∑
q

(�2�(1)
qg (4)) Tq(3)+[C2

A (24�3 + 767263
4500 � 278�2

15 ) � 2
3 CAnfTF] Tg(2)Tg(1)

+∑
q [CATF ( 23051

1125 � 28
15 �2) � CFTF

28
15 ] Tg(1)Tq(1)Tq(1)+� .

14

 up to Tq(3) �(�2
s )

 up to Tg(3) �(�2
s )

 up to Tq(3) �(�s)
 up to Tg(3) �(�s)

Preliminary

• For the first moment: the same as that of FFs 
up to all orders in perturbation theory: 

• We have computed the NLO evolution of the first three moments of
the quark and gluon track functions.

• e.g. for gluons:

• Importantly, this allows us to predict and absorb IR poles in energy
correlator event shapes to O(↵2

s)
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Preliminary Track Phenomenology

NLO, Positively Charged

NLO, Charged

NLO, Partonic
Pythia, Positively Charged

Pythia, Charged

Pythia, All

-1.0 -0.5 0.0 0.5 1.0
0.00

0.05

0.10

0.15

0.20

0.25

cosχ

EE
C

Q = 250 GeV

• We can now begin to ask more refined questions about energy flow,
while maintaining state of the art perturbative precision.
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Preliminary Track Phenomenology
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Q = 91.2 GeV

• Higher order predictions with tracks!
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Interplay with Factorization Formulas

In the collinear limit: 
Jet Substructure
• The energy correlator is a jet substructure observable.


• Jet function constants (jet functions with the logarithmic 
dependence excluded): 


The moments  appear as the coefficients.


e.g. for track EECs, up to 


Ti(n)
�(�2

s )
jg = 1

4 Tg(2)+as Tg(1)Tg(1)CA (� 449
150 )+ ∑

q
Tq(1)Tq̄(1)TF (� 7

25 )
+a2

s Tg(1)Tg(1){C2
A (� 527�(3)

10 + 133639871
3240000 � 2159�2

1800 + 19�4

90 ) + CAnfTF
139
270 }+ ∑

q
Tq(1)Tq̄(1)�

• Matches the state-of-the-art calculation for jet substructure, but now on tracks! 

Ti(1)Ei

Tj(1)Ej

Ti(1)Ei

Tj(1)Ej

� � 0

Hard Collinear

3-point energy 
correlator

2-point energy 
correlator

17

[Kardos, Larkoski, Trocsanyi, 2002.05730]

• Interfaces nicely with standard factorization formulas, allowing high
order resummation on track based observables.
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Towards Interesting Questions

• Ability to probe charged energy flow opens the door to an interesting
class of questions.

New charge-energy correlation

Observable : charge-energy correlation, rc
Ø Correlations in momentum, charge and flavor
Ø Leading(L)  and next-to-leading (NL) 

momentum particles in a jet

lead
ing

next
-to-l

eadi
ngJet

BOOST 2021 - Mriganka M Mondal

A few notes on momentum-charge correlations

• Consider jets in which the leading particle (L) and next-to-leading (NL)
are both pions.

• If the charges of these pions are random (or if L is fixed and NL is
random) then for those events where both L and NL pions are charged,

N random
CC = N random

CC =
N random

2
(1)

where CC indicates opposite charges, CC, same charge.

• Now consider an “alternating” picture: perturbative shower gives qL

followed by q̄
�
NL, which form pions by sharing a soft pair:

qL + q̄NL � qL + (q̄s + qs) + q̄
�

NL � �(qL, q̄s) + �(qs, q̄
�

NL) (2)

Then we get

Nalternating

CC
= Nalternating ,

Nalternating
CC = 0 , (3)

and all pairs of L and NL charged pions have opposite charges.

• Suppose every event results from one of these two processes, with no
interference. If a is the percentage of “alternating” events and 1 � a of
“random” events

rasy �
NCC � NCC

NCC + NCC

=
1 � a

2
�

�
1 � a

2
+ a

�
= �a . (4)

In this (classical) picture a measurement of rasy is a measurement
of the fraction of hadronizations that are “string-like”, alternating be-
tween quark and antiquark. This is surely too simple, but this mea-
surement has information.

• Measurements of r can be made di�erentially in fractions zL and zNL in
a jet, and in terms of a variety of “transverse” kinematic variables: rel-
ative transverse momentum, pair invariant mass, pair formation time,
etc, including polarization where applicable. These can serve as bench-
marks for a future theory of hadronization.

1

A few notes on momentum-charge correlations

• Consider jets in which the leading particle (L) and next-to-leading (NL)
are both pions.

• If the charges of these pions are random (or if L is fixed and NL is
random) then for those events where both L and NL pions are charged,

N random
CC = N random

CC =
N random

2
(1)

where CC indicates opposite charges, CC, same charge.

• Now consider an “alternating” picture: perturbative shower gives qL

followed by q̄
�
NL, which form pions by sharing a soft pair:

qL + q̄NL � qL + (q̄s + qs) + q̄
�

NL � �(qL, q̄s) + �(qs, q̄
�

NL) (2)

Then we get

Nalternating

CC
= Nalternating ,

Nalternating
CC = 0 , (3)

and all pairs of L and NL charged pions have opposite charges.

• Suppose every event results from one of these two processes, with no
interference. If a is the percentage of “alternating” events and 1 � a of
“random” events

rasy �
NCC � NCC

NCC + NCC

=
1 � a

2
�

�
1 � a

2
+ a

�
= �a . (4)

In this (classical) picture a measurement of rasy is a measurement
of the fraction of hadronizations that are “string-like”, alternating be-
tween quark and antiquark. This is surely too simple, but this mea-
surement has information.

• Measurements of r can be made di�erentially in fractions zL and zNL in
a jet, and in terms of a variety of “transverse” kinematic variables: rel-
ative transverse momentum, pair invariant mass, pair formation time,
etc, including polarization where applicable. These can serve as bench-
marks for a future theory of hadronization.

1

: # Jets where L and NL particles   
with same sign charges

: # Jets where L and NL particles
with opposite sign charges

!! ≡
!!! " !!"!
!!! # !!"!

4

• This can be formulated as the correlator hE+(n1)(E�(n2)� (E+(n2))i,
and computed to high perturbative accuracy.
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Summary

I +

One of the simplest observables from the theoretical perspective is the Energy-Energy

Correlator (EEC), defined as [2, 3]

d�

dz
=

X

i,j

�
d�

EiEj

Q2
�

�
z �

1 � cos �ij

2

�
. (1.1)

Here Ei and Ej are the energies of final-state partons i and j in the center-of-mass frame,

and their angular separation is �ij . d� is the product of the squared matrix element and the

phase-space measure. The EEC can also be defined in terms of correlation function of ANEC

operators [4–7]

E(~n) =

��

0

dt lim
r��

r2niT0i(t, r~n) , (1.2)

where it is given by

d�

dz
=

hOE(~n1)E(~n2)O†
i

hOO†i
, (1.3)

for some source operator O. This provides a connection between event shape observables and

correlation functions of ANEC operators allowing the study of event shapes to profit from

recent developments in the study of ANEC operators, and conversely, the EEC provide a

concrete situation for studying the behavior of ANEC operators.

There has recently been significant progress in the understanding of the EEC from a

number of di�erent directions. For generic angles, the EEC has been computed at next-to-

leading order (NLO) in QCD [8, 9] for both an e+e� source, and Higgs decaying to gluons,

and up to NNLO in N = 4 SYM [7, 10]. It has also been computed numerically in QCD at

NNLO [11, 12].

There has also been progress in understanding the singularities of the EEC, which occur as

z � 0 (the collinear limit) and z � 1 (the back-to-back limit). In the back-to-back limit, the

EEC exhibits Sudakov double logarithms, whose all orders logarithmic structure is described

by a factorization formula [13, 14]. In the z � 0 limit, which will be studied in this paper,

the EEC exhibits single collinear logarithms, originally studied at leading logarithmic order

in [15–19]. Formulas describing the behavior of the EEC in the collinear limit were recently

derived in [20] for a generic field theory, and in [21–24] for the particular case of a CFT. This

limit is of theoretical interest for studying the OPE structure of non-local operators, and of

phenomenological interest as a jet substructure observable.

The two-point correlator is particularly simple since it depends on a single variable, z.

Indeed, in a conformal field theory (CFT), its behavior in the collinear limit is fixed to be a

power law

�(z) =
1

2
C(↵s) z�N=4

J (�s) , (1.4)
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• There has been significant recent progress
understanding the theoretical structure of
energy correlator observables from a number of
directions.

• Energy Correlators can be directly measured,
and provide detailed probes of the physics of
QCD jets.

• Track functions provide a bridge between
perturbative and non-perturbative physics.
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Thanks!
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