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GTMDs - 5D imaging

TMDs: transverse momentum dependent PDFs

GPDs: generalized parton densities = off-forward PDFs

GTMDs: generalized TMDs = off-forward TMDs

GTMDs can also be seen as the transverse momentum dependent GPDs
or as Fourier transform of a Wigner distribution

G(ZE, k‘,T, AT) £ W(QZ’, kT, bT)

MeiBner, Metz, Schlegel, 2009 Ji, 2003; Belitsky, Ji & Yuan, 2004

GTMDs inherit and combine all properties of TMDs and GPDs, such as the
process dependence & translation non-invariance

But they also display new features, such as elliptic distributions



Elliptic Wigner distributions

zW (z,b, k) = 2Wy(z, b?, k%) + 2 cos(¢p — ¢r) Wi (z, b%, k?)
+ 2 cos 2(¢b — ¢k) CIIWz(x, bza kz) + ...

The cos 2(Pb-Px) part is called the elliptic Wigner distribution
[Hatta, Xiao, Yuan, 2016;]. Zhou, 2016; Mantysaari, Mueller, Schenke, 2019; Salazar, Schenke, 2019]

There can be such an elliptic piece in any of the Wigner distributions

Py L1/(GeV?-fin’)]

A nonzero elliptic quark Wigner distribution 9]

in the lightcone constituent quark model: A k.=0.3 Gev Sﬁ
. 3.2
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Due to quark orbital angular momentum -

Requires a distribution around a center




Gluon GTMDs for unpolarized protons

For unpolarized protons there are 4 independent (complex valued) gluon GTMDs
LY AY k[iAj]
a2t o Fet o a)

GOV (2, k, ¢, A) = @ (53? F1+ M?2 M?2

[Boer, van Daal, Mulders, Petreska, 2018]
[Lorce, Pasquini, 201 3; More, Mukherjee, Nair, 201 8]

Likewise there are 4 independent (complex valued) Wigner distributions

In this talk only the unpolarized gluon GTMD x&1 will be considered and only its
isotropic part in the §E—0 and x—0 limit, so 4D imaging

In diffractive dijet production in electron-proton collisions the gluon GTMD
correlator with [+,—] link appears:

Gk, A= lim Gl (z k) 6, A1)6Y /2

x,&E—0



Process dependence of gluon TMDs

The color flow in a process determines the TMD correlator probed

Pg(x, kr) = F.T.(P|Tx. [F*’/(O) Upo.e FTH() u[’gﬁo]} P)

Ue|0,&] = Pexp (ig/c[o,g] ds,, A“(s)) £ = [O+7€—

The 2 link combinations of most interest: [+,+] & [+,—]

C..i C..
ST CT':
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L I 5 e »: . . *
| — i —
§ §

[—,—] & [—,*] are related to them by parity and time reversal

The same links can appear in gluon GTMDs



Dipole gluon GTMD

In diffractive dijet production in ep the GTMD correlator with the [+,—] link appears

In the x—0 this becomes a correlator of a single Wilson loop:

_ 1
U y,0) =l ol $0 @) = T [P ()|
1 A7
G[—"a_](kJ_,AJ_) — 27_(_92 [ki — TJ_:| G[D](kJ_,AJ_)

d’*x d*y e—z’k-(m—y)—i—z’A-%u (p’|S[D](a:,y) |p>‘LF

CHk.A) = | Gy PIP)

[Boer, van Daal, Mulders, Petreska, 2018]

This is the off-forward generalization of the dipole (DP) gluon TMD distribution:

2
I'G(Q)(x,q_[_) _ Q_LNC S_L/ dQT_L e_.iq_L'r_LNi <TTU(O)Uf(rl)>

2m2 0 (27)2 Zg

[Dominguez, Marquet, Xiao, Yuan, 201 1]



GPDs

Y * Y
Deeply Virtual Compton Scattering (DVCS): VLL >
S o B e ) [ '
— GPD |
P P’

Theoretical description involves Generalized Parton Distributions (GPDs)

[Muller et al., 1994; Radyushkin, 1996; )i, 1997; ...]

GPDs are off-forward matrix elements (P’ # P)

GPDs provide information about the spatial distribution of quarks inside nucleons

It describes the transverse spatial distance of quarks w.r.t. the “center” of the proton

The transverse center of longitudinal momentum: REM = Z Til |
[Burkardt, 2000; Soper, 1977] p



Impact parameter dependent GPDs

Impact parameter dependent quark GPD [Burkardt, 2000]

d\ — A A
q(z,b1) = / o P e (PT R, =0 Y(=gnt bL)7+£¢(§n+ by) |PT, R, =0

Normalized proton state localized in the spatial L direction for some wave packet ®

2P
\P+,RL:O>:N/ (%);cI)(PL)\pﬂPL}

The wave packet must be sufficiently localized in transverse position space,
in order to be viewed as the FT of a GPD:

by~ [ LA T AL H (2,0, -AT)
Q(xa J_)’f (27_‘_)2 € Ly U, 1

(I)(PJ_—I—AJ_)%(I)(PJ_)

[Burkardt, 2000; Diehl, 2002]

For the 3D spatial distribution of the proton: inevitable wave packet dependence

See e.g. Jaffe, 2021

For 2D spatial distributions one can take P* large, in order to have a sufficiently
broad distribution in P, while P-« P* (AP, small, Az large, while Ax and Ay small)



Wigner distributions

This applies to the relation between the Wigner distribution and the GTMD as well:

S d)\ 2 IAT ’ikJ_-TJ_
W(x,kL,bJ_)_/Qﬂ_P_l_d T | € €
S\ A
x (PT, R, =0 w(_§”+bL — %)7+£¢(§n—l—bL+%) Pt R, =0)
deL ib| A |
qW(ﬂ?,kJ_,AJ_) — (& W(x,kJ_,bJ_)
(2m)*

The GTMD definition as an off-forward TMD coincides with the definition as
a Fourier transform of Wigner distribution in the limit P* =00 (P~ — 0)

At small x (s » Q2) one considers this for gluons and in the dipole frame (q~ > q*),
which allows to include also photo-production

Note that the Wigner distribution involves a diagonal matrix element, but
its Fourier transform corresponds to an off-forward matrix element






Impact parameter dependent MV model

In the saturation regime at small x one often employs the McLerran-Venugopalan
(MV) model for the dipole scattering amplitude:

SNy, y)+ S (xL,y,) L o o | 1 _
< : >C = exp (—ZTLQS In _riA2 - e )

where an average over the color configurations of the target is taken

ri=vY, —aI] bJ_:(wJ_—|—yJ_)/2

Often Qs is given a b, dependence (position w.r.t. the center of the target):

4ra’C
Q> Q1) = —5—

If Qs is b, dependent, then the Fourier transform corresponds to an
off-forward matrix element and hence to a GTMD:

Tp(bL)

(SEb e Ne =P, R, =0[SNb,r)|PT, R =0)



MV-like model

This leads to a small-x MV-like model for the gluon GTMD:

d? d2b - - 1 1
GH(k, ,A ) =4N, / PL® DL —ikyiry iL-by exp (_ZriQi(bL) In [ A2 + e])
1

Similar expressions were considered by Hagiwara, Hatta, Pasechnik, Tasevsky & Teryaev, 2017;
Salazar, Schenke, 2019

Consider a Gaussian profile for the proton
T,(b)) =exp (—bi/(?Rﬁ)) Rp = gluonic radius of the target

When R, — 00, then one retrieves the forward case: A ;=0

The MV model expression for the gluon TMD is retrieved

Side remark: the wave packet of the state |P+, R, = 0> describes how well the state
is localized, which should be much smaller than the width of the b, profile

|4






Ditfractive dijet production

First suggestion to measure gluon GTMDs: hard diffractive dijet production in eA

k1

Altinolulk, Armesto, Beuf, Rezaeian, 2016; Hatta, Xiao,Yuan, 2016 WW\/\( g
b b

Earlier suggested to probe gluon GPDs (A.=0, ¢ # 0)

Braun, lvanov, 2005

This is considered in the dipole frame at small x (large s), where the photon
splits into a quark-antiquark dipole before interacting with the target (ISI & FSI)

Both jets have large transverse momenta to guarantee small (perturbative) dipoles

But the transverse momentum of the jet pair is taken small (A .# 0, E=0)

The transverse momentum dependence of the GTMD is probed indirectly

|6



Ditfractive dijet production

K = (k1 — ks2)/2
A=k + ko

Back-to-back correlation limit;

A < K|

do
2q, 2q, FO(q, A NF g, A NAK ;2
dy dyod?ky | d2ko / q,d°q, F(q, A1) F7(q,AL)AKL,q,,q, ,¢€7)
Altinoluk, Armesto, Beuf, Rezaeian, 201 6; Hatta, Xiao, Yuan, 2016 6?, — 2(1 _ Z)Q2
G[ ] %JT_'[ ] S[D](ijyJ) %1—S[D]($L,yﬁ

One can access the off-forwardness through A,:  { = —Ai

|7



MV-like model

Apply an MV-like model that is similar to the model by Hagiwara et al, 2017:

d?r | d?b . 1 1
F[ ](kJ_,AJ_) _ 4N / r 2 1 e—zku_ ’I’J_GZAJ_-bJ_ []_ — exXp <_Z @g(bL)ln [ 2 A2 + 6])]
ry

Two free parameters are to be fitted to the data: €rand ¥ [Boer, Setyadi, 2021]

€r cuts out the region where the qq dipole size becomes large compared to the
target size, where the model should not be applicable (cut-off in b not needed)

¥ is viewed as determining the average small-x value

The inclusive DIS HERA data (GBWV model) is described well by
Q%(z) = AY3(3-107%/2)"3 [GeV?]

S
So we expect

x ~ 203

Smaller x data will require larger ¥
18



Model

2 d?b : : 2 1 1
F[ ](kJ_’ AJ_) 4N / d T 2 1 e ’Lk:J_-’r‘L€ZAJ_-bJ_ e—ErTJ_ [1 — exp (_Zring(bJ_) In [TZ A2 -+ 6])]
1

./T[D](kb A= f(g[l](k‘J_? Al)+ QFZ[D](kL, A ) cos20ka + ...

A =024 GeV; ¢, = (0.5 fm)% y = 1.251025

The data is ¢ integrated,

y AL —01GW therefore we restrict to Fo
T> |
5 — Ar=05GeV €ris chosen to correspond
~ 4 — A, =1.0GeV | to the gluonic radius
& |
3
Py
4 NE Data will be for K1 > 5 GeV
J Dominant contribution from:
5.

ol A < K| =~k

o1 02 05 1 2 5 KL:k‘lL—AL/Q

Boer, Setyadi, 202 | k1 (GeV)



H1 data

The H1 data considered is on ep = €’ jj X’ p, so not strictly exclusive dijets,
but it will be dominated by dijets (the LO contribution) EPIC 72 (2012) 1970
The ZEUS data on exclusive diffractive dijets are not differential enough

EPJC 76 (2016) 16

Q* € [4,110] GeV*; K, € [5,12] GeV Q? € [4,110] GeVZ: t| € [[tmim|, 1 GeV?]

1000? A =0.24 GeV; ¢, = (0.5 fm)~?; y € [0.05,0.7]

500}

1000t
- e H1 FPS Data

— x = 1.25

500}
100}

: .~ x€[1.0,1.5]
50} |

100}

do/dt (pb/GeV?)
do/dK | (pb/GeV)

50¢ e H1 FPS Data
— x=1.25 10¢
Ty e[1.0,1.5] st
110 W [
5 A =024 GV: e, = (0.5 fm)~2 y € [0.05,0.7] |
01 02 03 04 05 06 5 6 7 8 9 10 11 12
] (GeV2) K, (GeV)

K|, ~k| Boer, Setyadi, 202 I20



H1 data

The data as function of t and K, is integrated over Q and y (\/s =319 GeV)
This corresponds to an average small-x value on the order of |0-3

The data as a function of Q is only integrated over y, hence all data points
correspond to a different average x value, not fully captured by this x—0 model

Ky € [5,12] GeV; [t] € [[tmin|, 1 GeV?] Smaller x means larger %

(OO
A =024 GeV; € = (0.5 fm)~% y € [0.05,0.7] |
i e H1 FPS Data 1 X ~J ,CI’}_OS
> 4 . _' Q2 = xys
5 5| . XE€ (1.0, 1.5] -
=
I This explains why smaller Q2
% data points favor larger ¥ and
< 1 vice versa
0.5} .
} '. For effects of soft gluon radiation, see
S e J— Y ' Hatta, Mueller, Ueda, Yuan, 2019;
Hatta, Yuan, Xiao, Zhou, 2020

Boer, Setyadi, 2021 Q* (GeV?)



do/dK, (pb/GeV)

Predictions for EIC

It| € [|tmin], 1 GeV?]; x = 1.255023

10° — EIC ~vp predictions

— EIC predictions for Q* € [1 GeV?, K?]

A =0.24 GeV; ¢, = (0.5 fm)™?; y € [0.05,0.7]

K_L (GGV)

Predictions for photo-production
and for electroproduction in a
somewhat different regime

For Vs=140 GeV the average X is
between |0-3 and 10-2 (expected

to favor somewhat smaller )

[
)

do/dK | dQ?* (pb/GeV?)
=

[E—
<

(WY
)}
—_ o

N

t] € [[tminl, 1 GeV7; x = 1.25%03;

(S
T TTT"T YT

— Q=K
— @ =2K,

A =024 GeV; ¢ = (0.5 fm)~?; y € [0.05,0.7]

For lower K, the data are
expected to favor higher x

and overshoot the lines, and
vice versa for higher K,

Boer, Setyadi, 202 |
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Conclusions

Like TMDs the GTMDs are process dependent and like GPDs they require
translation non-invariance, such as a b, profile w.r.t.a center

This b, profile of the proton is the one as seen by a relativistic probe
(here y* or y)

Diffractive dijet production in ep collisions probes the dipole gluon GTMD,
which becomes a Wilson loop correlator in the small-x limit

An MV-like model for the unpolarized dipole gluon GTMD was shown to
provide a reasonable description of the H1 data, leading to predictions for EIC

Comparing H1 and EIC data for the angular-integrated cross sections at
small x would offer a first test of the underlying GTMD description

24
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Small-x limit of GTMDs

For unpolarized hadrons there are 4 independent (complex valued) gluon GTMDs

L B ] 1] [ZAJ]
G[U,U]Zj(xakagaA):w((s;gfl"'k f2+AT~F+kT T-Fél)

M2 M273 T T2

For [+,-] there is only one gluon GTMD in the limit x—0 (at leading twist)

Gk, A)

. I 2 . o ] [iAj]-
Gk, A) = 27 | ('“2 - AT) R

where

G[D] EA) = d2wd2y —z'k-(a:—y)—l—iA-%u (plls[[j](may) |p>|LF
k. 2)= | “ama © PPy

This implies:  lim z/F; = lim :z:]-"() —4 lim :13]-"() —2 lim a:]-"() g
x,£—0 x,E—0 x,E—0 x,E—0

Y = (K - A%/4)/ (M) F

The imaginary part corresponding to the odderon operator, which for an
unpolarized proton vanishes in the forward limit

Boer, van Daal, Mulders, Petreska, 2018 26



Gluon GTMDs

A G kg A) en0 A e
v v
L=1(z, k) G (k, A) fi(z, k%), hi (z, k) E(k*, A% k-A)
x—0 A—0 x—0 A =0
> T (k) < > e(k?) <
PhD thesis by Tom van Daal, 2018
o y i A Lli AJ)
U,U L ) T T T&=T
GOV (g k£, A) =2 573.7-“1+W.7-"2+W}"3+ VR

1 In principle one could also have a function that comes with the symmetric and traceless Lorentz structure

k? A’%} + (k-A) ng] However, this function would not be independent from the other ones; more specifically,
it could be eliminated by suitable redefinitions of the functions /, and JF3 through the (two-dimensional)

relation k-A [kéiAjT} + (k-A) g;l] = A2k + K*AlL

Boer, van Daal, Mulders, Petreska, 2018
27



MV-like model

Apply an MV-like model that is similar to the model by Hagiwara et al, 2017:

d*r, d*b - 2 1 1
FlU ](kJ_aAJ_) — 4N, / L . L —ikiry JiALby —eprd [1 — exp (—Zring(bL)ln [ A2 —l—e])]
L

Two free parameters are to be fitted to the data:€rand

€r cuts out the region where the qq dipole size becomes large compared to the
target size, where the model should not be applicable (cut-off in b not needed)

¥ is viewed as determining the average small-x value

The inclusive DIS HERA data (GBW model) is described well by
Q3(z) = AY3(3-107*/x)"3 [GeV?]
Equating this expression for as ~ 0.3 with xQ2(b, =0,) = 0.5yAY/3 [GeV?]
one finds 47 703
Y =2(3-10%/2)"

Smaller x means larger % Boer, Setyadi, 202 |
28



GPDs

Impact parameter dependent quark GPD [Burkardt 2000]

d\ A
(@0.62) = [ Gome @ (PHRL =01 G(= G0+ 1) LoGn+b1) [PHRL =0

Normalized proton state localized in the spatial L direction for some wave packet ®

2P
\P+,RL:O>:N/ (QW;@(PL)\pﬂPL}

d\ .. [d*P, &P , A
o(o.b) = NP [ 5oz [ G G (POBP P P Gn+ by ColGn+b.) [P, P

d\ . d?P d2P A

2 IAT L / —b | A —|— / + + \

’N‘ /27TP+6 /(271_) (271') ( J_) ( J-)e < W( n) £¢(2n)| y L Ly
d2P PAL AL

~W\2/ o )J_‘(I)(P_L)P—(zﬂ_)g_@ b1 AlH(x,O,—Ai):/ )2 e L AL (2,0, —AY)

Wave packet slowly varying on the scale of the off-forwardness,
PP, +A)=P(PL) . P. )’ )’ & .
i.e. sufficiently localized in transverse position space

For 3D spatial distribution of the proton this leads to wave packet dependence:
insufficient room between Compton wave length (0.2 fm) and system size (0.85 fm)

Jaffe, 2021
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Wilson loop correlator

- kL K
Tl =l (x, k) a > g F[D] (kT) a single Wilson loop matrix element
70
D.B., Cotogno, van Daal, Mulders, Signori & Ya-Jin Zhou, JHEP 2016 U[D] — U[[J_g];] U[[y_g)]

i 1. d2 e’
Bk T (k) = 4 [ 250 gibrer (P Gi(0) U] Gh(e) UL) |P)

(2m)2 §n=0
d77 Pd’I] Pd §T zk £ ni nj -]
_/ (2m)? T PLE () U[n ) B0 Upy gy 1P) 7' -n=n-n=0,

np=07,nr=E&T

dé-Pd?*; ni n
— 2rL / 5(%)35 e®€ (P F™(0) Uy F™ (&) Uiy |P)

&-n=k-n=0
= orL T4 (0, ky), (3.1)
2 2
[+,—]ij _ 16 d“xd%y —ik-(x—y)+iA- Y
G A = ey | ey €
~k p7lE] ] [£] ~k - R
[zaz, u, Z]] = FgU,  Gr(2), < (p'| e (Gh(x) U, ), Ghy) Uity ) 1) o
XT=yT=
_ . 4 dzxd23y e—ik-(x—y)+iA'%z
/ di] u[z ] F-l—k( N, ) gy—,z_;z]' 4 <P|P> (271')

x (p' 3L, Te (U, ) 1)
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