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Numerical integration

Let M be a space on which a Lebesgue measure is defined.
Let f be a Lebesgue integrable function.

Numerical integration is the attempt to obtain the integral of f by the evaluation of f(x)
for several x € M. More specifially

N

Jd“’x f(x) = Z w(x;)f(xi)

M i=1

e various methods exist for choosing the integration points x; and the weights w(x;)
e several aspects have to be considered to determine if a method is good

— do you need precision or/and speed?
— does the method give an error estimate?
— does the method allow for increasing the precision (by increasing N)?
— how does the cost of generating the x; and evaluating the w(x;) compare to the
cost of evaluating f(x;)?
e example for M = [a, b]: define A= (b —a)/(N—1) and
A

xi=a+A(i-1) w(x1):w(xN):§ , W) =A for T<i<N
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e example for M = [a, b]: define A =(b—a)/(N —1) and

A
xi=a+AR-1) , W(X]):W(XN)ZE , W) =A for T<i<N




Curse of dimenionality

e If there is no a priori knowledge about f, it seems most
reasonable to take the points {x;} distributed over M as

uniformly as possible. /

e In the 1-dim case, this means the regular grid of the ) . > i
example before.

e Finding uniformly distributed point sets in more dimen-
sions is a highly non-trivial problem.
For a hyperqubic grid in . dimensions
N N N
Z Z e Z Wh,iz,...,in f((l] + A] (11 - 1)) a; + AZ(iZ - 1)) ceeyn + An(in - ])>
H1=11i=1  in=1

you need O(N™) points to reach a similar precision as the 1-dim case with O(N) points.

—X

—a/n .
eva In

So if the integration error decreases as N eval

the n-dim case.

, in the 1-dim case, it decreases as N

So no matter how good your 1-dim method is, no matter how large o is, in high dimension
you always lose.




Monte Carlo integration

Let g be a probability density on M such that if f(x) # 0 then g(x) # 0.
Let {x;} be a sequence of points in M independently drawn at random from g.
Then, for N — oo, the probability distribution of the random variable

becomes Gausian, with expectation value and variance
1 f(x)? ’
Jd‘”x () — (Jd‘“x f(x))
Mo 9(x) M

E(Xn) = Jﬁwxf(x) , V(XN = N
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Monte Carlo integration

Let g be a probability density on M such that if f(x) # 0 then g(x) # 0.
Let {x;} be a sequence of points in M independently drawn at random from g.
Then, for N — oo, the probability distribution of the random variable

becomes Gausian, with expectation value and variance

f 2 2
Jd“’x () — (Jd‘”x f(x))
M 9(x) M
e Xy is an estimate of the integral of f with error estimate /V(Xy)

e V(Xy) can be estimated itself with [Nq ZL f(x)2/g(x)? — XZN]/(N —1)

e the error decreases as N~'/2, independently of M

E(XN)_Jﬁwxf(x) Vo=

e importance sampling: convergence can be improved by choosing g such that it has the
same shape as f. If you can construct g(x) = f(x)/fM d“y f(y), then you actually
solved the integration problem without the need of Monte Carlo.




Random number generation

We will always assume there is a generator of uniformly distributed random numbers
p € [0, 1] available.

In practice, this is a pseudo random number generator, based on a deterministic algorithm
(which is actually usefull for reproducibility).

In higher dimension, so called quasi random numbers can be applied to achieve better
uniformity:

(pseudo) random quasi random

Error decreases as (logN)P/N, but accurate error estimation is much more difficult for

Quasi Monte Carlo.




Random variable generation

Several methods exist to generate random variables with non-trivial distribution g on non-
trivial space M:

Inversion: find mapping ¢ : [0, 1] — M such that

1

ot () :L 40 5%(x — @(p)) = g(x)

e Is practically only possible for 1-dim cases, for which it can be formulated as solving

o0

J_ dyg(y)zpj dygly) = @:p—x
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Rejection: given an approximate g and a number ¢ such that cg(x) > g(x) Vx € M
1. generate x from g and p € [0, 1]
2. if pcg(x) < g(x), then accept x, else reject x and try again
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f(x) = Jﬁ“’y g(y) L dp0(pcgly) < gly))dx—y)+0(pcgly) > gly)) f(x))]

1
= f(x) = g(x) (Jd“’y g(y))

M




Random variable generation

accept g (x)

Rejection: given an approximate g and a number c such that cg(x) > g(x) Vx € M
1. generate x from g and p € [0, 1]
2. if pcg(x) < g(x), then accept x, else reject x and try again

e The larger c, the less efficient the rejection, i.e. the more trails are needed.

e Interpreting g(x)/g(x) as the weight of x, rejection produces a sequence of x-es
with constant weight, i.e. they are unweigthed.




Random variable generation

Several methods exist to generate random variables with non-trivial distribution g on non-
trivial space M:

Inversion: find mapping ¢ : [0, 1] — M such that

1
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Rejection: given an approximate g and a number ¢ such that cg(x) > g(x) Vx € M
1. generate x from g and p € [0, 1]

2. if pcg(x) < g(x), then accept x, else reject x and try again
e The larger c, the less efficient the rejection, i.e. the more trails are needed.

e Interpreting g(x)/g(x) as the weight of x, rejection produces a sequence of x-es
with constant weight, i.e. they are unweigthed.

Many very efficient 1-dim algorithms are based on combining inversion and rejection.




Adaptive random variable generation

Multi-channel(mixture distribution): given 1 densities g; and possitive weights w; with
> wi =1, we can define the density g(x) = > ", w; gi(x). To generate x following g

1. generate p € [0, 1] and find i such that Z};} wy < p < Z}:1 wj
2. generate x € M following g;

0.7g1(x) 4+ 0.3g2(x)
251 .
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Adaptive random variable generation

Multi-channel(mixture distribution): given 1 densities g; and possitive weights w; with
> wi =1, we can define the density g(x) = > ", w; gi(x). To generate x following g

1. generate p € [0, 1] and find 1 such that Z;} wj <p < Z}:1 Wj

2. generate x € M following g;

Adaptive multi-channel for overlapping densities g; (Kleiss, Pittau 1994):

3. collect batches of N integration points x; and update the weights following

1 gilx) (f0g)\’ -
Wi — Wi Pl — =0 < ) ) and normalize w; = 1
N ; 9(x) \g(x) ;

e Originally formulated for p = 2 to achieve variance minimalization.

e Works for up to many channels (O(1000)), but the evaluation of g(x) becomes
expensive.

e The channels are typically imagined to correspond to Feynman graphs, defining
kinematical channels.




Adaptive random variable generation

Besides the weights w; in g(x) = > ", w; gi(x), we can also try to adapt the densities
g; themselves. In particular when the densities g; are uniform non-overlapping partition of
the integration space, various strategies are thinkable.

AVRIEA




Adaptive random variable generation
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Adaptive random variable generation

For non-factorizable integrands, truly multi-dimensional partitions can be applied (eg.
FOAM Jadach 2000 and PARNI AvH 2009), but the curse of dimensionality returns.
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kt-dependent factorization

Hadron-scattering process Y with partonic processes y contributing to multi-jet final state

dGY(P1>P2§k3> RS k2+n) - Z J d4k1 j)y1 (k1) J d4k2 ?yz (kl) dé—y(kJ ) kZ;kS) RS k2+n)
yey

. . . P2
Collinear factorization:

C].X;L
Py, (ki) :J ” £y, (xiy 1) 8* (ki — xipi) k2 .
d 4

kr-dependent factorization factorization:
dzkﬂ' J dXi
T

ffyi(xi) kirl, 1) 54(k4 — Xipi — Ki1) ki Kni2
P1

2o = |

Differential partonic cross section:
dé'y (k] y kz; kg, .o ,k2+n) = d@y(k] y kz;kg,, ceey k2+n) @y(kg, ceey k2+n)
X ﬂUX(k1 ) kZ) X Sy |My(k1> RS k2+n)|2

Parton-level phase space:

n+3

dDy(k1, k2 K3,y Kain) = <H d*kid (k] —m%)) 8 (ki +ka— k3 — -+ — knys)
i=3




kt-dependent factorization

eh-scattering process Y with partonic processes Yy contributing to multi-jet final state
dov(py Pl oy kan) = 3 [ a2y, (k) 465, (K1, K3 K, - K )
yeYy

} . P2 =k
Collinear factorization:

C].X;L
Py, (ki) :J < £y, (xi, 1) 8% (ki — xipi)

i

kr-dependent factorization factorization:
dzkﬂ' J dXi
T

P, (ki) = j %, (xt, erly 1) 8 (ki — xips — kir)

i

P1
Differential partonic cross section:

dé—y(k1 ) kZ; k3a s >k3+n) - d(DY(k1 ) kZ;k.’n ceey k3+n) ®Y(k3) ceey k3+n)
X ﬂUX(k],kz) X Sy |My(k1> RS k3+n)|2

Parton-level phase space:

n+3

dDy(k1, k2 K3,y Kain) = (H d*kid (k] —m%)) 8 (ki +ka— k3 — -+ — knys)
i=3




Parton-level event generation

choose partonic subprocess y = yi1,Ys — Y3, - .. Yn:2 With probability P(y)
generate initial-state variables x;, x,, kr1, k12 with probability P(y;x1, x2, k1, kr2)

generate final-state momenta k3, ..., k,,,» with differential probability

dF(y> k])kz;k3 ey k2+n) - d®Y(k1>k2;k3> RS k2+n) P(y> k])kz;k3) sy k2+n)

assign weight = 0 to phase space point if it does not satisfy the inclusive cuts. ..

... ¢else evaluate PDFs and matrix element and assign weight

F

W, (k; Koon) = (1, k1) Fy, (%2, kr2) IV (K« ooy Ko ) P 8y flux (g, ko)
ylkK1y ooy K24n) =

P(y) P(y;x1,x2, k11, k12) P(Y, k1, ka3 K3y oy Kon)

choose/create probabilities P wisely/adaptively in order to let Wy (ki,...,Kyn) fluc-
tuate as little as possible from event to event ...

... this requires an optimization stage for each subprocess y during which crude esti-
mates of partonic cross sections are made

there is a lot of engineering/parameters in P, but there is only QFT in M,




The differential volume of n-particle phase space is given by
d®n(p1,81, P2,S2 -+ PrySns P) =
d*p18(pi — s1) d'p28(p3 — 52) -+~ d*pud(pf — 50) 8* (P —p1 —p2 — -+ —pu)
and satisfies the recursive relation
d®,(p1,S1,P2,S2 ---PnySn; P) =

dS d(DmJH(pI)S] y P2yS2 ««+PmySm Q)S) P)
X d®n—m(pm+1)sm+1 y Pm42y Sm+42 « -+ PnySn; Q)

with integration over S and Q.

So phase space can be completely
decomposed into 2-particle phase
spaces, and can be written in terms
of invariants and angles.




2-particle phase space

We want to generate p,, py in a 2-particle phase space O ( pq, Sa, Pv, Sv; P ). This implies
that P and also s,, sy, are given (generated or squared external masses) and we can define

Now,

Iq| = 7\(192:1;3,%) with A(x,y,z) = x* +y* + 2% — 2xy — 2yz — 2zx
we can
. generate @ € [0,27] and z € [—1,1]
. construct ¢° = /s, +qI* and § = q] (ﬂcoscp, V1 —22sing, z>
g is Pq in the center-off-mass frame of P, and needs to be boosted:
ph = (E,CT—FVﬁ) with E = \q/]TPz and V = wqij/%
and finally p, =P —p,
VP2 2p?

This construction gives a Jacobian ——- =

gl mt/A(P2, sq, Sb)




n-particle phase space

To generate, for example, 5-particle phase space, choose a decomposition into 2-particle

phase spaces. 5

1
4
External momenta labelled by a power of 2 and \\ 14

Pi+Pj = Piyj and pynes ¢y =0, so for n = 5: 12

62 8
p127 =0 and pi = —p127-i / 4A<16
64
32

The density factor of the example graph is

2s 2s
g({p}) = gas(sss) gra(s14) o giz2(s12) 1
70\/A(Sea, Sagy S14) 70/ A(S14, 812, S2)
% 231, 2543

T/ A (812, S8, 54) 701/ NS48, $32, S16)
The virtual invariants (sas, S14, S12) need to be generated, and one can use densities antic-
ipating the behavior of the integrand
1
s—M3)2+ M2

e.g. gn(s) x (

More graphs can be included via the multi-channel method. This way, the squared graphs
in a squared amplitude can be matched, while interferences cannot.




Electron-proton scattering




Electron-proton scattering

2ol ek ks B L
e 40T = | x| SR Q) [ 40 (pa -tk pup) 51 Pile v e

2

2
x 8(Q* + (pp —Pe)?) 8 ("BJ - sz-(SB —p ))
QZ

XBj S

PB Pe

PoPA=PR=Pe=p'=0 s=2paps Yy

/ky =Xpa + KT . o
collinear factorization: F,(x, [krl, Q) — fu(x, Q) §(|kr|?)




Electron-proton scattering

oy kg i Lt :
foar = | IR Q) [0+ (pl) g e e

2
X 5<Q2 + (ps _pe)Z) o (XBJ a ZPA'(SB —pe))

PB Pe
2 2 2 2 Qz
P pa=pg=pP.=p =0 s=2paps Y=_—
PA g XBj S
k =xpa + kT

collinear factorization: F(x, [ktl, Q) — fu(x, Q) 6(|12T|2)

2
Jch(pB +k = {Pe, ) 8(Q + (P — Pe)?) § (XBJ  2pa (SB —p ))

= < collinear : 5(x — X8 ks—factorization : 1
C8mxgs ' 1672 xg; s1/A(x, kr)
4
k T
X |kT| H<| T| X/XBj—y:i:\/1—y>

i=1




Electron-proton scattering
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Electron-proton scattering
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Electron-proton scattering

¢ | M(eu — e‘u)|2 _ 2xs 1+ (1—y)? - xg
. (47aC,,)? SEIY » VAV
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Electron-proton scattering

| M(eu — e_u)|2 _ 2xs 1+ (1—y)?
. (4maC, )2 2 g x Y

N | M(e ur — e‘u)]2 _ 2xs 1+ (1—y)?
‘é (reC? T Q1 y
YA

1 xgQt det o [ e[ i guo i, At )
== d dks Fu(x, k —_——
2no? 1+ (1 —y)? dxg; dQ? T Jors x 0 ! bk, Q) A(x, k)

1 1
{K—1+X2y2cos(np] (19)("_UJ] =C? QZJ de dp Fu (x, Qk(pyx), Q)

XBj XBj Q2%/s 0

. Qi
{E:H(l;zcos(nm V=Y ]g} = CiXBjJ dk%J dp Fu (xgélp, k1), ki, Q)
0 0




KATIE https://bitbucket.org/hameren/katie

parton level event generator, like ALPGEN, HELAC, MADGRAPH, etc.

arbitrary hadron-hadron or hadron-lepton processes within the standard model (includ-
ing effective Higgs-gluon coupling) with several final-state particles.

0, 1, or 2 off-shell intial states.
produces (partially un)weighted event files, for example in the LHEF format.

requires LHAPDF. TMD PDFs can be provided as files containing rectangular grids,
or with TMDIib (Hautmann, Jung, Krimer, Mulders, Nocera, Rogers, Signori 2014).

a calculation is steered by a single input file.

employs an optimization stage in which the pre-samplers for all channels are optimized.
during the generation stage several event files can be created in parallel.

event files can be processed further by parton-shower program like CASCADE.

(evaluation of) matrix elements separately available, including C++ interface.




