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Is entanglement deeply connected to the 
fundamental structure of our visible universe…?



A story of Alice and Bob

Alice Bob

(if Alice chooses to 
measure its spin in z axis)

(if Bob chooses to measure 
its spin in z axis too)

100% correlated spin projection results, 
no matter how far Alice and Bob is apart. 

Known as the Einstein-Podolsky-Rosen paradox, the EPR paradox.
This quantum feature is the quantum entanglement.  
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“spooky action at a distance…”



Proton

Proton going from low à high energy

Proton - a quantum 
mechanical pure state.

All partons are 
entangled quantum 
mechanically.

- e.g., all the states of 
partons cannot be 
written as, 
| i = | 1i ⌦ | 2i ⌦ | 3i
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…
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DIS and nucleon structure
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“Exposure time”

1. Resolution ~
2. Momentum fraction ~ xbj =

Q2

2Pq
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Parton Distribution Functions (PDFs)
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Entanglement Entropy (EE)

r ~ 1/Q

Proton rest frame

virtual 
photon

L ~ 1/(mx)

A A

B

⇢tot = | i h |
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<latexit sha1_base64="U2VGnBKvb8COgTJW+2TQHTSH0hU=">AAACH3icbZDLSsNAFIYn9VbrrerSzWARXJVERLtQKbhxWcFeoAllMp20QyeZMHMilLRv4sZXceNCEXHXt3HaRtDWHwZ+vnMOZ87vx4JrsO2JlVtZXVvfyG8WtrZ3dveK+wcNLRNFWZ1KIVXLJ5oJHrE6cBCsFStGQl+wpj+4ndabj0xpLqMHGMbMC0kv4gGnBAzqFC9c1ZedFCSMr13BAsAj7NY0x67ivT7gmzm8msHRDy13iiW7bM+El42TmRLKVOsUv9yupEnIIqCCaN127Bi8lCjgVLBxwU00iwkdkB5rGxuRkGkvnd03xieGdHEglXkR4Bn9PZGSUOth6JvOkEBfL9am8L9aO4Gg4qU8ihNgEZ0vChKBQeJpWLjLFaMghsYQqrj5K6Z9oggFE2nBhOAsnrxsGmdlxy479+elaiWLI4+O0DE6RQ66RFV0h2qojih6Qi/oDb1bz9ar9WF9zltzVjZziP7ImnwDnzWh/w==</latexit><latexit sha1_base64="U2VGnBKvb8COgTJW+2TQHTSH0hU=">AAACH3icbZDLSsNAFIYn9VbrrerSzWARXJVERLtQKbhxWcFeoAllMp20QyeZMHMilLRv4sZXceNCEXHXt3HaRtDWHwZ+vnMOZ87vx4JrsO2JlVtZXVvfyG8WtrZ3dveK+wcNLRNFWZ1KIVXLJ5oJHrE6cBCsFStGQl+wpj+4ndabj0xpLqMHGMbMC0kv4gGnBAzqFC9c1ZedFCSMr13BAsAj7NY0x67ivT7gmzm8msHRDy13iiW7bM+El42TmRLKVOsUv9yupEnIIqCCaN127Bi8lCjgVLBxwU00iwkdkB5rGxuRkGkvnd03xieGdHEglXkR4Bn9PZGSUOth6JvOkEBfL9am8L9aO4Gg4qU8ihNgEZ0vChKBQeJpWLjLFaMghsYQqrj5K6Z9oggFE2nBhOAsnrxsGmdlxy479+elaiWLI4+O0DE6RQ66RFV0h2qojih6Qi/oDb1bz9ar9WF9zltzVjZziP7ImnwDnzWh/w==</latexit><latexit sha1_base64="U2VGnBKvb8COgTJW+2TQHTSH0hU=">AAACH3icbZDLSsNAFIYn9VbrrerSzWARXJVERLtQKbhxWcFeoAllMp20QyeZMHMilLRv4sZXceNCEXHXt3HaRtDWHwZ+vnMOZ87vx4JrsO2JlVtZXVvfyG8WtrZ3dveK+wcNLRNFWZ1KIVXLJ5oJHrE6cBCsFStGQl+wpj+4ndabj0xpLqMHGMbMC0kv4gGnBAzqFC9c1ZedFCSMr13BAsAj7NY0x67ivT7gmzm8msHRDy13iiW7bM+El42TmRLKVOsUv9yupEnIIqCCaN127Bi8lCjgVLBxwU00iwkdkB5rGxuRkGkvnd03xieGdHEglXkR4Bn9PZGSUOth6JvOkEBfL9am8L9aO4Gg4qU8ihNgEZ0vChKBQeJpWLjLFaMghsYQqrj5K6Z9oggFE2nBhOAsnrxsGmdlxy479+elaiWLI4+O0DE6RQ66RFV0h2qojih6Qi/oDb1bz9ar9WF9zltzVjZziP7ImnwDnzWh/w==</latexit><latexit sha1_base64="U2VGnBKvb8COgTJW+2TQHTSH0hU=">AAACH3icbZDLSsNAFIYn9VbrrerSzWARXJVERLtQKbhxWcFeoAllMp20QyeZMHMilLRv4sZXceNCEXHXt3HaRtDWHwZ+vnMOZ87vx4JrsO2JlVtZXVvfyG8WtrZ3dveK+wcNLRNFWZ1KIVXLJ5oJHrE6cBCsFStGQl+wpj+4ndabj0xpLqMHGMbMC0kv4gGnBAzqFC9c1ZedFCSMr13BAsAj7NY0x67ivT7gmzm8msHRDy13iiW7bM+El42TmRLKVOsUv9yupEnIIqCCaN127Bi8lCjgVLBxwU00iwkdkB5rGxuRkGkvnd03xieGdHEglXkR4Bn9PZGSUOth6JvOkEBfL9am8L9aO4Gg4qU8ihNgEZ0vChKBQeJpWLjLFaMghsYQqrj5K6Z9oggFE2nBhOAsnrxsGmdlxy479+elaiWLI4+O0DE6RQ66RFV0h2qojih6Qi/oDb1bz9ar9WF9zltzVjZziP7ImnwDnzWh/w==</latexit>

Pure state

⇢A ⌘ TrB(⇢tot)
<latexit sha1_base64="3CiFN28ZR7LnHv1a5PdHIG3s75U=">AAACD3icbVBNS8NAEN34WetX1KOXYFHqpSQi2GPVi8cK/YImhM120y7dZOPupFBC/oEX/4oXD4p49erNf2PS5qCtDwYe780wM8+LOFNgmt/ayura+sZmaau8vbO7t68fHHaUiCWhbSK4kD0PK8pZSNvAgNNeJCkOPE673vg297sTKhUTYQumEXUCPAyZzwiGTHL1M1uOhJtcpzZ9iNnElkHSkqmb3KTVuQMC0vOyq1fMmjmDsUysglRQgaarf9kDQeKAhkA4VqpvmRE4CZbACKdp2Y4VjTAZ4yHtZzTEAVVOMvsnNU4zZWD4QmYVgjFTf08kOFBqGnhZZ4BhpBa9XPzP68fg152EhVEMNCTzRX7MDRBGHo4xYJIS4NOMYCJZdqtBRlhiAlmEeQjW4svLpHNRs8yadX9ZadSLOEroGJ2gKrLQFWqgO9REbUTQI3pGr+hNe9JetHftY966ohUzR+gPtM8f4uadIA==</latexit><latexit sha1_base64="3CiFN28ZR7LnHv1a5PdHIG3s75U=">AAACD3icbVBNS8NAEN34WetX1KOXYFHqpSQi2GPVi8cK/YImhM120y7dZOPupFBC/oEX/4oXD4p49erNf2PS5qCtDwYe780wM8+LOFNgmt/ayura+sZmaau8vbO7t68fHHaUiCWhbSK4kD0PK8pZSNvAgNNeJCkOPE673vg297sTKhUTYQumEXUCPAyZzwiGTHL1M1uOhJtcpzZ9iNnElkHSkqmb3KTVuQMC0vOyq1fMmjmDsUysglRQgaarf9kDQeKAhkA4VqpvmRE4CZbACKdp2Y4VjTAZ4yHtZzTEAVVOMvsnNU4zZWD4QmYVgjFTf08kOFBqGnhZZ4BhpBa9XPzP68fg152EhVEMNCTzRX7MDRBGHo4xYJIS4NOMYCJZdqtBRlhiAlmEeQjW4svLpHNRs8yadX9ZadSLOEroGJ2gKrLQFWqgO9REbUTQI3pGr+hNe9JetHftY966ohUzR+gPtM8f4uadIA==</latexit><latexit sha1_base64="3CiFN28ZR7LnHv1a5PdHIG3s75U=">AAACD3icbVBNS8NAEN34WetX1KOXYFHqpSQi2GPVi8cK/YImhM120y7dZOPupFBC/oEX/4oXD4p49erNf2PS5qCtDwYe780wM8+LOFNgmt/ayura+sZmaau8vbO7t68fHHaUiCWhbSK4kD0PK8pZSNvAgNNeJCkOPE673vg297sTKhUTYQumEXUCPAyZzwiGTHL1M1uOhJtcpzZ9iNnElkHSkqmb3KTVuQMC0vOyq1fMmjmDsUysglRQgaarf9kDQeKAhkA4VqpvmRE4CZbACKdp2Y4VjTAZ4yHtZzTEAVVOMvsnNU4zZWD4QmYVgjFTf08kOFBqGnhZZ4BhpBa9XPzP68fg152EhVEMNCTzRX7MDRBGHo4xYJIS4NOMYCJZdqtBRlhiAlmEeQjW4svLpHNRs8yadX9ZadSLOEroGJ2gKrLQFWqgO9REbUTQI3pGr+hNe9JetHftY966ohUzR+gPtM8f4uadIA==</latexit><latexit sha1_base64="3CiFN28ZR7LnHv1a5PdHIG3s75U=">AAACD3icbVBNS8NAEN34WetX1KOXYFHqpSQi2GPVi8cK/YImhM120y7dZOPupFBC/oEX/4oXD4p49erNf2PS5qCtDwYe780wM8+LOFNgmt/ayura+sZmaau8vbO7t68fHHaUiCWhbSK4kD0PK8pZSNvAgNNeJCkOPE673vg297sTKhUTYQumEXUCPAyZzwiGTHL1M1uOhJtcpzZ9iNnElkHSkqmb3KTVuQMC0vOyq1fMmjmDsUysglRQgaarf9kDQeKAhkA4VqpvmRE4CZbACKdp2Y4VjTAZ4yHtZzTEAVVOMvsnNU4zZWD4QmYVgjFTf08kOFBqGnhZZ4BhpBa9XPzP68fg152EhVEMNCTzRX7MDRBGHo4xYJIS4NOMYCJZdqtBRlhiAlmEeQjW4svLpHNRs8yadX9ZadSLOEroGJ2gKrLQFWqgO9REbUTQI3pGr+hNe9JetHftY966ohUzR+gPtM8f4uadIA==</latexit>

(reduced density matrix) 

SA = �Tr⇢A ln ⇢A
<latexit sha1_base64="G+acIoS/zAaO9kwHknAv9QC+C50=">AAACDnicbZDLSsNAFIYn9VbrLerSTbAU3FgSEexGqLhxWbE3aEKYTCft0MlMmJkIJeQJ3Pgqblwo4ta1O9/GSRtEW38Y+PjPOZw5fxBTIpVtfxmlldW19Y3yZmVre2d3z9w/6EqeCIQ7iFMu+gGUmBKGO4ooivuxwDAKKO4Fk+u83rvHQhLO2moaYy+CI0ZCgqDSlm/W7vz0Krs8dUWUtkWWumLMc8el7IezzDerdt2eyVoGp4AqKNTyzU93yFESYaYQhVIOHDtWXgqFIojirOImEscQTeAIDzQyGGHppbNzMqumnaEVcqEfU9bM/T2RwkjKaRTozgiqsVys5eZ/tUGiwoaXEhYnCjM0XxQm1FLcyrOxhkRgpOhUA0SC6L9aaAwFREonWNEhOIsnL0P3rO7Ydef2vNpsFHGUwRE4BifAARegCW5AC3QAAg/gCbyAV+PReDbejPd5a8koZg7BHxkf34J5nQE=</latexit><latexit sha1_base64="G+acIoS/zAaO9kwHknAv9QC+C50=">AAACDnicbZDLSsNAFIYn9VbrLerSTbAU3FgSEexGqLhxWbE3aEKYTCft0MlMmJkIJeQJ3Pgqblwo4ta1O9/GSRtEW38Y+PjPOZw5fxBTIpVtfxmlldW19Y3yZmVre2d3z9w/6EqeCIQ7iFMu+gGUmBKGO4ooivuxwDAKKO4Fk+u83rvHQhLO2moaYy+CI0ZCgqDSlm/W7vz0Krs8dUWUtkWWumLMc8el7IezzDerdt2eyVoGp4AqKNTyzU93yFESYaYQhVIOHDtWXgqFIojirOImEscQTeAIDzQyGGHppbNzMqumnaEVcqEfU9bM/T2RwkjKaRTozgiqsVys5eZ/tUGiwoaXEhYnCjM0XxQm1FLcyrOxhkRgpOhUA0SC6L9aaAwFREonWNEhOIsnL0P3rO7Ydef2vNpsFHGUwRE4BifAARegCW5AC3QAAg/gCbyAV+PReDbejPd5a8koZg7BHxkf34J5nQE=</latexit><latexit sha1_base64="G+acIoS/zAaO9kwHknAv9QC+C50=">AAACDnicbZDLSsNAFIYn9VbrLerSTbAU3FgSEexGqLhxWbE3aEKYTCft0MlMmJkIJeQJ3Pgqblwo4ta1O9/GSRtEW38Y+PjPOZw5fxBTIpVtfxmlldW19Y3yZmVre2d3z9w/6EqeCIQ7iFMu+gGUmBKGO4ooivuxwDAKKO4Fk+u83rvHQhLO2moaYy+CI0ZCgqDSlm/W7vz0Krs8dUWUtkWWumLMc8el7IezzDerdt2eyVoGp4AqKNTyzU93yFESYaYQhVIOHDtWXgqFIojirOImEscQTeAIDzQyGGHppbNzMqumnaEVcqEfU9bM/T2RwkjKaRTozgiqsVys5eZ/tUGiwoaXEhYnCjM0XxQm1FLcyrOxhkRgpOhUA0SC6L9aaAwFREonWNEhOIsnL0P3rO7Ydef2vNpsFHGUwRE4BifAARegCW5AC3QAAg/gCbyAV+PReDbejPd5a8koZg7BHxkf34J5nQE=</latexit><latexit sha1_base64="G+acIoS/zAaO9kwHknAv9QC+C50=">AAACDnicbZDLSsNAFIYn9VbrLerSTbAU3FgSEexGqLhxWbE3aEKYTCft0MlMmJkIJeQJ3Pgqblwo4ta1O9/GSRtEW38Y+PjPOZw5fxBTIpVtfxmlldW19Y3yZmVre2d3z9w/6EqeCIQ7iFMu+gGUmBKGO4ooivuxwDAKKO4Fk+u83rvHQhLO2moaYy+CI0ZCgqDSlm/W7vz0Krs8dUWUtkWWumLMc8el7IezzDerdt2eyVoGp4AqKNTyzU93yFESYaYQhVIOHDtWXgqFIojirOImEscQTeAIDzQyGGHppbNzMqumnaEVcqEfU9bM/T2RwkjKaRTozgiqsVys5eZ/tUGiwoaXEhYnCjM0XxQm1FLcyrOxhkRgpOhUA0SC6L9aaAwFREonWNEhOIsnL0P3rO7Ydef2vNpsFHGUwRE4BifAARegCW5AC3QAAg/gCbyAV+PReDbejPd5a8koZg7BHxkf34J5nQE=</latexit>

(von Neumann entropy)
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Entanglement Entropy (EE)



r ~ 1/Q

Proton rest frame

virtual 
photon

L ~ 1/(mx)

A A

B

⇢tot = | i h |
<latexit sha1_base64="U2VGnBKvb8COgTJW+2TQHTSH0hU=">AAACH3icbZDLSsNAFIYn9VbrrerSzWARXJVERLtQKbhxWcFeoAllMp20QyeZMHMilLRv4sZXceNCEXHXt3HaRtDWHwZ+vnMOZ87vx4JrsO2JlVtZXVvfyG8WtrZ3dveK+wcNLRNFWZ1KIVXLJ5oJHrE6cBCsFStGQl+wpj+4ndabj0xpLqMHGMbMC0kv4gGnBAzqFC9c1ZedFCSMr13BAsAj7NY0x67ivT7gmzm8msHRDy13iiW7bM+El42TmRLKVOsUv9yupEnIIqCCaN127Bi8lCjgVLBxwU00iwkdkB5rGxuRkGkvnd03xieGdHEglXkR4Bn9PZGSUOth6JvOkEBfL9am8L9aO4Gg4qU8ihNgEZ0vChKBQeJpWLjLFaMghsYQqrj5K6Z9oggFE2nBhOAsnrxsGmdlxy479+elaiWLI4+O0DE6RQ66RFV0h2qojih6Qi/oDb1bz9ar9WF9zltzVjZziP7ImnwDnzWh/w==</latexit><latexit sha1_base64="U2VGnBKvb8COgTJW+2TQHTSH0hU=">AAACH3icbZDLSsNAFIYn9VbrrerSzWARXJVERLtQKbhxWcFeoAllMp20QyeZMHMilLRv4sZXceNCEXHXt3HaRtDWHwZ+vnMOZ87vx4JrsO2JlVtZXVvfyG8WtrZ3dveK+wcNLRNFWZ1KIVXLJ5oJHrE6cBCsFStGQl+wpj+4ndabj0xpLqMHGMbMC0kv4gGnBAzqFC9c1ZedFCSMr13BAsAj7NY0x67ivT7gmzm8msHRDy13iiW7bM+El42TmRLKVOsUv9yupEnIIqCCaN127Bi8lCjgVLBxwU00iwkdkB5rGxuRkGkvnd03xieGdHEglXkR4Bn9PZGSUOth6JvOkEBfL9am8L9aO4Gg4qU8ihNgEZ0vChKBQeJpWLjLFaMghsYQqrj5K6Z9oggFE2nBhOAsnrxsGmdlxy479+elaiWLI4+O0DE6RQ66RFV0h2qojih6Qi/oDb1bz9ar9WF9zltzVjZziP7ImnwDnzWh/w==</latexit><latexit sha1_base64="U2VGnBKvb8COgTJW+2TQHTSH0hU=">AAACH3icbZDLSsNAFIYn9VbrrerSzWARXJVERLtQKbhxWcFeoAllMp20QyeZMHMilLRv4sZXceNCEXHXt3HaRtDWHwZ+vnMOZ87vx4JrsO2JlVtZXVvfyG8WtrZ3dveK+wcNLRNFWZ1KIVXLJ5oJHrE6cBCsFStGQl+wpj+4ndabj0xpLqMHGMbMC0kv4gGnBAzqFC9c1ZedFCSMr13BAsAj7NY0x67ivT7gmzm8msHRDy13iiW7bM+El42TmRLKVOsUv9yupEnIIqCCaN127Bi8lCjgVLBxwU00iwkdkB5rGxuRkGkvnd03xieGdHEglXkR4Bn9PZGSUOth6JvOkEBfL9am8L9aO4Gg4qU8ihNgEZ0vChKBQeJpWLjLFaMghsYQqrj5K6Z9oggFE2nBhOAsnrxsGmdlxy479+elaiWLI4+O0DE6RQ66RFV0h2qojih6Qi/oDb1bz9ar9WF9zltzVjZziP7ImnwDnzWh/w==</latexit><latexit sha1_base64="U2VGnBKvb8COgTJW+2TQHTSH0hU=">AAACH3icbZDLSsNAFIYn9VbrrerSzWARXJVERLtQKbhxWcFeoAllMp20QyeZMHMilLRv4sZXceNCEXHXt3HaRtDWHwZ+vnMOZ87vx4JrsO2JlVtZXVvfyG8WtrZ3dveK+wcNLRNFWZ1KIVXLJ5oJHrE6cBCsFStGQl+wpj+4ndabj0xpLqMHGMbMC0kv4gGnBAzqFC9c1ZedFCSMr13BAsAj7NY0x67ivT7gmzm8msHRDy13iiW7bM+El42TmRLKVOsUv9yupEnIIqCCaN127Bi8lCjgVLBxwU00iwkdkB5rGxuRkGkvnd03xieGdHEglXkR4Bn9PZGSUOth6JvOkEBfL9am8L9aO4Gg4qU8ihNgEZ0vChKBQeJpWLjLFaMghsYQqrj5K6Z9oggFE2nBhOAsnrxsGmdlxy479+elaiWLI4+O0DE6RQ66RFV0h2qojih6Qi/oDb1bz9ar9WF9zltzVjZziP7ImnwDnzWh/w==</latexit>

Pure state

⇢A ⌘ TrB(⇢tot)
<latexit sha1_base64="3CiFN28ZR7LnHv1a5PdHIG3s75U=">AAACD3icbVBNS8NAEN34WetX1KOXYFHqpSQi2GPVi8cK/YImhM120y7dZOPupFBC/oEX/4oXD4p49erNf2PS5qCtDwYe780wM8+LOFNgmt/ayura+sZmaau8vbO7t68fHHaUiCWhbSK4kD0PK8pZSNvAgNNeJCkOPE673vg297sTKhUTYQumEXUCPAyZzwiGTHL1M1uOhJtcpzZ9iNnElkHSkqmb3KTVuQMC0vOyq1fMmjmDsUysglRQgaarf9kDQeKAhkA4VqpvmRE4CZbACKdp2Y4VjTAZ4yHtZzTEAVVOMvsnNU4zZWD4QmYVgjFTf08kOFBqGnhZZ4BhpBa9XPzP68fg152EhVEMNCTzRX7MDRBGHo4xYJIS4NOMYCJZdqtBRlhiAlmEeQjW4svLpHNRs8yadX9ZadSLOEroGJ2gKrLQFWqgO9REbUTQI3pGr+hNe9JetHftY966ohUzR+gPtM8f4uadIA==</latexit><latexit sha1_base64="3CiFN28ZR7LnHv1a5PdHIG3s75U=">AAACD3icbVBNS8NAEN34WetX1KOXYFHqpSQi2GPVi8cK/YImhM120y7dZOPupFBC/oEX/4oXD4p49erNf2PS5qCtDwYe780wM8+LOFNgmt/ayura+sZmaau8vbO7t68fHHaUiCWhbSK4kD0PK8pZSNvAgNNeJCkOPE673vg297sTKhUTYQumEXUCPAyZzwiGTHL1M1uOhJtcpzZ9iNnElkHSkqmb3KTVuQMC0vOyq1fMmjmDsUysglRQgaarf9kDQeKAhkA4VqpvmRE4CZbACKdp2Y4VjTAZ4yHtZzTEAVVOMvsnNU4zZWD4QmYVgjFTf08kOFBqGnhZZ4BhpBa9XPzP68fg152EhVEMNCTzRX7MDRBGHo4xYJIS4NOMYCJZdqtBRlhiAlmEeQjW4svLpHNRs8yadX9ZadSLOEroGJ2gKrLQFWqgO9REbUTQI3pGr+hNe9JetHftY966ohUzR+gPtM8f4uadIA==</latexit><latexit sha1_base64="3CiFN28ZR7LnHv1a5PdHIG3s75U=">AAACD3icbVBNS8NAEN34WetX1KOXYFHqpSQi2GPVi8cK/YImhM120y7dZOPupFBC/oEX/4oXD4p49erNf2PS5qCtDwYe780wM8+LOFNgmt/ayura+sZmaau8vbO7t68fHHaUiCWhbSK4kD0PK8pZSNvAgNNeJCkOPE673vg297sTKhUTYQumEXUCPAyZzwiGTHL1M1uOhJtcpzZ9iNnElkHSkqmb3KTVuQMC0vOyq1fMmjmDsUysglRQgaarf9kDQeKAhkA4VqpvmRE4CZbACKdp2Y4VjTAZ4yHtZzTEAVVOMvsnNU4zZWD4QmYVgjFTf08kOFBqGnhZZ4BhpBa9XPzP68fg152EhVEMNCTzRX7MDRBGHo4xYJIS4NOMYCJZdqtBRlhiAlmEeQjW4svLpHNRs8yadX9ZadSLOEroGJ2gKrLQFWqgO9REbUTQI3pGr+hNe9JetHftY966ohUzR+gPtM8f4uadIA==</latexit><latexit sha1_base64="3CiFN28ZR7LnHv1a5PdHIG3s75U=">AAACD3icbVBNS8NAEN34WetX1KOXYFHqpSQi2GPVi8cK/YImhM120y7dZOPupFBC/oEX/4oXD4p49erNf2PS5qCtDwYe780wM8+LOFNgmt/ayura+sZmaau8vbO7t68fHHaUiCWhbSK4kD0PK8pZSNvAgNNeJCkOPE673vg297sTKhUTYQumEXUCPAyZzwiGTHL1M1uOhJtcpzZ9iNnElkHSkqmb3KTVuQMC0vOyq1fMmjmDsUysglRQgaarf9kDQeKAhkA4VqpvmRE4CZbACKdp2Y4VjTAZ4yHtZzTEAVVOMvsnNU4zZWD4QmYVgjFTf08kOFBqGnhZZ4BhpBa9XPzP68fg152EhVEMNCTzRX7MDRBGHo4xYJIS4NOMYCJZdqtBRlhiAlmEeQjW4svLpHNRs8yadX9ZadSLOEroGJ2gKrLQFWqgO9REbUTQI3pGr+hNe9JetHftY966ohUzR+gPtM8f4uadIA==</latexit>

(reduced density matrix) 

SA = �Tr⇢A ln ⇢A
<latexit sha1_base64="G+acIoS/zAaO9kwHknAv9QC+C50=">AAACDnicbZDLSsNAFIYn9VbrLerSTbAU3FgSEexGqLhxWbE3aEKYTCft0MlMmJkIJeQJ3Pgqblwo4ta1O9/GSRtEW38Y+PjPOZw5fxBTIpVtfxmlldW19Y3yZmVre2d3z9w/6EqeCIQ7iFMu+gGUmBKGO4ooivuxwDAKKO4Fk+u83rvHQhLO2moaYy+CI0ZCgqDSlm/W7vz0Krs8dUWUtkWWumLMc8el7IezzDerdt2eyVoGp4AqKNTyzU93yFESYaYQhVIOHDtWXgqFIojirOImEscQTeAIDzQyGGHppbNzMqumnaEVcqEfU9bM/T2RwkjKaRTozgiqsVys5eZ/tUGiwoaXEhYnCjM0XxQm1FLcyrOxhkRgpOhUA0SC6L9aaAwFREonWNEhOIsnL0P3rO7Ydef2vNpsFHGUwRE4BifAARegCW5AC3QAAg/gCbyAV+PReDbejPd5a8koZg7BHxkf34J5nQE=</latexit><latexit sha1_base64="G+acIoS/zAaO9kwHknAv9QC+C50=">AAACDnicbZDLSsNAFIYn9VbrLerSTbAU3FgSEexGqLhxWbE3aEKYTCft0MlMmJkIJeQJ3Pgqblwo4ta1O9/GSRtEW38Y+PjPOZw5fxBTIpVtfxmlldW19Y3yZmVre2d3z9w/6EqeCIQ7iFMu+gGUmBKGO4ooivuxwDAKKO4Fk+u83rvHQhLO2moaYy+CI0ZCgqDSlm/W7vz0Krs8dUWUtkWWumLMc8el7IezzDerdt2eyVoGp4AqKNTyzU93yFESYaYQhVIOHDtWXgqFIojirOImEscQTeAIDzQyGGHppbNzMqumnaEVcqEfU9bM/T2RwkjKaRTozgiqsVys5eZ/tUGiwoaXEhYnCjM0XxQm1FLcyrOxhkRgpOhUA0SC6L9aaAwFREonWNEhOIsnL0P3rO7Ydef2vNpsFHGUwRE4BifAARegCW5AC3QAAg/gCbyAV+PReDbejPd5a8koZg7BHxkf34J5nQE=</latexit><latexit sha1_base64="G+acIoS/zAaO9kwHknAv9QC+C50=">AAACDnicbZDLSsNAFIYn9VbrLerSTbAU3FgSEexGqLhxWbE3aEKYTCft0MlMmJkIJeQJ3Pgqblwo4ta1O9/GSRtEW38Y+PjPOZw5fxBTIpVtfxmlldW19Y3yZmVre2d3z9w/6EqeCIQ7iFMu+gGUmBKGO4ooivuxwDAKKO4Fk+u83rvHQhLO2moaYy+CI0ZCgqDSlm/W7vz0Krs8dUWUtkWWumLMc8el7IezzDerdt2eyVoGp4AqKNTyzU93yFESYaYQhVIOHDtWXgqFIojirOImEscQTeAIDzQyGGHppbNzMqumnaEVcqEfU9bM/T2RwkjKaRTozgiqsVys5eZ/tUGiwoaXEhYnCjM0XxQm1FLcyrOxhkRgpOhUA0SC6L9aaAwFREonWNEhOIsnL0P3rO7Ydef2vNpsFHGUwRE4BifAARegCW5AC3QAAg/gCbyAV+PReDbejPd5a8koZg7BHxkf34J5nQE=</latexit><latexit sha1_base64="G+acIoS/zAaO9kwHknAv9QC+C50=">AAACDnicbZDLSsNAFIYn9VbrLerSTbAU3FgSEexGqLhxWbE3aEKYTCft0MlMmJkIJeQJ3Pgqblwo4ta1O9/GSRtEW38Y+PjPOZw5fxBTIpVtfxmlldW19Y3yZmVre2d3z9w/6EqeCIQ7iFMu+gGUmBKGO4ooivuxwDAKKO4Fk+u83rvHQhLO2moaYy+CI0ZCgqDSlm/W7vz0Krs8dUWUtkWWumLMc8el7IezzDerdt2eyVoGp4AqKNTyzU93yFESYaYQhVIOHDtWXgqFIojirOImEscQTeAIDzQyGGHppbNzMqumnaEVcqEfU9bM/T2RwkjKaRTozgiqsVys5eZ/tUGiwoaXEhYnCjM0XxQm1FLcyrOxhkRgpOhUA0SC6L9aaAwFREonWNEhOIsnL0P3rO7Ydef2vNpsFHGUwRE4BifAARegCW5AC3QAAg/gCbyAV+PReDbejPd5a8koZg7BHxkf34J5nQE=</latexit>

(von Neumann entropy)

⇢B ⌘ TrA(⇢tot)
<latexit sha1_base64="ujZEGrxycM0hsfVm2k05bbCjnho=">AAACFnicbVDLSgMxFM34rPVVdekmWIS6sMxUQZe1blxW6As6ZcikaRuamYzJnUIZ5ivc+CtuXCjiVtz5N6aPhbYeCBzOOZfce/xIcA22/W2trK6tb2xmtrLbO7t7+7mDw4aWsaKsTqWQquUTzQQPWR04CNaKFCOBL1jTH95O/OaIKc1lWINxxDoB6Ye8xykBI3m5c1cNpJdUUuyyh5iPsBsQGKggqSkvuUnTpDALgIT0LPVyebtoT4GXiTMneTRH1ct9uV1J44CFQAXRuu3YEXQSooBTwdKsG2sWETokfdY2NCQB051kelaKT43SxT2pzAsBT9XfEwkJtB4HvklOltaL3kT8z2vH0LvuJDyMYmAhnX3UiwUGiScd4S5XjIIYG0Ko4mZXTAdEEQqmyawpwVk8eZk0SkXnoli6v8yXK/M6MugYnaACctAVKqM7VEV1RNEjekav6M16sl6sd+tjFl2x5jNH6A+szx+gjaBM</latexit>

(reduced density matrix) 

SB = �Tr⇢B ln ⇢B
<latexit sha1_base64="YHcuoCErQ47zmqErVZnprAAT0u0=">AAACEHicbZDLSsNAFIYn9VbrLerSTbCIbixJFXQjlLpxWbE3aEKZTCft0MlMmJkIJeQR3Pgqblwo4talO9/GSRtBW38Y+PjPOcw5vx9RIpVtfxmFpeWV1bXiemljc2t7x9zda0seC4RbiFMuuj6UmBKGW4ooiruRwDD0Ke744+us3rnHQhLOmmoSYS+EQ0YCgqDSVt88vusn9fTq1A2hGokwaYo0ccWIZ27qUvbDfbNsV+yprEVwciiDXI2++ekOOIpDzBSiUMqeY0fKS6BQBFGcltxY4giiMRzinkYGQyy9ZHpQah1pZ2AFXOjHlDV1f08kMJRyEvq6M9tbztcy879aL1bBpZcQFsUKMzT7KIippbiVpWMNiMBI0YkGiATRu1poBAVESmdY0iE48ycvQrtacc4q1dvzcq2ex1EEB+AQnAAHXIAauAEN0AIIPIAn8AJejUfj2Xgz3metBSOf2Qd/ZHx8AwIfndg=</latexit>

(von Neumann entropy)

11

Entanglement Entropy (EE)



r ~ 1/Q

Proton rest frame

virtual 
photon

L ~ 1/(mx)

A A

B

⇢tot = | i h |
<latexit sha1_base64="U2VGnBKvb8COgTJW+2TQHTSH0hU=">AAACH3icbZDLSsNAFIYn9VbrrerSzWARXJVERLtQKbhxWcFeoAllMp20QyeZMHMilLRv4sZXceNCEXHXt3HaRtDWHwZ+vnMOZ87vx4JrsO2JlVtZXVvfyG8WtrZ3dveK+wcNLRNFWZ1KIVXLJ5oJHrE6cBCsFStGQl+wpj+4ndabj0xpLqMHGMbMC0kv4gGnBAzqFC9c1ZedFCSMr13BAsAj7NY0x67ivT7gmzm8msHRDy13iiW7bM+El42TmRLKVOsUv9yupEnIIqCCaN127Bi8lCjgVLBxwU00iwkdkB5rGxuRkGkvnd03xieGdHEglXkR4Bn9PZGSUOth6JvOkEBfL9am8L9aO4Gg4qU8ihNgEZ0vChKBQeJpWLjLFaMghsYQqrj5K6Z9oggFE2nBhOAsnrxsGmdlxy479+elaiWLI4+O0DE6RQ66RFV0h2qojih6Qi/oDb1bz9ar9WF9zltzVjZziP7ImnwDnzWh/w==</latexit><latexit sha1_base64="U2VGnBKvb8COgTJW+2TQHTSH0hU=">AAACH3icbZDLSsNAFIYn9VbrrerSzWARXJVERLtQKbhxWcFeoAllMp20QyeZMHMilLRv4sZXceNCEXHXt3HaRtDWHwZ+vnMOZ87vx4JrsO2JlVtZXVvfyG8WtrZ3dveK+wcNLRNFWZ1KIVXLJ5oJHrE6cBCsFStGQl+wpj+4ndabj0xpLqMHGMbMC0kv4gGnBAzqFC9c1ZedFCSMr13BAsAj7NY0x67ivT7gmzm8msHRDy13iiW7bM+El42TmRLKVOsUv9yupEnIIqCCaN127Bi8lCjgVLBxwU00iwkdkB5rGxuRkGkvnd03xieGdHEglXkR4Bn9PZGSUOth6JvOkEBfL9am8L9aO4Gg4qU8ihNgEZ0vChKBQeJpWLjLFaMghsYQqrj5K6Z9oggFE2nBhOAsnrxsGmdlxy479+elaiWLI4+O0DE6RQ66RFV0h2qojih6Qi/oDb1bz9ar9WF9zltzVjZziP7ImnwDnzWh/w==</latexit><latexit sha1_base64="U2VGnBKvb8COgTJW+2TQHTSH0hU=">AAACH3icbZDLSsNAFIYn9VbrrerSzWARXJVERLtQKbhxWcFeoAllMp20QyeZMHMilLRv4sZXceNCEXHXt3HaRtDWHwZ+vnMOZ87vx4JrsO2JlVtZXVvfyG8WtrZ3dveK+wcNLRNFWZ1KIVXLJ5oJHrE6cBCsFStGQl+wpj+4ndabj0xpLqMHGMbMC0kv4gGnBAzqFC9c1ZedFCSMr13BAsAj7NY0x67ivT7gmzm8msHRDy13iiW7bM+El42TmRLKVOsUv9yupEnIIqCCaN127Bi8lCjgVLBxwU00iwkdkB5rGxuRkGkvnd03xieGdHEglXkR4Bn9PZGSUOth6JvOkEBfL9am8L9aO4Gg4qU8ihNgEZ0vChKBQeJpWLjLFaMghsYQqrj5K6Z9oggFE2nBhOAsnrxsGmdlxy479+elaiWLI4+O0DE6RQ66RFV0h2qojih6Qi/oDb1bz9ar9WF9zltzVjZziP7ImnwDnzWh/w==</latexit><latexit sha1_base64="U2VGnBKvb8COgTJW+2TQHTSH0hU=">AAACH3icbZDLSsNAFIYn9VbrrerSzWARXJVERLtQKbhxWcFeoAllMp20QyeZMHMilLRv4sZXceNCEXHXt3HaRtDWHwZ+vnMOZ87vx4JrsO2JlVtZXVvfyG8WtrZ3dveK+wcNLRNFWZ1KIVXLJ5oJHrE6cBCsFStGQl+wpj+4ndabj0xpLqMHGMbMC0kv4gGnBAzqFC9c1ZedFCSMr13BAsAj7NY0x67ivT7gmzm8msHRDy13iiW7bM+El42TmRLKVOsUv9yupEnIIqCCaN127Bi8lCjgVLBxwU00iwkdkB5rGxuRkGkvnd03xieGdHEglXkR4Bn9PZGSUOth6JvOkEBfL9am8L9aO4Gg4qU8ihNgEZ0vChKBQeJpWLjLFaMghsYQqrj5K6Z9oggFE2nBhOAsnrxsGmdlxy479+elaiWLI4+O0DE6RQ66RFV0h2qojih6Qi/oDb1bz9ar9WF9zltzVjZziP7ImnwDnzWh/w==</latexit>

Pure state

⇢A ⌘ TrB(⇢tot)
<latexit sha1_base64="3CiFN28ZR7LnHv1a5PdHIG3s75U=">AAACD3icbVBNS8NAEN34WetX1KOXYFHqpSQi2GPVi8cK/YImhM120y7dZOPupFBC/oEX/4oXD4p49erNf2PS5qCtDwYe780wM8+LOFNgmt/ayura+sZmaau8vbO7t68fHHaUiCWhbSK4kD0PK8pZSNvAgNNeJCkOPE673vg297sTKhUTYQumEXUCPAyZzwiGTHL1M1uOhJtcpzZ9iNnElkHSkqmb3KTVuQMC0vOyq1fMmjmDsUysglRQgaarf9kDQeKAhkA4VqpvmRE4CZbACKdp2Y4VjTAZ4yHtZzTEAVVOMvsnNU4zZWD4QmYVgjFTf08kOFBqGnhZZ4BhpBa9XPzP68fg152EhVEMNCTzRX7MDRBGHo4xYJIS4NOMYCJZdqtBRlhiAlmEeQjW4svLpHNRs8yadX9ZadSLOEroGJ2gKrLQFWqgO9REbUTQI3pGr+hNe9JetHftY966ohUzR+gPtM8f4uadIA==</latexit><latexit sha1_base64="3CiFN28ZR7LnHv1a5PdHIG3s75U=">AAACD3icbVBNS8NAEN34WetX1KOXYFHqpSQi2GPVi8cK/YImhM120y7dZOPupFBC/oEX/4oXD4p49erNf2PS5qCtDwYe780wM8+LOFNgmt/ayura+sZmaau8vbO7t68fHHaUiCWhbSK4kD0PK8pZSNvAgNNeJCkOPE673vg297sTKhUTYQumEXUCPAyZzwiGTHL1M1uOhJtcpzZ9iNnElkHSkqmb3KTVuQMC0vOyq1fMmjmDsUysglRQgaarf9kDQeKAhkA4VqpvmRE4CZbACKdp2Y4VjTAZ4yHtZzTEAVVOMvsnNU4zZWD4QmYVgjFTf08kOFBqGnhZZ4BhpBa9XPzP68fg152EhVEMNCTzRX7MDRBGHo4xYJIS4NOMYCJZdqtBRlhiAlmEeQjW4svLpHNRs8yadX9ZadSLOEroGJ2gKrLQFWqgO9REbUTQI3pGr+hNe9JetHftY966ohUzR+gPtM8f4uadIA==</latexit><latexit sha1_base64="3CiFN28ZR7LnHv1a5PdHIG3s75U=">AAACD3icbVBNS8NAEN34WetX1KOXYFHqpSQi2GPVi8cK/YImhM120y7dZOPupFBC/oEX/4oXD4p49erNf2PS5qCtDwYe780wM8+LOFNgmt/ayura+sZmaau8vbO7t68fHHaUiCWhbSK4kD0PK8pZSNvAgNNeJCkOPE673vg297sTKhUTYQumEXUCPAyZzwiGTHL1M1uOhJtcpzZ9iNnElkHSkqmb3KTVuQMC0vOyq1fMmjmDsUysglRQgaarf9kDQeKAhkA4VqpvmRE4CZbACKdp2Y4VjTAZ4yHtZzTEAVVOMvsnNU4zZWD4QmYVgjFTf08kOFBqGnhZZ4BhpBa9XPzP68fg152EhVEMNCTzRX7MDRBGHo4xYJIS4NOMYCJZdqtBRlhiAlmEeQjW4svLpHNRs8yadX9ZadSLOEroGJ2gKrLQFWqgO9REbUTQI3pGr+hNe9JetHftY966ohUzR+gPtM8f4uadIA==</latexit><latexit sha1_base64="3CiFN28ZR7LnHv1a5PdHIG3s75U=">AAACD3icbVBNS8NAEN34WetX1KOXYFHqpSQi2GPVi8cK/YImhM120y7dZOPupFBC/oEX/4oXD4p49erNf2PS5qCtDwYe780wM8+LOFNgmt/ayura+sZmaau8vbO7t68fHHaUiCWhbSK4kD0PK8pZSNvAgNNeJCkOPE673vg297sTKhUTYQumEXUCPAyZzwiGTHL1M1uOhJtcpzZ9iNnElkHSkqmb3KTVuQMC0vOyq1fMmjmDsUysglRQgaarf9kDQeKAhkA4VqpvmRE4CZbACKdp2Y4VjTAZ4yHtZzTEAVVOMvsnNU4zZWD4QmYVgjFTf08kOFBqGnhZZ4BhpBa9XPzP68fg152EhVEMNCTzRX7MDRBGHo4xYJIS4NOMYCJZdqtBRlhiAlmEeQjW4svLpHNRs8yadX9ZadSLOEroGJ2gKrLQFWqgO9REbUTQI3pGr+hNe9JetHftY966ohUzR+gPtM8f4uadIA==</latexit>

(reduced density matrix) 

SA = �Tr⇢A ln ⇢A
<latexit sha1_base64="G+acIoS/zAaO9kwHknAv9QC+C50=">AAACDnicbZDLSsNAFIYn9VbrLerSTbAU3FgSEexGqLhxWbE3aEKYTCft0MlMmJkIJeQJ3Pgqblwo4ta1O9/GSRtEW38Y+PjPOZw5fxBTIpVtfxmlldW19Y3yZmVre2d3z9w/6EqeCIQ7iFMu+gGUmBKGO4ooivuxwDAKKO4Fk+u83rvHQhLO2moaYy+CI0ZCgqDSlm/W7vz0Krs8dUWUtkWWumLMc8el7IezzDerdt2eyVoGp4AqKNTyzU93yFESYaYQhVIOHDtWXgqFIojirOImEscQTeAIDzQyGGHppbNzMqumnaEVcqEfU9bM/T2RwkjKaRTozgiqsVys5eZ/tUGiwoaXEhYnCjM0XxQm1FLcyrOxhkRgpOhUA0SC6L9aaAwFREonWNEhOIsnL0P3rO7Ydef2vNpsFHGUwRE4BifAARegCW5AC3QAAg/gCbyAV+PReDbejPd5a8koZg7BHxkf34J5nQE=</latexit><latexit sha1_base64="G+acIoS/zAaO9kwHknAv9QC+C50=">AAACDnicbZDLSsNAFIYn9VbrLerSTbAU3FgSEexGqLhxWbE3aEKYTCft0MlMmJkIJeQJ3Pgqblwo4ta1O9/GSRtEW38Y+PjPOZw5fxBTIpVtfxmlldW19Y3yZmVre2d3z9w/6EqeCIQ7iFMu+gGUmBKGO4ooivuxwDAKKO4Fk+u83rvHQhLO2moaYy+CI0ZCgqDSlm/W7vz0Krs8dUWUtkWWumLMc8el7IezzDerdt2eyVoGp4AqKNTyzU93yFESYaYQhVIOHDtWXgqFIojirOImEscQTeAIDzQyGGHppbNzMqumnaEVcqEfU9bM/T2RwkjKaRTozgiqsVys5eZ/tUGiwoaXEhYnCjM0XxQm1FLcyrOxhkRgpOhUA0SC6L9aaAwFREonWNEhOIsnL0P3rO7Ydef2vNpsFHGUwRE4BifAARegCW5AC3QAAg/gCbyAV+PReDbejPd5a8koZg7BHxkf34J5nQE=</latexit><latexit sha1_base64="G+acIoS/zAaO9kwHknAv9QC+C50=">AAACDnicbZDLSsNAFIYn9VbrLerSTbAU3FgSEexGqLhxWbE3aEKYTCft0MlMmJkIJeQJ3Pgqblwo4ta1O9/GSRtEW38Y+PjPOZw5fxBTIpVtfxmlldW19Y3yZmVre2d3z9w/6EqeCIQ7iFMu+gGUmBKGO4ooivuxwDAKKO4Fk+u83rvHQhLO2moaYy+CI0ZCgqDSlm/W7vz0Krs8dUWUtkWWumLMc8el7IezzDerdt2eyVoGp4AqKNTyzU93yFESYaYQhVIOHDtWXgqFIojirOImEscQTeAIDzQyGGHppbNzMqumnaEVcqEfU9bM/T2RwkjKaRTozgiqsVys5eZ/tUGiwoaXEhYnCjM0XxQm1FLcyrOxhkRgpOhUA0SC6L9aaAwFREonWNEhOIsnL0P3rO7Ydef2vNpsFHGUwRE4BifAARegCW5AC3QAAg/gCbyAV+PReDbejPd5a8koZg7BHxkf34J5nQE=</latexit><latexit sha1_base64="G+acIoS/zAaO9kwHknAv9QC+C50=">AAACDnicbZDLSsNAFIYn9VbrLerSTbAU3FgSEexGqLhxWbE3aEKYTCft0MlMmJkIJeQJ3Pgqblwo4ta1O9/GSRtEW38Y+PjPOZw5fxBTIpVtfxmlldW19Y3yZmVre2d3z9w/6EqeCIQ7iFMu+gGUmBKGO4ooivuxwDAKKO4Fk+u83rvHQhLO2moaYy+CI0ZCgqDSlm/W7vz0Krs8dUWUtkWWumLMc8el7IezzDerdt2eyVoGp4AqKNTyzU93yFESYaYQhVIOHDtWXgqFIojirOImEscQTeAIDzQyGGHppbNzMqumnaEVcqEfU9bM/T2RwkjKaRTozgiqsVys5eZ/tUGiwoaXEhYnCjM0XxQm1FLcyrOxhkRgpOhUA0SC6L9aaAwFREonWNEhOIsnL0P3rO7Ydef2vNpsFHGUwRE4BifAARegCW5AC3QAAg/gCbyAV+PReDbejPd5a8koZg7BHxkf34J5nQE=</latexit>

(von Neumann entropy)

⇢B ⌘ TrA(⇢tot)
<latexit sha1_base64="ujZEGrxycM0hsfVm2k05bbCjnho=">AAACFnicbVDLSgMxFM34rPVVdekmWIS6sMxUQZe1blxW6As6ZcikaRuamYzJnUIZ5ivc+CtuXCjiVtz5N6aPhbYeCBzOOZfce/xIcA22/W2trK6tb2xmtrLbO7t7+7mDw4aWsaKsTqWQquUTzQQPWR04CNaKFCOBL1jTH95O/OaIKc1lWINxxDoB6Ye8xykBI3m5c1cNpJdUUuyyh5iPsBsQGKggqSkvuUnTpDALgIT0LPVyebtoT4GXiTMneTRH1ct9uV1J44CFQAXRuu3YEXQSooBTwdKsG2sWETokfdY2NCQB051kelaKT43SxT2pzAsBT9XfEwkJtB4HvklOltaL3kT8z2vH0LvuJDyMYmAhnX3UiwUGiScd4S5XjIIYG0Ko4mZXTAdEEQqmyawpwVk8eZk0SkXnoli6v8yXK/M6MugYnaACctAVKqM7VEV1RNEjekav6M16sl6sd+tjFl2x5jNH6A+szx+gjaBM</latexit>

(reduced density matrix) 

SB = �Tr⇢B ln ⇢B
<latexit sha1_base64="YHcuoCErQ47zmqErVZnprAAT0u0=">AAACEHicbZDLSsNAFIYn9VbrLerSTbCIbixJFXQjlLpxWbE3aEKZTCft0MlMmJkIJeQR3Pgqblwo4talO9/GSRtBW38Y+PjPOcw5vx9RIpVtfxmFpeWV1bXiemljc2t7x9zda0seC4RbiFMuuj6UmBKGW4ooiruRwDD0Ke744+us3rnHQhLOmmoSYS+EQ0YCgqDSVt88vusn9fTq1A2hGokwaYo0ccWIZ27qUvbDfbNsV+yprEVwciiDXI2++ekOOIpDzBSiUMqeY0fKS6BQBFGcltxY4giiMRzinkYGQyy9ZHpQah1pZ2AFXOjHlDV1f08kMJRyEvq6M9tbztcy879aL1bBpZcQFsUKMzT7KIippbiVpWMNiMBI0YkGiATRu1poBAVESmdY0iE48ycvQrtacc4q1dvzcq2ex1EEB+AQnAAHXIAauAEN0AIIPIAn8AJejUfj2Xgz3metBSOf2Qd/ZHx8AwIfndg=</latexit>

(von Neumann entropy)

Expectation – EE SA = SB ≠ 0 12

Entanglement Entropy (EE)



EE in DIS

13

Fixed (x,Q2)



SA in DIS

14

SA = ln [xG(x,Q2)]
<latexit sha1_base64="K0vxqXNu9sRhY1LGvAl7sK/HMPo=">AAACAXicbVDLSsNAFJ34rPUVdSO4CRahgpSkCroRqi502aJ9QBrDZDpph04mYWYiLSFu/BU3LhRx61+482+ctllo64ELh3Pu5d57vIgSIU3zW5ubX1hcWs6t5FfX1jc29a3thghjjnAdhTTkLQ8KTAnDdUkkxa2IYxh4FDe9/tXIbz5gLkjI7uQwwk4Au4z4BEGpJFffvXWTi/S8TVliD66Lg6PafVJOD53U1QtmyRzDmCVWRgogQ9XVv9qdEMUBZhJRKIRtmZF0EsglQRSn+XYscARRH3axrSiDARZOMv4gNQ6U0jH8kKti0hirvycSGAgxDDzVGUDZE9PeSPzPs2PpnzkJYVEsMUOTRX5MDRkaoziMDuEYSTpUBCJO1K0G6kEOkVSh5VUI1vTLs6RRLlnHpXLtpFC5zOLIgT2wD4rAAqegAm5AFdQBAo/gGbyCN+1Je9HetY9J65yWzeyAP9A+fwBta5Y6</latexit>

(Kharzeev & Levin 2017)

gluon entropy for low x

Fixed (x,Q2)

⇢A ⌘ TrB(⇢tot)
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(Kharzeev & Levin 2021)
In DIS, sea quarks 
contributions are very 
important, recently realized. 

arXiv:2102.09773



⇢B ⌘ TrA(⇢tot)
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Fixed (x,Q2)
hadron entropy

SB = �
X

PN logPN
<latexit sha1_base64="GKahvFzMKUcx130ps5B93AxK/Ic=">AAACCHicbZDLSgMxFIYzXmu9jbp0YbAIbiwzVdCNUOrGlVS0F+gMQyZN29AkMyQZoQyzdOOruHGhiFsfwZ1vY9rOQlt/CHz85xxOzh/GjCrtON/WwuLS8spqYa24vrG5tW3v7DZVlEhMGjhikWyHSBFGBWloqhlpx5IgHjLSCodX43rrgUhFI3GvRzHxOeoL2qMYaWMF9sFdkNYyeAlPPJXwtB6kN5nHov6UsiywS07ZmQjOg5tDCeSqB/aX141wwonQmCGlOq4Taz9FUlPMSFb0EkVihIeoTzoGBeJE+enkkAweGacLe5E0T2g4cX9PpIgrNeKh6eRID9RsbWz+V+skunfhp1TEiSYCTxf1EgZ1BMepwC6VBGs2MoCwpOavEA+QRFib7IomBHf25HloVsruablye1aq1vI4CmAfHIJj4IJzUAXXoA4aAINH8AxewZv1ZL1Y79bHtHXBymf2wB9Znz90R5mk</latexit>

PN is charged multiplicities

SB in DIS
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SA = ln [xG(x,Q2)]
<latexit sha1_base64="K0vxqXNu9sRhY1LGvAl7sK/HMPo=">AAACAXicbVDLSsNAFJ34rPUVdSO4CRahgpSkCroRqi502aJ9QBrDZDpph04mYWYiLSFu/BU3LhRx61+482+ctllo64ELh3Pu5d57vIgSIU3zW5ubX1hcWs6t5FfX1jc29a3thghjjnAdhTTkLQ8KTAnDdUkkxa2IYxh4FDe9/tXIbz5gLkjI7uQwwk4Au4z4BEGpJFffvXWTi/S8TVliD66Lg6PafVJOD53U1QtmyRzDmCVWRgogQ9XVv9qdEMUBZhJRKIRtmZF0EsglQRSn+XYscARRH3axrSiDARZOMv4gNQ6U0jH8kKti0hirvycSGAgxDDzVGUDZE9PeSPzPs2PpnzkJYVEsMUOTRX5MDRkaoziMDuEYSTpUBCJO1K0G6kEOkVSh5VUI1vTLs6RRLlnHpXLtpFC5zOLIgT2wD4rAAqegAm5AFdQBAo/gGbyCN+1Je9HetY9J65yWzeyAP9A+fwBta5Y6</latexit>

(Kharzeev & Levin 2017)

gluon entropy for low x

Fixed (x,Q2)
hadron entropy

SB = �
X

PN logPN
<latexit sha1_base64="GKahvFzMKUcx130ps5B93AxK/Ic=">AAACCHicbZDLSgMxFIYzXmu9jbp0YbAIbiwzVdCNUOrGlVS0F+gMQyZN29AkMyQZoQyzdOOruHGhiFsfwZ1vY9rOQlt/CHz85xxOzh/GjCrtON/WwuLS8spqYa24vrG5tW3v7DZVlEhMGjhikWyHSBFGBWloqhlpx5IgHjLSCodX43rrgUhFI3GvRzHxOeoL2qMYaWMF9sFdkNYyeAlPPJXwtB6kN5nHov6UsiywS07ZmQjOg5tDCeSqB/aX141wwonQmCGlOq4Taz9FUlPMSFb0EkVihIeoTzoGBeJE+enkkAweGacLe5E0T2g4cX9PpIgrNeKh6eRID9RsbWz+V+skunfhp1TEiSYCTxf1EgZ1BMepwC6VBGs2MoCwpOavEA+QRFib7IomBHf25HloVsruablye1aq1vI4CmAfHIJj4IJzUAXXoA4aAINH8AxewZv1ZL1Y79bHtHXBymf2wB9Znz90R5mk</latexit>

PN is charged multiplicities

EE in DIS



Measurement - DIS data
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H1 experiment in Museum

(HERA - 6.3 km in circumference)
CJC (main detector, like the STAR TPC)
Stefan Schmitt, H1 spokesperson 

DESY, Hamburg, Germany

HERA experiments were shut down in 2007
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H1 data
Event display

Protonàß Electron

Low Q2 Spacal event



19

H1 data

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.0375<y<0.075
2<10 GeV25<Q

 = 319 GeVsep 

H1

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.075<y<0.15
2<10 GeV25<Q

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.15<y<0.3
2<10 GeV25<Q

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.3<y<0.6
2<10 GeV25<Q

* < 4η0 < 

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.0375<y<0.075
2<20 GeV210<Q

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.075<y<0.15
2<20 GeV210<Q

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.15<y<0.3
2<20 GeV210<Q

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.3<y<0.6
2<20 GeV210<Q

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.0375<y<0.075
2<40 GeV220<Q

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.075<y<0.15
2<40 GeV220<Q

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.15<y<0.3
2<40 GeV220<Q

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.3<y<0.6
2<40 GeV220<Q

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.0375<y<0.075
2<100 GeV240<Q

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.075<y<0.15
2<100 GeV240<Q

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.15<y<0.3
2<100 GeV240<Q

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.3<y<0.6
2<100 GeV240<Q

H1 data 
DJANGOH 
RAPGAP 
PYTHIA 8 

Event display

Protonàß Electron

Low Q2 Spacal event

N
0 10 20 30



20

H1 data

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.0375<y<0.075
2<10 GeV25<Q

 = 319 GeVsep 

H1

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.075<y<0.15
2<10 GeV25<Q

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.15<y<0.3
2<10 GeV25<Q

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.3<y<0.6
2<10 GeV25<Q

* < 4η0 < 

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.0375<y<0.075
2<20 GeV210<Q

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.075<y<0.15
2<20 GeV210<Q

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.15<y<0.3
2<20 GeV210<Q

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.3<y<0.6
2<20 GeV210<Q

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.0375<y<0.075
2<40 GeV220<Q

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.075<y<0.15
2<40 GeV220<Q

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.15<y<0.3
2<40 GeV220<Q

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.3<y<0.6
2<40 GeV220<Q

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.0375<y<0.075
2<100 GeV240<Q

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.075<y<0.15
2<100 GeV240<Q

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.15<y<0.3
2<100 GeV240<Q

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.3<y<0.6
2<100 GeV240<Q

H1 data 
DJANGOH 
RAPGAP 
PYTHIA 8 

Eur. Phys. J. C (2021) 81: 212 - 57 pages
N

0 10 20 30

Q2
xbj

https://doi.org/10.1140/epjc/s10052-021-08896-1


4−10 3−10 2−10
〉 

bj
x〈

0

2

4

gl
uo

n
,S

ha
dr

on
S

H1H1  = 319 GeVsep 

* < 4.0η0 < 

H1 data
hadronS

 ranges2Q
 2 < 10 GeV25 < Q
 2 < 20 GeV210 < Q

2 < 40 GeV220 < Q
 2 < 100 GeV240 < Q

21

H1 data

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.0375<y<0.075
2<10 GeV25<Q

 = 319 GeVsep 

H1

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.075<y<0.15
2<10 GeV25<Q

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.15<y<0.3
2<10 GeV25<Q

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.3<y<0.6
2<10 GeV25<Q

* < 4η0 < 

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.0375<y<0.075
2<20 GeV210<Q

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.075<y<0.15
2<20 GeV210<Q

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.15<y<0.3
2<20 GeV210<Q

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.3<y<0.6
2<20 GeV210<Q

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.0375<y<0.075
2<40 GeV220<Q

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.075<y<0.15
2<40 GeV220<Q

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.15<y<0.3
2<40 GeV220<Q

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.3<y<0.6
2<40 GeV220<Q

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.0375<y<0.075
2<100 GeV240<Q

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.075<y<0.15
2<100 GeV240<Q

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.15<y<0.3
2<100 GeV240<Q

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.3<y<0.6
2<100 GeV240<Q

H1 data 
DJANGOH 
RAPGAP 
PYTHIA 8 

HCM frame
Q2

xbj

Eur. Phys. J. C (2021) 81: 212 - 57 pages

https://doi.org/10.1140/epjc/s10052-021-08896-1


4−10 3−10 2−10
〉 

bj
x〈

0

2

4

gl
uo

n
,S

ha
dr

on
S

H1H1  = 319 GeVsep 

* < 4.0η0 < 

H1 data
hadronS

RAPGAP  ranges2Q
 2 < 10 GeV25 < Q
 2 < 20 GeV210 < Q

2 < 40 GeV220 < Q
 2 < 100 GeV240 < Q

22

H1 data

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.0375<y<0.075
2<10 GeV25<Q

 = 319 GeVsep 

H1

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.075<y<0.15
2<10 GeV25<Q

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.15<y<0.3
2<10 GeV25<Q

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.3<y<0.6
2<10 GeV25<Q

* < 4η0 < 

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.0375<y<0.075
2<20 GeV210<Q

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.075<y<0.15
2<20 GeV210<Q

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.15<y<0.3
2<20 GeV210<Q

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.3<y<0.6
2<20 GeV210<Q

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.0375<y<0.075
2<40 GeV220<Q

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.075<y<0.15
2<40 GeV220<Q

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.15<y<0.3
2<40 GeV220<Q

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.3<y<0.6
2<40 GeV220<Q

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.0375<y<0.075
2<100 GeV240<Q

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.075<y<0.15
2<100 GeV240<Q

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.15<y<0.3
2<100 GeV240<Q

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.3<y<0.6
2<100 GeV240<Q

H1 data 
DJANGOH 
RAPGAP 
PYTHIA 8 

HCM frame
Q2

xbj

Eur. Phys. J. C (2021) 81: 212 - 57 pages

https://doi.org/10.1140/epjc/s10052-021-08896-1


4−10 3−10 2−10
〉 

bj
 x〈

0

2

4

gl
uo

n
,S

ha
dr

on
S

H1H1  = 319 GeVsep 

* < 4.0η0 < 

H1 data
hadronS

 
 

 

RAPGAP
 
 

 

HERAPDF
gluonS

 
   
  
  

 ranges2Q
 2 < 10 GeV25 < Q
 2 < 20 GeV210 < Q

2 < 40 GeV220 < Q
 2 < 100 GeV240 < Q

23

H1 data

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.0375<y<0.075
2<10 GeV25<Q

 = 319 GeVsep 

H1

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.075<y<0.15
2<10 GeV25<Q

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.15<y<0.3
2<10 GeV25<Q

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.3<y<0.6
2<10 GeV25<Q

* < 4η0 < 

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.0375<y<0.075
2<20 GeV210<Q

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.075<y<0.15
2<20 GeV210<Q

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.15<y<0.3
2<20 GeV210<Q

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.3<y<0.6
2<20 GeV210<Q

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.0375<y<0.075
2<40 GeV220<Q

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.075<y<0.15
2<40 GeV220<Q

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.15<y<0.3
2<40 GeV220<Q

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.3<y<0.6
2<40 GeV220<Q

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.0375<y<0.075
2<100 GeV240<Q

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.075<y<0.15
2<100 GeV240<Q

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.15<y<0.3
2<100 GeV240<Q

0 10 20 30
N

5−10

3−10

1−10

10

P(
N

)

0.3<y<0.6
2<100 GeV240<Q

H1 data 
DJANGOH 
RAPGAP 
PYTHIA 8 

HCM frame
Q2

xbj

Eur. Phys. J. C (2021) 81: 212 - 57 pages

https://doi.org/10.1140/epjc/s10052-021-08896-1


4−10 3−10 2−10
〉 

bj
 x〈

0

2

4

gl
uo

n
,S

ha
dr

on
S

H1H1  = 319 GeVsep 

* < 4.0η0 < 

H1 data
hadronS

 
 

 

RAPGAP
 
 

 

HERAPDF
gluonS

 
   
  
  

 ranges2Q
 2 < 10 GeV25 < Q
 2 < 20 GeV210 < Q

2 < 40 GeV220 < Q
 2 < 100 GeV240 < Q

24

H1 data
HCM frame New results from sea quarks

arXiv:2102.09773



Summary

25

Science News Article 
https://www.sciencenews.org/article/experiment-hints-quantum-entanglement-inside-protons

• First experimental hint of entanglement 
using EE in high energy collisions
(both in pp and ep DIS)

https://www.sciencenews.org/article/experiment-hints-quantum-entanglement-inside-protons
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• First experimental hint of entanglement 
using EE in high energy collisions
(both in pp and ep DIS)

• Promising theory in EE. But still with 
many questions and works ahead. 

SA = ln [xG(x,Q2)]
<latexit sha1_base64="K0vxqXNu9sRhY1LGvAl7sK/HMPo=">AAACAXicbVDLSsNAFJ34rPUVdSO4CRahgpSkCroRqi502aJ9QBrDZDpph04mYWYiLSFu/BU3LhRx61+482+ctllo64ELh3Pu5d57vIgSIU3zW5ubX1hcWs6t5FfX1jc29a3thghjjnAdhTTkLQ8KTAnDdUkkxa2IYxh4FDe9/tXIbz5gLkjI7uQwwk4Au4z4BEGpJFffvXWTi/S8TVliD66Lg6PafVJOD53U1QtmyRzDmCVWRgogQ9XVv9qdEMUBZhJRKIRtmZF0EsglQRSn+XYscARRH3axrSiDARZOMv4gNQ6U0jH8kKti0hirvycSGAgxDDzVGUDZE9PeSPzPs2PpnzkJYVEsMUOTRX5MDRkaoziMDuEYSTpUBCJO1K0G6kEOkVSh5VUI1vTLs6RRLlnHpXLtpFC5zOLIgT2wD4rAAqegAm5AFdQBAo/gGbyCN+1Je9HetY9J65yWzeyAP9A+fwBta5Y6</latexit>

(Kharzeev & Levin 2017)

gluon entropy for low-x in pp

SA = ln [⌃sea]
<latexit sha1_base64="xCFP8v0lpb5HbFr2Fjfz+DGdcu8=">AAACAnicbVDLSsNAFJ3UV62vqCtxEyyCq5JUQTdC1Y3LSu0DkhAm00k7dGYSZiZCCcGNv+LGhSJu/Qp3/o3TNgttPXDhcM693HtPmFAilW1/G6Wl5ZXVtfJ6ZWNza3vH3N3ryDgVCLdRTGPRC6HElHDcVkRR3EsEhiykuBuObiZ+9wELSWJ+r8YJ9hkccBIRBJWWAvOgFWRX+aVHeeZ6LTJgMMgkhrmfB2bVrtlTWIvEKUgVFGgG5pfXj1HKMFeIQildx06Un0GhCKI4r3ipxAlEIzjArqYcMiz9bPpCbh1rpW9FsdDFlTVVf09kkEk5ZqHuZFAN5bw3Ef/z3FRFF35GeJIqzNFsUZRSS8XWJA+rTwRGio41gUgQfauFhlBApHRqFR2CM//yIunUa85prX53Vm1cF3GUwSE4AifAAeegAW5BE7QBAo/gGbyCN+PJeDHejY9Za8koZvbBHxifP55Xl5Q=</latexit>

(Kharzeev & Levin 2021)

…

EE timeline

quark entropy for low-x in DIS
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• First experimental hint of entanglement 
using EE in high energy collisions
(both in pp and ep DIS)

• Promising theory in EE. But still with 
many questions and works ahead. 

• Large acceptance with target region. 
Correlation in rapidity?

• How about nucleus? eA? 

A

C

DIS

(A dedicated prediction is on the way)

B

Stay tuned!


