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• Parton distribution functions (PDFs)


• Generalized parton distributions (GPDs)


• Transverse-momentum-dependent (TMD) distributions
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Parton distribution functions (PDFs)
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Precision Prediction
Controlling the systematic errors:

• Lattice systematics: 


• excited-state contamination,

• a→0 (lattice renormalization), 

• physical mπ, 

• L→∞;


• Higher-order perturbative matching 
and resummation;


• Power corrections, range of reliable x.

Guiding information for the less—knowns:

• Sea quark;

• Spin-dependent PDFs, e.g., transversity;

• Gluon PDFs;

• Distribution amplitudes;

• Higher-twist PDFs;

• GPDs;

• TMDs.
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• The quasi-PDF:

Large-momentum effective theory (LaMET)
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• X. Xiong, X. Ji, J.-H. Zhang and YZ, PRD 90 (2014);

• Y.-Q. Ma and J. Qiu, PRD98 (2018), PRL 120 (2018);

• T. Izubuchi, X. Ji, L. Jin, I. Stewart, and YZ, PRD98 (2018).

X. Ji, PRL 110 (2013); SCPMA57 (2014).

X. Ji, Y.-S. Liu, Y. Liu, J.-H. Zhang and YZ, 
arXiv: 2004.03543

• Direct calculation of the x-dependence through a large-momentum expansion;

• Precision under control for x∈[xmin, xmax].
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Large-momentum effective theory (LaMET)
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• excited-state 
contamination ✔︎

• physical mπ ✔︎
• L→∞ ✔︎ negligible

Renormalization
a → 0

• Renormalization schemes:

• RI/MOM, higher-twist effects at large z

• Ratio, higher-twist effects at large z

• RI/xMOM, cutoff effects at small z

• Hybrid scheme, ✔︎

• Continuum extrapolation with multiple 
lattice spacings, ✔︎

f(x, μ)
Perturbative matching 
and power corrections

• NNLO matching for non-
singlet quark PDFs, ✔︎

• NLO matching for the 
other PDFs, ✔︎

• Kinematic target mass 
correction, ✔︎

• Dynamical higher-twist 
suppressed by Pz.
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Pion valence PDF from hybrid scheme w. NNLO matching
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Gray band (preliminary):


Error at Pz=2.42 GeV > 15% or variation in Pz > 1% between 
Pz=1.94 and 2.42 GeV.
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Talk by YZ at 38th International Symposium on Lattice Field Theory
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a=0.06 fm and 0.04 fm
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• Short distance expansion of


• Current-current correlator


• The equal-time quark bilinear (pseudo-PDF)

Coordinate-space factorization approaches
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• V. Braun and D. Mueller, Eur.Phys.J.C 55 (2008) 349

• Y.-Q. Ma and J. Qiu, Phys.Rev.Lett. 120 (2018) 2, 022003

• A. Radyushkin, Phys.Rev.D 96 
(2017) 3, 034025


• K. Orginos, et al., Phys.Rev.D 96 
(2017) 9, 094503

h̃(λ, z2μ2) = ∫
1

0
dα 𝒞(α, z2μ2) h(αλ, μ) + 𝒪(z2Λ2

QCD)
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1

0
dα 𝒞(α, z2μ2)∫ dx eixαλ f(y, μ2)+𝒪(z2Λ2

QCD)

• Requirement for short z limits the largest λ, difficult to control the Fourier 
transform;


• Extraction of the PDF relies on parameterization/modeling of the PDFs.
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Coordinate-space factorization approaches

9

h̃(λ, z2μ2) = ∫
1

0
dα 𝒞(α, z2μ2)∫ dx eixαλ f(y, μ2) + 𝒪(z2Λ2

QCD)

0.0

0.5

1.0

1.5

R
e
M

�
u
�

�
d

�10 0 10
z/a

-1.0

0.0

1.0

Im
M

�
u
�

�
d

exp

exp+lat

0.00

0.25

0.50

0.75

x
(�

u
�

�
d
)

Q
2 = 4 GeV2

10�2 10�1 100

x

�0.2

0.0

0.2

x
(�

ū
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FIG. 2. As in Fig. 1, but for the spin-dependent isovector matrix element, M�u��d, and PDFs
x(�u � �d) and x(�ū � �d̄).

if one uses only the experimental data. On the other hand, the combined experiment +

lattice data analysis allows an optimal solution to be found that simultaneously describes

both types of data sets. The fact that the lattice data are able to change the posterior

distribution indicates that already the existing lattice data can provide significant constraints

on spin-dependent PDFs beyond that from the existing experimental measurements.

The impact of the lattice data on the spin-dependent PDF uncertainties is illustrated in

Fig. 2, where the uncertainties on the PDFs fitted to experimental data alone are significantly

reduced when supplemented with the lattice matrix element data. Also shown in Fig. 2 are

the PDFs inferred via the DTF method, which are found to be in relatively good agreement

with the PDFs extracted using the continuum approach within current uncertainties. In

contrast to the spin-averaged case in Fig. 1, however, we find that for the spin-dependent

PDFs the lattice data do not suggest any large �ū � �d̄ asymmetry, as suggested by the

data on the longitudinal single-spin asymmetry for W
± production from RHIC [54]. More

accurate lattice data and better matching coe�cients could help improve the determination

of this asymmetry.

17

“Confronting lattice parton distributions with global 
QCD analysis”, 

J. Bringewatt, N. Sato et al., Phys.Rev.D 103 (2021) 1, 016003

“Neural-network analysis of Parton Distribution 
Functions from Ioffe-time pseudodistributions”,

L. Del Debbio, T. Giani et al., JHEP 02 (2021) 138

J. Bringewatt, N. Sato et al., Phys.Rev.D 
103 (2021) 1, 016003

Challenge in controlling the power corrections and 
model dependence:


• 1/z2 corresponds to Q2 in DIS and DY processes; 


• To suppress lattice cutoff effects, z >> a (z ≥ 3a?). In the 
literature, zmax=0.5-0.8 fm has been used, which 
corresponds to 0.08 GeV2 < 1/z2 < 2.70 GeV2 for a=0.04 
fm, lower than most experimental cuts in Q2.

Proton isovector sea quark PDF
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• Model-independent determination of (higher) Mellin moments from 
operator product expansion (OPE):

Coordinate-space factorization approaches
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Moments of the pion valence quark PDF with NNLO Wilson coefficients

Xiang Gao’s talk at GHP Workshop 2021.
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• The mass dependence is mild for pion valence PDF.

• Chiral fermion shows good agreement with Wilson-Clover + HISQ fermion with fine lattice 
spacings.

Moments: NNLO matching, physical point, chiral fermion

⟨xn⟩ = ⟨xn⟩Ext + dna2

Pion valence quark PDF: Moments

mπ = 300 MeVmπ = 140 MeV mπ = 140 MeV
mπ = 300 MeVmπ = 140 MeV mπ = 140 MeVmπ = 300 MeV
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• The mass dependence is mild for pion valence PDF.

• Chiral fermion shows good agreement with Wilson-Clover + HISQ fermion with fine lattice 
spacings.

Moments: NNLO matching, physical point, chiral fermion
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• Proton transversity PDFs with flavor decomposition:

Lattice calculation of less-knowns
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FIG. 14: Up (left) and down (right) quark unpolarized (upper panels), helicity (middle panels) and transversity
(bottom panels) distributions at P3 = 1.24 GeV (red band). We also show the NNPDF results [2, 114, 117] (blue
band) and JAM17 [115] (orange band) phenomenological results. For the transversity PDF we compare against the
SIDIS data [116] (green band) and SIDIS data constrained by the value of tensor charge gT computed in lattice
QCD [116] (gray band).

and it is not well-constrained by SIDIS data. As a result, global fits for the light quark �q(x) carry large relative
error of ⇡ 50 � 100% [116]. A more precise phenomenological estimate of the transversity PDFs can be obtained
by constraining the distributions with the value of the tensor charge gT computed within lattice QCD [116]. A
comparison with the latter, reveals a similar agreement as for the helicity PDFs. We would like to stress that the
overall qualitative agreement is very promising, as this computation is done using simulations with heavier than
physical pions.

2. Strange quark distributions

The strange distributions presented here are computed using the renormalized matrix elements shown in Fig. 8.
The values of zmax employed in the Fourier transform defining the quasi-PDF are reported in Table VIII. The criterion
adopted to select zmax is to analyze the dependence of the PDF as zmax is increased, as discussed in the previous
section. In Fig. 15 we show the unpolarized, helicity and transversity PDFs. The antiquark distribution reported
here takes into account the crossing relations in Eq. (14), showing the anti-quark distributions in the negative x
region. Although the unpolarized PDFs extracted from the matrix element using the two largest momenta tend
towards the phenomenological result, there is still some residual dependence, which points to the need to increase
the momentum boost to check the independence on P3. Due to the simultaneous suppression of the real part of
the matrix elements and the enhancement of the imaginary part, s̄(x) becomes symmetrical with respect to x =
0 as the momentum boost increases. This symmetry feature is exploited in the global fits. The results for the
helicity distribution are approximately symmetric in the quark and antiquark regions, and are compatible with the
results from the NNPDFPOL1.1 [2] and with JAM17 global fits analysis both of which have larger uncertainties.
Our results, thus, provide valuable input for phenomenological studies. In fact, this is more evident for the strange
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FIG. 15: Results on the strange unpolarized (top panel), helicity (center panel) and transversity (bottom panel)
distributions for three values of P3. We compare with the NNPDFPOL1.1 [2, 117] (light blue) and JAM17 [115] (light
purple) phenomenological data. Lattice data for P3 = 0.41, 0.83, 1.24 GeV are shown with green, red and dark blue
bands, respectively.

transversity distribution where experimental results are lacking. We obtained results on the transversity PDF with
small uncertainties that show no residual momentum dependence for the two largest momentum values.

FIG. 16: The strange-quark asymmetry for the unpolarized PDF for three values of P3. We compare with
NNPDF [117] (pink) phenomenological data. Lattice data for P3 = 0.41, 0.83, 1.24 GeV are shown with green,
red and dark blue bands, respectively.

Besides the individual s(x) and s̄(x) distributions, there is also an interest on the strange-quark asymmetry. This

C. Alexandrou, et al. (ETMC), arXiv: 2106.16065

a = 0.094 fm, L = 3.0 fm, mπ = 260 MeV RI/MOM renormalization and NLO matching
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FIG. 15: Results on the strange unpolarized (top panel), helicity (center panel) and transversity (bottom panel)
distributions for three values of P3. We compare with the NNPDFPOL1.1 [2, 117] (light blue) and JAM17 [115] (light
purple) phenomenological data. Lattice data for P3 = 0.41, 0.83, 1.24 GeV are shown with green, red and dark blue
bands, respectively.

transversity distribution where experimental results are lacking. We obtained results on the transversity PDF with
small uncertainties that show no residual momentum dependence for the two largest momentum values.

FIG. 16: The strange-quark asymmetry for the unpolarized PDF for three values of P3. We compare with
NNPDF [117] (pink) phenomenological data. Lattice data for P3 = 0.41, 0.83, 1.24 GeV are shown with green,
red and dark blue bands, respectively.

Besides the individual s(x) and s̄(x) distributions, there is also an interest on the strange-quark asymmetry. This
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• Gluon PDFs:

Lattice calculation of less-knowns
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FIG. 11. Io↵e-time distribution after the implementation of the perturbative matching kernel on the lattice reduced pseudo-
ITD data along with the light-cone ITD calculated for the model: 2-param (Q), in the MS renormalization scheme at 2
GeV.

FIG. 12. Unpolarized gluon PDF (blue band) extracted from our lattice data using the 2-param (Q) model. We compare
our results to gluon PDFs extracted from global fits to experimental data, CT18 [3], NNPDF3.1 [4], and JAM20 [86]. The

normalization of the gluon PDF is performed using the gluon momentum fraction hxiMS
g (µ = 2GeV)=0.427(92) from [34]. The

figures on left and right are the same distributions with di↵erent scales for x g(x) to enhance the view of the large-x region.

and determine the total uncertainty in the PDF. The statistical uncertainty of the gluon PDF determined from the
fit Eq. (35) and the uncertainty from the normalization using hxig are added in quadrature and the final uncertainty
is shown as the outer band in Fig. 12.

As discussed in [85], from the fitting of the ITD constructed from the NNPDF x g(x) distribution, one needs the
lattice data beyond ⌫ ⇠ 15 to evaluate the gluon distribution in the small-x region. In the present calculation, we can
extract the ITD up to ⌫ ⇠ 7.07. Therefore, the larger uncertainty and di↵erence in the small-x region determined from
the lattice data is expected. As a cautionary remark, we also remind the readers that we have not included the mixing
of the gluon operator with the quark singlet sector in the present calculation. Moreover, this calculation is performed
at the unphysical pion mass and in principle, physical pion mass, continuum, and infinite volume extrapolation
should be performed for a proper comparison with the phenomenological distribution. Therefore, it remains a matter
of future investigation to draw a more specific conclusion about the x g(x) distribution extracted from the lattice
QCD calculation in the large-x region. We also note that the shrinking of the statistical uncertainty band in the PDF
near x ⇠ 0.15 results from the correlation of the PDF fit parameters. This feature has also been seen in previous
works [32, 39, 48, 50].

However, within these limitations, we find the large-x distribution is in reasonable agreement with the global fits

pseudo-PDF approach w. NLO matching w.o. mixing to quark singlet channel

T. Khan, et al. (HadStruc), arXiv: 2107.08960

9

MSULat, Mπ=135 MeV

CT18 NNLO
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FIG. 8. The unpolarized gluon PDF, xg(x, µ)/hxgiµ2 (left), xg(x, µ) (middle), x2
g(x, µ) in the large-x region as a function

of x (right), obtained from the fit to the lattice data at pion masses M⇡ = 135 (extrapolated), 310 and 690 MeV compared
with the CT18 NNLO (red band with dot-dashed line) and NNPDF3.1 NNLO (orange band with solid line) gluon PDFs. Our
x > 0.3 PDF results are consistent with the CT18 NNLO and NNPDF3.1 NNLO unpolarized gluon PDFs at µ = 2 GeV in the
MS scheme.

FIG. 9. Left: The evolved ITDs G as functions of ⌫ at M⇡ ⇡ 310 MeV with fits performed using di↵erent ⌫max cuto↵ in the
evolved ITDs. As we can see from the tightening of the fit band, the evolved ITDs at larger ⌫ are still useful in constraining
the fit despite their larger errors. Middle: The unpolarized gluon PDF obtained from the fits to the evolved ITDs at 310-MeV
pion mass with di↵erent ⌫max. The evolution and matching are both performed at µ = 2 GeV in the MS scheme. The larger
the ⌫ input, the more precise the PDF obtained. Right: The 2-GeV MS renormalized unpolarized gluon PDF obtained from
a fit to the evolved ITDs generated from the CT18 NNLO PDF with ⌫max 2 {3, 5, 6.54}, compared with the original CT18
NNLO unpolarized gluon PDFs. As ⌫ increases, we can see the gluon PDF is better reproduced toward small x. Using this
exercise, we can see that our lattice PDF is only reliable in the x > 0.25 region. By taking the moments obtained from CT18
with a cuto↵ of ⌫max = 6.54 compared to those from the original PDF, we can estimate the higher-moment systematics in our
lattice calculation.

pling constant. To estimate this error, we vary ↵s by
10%. Like previous pseudo-PDF studies [32], we find
that the changes are no more than 5%; 4) The mixing
with the quark singlet sector. We implement the gluon
pseudo-PDF full matching kernel including the quark
mixing term on CT18 NNLO unpolarized gluon PDF.
The contribution of quark is about 4%, which is smaller
than systematic errors from other sources. A more pre-
cise study of the e↵ects of quark mixing on the unpolar-
ized gluon PDF can be done when we have better control
of statistical errors and other systematic errors. Over-
all, our moments are in agreement with the global-fit
results. Future work including lighter pion masses and
finer lattice-spacing ensembles will further help us reduce
the systematics in the calculation.

IV. SUMMARY AND OUTLOOK

In this paper, we present the first lattice calculation of
the gluon parton distribution function using the pseudo-

PDFmethod. The current calculation is only done on one
ensemble with lattice spacing of 0.12 fm and two valence-
quark masses, corresponding to pion masses around 310
and 690 MeV. In contrast to the prior lattice gluon cal-
culation [99], we now use an improved gluon operator
that is proved to be multiplicatively renormalizable. The
gluon nucleon matrix elements were obtained using two-
state fits. The use of the improved sources in the nu-
cleon two-point correlators allowed us to reach higher
nucleon boost momentum. As a result, we were able
to attempt to extract the gluon PDF as a function of
Bjorken-x for the first time. There are systematics yet
to be studied in this work. Future work is planned to
study additional ensembles at di↵erent lattice spacings
so that we can include the lattice-discretization system-
atics. Lighter quark masses should be used to control
the chiral extrapolation to obtain more reliable results
at physical pion mass.

Z. Fan, R. Zhang and H.-W. Lin, 
Int.J.Mod.Phys.A 36 (2021) 13, 2150080

• a=0.094 fm

• zmax=0.56 fm

• 2-parameter model of the gluon PDF

• a=0.09 fm

• zmax=0.45 fm

• 2-parameter model of the gluon PDF
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• Higher-twist PDFs:

Lattice calculation of less-knowns

13

5

We evaluate gWW
T using the lattice data for a wide range

of x. The resulting x-dependence can be compared to the
data for gT (x), as shown in Fig. S3 for P3 = 1.67 GeV.
A similar study for all momenta shows compatibility of
gWW
T in all x regions for all momenta (see Fig. S3 of the
supplementary document). The focus is on the quark
region (x > 0), which is less susceptible to systematic
uncertainties, as compared to the antiquark region. We
find that for a considerable x-range, our numerical results
for gT (x) are consistent with gWW

T (x). However, given
the uncertainties of the final distributions, a violation
of the WW approximation is still possible at the level
of up to 40% for x . 0.4. Interestingly, a check of the
WW approximation based on experimental data leads
to a similar possible violation at the level of 15 � 40%,
depending on x [9]. It is also notable to mention that
while the slopes of gT and g1 di↵er (see Fig. 2), the slopes
of gT and gWW

T are the same up to x ⇡ 0.4. It should
be noted that the distribution functions in the small-
x region (x . 0.1) cannot be extracted reliably from
the current lattice parameters due to enhanced higher-
twist e↵ects. The same holds for the large-x region. For
more details, see Ref. [51]. The di↵erence of gT and gWW

T
for large x could be due to systematic uncertainties, yet
to be investigated. However, it may also indicate larger
violations of the WW approximation in this region.

As an additional consistency check, we calculate the
r.h.s. of Eq. (7) using g1 from global fits by the NNPDF
[82] and JAM [83] collaborations. We find good agree-
ment with lattice-extracted gWW

T up to x ⇡ 0.3. Above
this x value, the discrepancy again indicates possible sys-
tematic e↵ects.
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FIG. 3: Comparison of our gT (x) (blue band) with its WW
approximations: lattice-extracted gWW

T (red band) and cal-
culated from global fits (NNPDF1.1pol [82] orange band,
JAM17 [83] purple band). The proton momentum is P3 =
1.67 GeV.

Summary and prospects:

We presented a pioneering ab initio calculation of the
proton twist-3 distribution gT (x), using numerical sim-
ulations of lattice QCD, within the quasi-distribution

method. The work comprised multiple non-trivial steps,
i.e. calculation of matrix elements of fast-moving protons
and non-local operators in position space, elimination
of divergences, reconstruction of the x-dependence, as
well as matching to the light-cone distribution. For the
quasi-distribution reconstruction, we used the Backus-
Gilbert method, which improves the results by providing
a unique solution to the inverse problem. Another novel
result of this work is the calculation of a matching ker-
nel for the case of gT . Details on the extraction of the
matching formula can be found in Ref. [80].

The light-cone gT was obtained for three values of
the momentum boost, P3 = 0.83, 1.25, 1.67 GeV, and
is presented in Fig. 1. We found that gT decays much
faster than the leading-twist g1, as shown in Fig. 2.
A critical aspect of this work is the implementation of
the Wandzura-Wilczek approximation, using both lattice
data and data from global fits. We find gT consistent
with its WW approximation for x . 0.4, but within un-
certainties, one can not exclude its violation at the level
of up to 40%, which is consistent with earlier studies
based on experimental data. A possibly larger violation
is conceivable at larger x according to our results. Nev-
ertheless, careful investigation of systematic uncertain-
ties is needed for more precise quantitative statements,
particularly at high-x. The role of systematics in this
region is confirmed by our consistency check compar-
ing lattice-extracted gWW

T with the ones from global fits,
where agreement is observed for x . 0.3.

We are considering several directions to extend this cal-
culation. Detailed investigations are required to quantify
systematic uncertainties, such as excited states contam-
ination, reconstruction of x-dependence, finite volume,
and discretization e↵ects. The latter two require a min-
imum of two and three ensembles, respectively. Also,
simulations with quark masses fixed to their physical val-
ues (physical point) are now feasible within the available
computational resources. We will move in that direction
once systematic uncertainties for twist-3 distributions are
understood. Operator mixing must be studied as well,
which requires a new level of analytical and numerical
work.

Finally, the possible breaking of the WW approxima-
tion at large x signals a sizeable contribution from the
dn terms. The connection between lattice estimates and
results from experiments and phenomenology is more im-
mediate for these quantities because of recent measure-
ments (see, e.g., Ref. [10]) of d2. The latter has a semi-
classical interpretation of the average transverse force
acting on the struck quark in a transversely polarized
proton in DIS, right after it has been hit by the virtual
photon [84]. Our work generally shows that the calcu-
lation of the poorly known twist-3 PDFs of the proton
within lattice QCD is within reach. We anticipate that
the present study will stimulate further investigations in
that area.

First lattice QCD calculation of the twist-3 PDF gT(x) from 
quasi-PDF with RI/MOM renormalization

S. Bhattacharya, K. Cichy et al., Phys.Rev.D 
102 (2020) 11, 111501

First results of hL(x) also became available recently: S. Bhattacharya, K. Cichy et al., 
arXiv: 2107.02574

NLO matching, ignoring 
the mixing to three-
particle correlations.
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• Parton distribution functions (PDFs)


• Generalized parton distributions (GPDs)


• Transverse-momentum-dependent (TMD) distributions

Outline
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• GPDs from the quasi-GPDs:

LaMET approach

15

F(x, ξ, t, μ) = ∫
∞

−∞

dy
|y |

C ( x
y

,
ξ
y

,
μ

yP̄z )F̃(y, ξ, t, P̄z, μ)

+𝒪 (
Λ2

QCD

(xP̄z)2
,

t
(xP̄z)2

,
Λ2

QCD

((1 − x)P̄z)2
,

t
((1 − x)P̄z)2 )

F̃(x, ξ̃, t, μ) =
1

2P̄0 ∫
dλ
2π

eiyλ⟨P′￼S′￼|Oγ0(z) |PS⟩

• More kinematic variables, less knowledge about model preference from 
phenomenology; 


• Large-momentum expansion can still be used to directly calculate the (x, ξ, 
t)-dependence, with controlled systematic errors.

Y.-S. Liu, YZ et al., Phys.Rev.D 100 (2019) 3, 
034006
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• Lattice calculation of the proton isovector GPDs with RI/MOM 
renormalization and NLO matching

LaMET approach

16
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FIG. 3: H-GPD for ⇠ = 0 (blue band) and ⇠ = |1/3| (green
band), as well as the unpolarized PDF (violet band) for P3 =
1.25 GeV. The area between the vertical dashed lines is the
ERBL region.
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FIG. 4: eH-GPD for ⇠ = 0 (blue band) and ⇠ = |1/3| (green
band), as well as the helicity PDF (violet band) for P3 = 1.25
GeV. The area between the vertical dashed lines is the ERBL
region.

0.83, 1.25, 1.67 GeV at fixed t = �0.69 GeV2 (shown
in Figs. S8, S9 of the supplementary material) indicates
convergence between the largest two momenta. Our final
results, given in Figs. 1-2 at zero skewness and Figs. 3-4
at nonzero skewness, are reassuring, as with increasing
�t, the magnitude of GPDs is suppressed. With our cal-
culation, we demonstrate that extracting GPDs with con-
trolled statistical uncertainties is feasible. Their accuracy
permits qualitative comparison with their corresponding
PDFs.

In the near future, we will investigate systematic un-
certainties, as studied for PDFs [47]. The pion mass de-
pendence will also be investigated using an ensemble with
quark masses fixed to their physical values. In a follow-up
calculation, we will also explore the chiral-odd transver-
sity GPD, for which there are two additional form factors,
leading to a more evolved decomposition. This makes the
disentanglement of the transversity GPDs more challeng-

ing.

The current work demonstrates the feasibility of the
quasi-distributions approach for GPDs using computa-
tional resources that are within reach. Extracting GPDs
from first principles can potentially be combined with
future experimental data, as GPDs are at the heart of
planned experiments at JLab [108] and the Electron-Ion-
Collider (EIC) [109]. Therefore, GPDs are the objects
to drive the e↵orts of the nuclear and hadronic physics
communities for the next decades.
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0.83, 1.25, 1.67 GeV at fixed t = �0.69 GeV2 (shown
in Figs. S8, S9 of the supplementary material) indicates
convergence between the largest two momenta. Our final
results, given in Figs. 1-2 at zero skewness and Figs. 3-4
at nonzero skewness, are reassuring, as with increasing
�t, the magnitude of GPDs is suppressed. With our cal-
culation, we demonstrate that extracting GPDs with con-
trolled statistical uncertainties is feasible. Their accuracy
permits qualitative comparison with their corresponding
PDFs.

In the near future, we will investigate systematic un-
certainties, as studied for PDFs [47]. The pion mass de-
pendence will also be investigated using an ensemble with
quark masses fixed to their physical values. In a follow-up
calculation, we will also explore the chiral-odd transver-
sity GPD, for which there are two additional form factors,
leading to a more evolved decomposition. This makes the
disentanglement of the transversity GPDs more challeng-

ing.

The current work demonstrates the feasibility of the
quasi-distributions approach for GPDs using computa-
tional resources that are within reach. Extracting GPDs
from first principles can potentially be combined with
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Unpolarized Helicity

C. Alexandrou et al. (ETMC), Phys.Rev.Lett. 
125 (2020) 26, 262001

a = 0.094 fm, L = 3.0 fm, mπ = 260 MeV

Practical question: 

how to combine the lattice determination of GPDs 
with the extraction from Compton form factors?
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• First lattice QCD results of LCDAs of K* and  mesons:ϕ

Light-cone distribution amplitudes (LCDAs)

17

5

FIG. 4. LCDAs for the longitudinally-polarized K
⇤(upper

panel) and transversely-polarized K
⇤(lower panel). The re-

sults are extrapolated to the continuous limit (a ! 0) and
the infinite momentum limit (Pz ! 1). Regions with
x < 0.1, x > 0.9 are shaded, as systematic errors in these
regions are di�cult to estimate.

consider the ⇢ meson due to its large width which will
introduce sizable systematic errors. The continuum and
infinite momentum limits are taken based on calculations
at physical light and strange quark mass with three lat-
tice spacings and momenta. Our final results are then
compared to the asymptotic form and QCD sum rule re-
sults. While the longitudinal LCDAs tend to be close to
the asymptotic form, the transverse ones have relatively
large deviations from the asymptotic form.
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• Physical pion mass

• Lattice spacings a = 0.06, 0.09, 0.12 fm

• Largest momentum Pz=2.15 GeV.

• Hybrid scheme renormalization w. NLO matching
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• Parton distribution functions (PDFs)


• Generalized parton distributions (GPDs)


• Transverse-momentum-dependent (TMD) distributions

Outline
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Factorization formula in LaMET:

TMDPDF and quasi-TMDPDF

19

× f TMD(x, ⃗b T, μ, ζ) + 𝒪 ( 1
(xbTPz)2

,
Λ2

QCD

(xPz)2 )

f̃ TMD(x, ⃗b T, μ, Pz)
Sq

r (bT, μ)
= CTMD(μ, xPz) exp[ 1

2
γq
ζ (μ, bT)ln

(2xPz)2

ζ ]

Quasi-TMDPDF: equal-time 
staple-shaped quark bilinear

“Reduced soft function”

Rapidity anomalous dimension or 
Collins-Soper kernel

1
2

ζ
d ln f TMD

i

dζ
= γi

ζ(μ, bT)

• Ji, Sun, Xiong and Yuan, PRD91 (2015);

• Ji, Jin, Yuan, Zhang and Y.Z., PRD99 (2019);

• M. Ebert, I. Stewart, Y.Z., PRD99 (2019), JHEP09 (2019) 037.

• Ji, Liu and Liu, Nucl.Phys.B 955 (2020),  Phys.Lett.B 811 (2020).
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Collins-Soper kernel from quasi-TMDPDFs

20

γq
ζ (μ, bT) =

1
ln(Pz

1 /Pz
2)

ln
CTMD(μ, xPz

2) f̃ TMD(x, ⃗b T, μ, Pz
1)

CTMD(μ, xPz
1) f̃ TMD(x, ⃗b T, μ, Pz

2)
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(a) Comparison with the SV19 [4] and Pavia19 [5]
phenomenological parameterizations.
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(b) Comparison with quenched results of Ref. [19] (SWZ), as
well as results from the LPC [20], Regensburg/NMSU [21],
and ETMC/PKU [22] collaborations. Di↵erent sets of points
with the same color show di↵erent sets of results from the

same collaboration.

FIG. 15. bT -dependence of the Collins-Soper kernel as determined in this work (green squares in both panels) compared with
(a) phenomenological results, and (b) the results of other lattice QCD calculations of this quantity.

the e↵ects of higher-order matching, renormalization and
mixing, and power corrections, are significant, as each of
the approaches listed above treats one or more of these
systematic e↵ects di↵erently than in the primary analysis
presented here.

IV. OUTLOOK

This work presents a determination of the Collins-
Soper kernel from a dynamical lattice QCD calculation
following the approach of Refs. [26, 27]. Several system-
atic uncertainties remain to be addressed; in particular,
the quark masses used correspond to an unphysically-
large pion mass of m⇡ = 538(1) MeV, and the results are
obtained using a single ensemble of gauge field configura-
tions such that e↵ects from the discretization and finite
lattice volume cannot be fully quantified. A fully model-
independent calculation will require these systematics to
be addressed, lattice QCD calculations to be performed
over a larger range of P zbz to eliminate the need to ex-
trapolate the quasi beam functions to large |bz

| and en-
able the DFT approach to be used, and larger values of
P z to be included to reduce the contributions from power
corrections and higher-twist e↵ects which dominate the
uncertainties of this calculation. With these caveats in
mind, the results of this work may be compared with
phenomenological extractions of the Collins-Soper ker-
nel, as shown in Fig. 15a. The lattice QCD and phe-
nomenological determinations are broadly consistent at
large bT , with clear deviations at the smallest bT values
studied; discretization e↵ects are expected to be largest
at small bT and might be relevant for understanding this
e↵ect. It is clear that, while challenging to achieve com-
putationally, future fully-controlled calculations by this

approach with uncertainties comparable to those of the
present study will be su�cient to di↵erentiate di↵erent
models of the Collins-Soper kernel and will provide im-
portant input for the analysis of low-energy SIDIS data
and the determinations of the TMDPDFs.

In considering the prospects for such future controlled
determinations of the Collins-Soper kernel from lattice
QCD, it is informative to contrast the results of this
study with those of other lattice QCD investigations; a
comparison of existing calculations [19–22] is provided in
Fig. 15b. All dynamical calculations use quark masses
resulting in similar values of the pion mass to that of the
calculation presented here (ranging from the lightest en-
semble with m⇡ = 350 MeV in Ref. [22] to m⇡ = 547
MeV in Ref. [20]), while the quenched calculation of
Ref. [19], in which the kernel should not depend on the
valence quark masses since it is independent of the exter-
nal state, is performed at m⇡ = 1.207 GeV. Each calcu-
lation uses a slightly di↵erent approach to constrain the
Collins-Soper kernel from quasi beam functions. In par-
ticular, the “Hermite/Bernstein” approach is followed in
Ref. [19] (“SWZ”), the calculation of Ref. [20] (“LPC”)
uses the “bz = 0, bare” approach, that of Ref. [21]
(“Regensburg/NMSU”) uses an approach similar to the
“bz = 0, bare” approach but with NLO matching, and
Ref. [22] (“ETMC/PKU) applies the “bz = 0/bT = 0,
bare” approach. While the various calculations exhibit
similar dependence on bT , there are some significant dis-
crepancies between the numerical results, and a wide
range of uncertainty estimates. Given the analysis of
Sec. III D, this is to be expected; even when the same
quasi beam function data is used, following the various
“bz = 0” approaches and the approach presented here re-
sult in significant systematic di↵erences, and significantly
di↵erent uncertainty estimates. Since Refs. [20–22] all
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the approaches listed above treats one or more of these
systematic e↵ects di↵erently than in the primary analysis
presented here.

IV. OUTLOOK

This work presents a determination of the Collins-
Soper kernel from a dynamical lattice QCD calculation
following the approach of Refs. [26, 27]. Several system-
atic uncertainties remain to be addressed; in particular,
the quark masses used correspond to an unphysically-
large pion mass of m⇡ = 538(1) MeV, and the results are
obtained using a single ensemble of gauge field configura-
tions such that e↵ects from the discretization and finite
lattice volume cannot be fully quantified. A fully model-
independent calculation will require these systematics to
be addressed, lattice QCD calculations to be performed
over a larger range of P zbz to eliminate the need to ex-
trapolate the quasi beam functions to large |bz

| and en-
able the DFT approach to be used, and larger values of
P z to be included to reduce the contributions from power
corrections and higher-twist e↵ects which dominate the
uncertainties of this calculation. With these caveats in
mind, the results of this work may be compared with
phenomenological extractions of the Collins-Soper ker-
nel, as shown in Fig. 15a. The lattice QCD and phe-
nomenological determinations are broadly consistent at
large bT , with clear deviations at the smallest bT values
studied; discretization e↵ects are expected to be largest
at small bT and might be relevant for understanding this
e↵ect. It is clear that, while challenging to achieve com-
putationally, future fully-controlled calculations by this

approach with uncertainties comparable to those of the
present study will be su�cient to di↵erentiate di↵erent
models of the Collins-Soper kernel and will provide im-
portant input for the analysis of low-energy SIDIS data
and the determinations of the TMDPDFs.

In considering the prospects for such future controlled
determinations of the Collins-Soper kernel from lattice
QCD, it is informative to contrast the results of this
study with those of other lattice QCD investigations; a
comparison of existing calculations [19–22] is provided in
Fig. 15b. All dynamical calculations use quark masses
resulting in similar values of the pion mass to that of the
calculation presented here (ranging from the lightest en-
semble with m⇡ = 350 MeV in Ref. [22] to m⇡ = 547
MeV in Ref. [20]), while the quenched calculation of
Ref. [19], in which the kernel should not depend on the
valence quark masses since it is independent of the exter-
nal state, is performed at m⇡ = 1.207 GeV. Each calcu-
lation uses a slightly di↵erent approach to constrain the
Collins-Soper kernel from quasi beam functions. In par-
ticular, the “Hermite/Bernstein” approach is followed in
Ref. [19] (“SWZ”), the calculation of Ref. [20] (“LPC”)
uses the “bz = 0, bare” approach, that of Ref. [21]
(“Regensburg/NMSU”) uses an approach similar to the
“bz = 0, bare” approach but with NLO matching, and
Ref. [22] (“ETMC/PKU) applies the “bz = 0/bT = 0,
bare” approach. While the various calculations exhibit
similar dependence on bT , there are some significant dis-
crepancies between the numerical results, and a wide
range of uncertainty estimates. Given the analysis of
Sec. III D, this is to be expected; even when the same
quasi beam function data is used, following the various
“bz = 0” approaches and the approach presented here re-
sult in significant systematic di↵erences, and significantly
di↵erent uncertainty estimates. Since Refs. [20–22] all

Results by different groups w/ 
different systematics. Comparison with phenomenology

M. Ebert, I. Stewart, Y.Z., PRD99 (2019).

P. Shanahan, M. Wagman and Y.Z., arXiv: 2107.11930.

SV19: I. Scimemi and A. Vladimirov, JHEP 06 (2020) 137

Pavia19: A. Bacchetta et al., JHEP 07 (2020) 117
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• LaMET factorization of the light-meson form factor:

Reduced soft function from a light-meson form factor

21

F(bT, Pz) ≡ ⟨π(−P) | j1(bT)j2(0) |π(P)⟩

= Sr
q(bT, μ) H(x, μ) ⊗ Φ†(x, bT, − Pz) ⊗ Φ(x, bT, Pz)

: Quasi-TMD distribution amplitudeΦ

Q.-A. Zhang, et al. (LPC), Phys.Rev.Lett. 125 (2020).
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TMDWF,

C2(b?, P
z; pz, `, t) =

1

L3
p
ZE(2`, b?)

X

x

Trei
~P ·~x

⇥ hS
†
w(~x+~b, t, 0;�~p)W(~b, `)�5��Sw(~x, t, 0;P

z
� ~p)i

=
Aw(pz)Ap

2E
e
�Et

�`(0, b?, P
z
, `)(1 + c0e

��Et), (15)

where again we parameterize the mixing with one excited
state. Ap is the matrix element of the point sink pion in-
terpolation field. It will be removed when we normalize
�`(0, b?, P z

, `) with �`(0, 0, P z
, 0). We choose �� = �

t
�5

to define the wave function amplitude in Eq. (4). Based
on the quasi-TMDPDF study in Ref. [25, 27] with a sim-
ilar staple-shaped gauge link operator, the mixing e↵ect
could be sizable when summing various contributions. In
the supplemental material, we report a similar simulation
but using the A654 ensemble. We find that the mixing
e↵ects can reach order 5% for the transverse separation
b? ⇠ 0.6fm. These e↵ects will be included in the fol-
lowing analysis as one of the systematic uncertainties,
while a comprehensive study on the mixing e↵ects will
be conducted in the future.

FIG. 2. Results for the ` dependence of the quasi-TMDWF
with z = 0, and also the square root of the Wilson loop
which is used for the subtraction, taking the {P z, b?, t} =
{6⇡/L, 3a, 6a} case as a example. All the results are normal-
ized with their values at ` = 0.

The dispersion relation of the pion state, statistical
checks for the measurement histogram, and information
on the autocorrelation between configurations can be
found in the supplemental materials [28].

Numerical Results. Fig. 2 shows the dependence of
the norm of quasi TMDWFs on the length ` of the
Wilson-line. As one can see from this figure, with
{P

z
, b?, t} = {6⇡/L, 3a, 6a}, both the quasi-TMDWF

�`(0, b?, P z
, `) and the square root of the Wilson loop

ZE decay exponentially with length `, but the subtracted
quasi-TMDWF is length independent when ` � 0.4 fm.
Some other cases with larger P z, b?, and t can be found
in the supplemental materials [28]. Based on this ob-
servation, we will use ` = 7a = 0.686 fm as asymptotic

results for all cases in the following calculation.

FIG. 3. The ratios C3(b?, P
z, tsep, t)/C2(0, P

z, 0, tsep) (data
points) which converge to the ground state contribution at
t, tsep ! 1 (gray band) as function of tsep and t, with
{P z, b?} = {6⇡/L, 3a}. As in this figure, our data in gen-
eral agree with the predicted fit function (colored bands).

We performed a joint fit of the form factor and
quasi-TMDWF with the same P

z and b? with the
parameterization in Eqs. (14) and (15). The ra-
tios C3(b?, P z

, tsep, t)/C2(0, P z
, 0, tsep) with di↵erent tsep

and t for the {P
z
, b?} = {6⇡/L, 3a} case are shown in

Fig. 3, with ground state contribution (gray band) and
the fitted results at finite t2 and t (colored bands). In this
calculation, the excited state contribution is properly de-
scribed by the fit with �

2
/d.o.f. = 0.6. The details of the

joint fit, and also more fit quality checks are shown in the
supplemental materials [28], with similar fitting quality.

FIG. 4. The intrinsic soft factor as a function of b? with
b?,0 = a as in Eq. (9). With di↵erent pion momentum P z,
the results are consistent with each other. The dashed curve
shows the result of the 1-loop calculation, see Eq. (7), with the
strong coupling constant ↵s(1/b?). The shaded band corre-
sponds to the scale uncertainty of ↵s: µ 2 [1/

p
2,
p
2]⇥1/b?.

The systematic uncertainty from the operator mixing has
been taken into account.

The resulting soft factor as function of b? is plotted in
Fig. 4, at �= 2.17, 3.06 and 3.98, which corresponds to
P

z = {4, 6, 8}⇡/L = {1.05, 1.58, 2.11} GeV respectively.

5

Figure 2. The lattice results of S(b⊥) for various momenta,
together with the one-loop perturbative result S1−loop

MS
and its

variant S′1−loop
MS

with ↵s including up to 4 loops. The scale µ

in Eq. (17) is set as µ = 2 GeV.

cancelling the dominant higher-twist e↵ects, the results
become much more consistent. The residual deviations
serve as measure of important systematic e↵ects to be
controlled in future studies.

Results of the soft function – After checking the
consistency among the various improved pion matrix ele-
ments, we use the choice of 1

2
(F�5�1 + F�1) as an example

to present the results of S(b⊥) for various momenta P z

and pion masses m⇡
vi.

In Fig. 2, S(b⊥, P z
) is shown together with the one-

loop perturbative curve [35],

S
MS
(b⊥, µ) = 1 − ↵sCF

⇡
ln

µ2b2⊥
4e−2�E

+O(↵2

s), (17)

where one-loop and four-loop values of ↵s are used at the
physically most relevant scale of S(b⊥), i.e. 1�b⊥. The
scale µ is set as µ = 2 GeV. We note that the lattice re-
sults agree qualitatively with the perturbative function
at around b⊥ ∼ 0.2 fm, particularly at the largest boost
and when the higher-order e↵ects are partially included
via ↵s. At larger b⊥, non-perturbative features start to
set in and the decay of S(b⊥) is slower than the pertur-
bative prediction. It is also noteworthy that the conver-
gence of the lattice results in P z clearly increases with
b⊥ – the results from the two largest P z are compatible
for b⊥ � 0.2 fm, while smaller transverse separations will
need yet larger boosts to establish convergence.

In Fig. 3, we examine the pion mass dependence of
the soft function. Although S(b⊥) is extracted from pion
matrix elements which depend on the detailed process
of ⇡(P z

) → ⇡(−P z
), the factorization allows us to can-

cel this process dependence. Performing the calculation
at four pion masses, we find that the lattice results are
generally consistent within statistical errors, although a
small systematic increase is found when decreasing m⇡.
This observation supports the statement from the factor-
ization [17] that the soft function does not depend on the

Figure 3. The intrinsic soft function S(b⊥) for the pion masses
ranging from 827 MeV to 350 MeV. Here, we show results
calculated at the momentum P

z = 5 2⇡
L

as an example.

detailed hadronic information from the initial/final state.
Results for the Collins-Soper kernel – The

Collins-Soper kernel K(b⊥, µ) governs the rapidity evo-
lution of the TMDPFs. In LaMET, the quasi-TMDPDF
is factorized into the light-cone TMDPDF and a
K(b⊥, µ) ln(⇣z�⇣) factor, where ⇣z = 2(xP z

)
2, with P z

playing the role of the rapidity, while ⇣ is the light-cone
counterpart of ⇣z [36]. Thus, by taking the ratio of quasi-
TMDPDFs at di↵erent values of P z, one can extract
K(b⊥, µ). This ratio can also be expressed in terms of
the quasi-TMDWFs [18] as

K(b⊥, µ) = lim
l→∞

1

ln(P z
1
�P z

2
)
ln �

�(b⊥, l, P z
1
)�E1

�(b⊥, l, P z
2
)�E2

�

=
1

ln(P z
1
�P z

2
)
ln

������������

Cwf
��
(b⊥, P z

1
)

Cwf
��
(b⊥, P z

2
)

Cwf
��
(0, P z

2
)

Cwf
��
(0, P z

1
)

������������

. (18)

Figure 4. The lattice results for the Collins-Soper kernel
K(b⊥, µ) from various calculations, described by the color of
yellow [20], blue [19], green [18] and red. The results from
a same calculation are shifted horizontally to make an easier
comparison.

In Fig. 4, the lattice results of K(b⊥, µ) from this work
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j = ψ̄Γψ

Lattice results with LO perturbative matching
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• LaMET enables direct determination of the x-dependence of 
parton distributions, and the precision can be systematically 
improved;


• Much progress has been made towards PDFs, GPDs and TMDs 
using LaMET and other methods;


• To complement the EIC, controlling the precision is key for 
the future direction.

Conclusion

22
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• Finite volume effects

• Renormalization and continuum limit


• RI/MOM scheme


• Ratio scheme


• RI/xMOM scheme


• Hybrid scheme


• Perturbative matching

• Complete matching for quark and gluon PDFs at NLO


• NNLO matching for the unpolarized and helicity non-singlet (and pion 
valence) quark PDFs

Summary of recent progress
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PDFs:

• Unpolarized, helicity and transversity PDFs with sea quarks and flavor separation


• Charm quark PDF


• Gluon PDFs


• Valence pion (and its excitation) PDF


• Higher-twist PDFs

Summary of recent progress
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GPDs:

• Proton isovector unpolarized and helicity GPDs


• Pion valence GPD


• Meson LCDAs
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TMDs:

• Collins-Soper kernel


• Soft function
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