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Hadron Structure: No-go Theorem?
• First Challenge: 

– Euclidean lattice precludes calculation of light-cone/time-separated 
correlation functions

q(x, µ) =

Z
d⇠�

4⇡
e�ix⇠�P+

hP |  ̄(⇠�)�+e�ig
R ⇠�
0 d⌘�A+(⌘�) (0) | P i

So…. …Use Operator-Product-Expansion to formulate in terms of 
Mellin Moments with respect to Bjorken x.

hP |  ̄�µ1(�5)Dµ2 . . . Dµn | P i ! Pµ1 . . . Pµna
(n)

• Second Challenge: 
– Discretised lattice: power-divergent mixing for higher moments

Moment Methods 
– Extended operators: Z.Davoudi and M. Savage, PRD 86,054505 

(2012) 
– Valence heavy quark: W.Detmold and W.Lin, PRD73, 014501 (2006)

Recent work by ETMC

PDFs, GPDs, TMDs



PDFs from Euclidean Lattice
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Large P 

Large-Momentum Effective Theory (LaMET)

X. Ji, Phys. Rev. Lett. 110, 262002 (2013). 
X. Ji, J. Zhang, and Y. Zhao,  Phys. Rev. Lett. 111, 112002 (2013). 
J. W. Qiu and Y. Q. Ma, arXiv:1404.686.

“Equal time” correlator
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GLCS pPDF

qPDF
Same lattice 
building 
blocks

All approaches should give 
same after: 

– Finite volume 
– Discretization 

Uncertainies 
– Infinite momentum

PDFs, GPDs and TMDs

X. Ji, Phys. Rev. Lett. 110, 262002 (2013). 
X. Ji, J. Zhang, and Y. Zhao,  Phys. Rev. Lett. 111, 112002 (2013). 
J. W. Qiu and Y. Q. Ma, arXiv:1404.686.

A.Radyushkin, Phys. Rev. D 
96, 034025 (2017)

Ma and Qiu, Phys. Rev. Lett. 120 022003

Light cone reduces to a 
point

Characterized by short-
distance factorization



Nucleon iso-vector PDFs



Pseudo-PDFs

• Pseudo-PDF (pPDF) recognizing generalization 
of PDFs in terms of Ioffe Time. ⌫ = p · z

A.Radyushkin, Phys. Rev. D 96, 034025 (2017)

B.Ioffe, PL39B, 123 (1969); V.Braun 
et al, PRD51, 6036 (1995)

Lattice “building blocks” that of quasi-PDF approach.

M↵(p, z) = hp |  ̄�↵U(z; 0) (0) | pi
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p = (p+, m2 /2p+,0T) z = (0,z−,0T)

M↵(z, p) = 2p↵M(⌫, z2) + 2z↵N (⌫, z2)
<latexit sha1_base64="HpSie0hcU46qKzkciUzlYF+0XoA="></latexit><latexit sha1_base64="HpSie0hcU46qKzkciUzlYF+0XoA="></latexit><latexit sha1_base64="HpSie0hcU46qKzkciUzlYF+0XoA="></latexit><latexit sha1_base64="HpSie0hcU46qKzkciUzlYF+0XoA="></latexit>

⟹

Ioffe-time pseudo-Distribution (pseudo-ITD) generalization to space-like z

z

�

Tf T0

⌦Wilson line



Pseudo-PDFs
To deal with UV divergences, introduce reduced distribution 

𝔐 =
ℳ(ν, z2)
ℳ(0,z2)

≡ ( ℳ(ν, z2)
ℳ(ν,0) )/( ℳ(0,z2)

ℳ(0,0) )

M(⌫, z2) =

Z 1

0
duK(u, z2µ2,↵s)Q(u⌫, µ2)
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Perturbatively calculableComputed on lattice Ioffe-time Distribution

⟹

Q(⌫, µ) = M(⌫, z2)� ↵sCF

2⇡

Z 1

0
du


ln

✓
z2µ2 e

2�E+1

4

◆
B(u) + L(u)

�
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<latexit sha1_base64="yxeN9aYBawa49egk+l9imdBnDzY="></latexit><latexit sha1_base64="yxeN9aYBawa49egk+l9imdBnDzY="></latexit><latexit sha1_base64="yxeN9aYBawa49egk+l9imdBnDzY="></latexit><latexit sha1_base64="yxeN9aYBawa49egk+l9imdBnDzY="></latexit>

Match data at different z

Q(⌫) =

Z 1

�1
dx q(x)ei⌫x

q(x) =
1
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Z 1
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d⌫ e�i⌫xQ(⌫)
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Inverse problem

Need data for all ν, or 
additional physics input

K. Orginos et al., 
PRD96 (2017), 
094503



Ioffe-Time Distribution to PDF

a127m415L

To extract PDF requires additional information - use a phenomenologically 
motivated parametrization

f (x) = xa(1 − x)bP(x)

P(x) =
1 + c x + dx

B(a + a, b + 1) + cB(a + 1.5,b + 1) + dB(a + 2,b + 1)

MSTW, CJ

J.Karpie, K.Orginos, A.Radyushkin, S.Zafeiropoulos, Phys.Rev.D 96 (2017)

B.Joo et al., HEP 12 (2019) 081, J.Karpie et al., Phys.Rev.Lett. 125 (2020) 23, 232003



PDFs at Physical Quark Masses
3

ID a(fm) M⇡(MeV) � cSW aml ams L3 ⇥ T Ncfg

a094m360 0.094(1) 358(3) 6.3 1.20536588 -0.2350 -0.2050 323 ⇥ 64 417
a094m280 0.094(1) 278(3) 6.3 1.20536588 -0.2390 -0.2050 323 ⇥ 64 500
a091m170 0.091(1) 172(6) 6.3 1.20536588 -0.2416 -0.2050 643 ⇥ 128 175

TABLE I. Parameters for the lattices generated by the JLab/W&M collaboration using 2+1 flavors of stout-smeared clover Wilson

fermions and a tree-level tadpole-improved Symanzik gauge action. More details about these ensembles can be found in [53].
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FIG. 1. The reduced pseudo-ITD calculated on ensembles
with 358 MeV, 278 MeV, and 172 MeV pion masses. The up-
per and lower plots are the real and imaginary component re-
spectively. There appears to be very small mass e↵ects within
this range of ⌫ and z2.

are the moments of the Altarelli-Parisi kernel, and
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The even and odd moments can be determined from the
coe�cients of polynomials which are fit to the real and
imaginary components respectively. The order of the
polynomial is chosen to minimize the �

2/d.o.f. for each
z
2 separately. As an example, the first and second mo-

ments calculated on the ensemble a091m170 are shown
in Fig. 2. The z

2 dependence of the resulting PDF mo-
ments can be used to check for the size of higher twist
e↵ects, which do not seem significant.

Matching to MS.— Similarly to Ref. [46], the reduced
pseudo-ITD from each ensemble is matched to the light-
cone MS ITD at a given scale µ by inverting Eq. (4).
As a result, we obtain a set of z2-independent curves for
Q(⌫, µ2) at µ = 2 GeV, shown in Fig. 3a.
As seen in the moments, the matching procedure has

a small O(↵s/⇡) ⇠ 0.1 e↵ect on the distribution. The
contributions from the convolution of B and L with the
reduced pseudo-ITD appear with opposite signs. The
convolution with L is slightly larger in magnitude, but
by a factor which is approximately the same as the log-
arithmic coe�cient of B. This feature may just be a
coincidence at NLO, but it hints that higher order correc-
tions may also be small. An NNLO or non-perturbative
matching is required to check the e↵ects of the perturba-
tive truncation on the matching.

Determination of the PDF.— The inversion of the
Fourier transform defining the ITD, given a finite amount
of data, constitutes an ill-posed problem which can only
be resolved by including additional information. As
was shown in [45], the direct inverse Fourier transform
can lead to numerical artifacts, such as artificial os-
cillations in the resulting PDF. Many techniques have
been proposed to accurately calculate PDFs from lattice
data [21, 28, 45, 60]. This issue also occurs in the deter-
mination of the PDF from experimental data.
As was done in Ref. [46], the approach which is used

here (and is common amongst phenomenological determi-
nations) is to include information in the form of a model-
dependent PDF parameterization. The parameterization

qv(x, μ2, mπ) = qv(x, μ2, m0) + aΔmπ + bΔm2
π

Physical pion

ln ¼
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167168 The even and odd moments can be determined from the
169 coefficients of polynomials which are fit to the real and
170 imaginary components, respectively. The order of the
171 polynomial is chosen to minimize the χ2=DOF for each
172 z2 separately. As an example, the first and second moments
173 calculated on the ensemble a091m170 are shown in Fig. 2.
174 The z2 dependence of the resulting PDF moments can be
175 used to check for the size of higher-twist effects, which do
176 not seem significant.
177 Matching to MS.—As in Ref. [46], the reduced pseudo-
178 ITD from each ensemble is matched to the light-cone MS
179 ITD at a given scale μ by inverting Eq. (4). As a result, we
180 obtain a set of z2-independent curves for Qðν; μ2Þ at μ ¼
181 2 GeV [shown in Fig. 3(a)].
182 As seen in the moments, the matching procedure has a
183 small Oðαs=πÞ ∼ 0.1 effect on the distribution. The con-
184 tributions from the convolution of B and Lwith the reduced
185 pseudo-ITD appear with opposite signs. The convolution
186 with L is slightly larger in magnitude, but by a factor which
187 is approximately the same as the logarithmic coefficient of
188 B. This feature may just be a coincidence at NLO, but it
189 hints that higher-order corrections may also be small. An
190 NNLO or nonperturbative matching is required to check the
191 effects of the perturbative truncation on the matching.
192 Determination of the PDF.—The inversion of the Fourier
193 transform defining the ITD, given a finite amount of data,
194 constitutes an ill-posed problem which can be resolved
195 only by including additional information. As was shown in
196 Ref. [45], the direct inverse Fourier transform can lead to
197 numerical artifacts, such as artificial oscillations in the
198 resulting PDF. Many techniques have been proposed to
199 accurately calculate PDFs from lattice data [21,28,45,61].
200 This issue also occurs in the determination of the PDF from
201 experimental data.
202 As was done in Ref. [46], the approach which is used
203 here (and is common among phenomenological determi-
204 nations) is to include information in the form of a model-
205 dependent PDF parametrization. The parametrization used
206 here is

qvðxÞ ¼
1

N
xað1 − xÞbð1þ c

ffiffiffi
x

p
þ dxÞ; ð13Þ

207208 where N normalizes the PDF. The fits to this form, together
209 with the bands representing the statistical errors on the fit,
210 are shown in Fig. 3(b). In a future work, we will attempt to
211 study the dependence on the choice of functional forms.
212 The results of these fits are largely consistent with each
213 other. The heaviest pion mass PDF has a notably larger
214 statistical error than the others. This effect is due to a larger

215variance in the highly correlated c and d parameters. In the
216lighter two pion masses, the correlation between these
217parameters appears to be stronger, leading to a smaller
218statistical error in the resulting PDFs.
219Extrapolation to the physical pion mass.—In order to
220determine the valence PDF for the physical pion mass, our
221results must be extrapolated to 135 MeV. To do this, the
222central values of these curves are extrapolated and the
223errors are propagated. We have performed the extrapolation
224including and excluding the statistically noisy result from
225the heaviest pion ensemble. When using all three ensem-
226bles, we extrapolate the results using the form

qvðx; μ2; mπÞ ¼ qvðx; μ2; m0Þ þ aΔmπ þ bΔm2
π; ð14Þ

(a)

(b)

F3:1FIG. 3. (a) The MS ITD matched to 2 GeV from the reduced
F3:2pseudo-ITD results calculated at 358, 278, and 172. (b) The
F3:3nucleon valence distribution obtained from fitting the ITD to the
F3:4form in Eq. (13) from each of those ensembles.
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B.Joo et al.,Phys.Rev.Lett. 125 
(2020) 23, 232003



Pseudo-PDF in Precision Era
J.Karpie,K.Orginos,A.Radyushkin,S.Zafeiropoulos, 
arXiv:2105.13313

Lattice spacing

Higher twist



Pseudo-PDF in Precision Era

z

�

Tf T0

⌦

To control systematic uncertainties, need precise computations over a 
wide range of momentum. 

– Use a low-mode projector to capture states of interest 
“distillation” M.Peardon et al (Hadspec), Phys.Rev.D 80 (2009) 054506

Momentum projection

Variational basis

+ momentum 
smearing

G.Bali et al, Phys.Rev.D 
93 (2016) 9, 094515

C.Egerer et al (Hadstruc), Phys. 
Rev. D 103, 034502 (2021)
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Expand the x-dependence in terms of (shifted) Jacobi Polynomials

Matching kernel
<latexit sha1_base64="j7HNzN/rTeBhsm4sdvRmiF7kMng="></latexit>

ReMfit

�
⌫, z2

�
=

1X

n=0

�(↵,�)
n

�
⌫, z2µ2

�
Clt (↵,�)

v,n +
⇣a
z

⌘ 1X

n=1

�(↵,�)
0,n (⌫)Caz (↵,�)

v,n +z2⇤2
QCD

1X

n=1

�(↵,�)
0,n (⌫)Ct4 (↵,�)

v,n

Higher twistDiscretization

J.Karpie,K.Orginos,A.Radyushkin,S.Z
afeiropoulos, arXiv:2105.13313

0 2 4 6 8 10 12 14 16
∫

°0.2

0.0

0.2

0.4

0.6

0.8

1.0

1.2

R
e

Q
(∫

,µ
2 )

Re Q(∫, µ2)n=2
C

Re Q
°
∫, µ2

¢[4132]

J

z = 1

z = 2

z = 3

z = 4

z = 5

z = 6

z = 7

z = 8

z = 9

z = 10

z = 11

z = 12

0.0 0.2 0.4 0.6 0.8 1.0
x

0

1

2

3

4

5

6

f q
v
/N

° x
,µ

2¢

fqv/N(x, µ2)n=2
C

fqv/N

°
x, µ2

¢[4132]

J

O(a/z)J

O(z2§2
QCD)J

O(z4§4
QCD)J

CJ15

MSTW

JAM20

NNPDF
0.6 0.8 1.0

0.0

0.1

0.2

0.3

mπ ≃ 358 MeV

C.Egerer et al. (hadstruc), arXiv:2107.05199



DGLAP Evolution
• Look at two-parameter, matched fit

0 2 4 6 8 10 12 14 16
z/a

°0.4

°0.2

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

Æ
( z

/a
)

z = 1

z = 2

z = 3

z = 4

z = 5

z = 6

z = 7

z = 8

z = 9

z = 10

z = 11

z = 12

z = 13

z = 14

z = 15

z = 16

Insensitive



Nucleon Iso-singlet PDFs



Gluon Contribution to unpolarized PDF

Tf T0

<latexit sha1_base64="7Aq8l6y+dBfEyKyZVA6VjkXWLHc="></latexit>

Mµ↵;��(z, p) ⌘ hp|Gµ↵(z)W [z, 0]G��(0) |pi

T.Khan et al. (Hadstruc), arXiv:2107.08960

<latexit sha1_base64="9V1RhCpp0Jwwa3q+JUgQ3rlYgys="></latexit>

Og(z) = Gji(z)U(z, 0)Gij(0)U(0, z)� Gti(z)U(z, 0)Git(0)U(0, z).

“disconnected”

Two-point functions as in isovector case

Flavor-singlet quantities are subject to severe signal-to-noise problems compared with 
isovector measures: 

– Use distillation and many more measurements per configuration - sampling of lattice 
– Use of summed Generalized Eigenvalue Problem (sGEVP) - better control over 

excited state contributions 
– Use of Gradient Flow - smoothing of short-distance fluctuations 

Reduced matrix element:

<latexit sha1_base64="sDFlv31E+HrknisyqZPELiYtX40="></latexit>

M(⌫, z2) =

 
M(⌫, z2)

M(⌫, 0)|z=0

!
/

 
M(0, z2)|p=0

M(0, 0)|p=0,z=0

!



Well-defined way to smooth fields, M. Luscher, JHEP 08, 071 (2010).  
<latexit sha1_base64="1SYnCSOl1oMilpsDHPdcobufg5Y="></latexit>

Ḃµ = D⌫G⌫µ , Dµ = @µ + [Bµ, · ]
Gµ⌫ = @µB⌫ � @⌫Bµ + [Bµ, B⌫ ] ,

<latexit sha1_base64="vb6kTUYyF2D4Y2BXIsvao0XxrtA="></latexit>

V̇µ(⌧, x) = �g20{@x,µS(Vµ(⌧, x))}Vµ(⌧, x) ,

Flow time

τ ⟶ 0



ITD to PDF

Implementation for obtaining the PDFs follows that of the isovector distribution 
– Expand in Jacobi Polynomials

xα(1 − x)β

+Jα,β
1

+a / ∣ z ∣

Matching:
<latexit sha1_base64="Za5OtVhAtL1jMTSonqJsXF8J0l0="></latexit>

M(⌫, z2) =
Ig(⌫, µ2)

Ig(0, µ2)
� ↵sNc
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Z 1

0
du
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Ig(0, µ2)

(
ln
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z2µ2e2�E

4

◆
Bgg(u)+ 4


u+ ln(ū)

ū

�

+

+
2

3

h
1�u3

i

+

)
I.Balitsky,W.Morris,A.Radyushkin,Phys.Lett.B 808 (2020) 135621

N.B neglecting quark-gluon mixing



Require normalization of xg(x)
<latexit sha1_base64="NozQhlwqSMZ4ejFhe4LG62OTAMQ="></latexit>

hxiMS
g (µ = 2GeV) = 0.427(92)

C.Alexandrou et al., Phys. Rev. Lett. 119, 142002 (2017)



PION STRUCTURE

Lattice QCD studies a free, isolated pion



X.Gao, N.Karthik et al., 
arXiv:2102.06047

Charge Radius Partonic degrees of 
freedom

Pion and Kaon Structure

– Lattice QCD can explore a lone, free pion or kaon 
– Paradigm computation of hadron structure

9

FIG. 7. The comparison of e↵ective radius between CERN
and our lattice data as a function of Q2/m2

⇡. The bands are
the z expansion fit results of lattice data (blue, green and
orange).

fits of reff for mval
⇡ = 300 MeV for the two lattice spac-

ing agree within errors. While the individual lattice data
and the CERN data appear to agree within errors we also
see from the figure that there is a tendency for the CERN
data to lie higher than the lattice data. This leads so a
slight di↵erence in the pion charge radius as discussed
below.

The z-expansion provides an model independent way
to obtain the pion charge radius. In Table III we show
the charge pion radius for the three lattice spacings used
in our study obtained from the monopole fit and from the
z-expansion fit. The statistical error are often smaller for
the monopole fit, but this fit has larger systematic errors
compared to the fit based on z-expansion. Within the
estimated errors the two fit forms give consistent results.
Thus, the model uncertainty in our determination of the
pion charge radius is small. As expected the calculations
for the heavier quark mass give smaller pion charge ra-
dius. As our final estimate of the pion charge radius for
physical point we take the result from the z-fit:

hr2⇡i = 0.42(2) fm2
, (13)

where we added the statistical and systematic errors in
quadrature. This result is consistent the pion charge ra-
dius quoted by Particle Data Group (PDG), hr2⇡iPDG =
0.434(5) fm2 [79], which is averaged from determina-
tion from t-channel ⇡e!⇡e scattering data [34, 36, 80]
and s-channel e

+
e
�!⇡

+
⇡
� data sets [48, 81]. The

HPQCD determination that uses HISQ action both in
the sea and the valence sector in 2+1+1 flavor QCD
is hr2⇡i = 0.403(18)(6) fm2 [63]. The most precise lat-
tice determination of the pion charge radius in 2+1 fla-
vor QCD using overlap action in the valence sector and
domain wall action in sea has hr2⇡i = 0.436(5)(12) fm2

[62]. The 2+1 flavor domain wall calculation gives
hr2⇡i = 0.434(20)(13) fm2 [61]. Finally, the other 2+1
flavor lattice determinations of the pion charge radius
have significantly larger errors [59, 60]. We summarize
the comparison in Fig. 8.

Data nz hr2M i [fm2] hr2Zi [fm2]

a=0.076fm [1,3] 0.402(6)(23) 0.421(9)(20)

a=0.06fm [0,3] 0.339(4)(18) 0.311(3)(13)

a=0.04fm [1,3] 0.313(5)(27) 0.311(8)(11)

TABLE III. The charge radius computed from monopole fit
(hr2M i) and z-expansion fit (hr2Zi). The first error is statistical,
while the second error is systematic.

FIG. 8. The comparison of pion radius between determi-
nation from lattice QCD at physical point and the PDG
value. The shown lattice results come from this work (green),
HPQCD[63] (purple), Feng et al[61] (blue), �QCD[62] (red).

VI. CONCLUSIONS

In this paper we studied the pion form factor in 2+1
flavor lattice QCD using three lattices spacings a =
0.076, a = 0.06 and a = 0.04 fm. The calculations on
the coarsest lattice have been performed with the physi-
cal value of the quark masses, while for the finer two lat-
tices the valence pion mass was 300 MeV. We have found
that the pion form factor is very sensitive to the quark
mass, as expected. We showed that lattice discretization
e↵ects are quite small for lattice spacings smaller than
0.06 fm. For the physical quark masses our lattice re-
sults on the pion form factor appear to agree with the
experimental determinations. Unlike other lattice stud-
ies we also considered highly boosted pions in the initial
state using momentum boosted Gaussian sources. In ad-
dition we performed calculations also in the Breit frame.
We demonstrated that the calculations of the pion form
factor performed at di↵erent momenta of the pion as well
as in the Breit frame give consistent results. This is very
important for extending the calculations to pion GPDs.
An important outcome of our analysis is that the

monopole Ansatz can describe the pion form factor in
large range of Q

2, up to Q
2 = 1.4 GeV2. In the fu-

ture it will be important to extend the calculations to
even higher momentum transfer given the experimental
e↵orts in Jlab and EIC. To do this we should use boosted

F⇡(Q
2) =

kmaxX

k=0

akz
k
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Challenges mirror those of experimental 
measurement.

z-expansion
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where

Ma and Qiu, Phys. Rev. Lett. 120 022003

Calculated in perturbation 
theory (“process dependent”)Parton Distribution 

function

Calculated in 
LQCD

Short distance scale

Expressed in coordinate space

Flavor-changing

Encompasses qPDF/pPDF
Gauge-Invariant CurrentsOS(⇠) = ⇠4Z2

S [ ̄q q](⇠)[ ̄q ](0)

OV 0(⇠) = ⇠2Z2
V 0 [ ̄q⇠ · � q0 ](⇠)[ ̄q0⇠ · � ](0)

O(⇠) =  ̄(0)�W (0, 0 + ⇠) (⇠)

�n(⌫, ⇠
2, P 2) = hP | T{On(⇠)} | P i
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+ analogous gluon operators
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Process, i.e. current, dependent
1

2
[�µ⌫

V,A(⇠, p) + �µ⌫
A,V (⇠, p)]
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Good Lattice Cross Section
in the Qweak experiment arises from the Gs

M(Q2). A precise estimate of Gs
M(Q2) can lead to

more/higher precision in the estimated value of proton weak charge Qp = (1� 4 sin2 ✓W ) in the

Qweak experiment. It is very important to know the value of Qp with greater precision because/as

this will constrain the possibility of Beyond Standard Model physics.

Discuss NuTeV anomaly from the second moment of the s(x)� s̄(x) asymmetry (from high-
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Momentum  
projection

Momentum  
projection

Momentum conservation
Sequential-Source Approach

≡ ϵμναβξα pβT1(ν, ξ2) + (pμξν − ξμpν)T2(ν, ξ2)

Sufian et al., Phys. Rev. D 99, 074507 
(2019); arXiv:2001.04960

Perturbative kernel:

e�q(1)
V A (e!, q2) =

Z 1

0

dx

x
eK(1)(xe!, q2, µ2)f (0)

qv/q
(x, µ2)+

Z 1

0

dx

x
eK(0)(xe!, q2, µ2)f (1)

qv/q
(x, µ2).
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N.B. We’re inconsistent !ω ↔ ν

Y-Q Ma



Lattice Cross Sections

�V A(!, ⇠
2) =

kmax=4X

k=0

�k⌧
k + b1m⇡ + b2a+ b3⇠

2 + b4a
2p2 + b5e

�m⇡(L�⇠)
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“Z-expansion fit”

“Ioffe Time Distribution”

Ioffe time



Pion PDF
“Inverse Problem” - ill-posed inverse Fourier transform.

Calculate on Lattice Calculate in PQCDExtract PDF?

Similar challenge to global fitting community!

�n(⌫, ⇠
2, P 2) =

X

a

Z 1

�1

dx

x
fa(x, µ

2)Ka
n(x⌫, ⇠

2, x2P 2, µ2) +O(⇠2⇤2
QCD)
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q⇡v (x) =
x↵(1� x)�(1 + �x)

B(↵+ 1,� + 1) + �B(↵+ 2,� + 1)
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I. SUPPLEMENTAL MATERIALS

A. E↵ect of the Next-To-Leading Order Kernel on

the Io↵e Time Distribution

By choosing ↵s = 0.303 at µ = 2 GeV and �⇠
2
µ
2 = 1,

we compare in FIG. 5 the K
(0)(!)/! and K

(1)(!)/!
e↵ects for ! 6= 0. The NLO corrections are tiny at small
! and increase very slowly towards large !; this can be
partially understood from the ratio between K

(0) and
K

(1) around ! = 0:

K
(1)

K(0)
=

↵s

3⇡
+O(!2) ⇡ 0.03 +O(!2). (18)

FIG. 5. A comparison between K(0)(!)/! and K(1)(!)/!
for ↵s(µ = 2 GeV) = 0.303 and �⇠2µ2 = 1. The uncertainty
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Using a short-distance collinear factorization, the pion valence quark distribution q⇡v (x) is ex-
tracted from spacelike correlations of antisymmetrized vector and axial-vector (V-A) currents, where
the employed perturbative hard coe�cient is derived to one-loop. Finite lattice spacing, volume,
and quark mass dependencies are investigated in a simultaneous fit of matrix elements computed
on four gauge ensembles, providing a physical limit Io↵e time distribution. Using two di↵erent
phenomenologically motivated parametrizations of q⇡v (x), the q⇡v (x) distribution is found to be in
very good agreement with that extracted from experimental data. At large x, a softer valence quark
distribution is slightly favored by the figure of merit of this calculation. These two distributions are
consistent within uncertainty and reproduce the extraction of q⇡v (x) from the experimental data in
the entire x-region, showing the robustness of our calculation.

Introduction: The pion, being both a Nambu-
Goldstone boson and the lightest bound state in Quan-
tum Chromo-Dynamics (QCD), highlights the challenges
in creating consistent theoretical and phenomenologi-
cal frameworks to describe its partonic structure. The
shape of the pion valence parton distribution functions
(PDFs) extracted from experimental data [1–5] in di↵er-
ent analyses [6–12] are in sharp contrast among them-
selves and with perturbative QCD (pQCD)-based frame-
works [13, 14] at large longitudinal momentum fractions
x. Central to the disparity is whether the pion PDF has
a softer (harder) (1�x)2 ((1�x)) fall-o↵ as x ! 1, and at
what x and Q2 pQCD predictions are matched - various
model calculations [15–20] exemplify this contrast.

The limited available phase space for partonic interac-
tions at large x localizes quantum fluctuations such that
large-x dynamics is constrained by confinement, in e↵ect
increasing parton correlations as x ! 1. As the quark
distribution at large x is sensitive to non-perturbative
quark-gluon dressing, a description of its behavior will
also elucidate our understanding of the generation of
mass in QCD through dynamical chiral symmetry break-
ing. Unraveling the complexities of the valence and sea
quark contents of the pion is spearheaded by several up-
coming experiments - Je↵erson Lab tagged deep-inelastic
scattering (DIS) experiments [21], Drell-Yan measure-
ments at the COMPASS experiment [22] and, also the
future Electron-Ion Collider (EIC) facility [23]. A first-
principles lattice QCD (LQCD) determination of the pion
valence PDF q⇡v (x) with controlled statistical and system-
atic uncertainties is particularly well-timed and solicits a
synergy of increasing importance between experimental
and theoretical e↵orts.

Experimental extraction of x-dependent parton
physics has blossomed through the application of the

QCD factorization theorem [24] and considerable ad-
vancements in global analyses [25–29] of experimental
data. Several LQCD methods [30–36] have also been
proposed and developed that probe the light-cone struc-
ture of hadrons non-perturbatively. These approaches
have led to significant achievements in recent years, es-
pecially in determinations of flavor non-singlet distribu-
tions [37–45]. A proper quantification and mitigation
of systematic errors and numerical artifacts present in
these calculations and related theoretical challenges still
require further insight and development (for a recent re-
view, see [46]). Incorporating LQCD calculated quan-
tities as a component of future global analyses remains
a goal of the pQCD and LQCD communities, providing
further impetus to overcome these challenges.

In this letter, we present a calculation of the q⇡v (x)
obtained from “Lattice Cross Sections” (LCSs) [34, 36],
specifically matrix elements of two local, spacelike-
separated, gauge-invariant currents within the pion.
The Lorentz covariant matrix elements of two currents
spatially separated by a quark propagator are com-
putable on a Euclidean lattice and have a well-defined
continuum limit as the lattice spacing a ! 0. In our
calculation, through the factorization of these hadronic
matrix elements, the collinear divergences of the par-
tonic scattering are absorbed into the non-perturbative
PDFs, leaving an infrared-safe and perturbatively
computable hard contribution, in direct analogy to the
factorization of inclusive DIS cross section measurements
in experiments. Calculations on four distinct lattice
ensembles allows for estimation of systematic errors
from finite lattice spacing, volume, and unphysical pion
mass extrapolations. These results are shown following
a derivation of the next-to-leading-order (NLO) per-
turbative kernel for an antisymmetrized vector-axial
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Determine large-x behavior   need for finer resolution and reach in 
Ioffe time.
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FUTURE DIRECTIONS AND THE EIC



Lattice  Global Analysis↔
Analysis within NNPDF Framework



Hadron Tomography
• Three-dimensional imaging of hadrons

Transverse Momentum Dependent distGeneralized Parton Distributions

ℳ(ν, ξ, t; z2) = eiξν ∫
1

−1
dx eixνℋ(x, ξ, t, z2)

A.Radyushkin, PRD100, 116011 (2019)  

pseudo-GITD pseudo-GPD

ν = (ν1 + ν2)/2 ξ =
ν1 − ν2

ν1 + ν2

Lattice is complementary 
to experiment and 
essential!

Thanks, Colin Egerer
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3D Image of nucleon and 
nuclei at the femtoscale

Hadron Tomography



Summary
• Important progress at understanding the internal 

structure of nucleons and pions within the pseudo-
PDF framework. 
– Helicity and transversity distributions 
– Contribution of disconnected diagrams to complete 

the isoscalar picture 
• Increasing interplay of the lattice and global-fitting 

communities 
• No where is this interplay more important than in 

nuclear femtography


