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Connections between QCD (YM)  and GR
Qualitatively: Both are describable as gauge theories 

(local SU(N) versus local Lorentz). 

quantitatively :    KLT-Relations
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BCJ relations and color-kinematic duality: c ! n2 ``double copy”

Classical double copy: hµ⌫ = �(t, x)kµk⌫ $ A

a
µ = c

a
�(t, x)kµ

(Monteiro, O’connell and White)(static)



Crucial Distinctions:

GN ⌘ 1
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-The gravitational charge is a continuous parameters of the theory:

Tµ⌫

-Gravitational corrections are controlled by a  dimensional parameter: 
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Ramifications:

For GR there are two classes of non-linearities: quantum and classical 
and they’re scaling could not be more distinct.

(for potentials)

Quantum non-linearities are down by ~/L�1 ⇠ ~/rmv

Classical non-linearities are down by v



Topologically easy to distinguish
 

For QCD the mass plays no roll for classical sources, its 
conformally invariant all corrections are quantum mechanical 
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Onia Binary

Short
distances

Strong 
coupling

Weak Coupling 
Coulomb Phase

Long
 Distances Confinement Minkowski Space

Non-
Linearities Controlled by v2

Quantum 
Effects

Controlled by 
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Onia Binaries

Physical Observables:

Decay Products

Extract:  Spectrum

hµ⌫(r ! 1)

LIGO strain

Phase and 
Amplitude contains 

all information 
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properties of space-time in the strong-field, high-velocity
regime and confirm predictions of general relativity for the
nonlinear dynamics of highly disturbed black holes.

II. OBSERVATION

On September 14, 2015 at 09:50:45 UTC, the LIGO
Hanford, WA, and Livingston, LA, observatories detected

the coincident signal GW150914 shown in Fig. 1. The initial
detection was made by low-latency searches for generic
gravitational-wave transients [41] and was reported within
three minutes of data acquisition [43]. Subsequently,
matched-filter analyses that use relativistic models of com-
pact binary waveforms [44] recovered GW150914 as the
most significant event from each detector for the observa-
tions reported here. Occurring within the 10-ms intersite

FIG. 1. The gravitational-wave event GW150914 observed by the LIGO Hanford (H1, left column panels) and Livingston (L1, right
column panels) detectors. Times are shown relative to September 14, 2015 at 09:50:45 UTC. For visualization, all time series are filtered
with a 35–350 Hz bandpass filter to suppress large fluctuations outside the detectors’ most sensitive frequency band, and band-reject
filters to remove the strong instrumental spectral lines seen in the Fig. 3 spectra. Top row, left: H1 strain. Top row, right: L1 strain.
GW150914 arrived first at L1 and 6.9þ0.5

−0.4 ms later at H1; for a visual comparison, the H1 data are also shown, shifted in time by this
amount and inverted (to account for the detectors’ relative orientations). Second row: Gravitational-wave strain projected onto each
detector in the 35–350 Hz band. Solid lines show a numerical relativity waveform for a system with parameters consistent with those
recovered from GW150914 [37,38] confirmed to 99.9% by an independent calculation based on [15]. Shaded areas show 90% credible
regions for two independent waveform reconstructions. One (dark gray) models the signal using binary black hole template waveforms
[39]. The other (light gray) does not use an astrophysical model, but instead calculates the strain signal as a linear combination of
sine-Gaussian wavelets [40,41]. These reconstructions have a 94% overlap, as shown in [39]. Third row: Residuals after subtracting the
filtered numerical relativity waveform from the filtered detector time series. Bottom row:A time-frequency representation [42] of the
strain data, showing the signal frequency increasing over time.

PRL 116, 061102 (2016) P HY S I CA L R EV I EW LE T T ER S week ending
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For smaller mass binaries we can study the signal 
over hundreds of cycles (hours) where the velocity 

is small and study the details of the signal.

Early stages of the inspiral as well approximated by the
``Post-Newtonian” expansion, which is an expansion in 

relative velocity. 

For small velocities non-linearities are under 
systematic control analytically, but this is just 

like quarkonia (in some important ways).

g⌫⌫ = ⌘µ⌫ + �0µ�
0
⌫ [(GM/r2) ⇠ v2] +O(v4) + ....



Build an analog to NRQCD
NRGR (Non-Relativistic General Relativity)

Key Distinctions:
• Classical Sources. No recoil  from individual potential 

graviton exchange.


• No Soft Fields (in NRQCD responsible for quantum 
effects)


• Theory has  UV cut-off (when constituents overlap)


• Source are not fundamental (i.e. have internal 
structure)


• Necessitates extra stage of matching relative to 
NRQCD

(W. Goldberger/IZR)



• So the leading order non-geodesic flow is due 
to

Lsize =

∫
(CeE

2 + CbB
2)dτ

Ce,b ∝ r
2

Wilson coefficients calculable via calculation of 

Tidal ``Love numbers’’, static 
susceptability

Ce, Cb

Determined by matching calculations scales 
as (v^10) (5PN) ``Effacement 

Theorem’’ (Damour)



All static susceptabilities vanish for BH’s!!

This does not mean that the system does not deform

(Generalization of the no hair theorem)
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This seems to be a severe fine-tuning (classical)
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We show that ...

Introduction.—

E↵ective near-zone metric.— Let’s consider a free mass-
less scalar field on a fixed 4D Schwarzschild background:

ds2 = �f(r)dt2 +
dr2

f(r)
+ r2d⌦2, f(r) = 1� rs

r
. (1)

Its action can be written explicitly as

S =
1

2

Z
dtdrd✓d� sin ✓


r4

�
(@t')

2 ��(@r')
2

�(@✓')
2 � (@�')2

sin2 ✓

�
, (2)

with �(r) ⌘ r(r � rs). Let’s now focus on long-
wavelength perturbations with frequency such that rs ⌧
1/!. The behavior of ' in the near zone rs  r ⌧ 1/!
can be described by approximating the coe�cient in front
of the kinetic term as follows: r4/�(r) ' r4s/�(r) [1]. In
this region, the massless scalar is minimally coupled to
the e↵ective near-zone metric

ds2
near-zone

= ��

r2s
dt2 +

r2s
�

dr2 + r2sd⌦
2. (3)

By the nature of the near-zone approximation, the
behavior of static perturbations on this metric and the
Schwarzschild one is identical. Nevertheless, it is advan-
tageous to work with the near-zone metric because it
has a richer symmetry structure. In fact, the metric (3)
describes a 4D manifold that is the product of two maxi-
mally symmetric 2D manifolds: the (✓,�) subspace is just
the 2-sphere S2 while, as we will show in a moment, the
(t, r) coordinates cover a portion of AdS

2

. This means
that our near-zone metric must have 6 Killing vectors—
unlike Schwarzschild, which only enjoys 4 isometries.

To see that the (t, r) subspace is a portion of AdS
2

, it
is helpful to introduce new coordinates

⌧ =
t

2rs
(4a)

⇠ = cosh�1(2r/rs � 1) (4b)

so that the metric in the (t, r) subspace becomes:

ds2
2

= `2
�
d⇠2 � sinh2⇠ d⌧2

�
, (5)

FIG. 1. The portion of AdS2 covered by the coordinates (⌧, ⇠)
is highlighted in yellow. The embedding of the hyperboloid
is defined by the equation �X2

0 �X2
1 +X2

2 = �1; the yellow
region is defined by the conditions X2 > 0, X0 > 1.

with ⌧ 2 (�1,+1), ⇠ 2 [0,+1), and ` = 2rs. This is
an AdS

2

metric with radius ` in de Sitter coordinates,
which cover only the portion of the AdS

2

space shown in
Figure 1. Notice in particular that ⇠ = 0 corresponds to
r = rs.

Another advantage of the near-zone metric is that it is
conformally flat1 (unlike Schwarzschild, which is instead
Ricci flat). Conformal flatness implies that there must
be 9 additional conformal Killing vectors (CKVs). We
will now turn to the study of all these symmetries and
their consequences.

Killing vectors.— It is fairly straightforward to write
down the Killing vectors of AdS

2

and S2. In terms of

1
[RP: Does this necessarily follow from the fact that we

are considering a product manifold of two maximally

symmetric spaces?]

(Hui, Joyce, Penco, Santoni, Solomon)

Extra  killing vectors, (only shown for scalar perturbations at this 
point) explains absence of Wilson coefficient.



Next stage of matching

k
pot

⇠ (v/r, 1/r) krad ⇠ (v/r, v/r)

No soft mode and no analog of quark potential mode. In addition we 
have another power counting parameter relative to NRQCD, 1/L. 
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Potentials have been calculated to v^10 (Foffa and Sturani)

(Blanchet at al)

Number of diagrams grows faster than QCD, 500 at v^10

Instead use scattering amplitudes to extract potentials (Duff Neill/IZR)

Once we have the gravitational on-shell tree level scattering amplitudes we may construct

the potential by sewing together these amplitudes using generalized unitarity [11]. This

determines the GR amplitude for the scalar-scalar scattering. Since we are interested only

in the long-distance classical pieces of the scattering amplitude we need only consider t-

channel cuts as shown in figure (1). Unitarity relates the discontinuity in an amplitude to a

FIG. 1. Reconstructing the full scalar-scalar S-matrix by sewing together the scalar-scalar n point

on shell scattering amplitudes.

product of lower loop amplitudes, with a summation over physical states being exchanged

between the amplitudes. In this way, one can construct an integrand that has the same

analytic and singularity structure as the corresponding sum of feynman diagrams3. For

the determination of the potential, only a restricted set of cuts need to be considered. In

particular only two particle irreducible diagrams can contribute to the classical potential

(see the appendix for a proof of this statement). Furthermore classicality also implies that

we need not consider loops with only massless particles. Thus to fix the Gn
N contribution

to the classical potential, one only needs to consider the contribution from the product of

ss ! (n)g tree amplitudes.

III. DEFINITION OF THE POTENTIAL

The classical potential for extended sources can be extracted by working within the

confines world-line e↵ective theory[6, 12] where the sources are treated classically. In this

method the potential follows by calculating all two-particle irreducible diagrams and the

classical and quantum pieces are easily distinguished. However, this procedure relies upon a

space-time action and thus will not su�ce for our purposes. We must choose a di↵erent route

3 It is precisely these singular terms that determine the long distance interactions. Thus we can ignore the

e↵ect of possible rational terms missed in the unitarity method.
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on-shell 
M + (ng) ! M + (ng)

(BCFW)

More importantly use double copy formalism to calculate in QCD
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As to the 4PN part, it can be decomposed into
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where the finite terms L(4PN)
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G2 are have already been computed and published, see

eqs.(13,26) in [2], and the others read:
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Including Spin Effects

Allow local frame basis to rotate (R Porto)

eµI (⌧)

Introduce degrees of freedom 
which relates observer frame to 

co-rotating frame.

Spin is the conjugate 
momentum.

Hamiltonian coupling spin to gravity 
is uniques fixed by symmetries H ⌘ H(S, h)
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Final Stage of matching: Match onto 
Composite Object with multipole moments

E+M 

S =

Z
dt ~p(t) · ~E(t) S =

Z
dt ~Qij(t) · ~Eij(t)

GR
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A
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A
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3
~x

A2)
pi(t) =

X

A

qAx
A
i (t)

Matching is achieved by multipole expand the full solution to extract moment

graviton 
acts as 

source in 
GR



Radiation
One we have integrated out the potentials we match onto 
another point particle theory, endowed with moments of 

binary.

S = �
Z
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Z
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1

3
OabcrcEab + . . . ..)

A. Calculating observables

As in our previous work, we find it convenient to set up diagrammatic rules for the

computation of observables associated with the emission of gravitational radiation (e.g.,

energy, momentum, and angular momentum flux). In this paper, we will restrict ourselves

to time averaged observables (a field theoretic formulation of instantaneous quantities is

given in [14].) A natural way to set up the diagrammatics is to formulate all observables in

terms of the matrix element for the emission of a single graviton from the compact source

described by Eq. (1),

iAh(k) = . (6)

HereAh(k) denotes the probability amplitude to emit a graviton of momentum k and definite

helicity h = ±2 (as measured in a nearly Lorentz frame infinitely far from the source). This

is given by Feynman diagrams with one on-shell external graviton (internal vertices and

propagators are obtained from the source terms in Eq. (1) plus the Einstein-Hilbert action

SEH).

In terms of Ah(k) one can compute a polarized graviton emission rate as

dΓh(k) =
1

T

d3k

(2π)32|k|
|Ah(k)|2, (7)

where T → ∞ represents total integration in the detector, and drops out of time averaged

quantities. Moments of the differential rate dΓh(k) give rise to physical observables. For

example, the (polarized) total rate of radiated linear four-momentum is given by

Ṗ µ
∣

∣

∣

h=±2
=

∫

kµdΓh(k), (8)

where kµ = (|k|,k) is the four-momentum of the emitted graviton5. It is also possible

to compute the rate of angular momentum loss by the system. In terms of the helicity

amplitudes Ah(k), it is

J̇ =
∑

h

∫

hndΓh(k), (9)

where n = k/|k| is the direction of the emitted graviton and we sum over the physical

helicities h = ±2.

5 Strictly speaking, there should be a cut in the integration over graviton frequency at a value ω∗ ∼ 1/a

where the multipole expansion begins to breaks down.
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where the multipole expansion begins to breaks down.
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Power Loss can be calculated via in-out S matrix elements A
h

(k) =
out

h✏(k) | 0 i
in

Free to use Feynman prescription for propagator poles

note that higher order effects involving calculation 
within this final theory:  e.g. tail and memory effects

Q M Q Q

``radiative moments``

source moments (worked out to all orders (Ross))



Renormalization of the Radiation 
Theory and Log Resummation

Quadrapole renormalization  (Goldberger and Ross)

Quadrapole moments are scale dependent via

Q M Q M M

IR div. Coulomb phase
(cancels in any physical 

observable)

UV div. physical log 

+....

1

✏UV
+ALog(!2

/µ

2)

Divergence gets absorbed into renormalized quadrapole QR
ij = Z�1(!, µ)QB

ij

Z

M̄S = 1 +
107

105
(Gm!)2(

1

✏UV
+ �E + Log(4⇡))

µ
d

dµ
QB = 0 µ

d

dµ
QR = �214

105
(Gm!)2QR



QR(!, µ) = (µ/µ0)
(�214/105(Gm!)2)Q(!, µ0)

µ = !By Choosing            we eliminate the logs in the amplitude.

Infinite sum of log enhanced terms
X

n

Cn(Gm!)2nLogn(r!)

�39201376

3472875
(Gm!)6Log3(!r) ⇠ v

18 checked in test mass limit (Fujita)

Mass Renormalization (Goldberger, Ross, IZR)

M Q Q

+...
µ

d

dµ
m̄ = �2G2hQ(3)

ij Q(3)
ij i (Avg. of period)

m̄(µ)

m̄(µ0)
= exp

"
hQ(2)

ij Q

(2)
ij iµ0 � hQ(2)

ij Q

(2)
ij iµ

�Qm̄
2
0

#
�Q = �214/105

5

conserved energy is commonly expressed as a function of
the orbital frequency Ω. Logarithms in E(Ω) arise first at
fourth post-Newtonian order [11]. There is a direct con-
tributions from the energy we computed here as well as an
indirect contribution due to the the use of the equations
of motion in deriving the relation between orbital radius
and frequency. The equations of motion may be inferred
from energy conservation, by essentially reversing the ar-
guments in [11]. We find the leading contribution linear
in logarithms to be

E(Ω) = −
µ

2

448

15
νx5 lnx+ . . . , (28)

where µ is the reduced mass, ν = µ/M̄0 and x =
(GM̄0Ω)2/3. This is in agreement with the 4PN loga-
rithm computed in [11]. We may also use our result for
the running mass in Eq. (23) or (25) to extract higher
powers of the leading logarithms in E(Ω) by resumming
the leading logarithms to all orders [12], which includes
the lnn x terms at (4+3n) post-Newtonian order includ-
ing their numerical coefficient.

CONCLUSIONS

In this paper, we have set up a formalism for determin-
ing the real-time evolution of the dynamical moments
that describe a system of gravitationally bound black
holes. In order to account for the dissipation of energy
due to radiation in a way that respects causality, the in-in
formulation of quantum field theory must be employed.
We find that the time evolution of the ℓ = 0 mass mode is
inextricably linked to the renormalization of the effective
theory. At second order in the gravitational coupling G
one finds logarithmic ultraviolet divergences even in the
classical theory, which induce non-trivial RG flows. The
RG equation for the mass mode, together with previously
obtained results for the running of the ℓ = 2 moment, re-
sums the leading logarithms in the conservative energy
of the form v4(rsω)2n lnn v.
The results of this paper can be extended in several

of directions. It is clear that the methods introduced
here can also be used to set up evolutions equations for
the higher moments (the center of mass momentum and
angular momentum as well as higher moments) that take

into account radiative losses. To do so would require
computing the similar diagrams to those in Fig. 1, but
with non-zero spatial momentum.
Another direction of research would be to consider the

evolution of quantum black holes within this formalism,
and the consequences of the RG flows for (e.g. Hawking)
radiative processes. In that case, we expect that at lead-
ing order in the multipole expansion, the corresponding
evolution equation for the mass operator will take the
form of a relation between its expectation value and cer-
tain two-point correlators of the quadrupole moments,
some of which have already been obtained in [2] in the
low-frequency limit.
This work is supported by DOE grant DE-FG-02-

92ER40704 (WG) and by NASA grant 22645.1.1110173
(AR, IZR).
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Agrees with (Blanchet,Detweiler, Le Tiec and Whitting)

= 1� 1

2

hQ(3)
ij Q(3)

ij i
m̄2

0

r2sLn(v) +
107

420

hQ(4)
ij Q(4)

ij i
m̄2

0

r4sLn
2(v)� 11449

132300

hQ(5)
ij Q(5)

ij i
m̄2

0

r6sLn
3(v) + . . . .

x = (Gm̄0⌦)
2/3

Lagrangian mass parameter is asymptotically free



Additional Effects (necessitate IN-IN)

-Dissipation (tidal Heating)

-Radiation Reaction forces

-Hawking Radiation



The theory of binary inspirals has been informed by the 
physics quarkonia

EFT construction share much in common despite the gulf in the 
nature of the observables and the relevant of quantum mechanics. 

Perhaps this connection will bear more fruit, perhaps in the 
opposite direction?


