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• Quarkonium is indeed a golden probe of the QGP and the reason for this is that it 
is a multiscale system well understood at T=0 on the basis of 


effective field theories (EFTs), i.e. in QCD, and lattice


• Use  quarkonia of small radius as a diagnostic tool of a strongly coupled QGP

• We can describe the nonequilibrium evolution  of bottomonium in the fireball using 
EFT (pNRQCD)  and open quantum systems-> fully quantum and nonabelian description 

with  dissociations and recombinations. 

• Quarkonium suppression and R_AA has been identified as a probe of QGP

by Matsui and Satz in 1986 in relation to screening

•  Using EFTs   to determine quarkonium interaction at finite T we get a change of 
paradigm: suppression not driven by screening but by the imaginary parts in the 

potentials which have a physical interpretation

• To  do  involves  extending the description to  charmonium, B_c  

•The  QGP is characterized by two  transport coefficients defined in terms of nonperturbative 
correlators calculated on the lattice->no free parameter
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• What I discuss is not depending on  the medium : 

it can be a hot medium  or a dense medium, weakly or strongly coupled


in what I will present T may be substituted as the inverse of a correlation 

length characterising the system

NOTICE:

• What I discuss can be generalised to X Y Z using BOEFT 

(Born-Oppenheimer EFT that we developed)  and open quantum systems
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Quarkonium as a quark-gluon plasma probe

In 1986, Matsui and Satz suggested quarkonium as an ideal quark-gluon plasma probe.

Theoretically

• The heavy-quark mass introduces one or more large scales, whose contributions

may be factorized and computed in perturbation theory (αs(M) ! 1).

• Low-energy scales are sensitive to the temperature.

Low-energy contributions may be accessible via lattice calculations.

Quarkonia are better hard probes

 because they are multi scale systems

• heavy quark are produced at the beginning and remain up to the end
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The rich structure of separated energy scales makes QQbar  an ideal probe

Quarkonium as a confinement and deconfinement probe

It is precisely the rich structure of separated energy scales that makes quarkonium an
ideal probe of confinement and deconfinement.

• The different quarkonium radii provide different measures of the transition from a
Coulombic to a confined bound state.
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and what are the other nonpotential effects to the spectrum and decay 


coming from QCD, i.e defined in QFT? 
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and what are the other nonpotential effects to the spectrum and decay 


coming from QCD, i.e defined in QFT? 


Nonrelativistic Effective  Field Theories (NREFTs) can give an answer to this 

in particular   potential Nonrelativistic QCD (pNRQCD)
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pNRQCD (potential NonRelativistic QCD) EFT for quarkonium  for r<< Lambda_QCD^-1  

pNRQCD

L = −
1

4
Fa
µνF

µν a +

nf
∑

i=1

q̄i iD/ qi +

∫

d3rTr
{

S† (i∂0 − hs) S + O† (iD0 − ho)O
}

• LO in r

θ(T ) e−iThs θ(T ) e−iTho

(

e−i
∫
dtAadj

)

+VATr
{

O†r · gE S + S†r · gEO
}

+
VB

2
Tr

{

O†r · gEO+O†Or · gE
}

• NLO in r
O†r · gE S O†{r · gE, O}

+ · · ·Degrees of freedom: colour singlet S and colour octet O and low energy gluons (multipole expanded)

The potentials are the matching coefficients of pNRQCD : they are calculated via

a well defined matching procedure



the change of paradigm from the screening to the imaginary part of the potential


the finite T potential in equilibrium 
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Finite T

Non-relativistic EFTs of QCD

The existence of a hierarchy of energy scales calls for a description of the system

(quarkonium at rest in a thermal bath) in terms of a hierarchy of EFTs.
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For larger temperatures the quarkonium does not form.

pNRQCD at finite T: the static potential 
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Non-relativistic EFTs of QCD

The existence of a hierarchy of energy scales calls for a description of the system

(quarkonium at rest in a thermal bath) in terms of a hierarchy of EFTs.
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For larger temperatures the quarkonium does not form.

in pNRQCD the potential has  a clear definition: it a matching coefficient and comes from the integration of all scales from mv up to 
(and not included) the energy mv^2 

pNRQCD at finite T: the static potential 
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For larger temperatures the quarkonium does not form.

in pNRQCD the potential has  a clear definition: it a matching coefficient and comes from the integration of all scales from mv up to 
(and not included) the energy mv^2 

to define the potential  we have to integrate out all

the scales bigger than E including T and m_d

if T is of order E or less will 

give contribution to the energy and 


not to the potential

Notice:   
The potential V(r,T) dictates through the 


Schroedinger equation   the real time 

evolution of the QQbar in the medium

pNRQCD at finite T: the static potential 
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The finite T potential:  how to obtain it

in pNRQCD the potential has  a clear definition: it a matching coefficient and comes from the integration of all scales from mv up to 
(and not included) the energy mv^2 
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The existence of a hierarchy of energy scales calls for a description of the system

(quarkonium at rest in a thermal bath) in terms of a hierarchy of EFTs.
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For larger temperatures the quarkonium does not form.

Framework: EFTs

QCD

NRQCD

pNRQCD
pNRQCD

NRQCDHTL

HTL
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1/r ∼ mv

V ∼ mv2

T
mD

◦ Brambilla Pineda Soto Vairo RMP 77(05)1423
We assume that bound states exist for

• T # m

• 1/r ∼ mv >
∼

mD

We neglect smaller thermodynamical scales.

Inside these constraints 

we consider all the possible


 scales hierarchies 



The finite T potential:  how to obtain it

in pNRQCD the potential has  a clear definition: it a matching coefficient and comes from the integration of all scales from mv up to 
(and not included) the energy mv^2 
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Non-relativistic EFTs of QCD

The existence of a hierarchy of energy scales calls for a description of the system

(quarkonium at rest in a thermal bath) in terms of a hierarchy of EFTs.

thermodynamical
scales

T

m D

NRQCD

EFTs

pNRQCD

M

M v

non�relativistic
scales

M v 2

For larger temperatures the quarkonium does not form.

we work in the weak 

coupling regime

Framework: weak coupling

In the weak coupling regime:
• v ∼ αs " 1; valid for tightly bound states: Υ(1S), J/ψ, ...
• T # gT ∼ mD .

Effects due to the scale ΛQCD will not be considered.
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1/r ∼ mv

V ∼ mv2
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◦ Brambilla Pineda Soto Vairo RMP 77(05)1423
We assume that bound states exist for

• T # m

• 1/r ∼ mv >
∼

mD

We neglect smaller thermodynamical scales.

Inside these constraints 

we consider all the possible


 scales hierarchies 



The finite T potential:  how to obtain it

in pNRQCD the potential has  a clear definition: it a matching coefficient and comes from the integration of all scales from mv up to 
(and not included) the energy mv^2 
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Finite T

Non-relativistic EFTs of QCD

The existence of a hierarchy of energy scales calls for a description of the system

(quarkonium at rest in a thermal bath) in terms of a hierarchy of EFTs.

thermodynamical
scales

T

m D

NRQCD

EFTs

pNRQCD

M

M v

non�relativistic
scales

M v 2

For larger temperatures the quarkonium does not form.

for the nonperturbative

 regime  -> lattice calculation of the Wilson loop

we work in the weak 

coupling regime

Framework: weak coupling

In the weak coupling regime:
• v ∼ αs " 1; valid for tightly bound states: Υ(1S), J/ψ, ...
• T # gT ∼ mD .

Effects due to the scale ΛQCD will not be considered.

Framework: EFTs

QCD

NRQCD

pNRQCD
pNRQCD

NRQCDHTL

HTL

m

1/r ∼ mv

V ∼ mv2

T
mD

◦ Brambilla Pineda Soto Vairo RMP 77(05)1423
We assume that bound states exist for

• T # m

• 1/r ∼ mv >
∼

mD

We neglect smaller thermodynamical scales.

Inside these constraints 

we consider all the possible


 scales hierarchies 
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New effect, specific of QCD
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exponential screening but ImV � ReV

no exponential screening but power-
like T corrections

 no corrections to the potential,

corrections to the energy 

N.B Ghiglieri, Petreczky, 

Vairo Phys.Rev. D78 (2008) 014017 

for the detailed form 

of the potentials in each regime see: 

you  always have a real and an imaginary part

1

r
� T � E
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Change in the paradigm of dissociation
•  The imaginary part is bigger than the real part before the screening exp{-m_D r} 

sets in 
->the imaginary part is responsible for QQbar dissociation

Quarkonium melting temperature

The quarkonium melts in the medium when

E b i n d i n g � �

i.e.

g 2

r
� g 2 T m 2

D r 2 ln
1

m D r

for 1 / r � m g 2 and m D � g T

T � m g 4 / 3 (ln 1 / g) ⌧ 1 / 3

� Escobedo Soto arXiv:0804.0691, Laine arXiv:0810.1112
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Effective field theories for heavy quarkonium at finite temperature Antonio Vairo

The (leading) non-thermal part of the static energy is the Coulomb potential −CFαs/r. Again the
thermal width has two origins. The first term comes from the thermal break up of a quark-antiquark
color singlet state into a color octet state. The other terms come from imaginary contributions to the
gluon self energy that may be traced back to the Landau-damping phenomenon. Having assumed
mD"V , the term due to the singlet to octet break up is parametrically suppressed by (V/mD)2 with
respect to the imaginary gluon self-energy contributions. The ln(rmD)2 term is a remnant of the
cancellation occurred between an infrared divergence at the scale 1/r and an ultraviolet divergence
at the scale mD.

It is in the situation T " 1/r" mD "V that quarkonium in the medium melts, if we assume
that the melting condition is Ebinding ∼ Γ, where Ebinding is the quarkonium binding energy. Using
the above results, the condition gives g2/r ∼ g2Tm2Dr2 ln1/(mDr). For 1/r ∼ mg2 and mD ∼ gT ,
this leads to the melting temperature Tmelting ∼ mg4/3 (ln1/g)−1/3, where, assuming g < 0.5, we
have neglected ln ln1/g with respect to ln1/g [10, 14].

6. Static quark antiquark at T " 1/r ∼ mD

In the situation T " 1/r ∼mD, integrating out T from static QCD leads to static NRQCDHTL.
Subsequently, both the scales 1/r and mD have to be integrated out at the same time; this implies
using HTL resummed gluon propagators in the matching procedure that leads to a new specific
version of pNRQCDHTL.

(a) (b)
HTL propagator

Figure 8: Diagram (a) shows the leading mass self energy contribution and diagram (b) the leading potential
contribution to the static energy. Dashed lines stand for longitudinal HTL resummed gluon propagators.

The real part of the static energy is provided at leading order by the two diagrams shown in
Fig. 8:

E = Re [2δm+δVs(r)] = −CF αsmD−CF
αs
r
e−mDr , (6.1)

which is of order αsmD. The result is in agreement with early results on δm and δVs [15, 16].
The thermal decay width is provided at leading order by the three diagrams shown in Fig. 9:

Γ =
N2cCF
3

α3s T +2CF αsT
[

1−
2
rmD

∫ ∞

0
dx
sin(mDrx)
(x2+1)2

]

. (6.2)

The first term is due to the singlet to octet break-up mechanism and is of order αsmD× (Vr)2×
T/mD the other ones, which were first derived in [5], are of order αsmD× T/mD " αsmD, i.e.
larger than the real part of the energy (we recall that the binding energy is already of the same order
as the decay width at the lower temperatures discussed in the previous section). The imaginary part
of δm is minus twice the damping rate of an infinitely heavy fermion [17].
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the EFT offers a systematic framework to do the  
calculations of the energy and width in a hot medium
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T_dissociation

The bottomonium ground state at finite T

The relative size of non-relativistic and thermal scales depends on the medium and on
the quarkonium state.

The bottomonium ground state , which is a weakly coupled non-relativistic bound state:
mv ∼ mαs,mv2 ∼ mα2

s
>
∼

ΛQCD, produced in the QCD medium of heavy-ion collisions
at the LHC may possibly realize the hierarchy

m ≈ 5 GeV > mαs ≈ 1.5 GeV > πT ≈ 1 GeV > mα2
s ≈ 0.5 GeV >

∼
mD,ΛQCD

◦ Vairo AIP CP 1317 (2011) 241
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bottomonium 1S below the melting temperature T_d

Consistent with lattice calculations of spectral functions

Lattice width
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Consistent with � ( t h e r m a l )
1 S =

1156
81

� 3
s T � � s ≈ 0.4.

� Aarts Allton Kim Lombardo Oktay Ryan Sinclair Skullerud
JHEP 1111 (2011) 103

first systematic

 calculation


 of the thermal 

contributions to 


quarkonium 

mass and width

The complete mass and width up to O(mα5
s )

δE
(thermal)
1S =

34π

27
α2
s T

2a0 +
7225

324

E1α3
s

π

[

ln

(

2πT

E1

)2

− 2γE

]

+
128E1α3

s

81π
L1,0 − 3a20

{[

6

π
ζ(3) +

4π

3

]

αs T m2
D −

8

3
ζ(3)α2

s T
3
}

Γ
(thermal)
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81
α3
sT +

7225

162
E1α

3
s +

32

9
αs Tm2

D a20 I1,0
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[
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3
αsTm2

D

(

ln
E2
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T 2
+ 2γE − 3− ln 4− 2

ζ′(2)

ζ(2)

)

+
32π

3
ln 2α2

s T
3
]

a20

where E1 = −
4mα2

s

9
, a0 =

3

2mαs
and L1,0 (similar I1,0) is the Bethe logarithm.

◦ Brambilla Escobedo Ghiglieri Soto Vairo JHEP 1009 (2010) 038



To describe  quarkonium in QGP we should  account for:  screening, 
dissociation effects (singlet to octet, inelastic parton scattering), 

recombination effects
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—->The non equilibrium evolution 

of quarkonium in QGP


Using  pNRQCD and Open Quantum Systems (OQS)

we could use bottomonium as a probe of 


a strongly coupled QGP and obtain

master equations for the singlet and octet matrix 


density evolution


The equations are 

quantum, nonabelian and conserve


 the number of heavy quarks




 Quarkonium in the  fireballQuarkonium in a fireball

• After the heavy-ion collisions, heavy quark-antiquarks propagate freely up to 0.6 fm.

• From 0.6 fm to the freeze-out time tF they propagate in the medium.

• We assume the medium infinite, homogeneous and isotropic.

• We assume the heavy quarks comoving with the medium.

• We assume the medium to be locally in thermal equilibrium,

i.e., the temperature T of the medium changes (slowly) with time:

T = T0

(

t0
t

)v2
s

, t0 = 0.6 fm, v2s =
1

3
(sound velocity)

◦ Bjorken PRD 27 (1983) 140



 Quarkonium in the  fireball  Quarkonium as a small radius probe:

bottomonium
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Coulombic bound state:

Quarkonium as a Coulombic bound state

The lowest quarkonium states (1S bottomonium and charmonium, 2S bottomonium) are

the most tightly bound. For these we assume the hierarchy of energy scales

M !
1

r
∼ Mαs ! T ∼ gT ! any other scale, v ∼ αs

This qualifies the bound state as Coulombic:

• quark-antiquark color singlet Hamiltonian = hs =
p2

M
−

4

3

αs

r

• quark-antiquark color octet Hamiltonian = ho =
p2

M
+
αs

6r

The octet potential describes an unbound quark-antiquark pair.
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The lowest quarkonium states (1S bottomonium and charmonium, 2S bottomonium) are

the most tightly bound. For these we assume the hierarchy of energy scales

M !
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∼ Mαs ! T ∼ gT ! any other scale, v ∼ αs

This qualifies the bound state as Coulombic:

• quark-antiquark color singlet Hamiltonian = hs =
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−

4

3
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• quark-antiquark color octet Hamiltonian = ho =
p2

M
+
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The octet potential describes an unbound quark-antiquark pair.

Quarkonium in a fireball

• After the heavy-ion collisions, heavy quark-antiquarks propagate freely up to 0.6 fm.

• From 0.6 fm to the freeze-out time tF they propagate in the medium.

• We assume the medium infinite, homogeneous and isotropic.

• We assume the heavy quarks comoving with the medium.

• We assume the medium to be locally in thermal equilibrium,

i.e., the temperature T of the medium changes (slowly) with time:

T = T0

(

t0
t

)v2
s

, t0 = 0.6 fm, v2s =
1

3
(sound velocity)
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Coulombic bound state:

Quarkonium as a Coulombic bound state

The lowest quarkonium states (1S bottomonium and charmonium, 2S bottomonium) are

the most tightly bound. For these we assume the hierarchy of energy scales

M !
1

r
∼ Mαs ! T ∼ gT ! any other scale, v ∼ αs

This qualifies the bound state as Coulombic:

• quark-antiquark color singlet Hamiltonian = hs =
p2

M
−

4
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• quark-antiquark color octet Hamiltonian = ho =
p2

M
+
αs

6r

The octet potential describes an unbound quark-antiquark pair.
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• quark-antiquark color octet Hamiltonian = ho =
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The octet potential describes an unbound quark-antiquark pair.

Density matrices

• Subsystem: heavy quarks/quarkonium

• Environment: quark gluon plasma

We may define a density matrix in pNRQCD for the heavy quark-antiquark pair in a

singlet and octet configuration:

〈r′,R′|ρs(t′; t)|r,R〉 ≡ Tr{ρfull(t0)S†(t, r,R)S(t′, r′,R′)}

〈r′,R′|ρo(t′; t)|r,R〉
δab

8
≡ Tr{ρfull(t0)Oa†(t, r,R)Ob(t′, r′,R′)}

t0 ≈ 0.6 fm is the time formation of the plasma.

The system is in non-equilibrium because through interaction with the environment

(quark gluon plasma) singlet and octet quark-antiquark states continuously transform in

each other although the number of heavy quarks is conserved: Tr{ρs}+Tr{ρo} = 1.

N.B., J. Soto, M. Escobedo, A. Vairo 2016, 

2018 (1612.07248, 1711.04515)

Open Quantum system

Density matrices

• Subsystem: heavy quarks/quarkonium

• Environment: quark gluon plasma

We may define a density matrix in pNRQCD for the heavy quark-antiquark pair in a

singlet and octet configuration:

〈r′,R′|ρs(t′; t)|r,R〉 ≡ Tr{ρfull(t0)S†(t, r,R)S(t′, r′,R′)}

〈r′,R′|ρo(t′; t)|r,R〉
δab

8
≡ Tr{ρfull(t0)Oa†(t, r,R)Ob(t′, r′,R′)}

t0 ≈ 0.6 fm is the time formation of the plasma.

The system is in non-equilibrium because through interaction with the environment
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• We assume the medium infinite, homogeneous and isotropic.

• We assume the heavy quarks comoving with the medium.
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Coulombic bound state:

Quarkonium as a Coulombic bound state

The lowest quarkonium states (1S bottomonium and charmonium, 2S bottomonium) are

the most tightly bound. For these we assume the hierarchy of energy scales

M !
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∼ Mαs ! T ∼ gT ! any other scale, v ∼ αs

This qualifies the bound state as Coulombic:

• quark-antiquark color singlet Hamiltonian = hs =
p2
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−
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• quark-antiquark color octet Hamiltonian = ho =
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M
+
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The octet potential describes an unbound quark-antiquark pair.
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Density matrices

• Subsystem: heavy quarks/quarkonium

• Environment: quark gluon plasma

We may define a density matrix in pNRQCD for the heavy quark-antiquark pair in a

singlet and octet configuration:

〈r′,R′|ρs(t′; t)|r,R〉 ≡ Tr{ρfull(t0)S†(t, r,R)S(t′, r′,R′)}

〈r′,R′|ρo(t′; t)|r,R〉
δab

8
≡ Tr{ρfull(t0)Oa†(t, r,R)Ob(t′, r′,R′)}

t0 ≈ 0.6 fm is the time formation of the plasma.

The system is in non-equilibrium because through interaction with the environment

(quark gluon plasma) singlet and octet quark-antiquark states continuously transform in

each other although the number of heavy quarks is conserved: Tr{ρs}+Tr{ρo} = 1.
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Density matrices

• Subsystem: heavy quarks/quarkonium

• Environment: quark gluon plasma

We may define a density matrix in pNRQCD for the heavy quark-antiquark pair in a

singlet and octet configuration:
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〈r′,R′|ρo(t′; t)|r,R〉
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8
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t0 ≈ 0.6 fm is the time formation of the plasma.

The system is in non-equilibrium because through interaction with the environment

(quark gluon plasma) singlet and octet quark-antiquark states continuously transform in

each other although the number of heavy quarks is conserved: Tr{ρs}+Tr{ρo} = 1.

Quarkonium in a fireball

• After the heavy-ion collisions, heavy quark-antiquarks propagate freely up to 0.6 fm.

• From 0.6 fm to the freeze-out time tF they propagate in the medium.

• We assume the medium infinite, homogeneous and isotropic.

• We assume the heavy quarks comoving with the medium.

• We assume the medium to be locally in thermal equilibrium,

i.e., the temperature T of the medium changes (slowly) with time:

T = T0

(

t0
t

)v2
s

, t0 = 0.6 fm, v2s =
1

3
(sound velocity)

◦ Bjorken PRD 27 (1983) 140



 Closed time path formalism

Closed-time path formalism

In the closed-time path formalism we can represent the density matrices as 12

propagators on a closed time path:

〈r′,R′|ρs(t′; t)|r,R〉 = 〈S1(t
′, r′,R′)S†

2(t, r,R)〉

〈r′,R′|ρo(t′; t)|r,R〉
δab

8
= 〈Ob

1(t
′, r′,R′)Oa†

2 (t, r,R)〉

“1”

“2”

Differently from the thermal equilibrium case 12 propagators are relevant

(in thermal equilibrium they are exponentially suppressed).

12 propagators are not time ordered, while 11 and 22 operators select the forward time

direction ∝ θ(t− t′), θ(t′ − t).
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 Expansions
Expansions

• The density of heavy quarks is much smaller than the one of light quarks:

we expand at first order in the heavy quark-antiquark density.

• We consider T much smaller than the Bohr radius of the quarkonium:

we expand up to order r2 in the multipole expansion.

The evolution depends on the density at initial time: non Markovian evolution.



LO and NLO evolution

For t > t0, the LO singlet density matrix is

2 1
= e−ihs(t−t0)ρs(t0; t0)eihs(t−t0)

(hs,o = singlet/octet pNRQCD Hamiltonian = Vs,o in the static limit)

and the NLO (in the multipole expansion) corrections are at first order in the density

11 12

= −

∫ t

t0

dt1 e
−ihs(t−t1) Σs(t1) e

−ihs(t1−t0) ρs(t0; t0) e
ihs(t−t0)

12 22

= −

∫ t

t0

dt1 e
−ihs(t−t0) ρs(t0; t0) e

ihs(t1−t0) Σ†
s(t1) e

ihs(t−t1)

12 12

=

∫ t

t0

dt1 e
−ihs(t−t1) Ξso(ρo(t0; t0), t1) e

ihs(t−t1)
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NLO singlet interaction terms

Σs(t) =
g2

2Nc

∫ t

t0

dt2 r
i e−iho(t−t2) rj eihs(t−t2) 〈Ea,i(t,0)Ea,j(t2,0)〉

Ξso(ρo(t0; t0), t) =
g2

2Nc(N2
c − 1)

∫ t

t0

dt2
[

ri e−iho(t−t0) ρo(t0; t0) e
iho(t2−t0)

×rj eihs(t−t2) 〈Ea,j(t2,0)E
a,i(t,0)〉+ H.c.

]

A Wilson line in the adjoint representation is understood in the chromoelectric correlators.

and similar for the octet



 Diagrams and resummation

Resummation

Resumming (t− t0)× self-energy contributions à la Schwinger–Dyson ...

The resummation is accurate at order r2 and consistent with unitary evolution at leading order.
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 Singlet and  octet density matrix evolution equations

Evolution equations I

... and differentiating over time we obtain the coupled evolution equations:

dρs(t; t)

dt
= −i[hs, ρs(t; t)]− Σs(t)ρs(t; t)− ρs(t; t)Σ

†
s(t) + Ξso(ρo(t; t), t)

dρo(t; t)

dt
= −i[ho, ρo(t; t)]− Σo(t)ρo(t; t)− ρo(t; t)Σ

†
o(t) + Ξos(ρs(t; t), t)

+Ξoo(ρo(t; t), t)

• The evolution equations are now valid for large time.

• The evolution equations are Markovian.
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Interpretation

• The self energies Σs and Σo provide the in-medium induced mass shifts, δms,o,

and widths, Γs,o, for the color-singlet and color-octet heavy quark-antiquark

systems respectively:

−iΣs,o(t) + iΣ†
s,o(t) = 2Re (−iΣs,o(t)) = 2δms,o(t)

Σs,o(t) + Σ†
s,o(t) = −2 Im (−iΣs,o(t)) = Γs,o(t)

• Ξso accounts for the production of singlets through the decay of octets, and Ξos

and Ξoo account for the production of octets through the decays of singlets and

octets respectively. There are two octet production mechanisms/octet

chromoelectric dipole vertices in the pNRQCD Lagrangian.

• The conservation of the trace of the sum of the densities, i.e., the conservation of

the number of heavy quarks, follows from

Tr
{

ρs(t; t)
(

Σs(t) + Σ†
s(t)

)}

= Tr {Ξos(ρs(t; t), t)}

Tr
{

ρo(t; t)
(

Σo(t) + Σ†
o(t)

)}

= Tr {Ξso(ρo(t; t), t) + Ξoo(ρo(t; t), t)}
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 Time scales

Time scales

Environment correlation time: τE ∼
1

T

System intrinsic time scale: τS ∼
1

E

System relaxation time: τR ∼
1

self-energy
∼

1

αsa20Λ
3

a0 = Bohr radius, Λ = T,E

• Because we have assumed 1/a0 " Λ, it follows τR " τS , τE
which, after resummation, qualifies the system as Markovian.

• If T " E then τS " τE
which qualifies the motion of the system as quantum Brownian.

◦ Akamatsu PRD 91 (2015) 056002
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which qualifies the motion of the system as quantum Brownian.

◦ Akamatsu PRD 91 (2015) 056002

 From the evolution equations to the Linblad  equations From the evolution equations to the Lindblad equation

Under the Markovian

τR ! τS , τE or
1

a0
! E, T

and quantum Brownian motion condition

τS ! τE or T ! E

at least at LO in E/T the evolution equations can be written in the Lindblad form.

a_0=r



Heavy quark-antiquarks in a strongly coupled medium: T ! E

If E ! T ∼ mD the Lindblad equation for a strongly coupled plasma reads

dρ

dt
= −i[H, ρ] +

∑

i

(CiρC
†
i −

1

2
{C†

i Ci, ρ})

ρ =





ρs 0

0 ρo





H =





hs 0

0 ho



+
r2

2
γ(t)





1 0

0 7
16



 ,

C0
i =

√

κ(t)

8
ri





0 1
√
8 0



 , C1
i =

√

5κ(t)

16
ri





0 0

0 1





Heavy quark-antiquarks in a strongly coupled medium: T ! E

If E ! T ∼ mD the Lindblad equation for a strongly coupled plasma reads

dρ

dt
= −i[H, ρ] +

∑

i

(CiρC
†
i −

1

2
{C†

i Ci, ρ})

ρ =





ρs 0

0 ρo





H =





hs 0

0 ho



+
r2

2
γ(t)





1 0

0 7
16



 ,

C0
i =

√

κ(t)

8
ri





0 1
√
8 0



 , C1
i =

√

5κ(t)

16
ri





0 0

0 1





Heavy quark-antiquarks in a strongly coupled medium: T ! E

If E ! T ∼ mD the Lindblad equation for a strongly coupled plasma reads

dρ

dt
= −i[H, ρ] +

∑

i

(CiρC
†
i −

1

2
{C†

i Ci, ρ})

ρ =





ρs 0

0 ρo





H =





hs 0

0 ho



+
r2

2
γ(t)





1 0

0 7
16



 ,

C0
i =

√

κ(t)

8
ri





0 1
√
8 0



 , C1
i =

√

5κ(t)

16
ri





0 0

0 1





Heavy quark-antiquarks in a strongly coupled medium: T ! E

If E ! T ∼ mD the Lindblad equation for a strongly coupled plasma reads

dρ

dt
= −i[H, ρ] +

∑

i

(CiρC
†
i −

1

2
{C†

i Ci, ρ})

ρ =





ρs 0

0 ρo





H =





hs 0

0 ho



+
r2

2
γ(t)





1 0

0 7
16



 ,

C0
i =

√

κ(t)

8
ri





0 1
√
8 0



 , C1
i =

√

5κ(t)

16
ri





0 0

0 1





Heavy quark-antiquarks in a strongly coupled medium: T ! E

If E ! T ∼ mD the Lindblad equation for a strongly coupled plasma reads

dρ

dt
= −i[H, ρ] +

∑

i

(CiρC
†
i −

1

2
{C†

i Ci, ρ})

ρ =





ρs 0

0 ρo





H =





hs 0

0 ho



+
r2

2
γ(t)





1 0

0 7
16



 ,

C0
i =

√

κ(t)

8
ri





0 1
√
8 0



 , C1
i =

√

5κ(t)

16
ri





0 0

0 1





nonequilibrium  evolution of quarkonium:  Linblad equations 

C collapse 

operators



Heavy quark-antiquarks in a strongly coupled medium: T ! E

If E ! T ∼ mD the Lindblad equation for a strongly coupled plasma reads

dρ

dt
= −i[H, ρ] +

∑

i

(CiρC
†
i −

1

2
{C†

i Ci, ρ})

ρ =





ρs 0

0 ρo





H =





hs 0

0 ho



+
r2

2
γ(t)





1 0

0 7
16



 ,

C0
i =

√

κ(t)

8
ri





0 1
√
8 0



 , C1
i =

√

5κ(t)

16
ri





0 0

0 1





Heavy quark-antiquarks in a strongly coupled medium: T ! E

If E ! T ∼ mD the Lindblad equation for a strongly coupled plasma reads

dρ

dt
= −i[H, ρ] +

∑

i

(CiρC
†
i −

1

2
{C†

i Ci, ρ})

ρ =





ρs 0

0 ρo





H =





hs 0

0 ho



+
r2

2
γ(t)





1 0

0 7
16



 ,

C0
i =

√

κ(t)

8
ri





0 1
√
8 0



 , C1
i =

√

5κ(t)

16
ri





0 0

0 1





Heavy quark-antiquarks in a strongly coupled medium: T ! E

If E ! T ∼ mD the Lindblad equation for a strongly coupled plasma reads

dρ

dt
= −i[H, ρ] +

∑

i

(CiρC
†
i −

1

2
{C†

i Ci, ρ})

ρ =





ρs 0

0 ρo





H =





hs 0

0 ho



+
r2

2
γ(t)





1 0

0 7
16



 ,

C0
i =

√

κ(t)

8
ri





0 1
√
8 0



 , C1
i =

√

5κ(t)

16
ri





0 0

0 1





Heavy quark-antiquarks in a strongly coupled medium: T ! E

If E ! T ∼ mD the Lindblad equation for a strongly coupled plasma reads

dρ

dt
= −i[H, ρ] +

∑

i

(CiρC
†
i −

1

2
{C†

i Ci, ρ})

ρ =





ρs 0

0 ρo





H =





hs 0

0 ho



+
r2

2
γ(t)





1 0

0 7
16



 ,

C0
i =

√

κ(t)

8
ri





0 1
√
8 0



 , C1
i =

√

5κ(t)

16
ri





0 0

0 1





Heavy quark-antiquarks in a strongly coupled medium: T ! E

If E ! T ∼ mD the Lindblad equation for a strongly coupled plasma reads

dρ

dt
= −i[H, ρ] +

∑

i

(CiρC
†
i −

1

2
{C†

i Ci, ρ})

ρ =





ρs 0

0 ρo





H =





hs 0

0 ho



+
r2

2
γ(t)





1 0

0 7
16



 ,

C0
i =

√

κ(t)

8
ri





0 1
√
8 0



 , C1
i =

√

5κ(t)

16
ri





0 0

0 1





the sQGP is characterised by two nonperturbative parameters (transport 
coefficients) kappa and  gamma that must  be calculated on the lattice

κ

Low energy parameters may be determined by numerical calculations in lattice QCD.

κ is the heavy-quark momentum diffusion coefficient:

κ =
g2

18
Re

∫ +∞

−∞

ds 〈TEa,i(s,0)φab(s, 0)Eb,i(0,0)〉 =

0 1 2 3 4 5

κ / T
3

1αa

1αb

1βa

1βb

2αa

2αb

2βa

2βb

3a   

BGM

m
o

d
el

strategy (i)

strategy (ii)

T ~ 1.5 T
c

◦ Francis Kaczmarek Laine Neuhaus Ohno PRD 92 (2015) 116003
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γ

γ =
g2

18
Im

∫ +∞

−∞

ds 〈TEa,i(s,0)φab(s, 0)Eb,i(0,0)〉

γ is known only in perturbation theory:

γ = −4ζ(3)
αs

π
Tm2

D +
16

3
ζ(3)α2

sT
3

A value that at leading order is negative (−7 ! γ/T 3 ! −4.5 for αs(π × 300MeV)).

◦ Brambilla Ghiglieri Petreczky Vairo PRD 78 (2008) 014017
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nonequilibrium  evolution of quarkonium:  Linblad equations 

the EFT allows   to use lattice QCD equilibrium calculation to study the non 
equilibrium evolution! EFT is intermediate layer to non equilibrium
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Our evolution equations depend 

on two transport coefficients  kappa and gamma that inside 


pNRQCD acquire a field theoretical definition 

as gauge invariant correlators of chromoelectric fields



Our evolution equations depend 

on two transport coefficients  kappa and gamma that inside 


pNRQCD acquire a field theoretical definition 

as gauge invariant correlators of chromoelectric fields

How to calculate these nonperturbative  

transport coefficients?  


use lattice QCD 
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The heavy quark diffusion coefficient

Introduction

• Want to understand strongly coupled quark-gluon plasma generated
at RHIC/LHC

• Nuclear suppression factor RAA and elliptic flow ⌫2 follow from
Heavy quark diffusion coefficient D

• Determined by non-equilibrium evolution of medium

• D in real space, related to  in momentum space

• Perturbative series has poor con-
vergence

• non-perturbative methods nee-
ded

1 / 26Figure from: X. Dong CIPANP (2018)

Langevin dynamics of the heavy quark in the medium  is controlled  by kappa 

Heavy Quark in medium

• Heavy quark energy doesn’t change much in collision with a
thermal quark

Ek ⇠ T , p ⇠

p

MT � T

• HQ momentum is changed by random kicks from the medium
! Brownian motion; Follows Langevin dynamics

dpi

dt
= �⌘Dpi + ⇠i (t)

h⇠(t)⇠(t 0)i = �(t � t 0) , ⌘D =


2MT
• Drag coefficient ⌘D related to HQ relaxation time ⌘D ⇠ 1/TQ

• In position space:

hx2(t)i = 6Dx t with Dx = 2T 2/

•  needs nonperturbative measurement

2 / 26Moore and Teaney PRC71 (2005), Caron-Huot and Moore JHEP02 (2008)
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< x2(t) >= 6Dt
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Langevin dynamics of the heavy quark in the medium  is controlled  by kappa 

Heavy Quark in medium

• Heavy quark energy doesn’t change much in collision with a
thermal quark

Ek ⇠ T , p ⇠

p

MT � T

• HQ momentum is changed by random kicks from the medium
! Brownian motion; Follows Langevin dynamics

dpi

dt
= �⌘Dpi + ⇠i (t)

h⇠(t)⇠(t 0)i = �(t � t 0) , ⌘D =


2MT
• Drag coefficient ⌘D related to HQ relaxation time ⌘D ⇠ 1/TQ

• In position space:

hx2(t)i = 6Dx t with Dx = 2T 2/

•  needs nonperturbative measurement
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κ

Low energy parameters may be determined by numerical calculations in lattice QCD.

κ is the heavy-quark momentum diffusion coefficient:

κ =
g2
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which is the same transport coefficient kappa that we found 

studying the non equilibrium evolution of quarkonium in the QGP! 1903.08063

in the limit in  which the mass M of the heavy 

quark is the biggest scale one can integrate

 it out non relativistic effective field theory  


 and from the current current correlator obtain  
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Lattice parameters

T/Tc Nt ⇥ N3
s � Nconf T/Tc Nt ⇥ N3

s � Nconf T/Tc Nt ⇥ N3
s � Nconf

12 ⇥ 483 6.407 1350 12 ⇥ 483 7.193 1579 12 ⇥ 483 8.211 1807
1.1 16 ⇥ 483 6.621 2623 3 16 ⇥ 483 7.432 1553 10 16 ⇥ 483 8.458 2769

20 ⇥ 483 6.795 2035 20 ⇥ 483 7.620 1401 20 ⇥ 483 8.651 2073
24 ⇥ 483 6.940 2535 24 ⇥ 483 7.774 1663 24 ⇥ 483 8.808 2423
12 ⇥ 483 6.639 1801 12 ⇥ 483 7.774 1587 12 ⇥ 483 14.194 1039

1.5 16 ⇥ 483 6.872 2778 6 16 ⇥ 483 8.019 1556 104 16 ⇥ 483 14.443 1157
20 ⇥ 483 7.044 2081 20 ⇥ 483 8.211 1258 20 ⇥ 483 14.635 1139
24 ⇥ 483 7.192 2496 24 ⇥ 483 8.367 1430 24 ⇥ 483 14.792 1375

2.2 12 ⇥ 483 6.940 1535 2 ⇥ 104 12 ⇥ 483 14.792 1948

• Quenched multilevel simulations

• 4 sublattices with 2000 updates

• Spatial lattice size 483, Temporal 12–24

• Temperatures between 1.1Tc � 104Tc

• Set � for each Nt ,T with
(Francis et.al.PRD91 (2015))

• Previous similar
studies
Meyer NJP13 (2011),

Ding et.al.JPG38 (2011),

Banarjee et.al. PRD85 (2012),

Francis et.al. PRD92 (2015)
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The NLO result for the spectral function naturally in-
terpolates between the IR and UV regions, but it is not
reliable for small ω even at the highest temperature as
discussed in Sec. III. However, it can provide some guid-
ance on how to choose ωIR and ωUV. As mentioned
above, for ω > T , HTL resummation may not be im-
portant, and the naive and resummed NLO result for
the spectral function should agree. As discussed in Ap-
pendix B, the resummed and naive NLO results for the
spectral function agree well for ω > 2.2T . Furthermore,
the thermal contribution to ρ(ω, T ) is about the same
for ω > 2.2T at the lowest and the highest temperature
when normalized by ωT 2. This indicates that the per-
turbative calculations are reliable for these values of ω.
Therefore, we choose ωUV = 2.2T . At the highest tem-
peratures, the resummed NLO result is well described
by the linear form given by Eq. (19) with κ = κLO

for ω < 0.02T . Therefore, ωIR = 0.01T appears to
be a reasonable choice. The NLO result for κ is sig-
nificantly larger than the LO result, implying that the
spectral function at low ω is also larger and therefore
will match ρUV(ω, T ) at larger ω. We find that ρIR(ω, T )
and ρUV(ω, T ) are equal at around ω = 0.4T . Therefore,
besides ωIR = 0.01T , we will also use ωIR = 0.4T and
ωIR = 1T in our analysis.

In Fig. 11 we show the spectral functions obtained from
Eqs. (20) and (21), assuming κ = κNLO in ρstep and ρline,
and three different ωIR at three representative tempera-
tures, T = 1.1Tc, 6Tc, and 104 Tc. From the figure, we
see that at the lowest temperature, the ρstep(ω, T ) model
matches the UV behavior at larger ω without the dip
around ω ∼ T of the ρline(ω, T ) model. The ρline form
with ωIR = 0.01T and ρstep provide upper and lower
bounds for the spectral function at T = 1.1Tc. The pic-
ture is the same for T = 1.5Tc and T = 3Tc. At T = 6Tc,
all forms of the spectral functions provide nearly identi-
cal results. At the highest two temperatures, the possible
choices of the spectral functions are limited by ρline with
ωIR = 0.01T and ωIR = T .

Using the models for the spectral functions described
above, we have calculated the corresponding Euclidean-
time chromoelectric correlators for different values of κ
and compared these with the continuum-extrapolated
lattice results at each temperature to estimate the heavy
quark diffusion coefficient. As discussed in the previ-
ous section, the continuum-extrapolated lattice results
need an additional renormalization because the one-loop
renormalization constant, ZE , is not accurate. Therefore,
we have matched the correlator obtained from the model
spectral function to the continuum-extrapolated lattice
data at τT = 0.19. The resulting multiplicative constants
CN are slightly different from those shown in Table II.
This is because the correlators obtained from the model
spectral functions are slightly different from GNLO+

E at
τT = 0.19 due to the thermal contribution. We demon-
strate this procedure in Appendix B for different model
spectral functions. Different forms give different values
of κ, and this is the dominant source of systematic error

in the determination of κ. We have also studied the de-
pendence of κ on the choice of the normalization point in
τ and the choice of the renormalization scale. Choosing
the normalization point in the range 0.17 ≤ τT ≤ 0.19
leads to an 8% variation in the resulting κ. Varying the
renormalization scale by a factor of 2 results in a similar
variation.

Putting everything together we obtain the following
estimates for the heavy quark diffusion coefficient from
the analysis:

1.91 <
κ

T 3
< 5.4 for T = 1.1Tc , (22)

1.31 <
κ

T 3
< 3.64 for T = 1.5Tc , (23)

0.63 <
κ

T 3
< 2.20 for T = 3Tc , (24)

0.43 <
κ

T 3
< 1.05 for T = 6Tc , (25)

0 <
κ

T 3
< 0.72 for T = 10Tc , (26)

0 <
κ

T 3
< 0.10 for T = 104 Tc , (27)

although one should be reminded that, as discussed at the
end of Sec. III, the lattice data are weakly sensitive to κ
at the highest temperature. The dominant uncertainty
in the above result comes from the form of the spectral
function used in the analysis and the uncertainty of the
continuum-extrapolated lattice results.

We compare our result on κ with the results of other
lattice studies [13, 23–26] in terms of the spatial dif-
fusion coefficient Ds, which is given by the relation
κ/T 3 = 2/(DsT ), in the temperature range Tc − 3Tc.
This is shown in Fig. 12. We see that our results agree
well with the other lattice determinations, with the ex-
ception of the one in Ref. [13] that is based on charmo-
nium correlators. This is likely due to the fact that the
determination of Ds from the quarkonium correlators is
not accurate, since the width of the transport peak is
difficult to determine [11, 12].

The temperature dependence of the heavy quark diffu-
sion coefficient in the entire temperature region is shown
in Fig. 13. We clearly see the temperature dependence
of κ3/T . The κ obtained on the lattice is not incompat-
ible with the NLO result given the large errors. Inspired
by this, we fit the temperature dependence of the lat-
tice result by modeling it on Eq. (16) but keeping the
coefficient of mE/T as a free parameter C. From the fit,
we obtain C = 3.81(1.33), which is larger than the NLO
perturbative result C ≈ 2.3302.

We note that our result is significantly larger than the
simple holographic estimate [45]: 2πDsT = 1. However,
more recent holographic estimates [46] are close to our re-
sults. Finally, comparing with more experimental quanti-
ties, we note that our result for Ds at the lowest temper-
ature is in agreement with the calculations of D [47] and
B̄ [48] mesons propagating in a medium of light hadrons,
which find 2πDsT ∼ 5 for T ≈ Tc, but much smaller than
an earlier pion gas study [49] that found 2πDsT ≈ 17 for
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need an additional renormalization because the one-loop
renormalization constant, ZE , is not accurate. Therefore,
we have matched the correlator obtained from the model
spectral function to the continuum-extrapolated lattice
data at τT = 0.19. The resulting multiplicative constants
CN are slightly different from those shown in Table II.
This is because the correlators obtained from the model
spectral functions are slightly different from GNLO+

E at
τT = 0.19 due to the thermal contribution. We demon-
strate this procedure in Appendix B for different model
spectral functions. Different forms give different values
of κ, and this is the dominant source of systematic error

in the determination of κ. We have also studied the de-
pendence of κ on the choice of the normalization point in
τ and the choice of the renormalization scale. Choosing
the normalization point in the range 0.17 ≤ τT ≤ 0.19
leads to an 8% variation in the resulting κ. Varying the
renormalization scale by a factor of 2 results in a similar
variation.

Putting everything together we obtain the following
estimates for the heavy quark diffusion coefficient from
the analysis:

1.91 <
κ

T 3
< 5.4 for T = 1.1Tc , (22)

1.31 <
κ

T 3
< 3.64 for T = 1.5Tc , (23)

0.63 <
κ

T 3
< 2.20 for T = 3Tc , (24)

0.43 <
κ

T 3
< 1.05 for T = 6Tc , (25)

0 <
κ

T 3
< 0.72 for T = 10Tc , (26)

0 <
κ

T 3
< 0.10 for T = 104 Tc , (27)

although one should be reminded that, as discussed at the
end of Sec. III, the lattice data are weakly sensitive to κ
at the highest temperature. The dominant uncertainty
in the above result comes from the form of the spectral
function used in the analysis and the uncertainty of the
continuum-extrapolated lattice results.

We compare our result on κ with the results of other
lattice studies [13, 23–26] in terms of the spatial dif-
fusion coefficient Ds, which is given by the relation
κ/T 3 = 2/(DsT ), in the temperature range Tc − 3Tc.
This is shown in Fig. 12. We see that our results agree
well with the other lattice determinations, with the ex-
ception of the one in Ref. [13] that is based on charmo-
nium correlators. This is likely due to the fact that the
determination of Ds from the quarkonium correlators is
not accurate, since the width of the transport peak is
difficult to determine [11, 12].

The temperature dependence of the heavy quark diffu-
sion coefficient in the entire temperature region is shown
in Fig. 13. We clearly see the temperature dependence
of κ3/T . The κ obtained on the lattice is not incompat-
ible with the NLO result given the large errors. Inspired
by this, we fit the temperature dependence of the lat-
tice result by modeling it on Eq. (16) but keeping the
coefficient of mE/T as a free parameter C. From the fit,
we obtain C = 3.81(1.33), which is larger than the NLO
perturbative result C ≈ 2.3302.

We note that our result is significantly larger than the
simple holographic estimate [45]: 2πDsT = 1. However,
more recent holographic estimates [46] are close to our re-
sults. Finally, comparing with more experimental quanti-
ties, we note that our result for Ds at the lowest temper-
ature is in agreement with the calculations of D [47] and
B̄ [48] mesons propagating in a medium of light hadrons,
which find 2πDsT ∼ 5 for T ≈ Tc, but much smaller than
an earlier pion gas study [49] that found 2πDsT ≈ 17 for

within the errors the lattice results are compatible with the next-to-leading order perturbative results 
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FIG. 11. The shapes of different spectral function models
ρ(ω, T ) at (from top to bottom) T = 1.1Tc, T = 6Tc, and
T = 104 Tc. The arguments of ρline in square brackets stand
for [ωIR,ωUV].

T ≈ Tc. Experimental determinations of the D-meson
azimuthal anisotropy coefficient ν2 at ALICE [50] and
STAR [51] estimate at T ≈ Tc that κ/T 3 ≈ 1.8 − 8.38

and κ/T 3 ≈ 1.05−6.28, respectively. These are in agree-
ment with our findings. All these experimental determi-
nations include mass-dependent contributions, while our
determination of κ is in the heavy quark limit. Therefore
the two should agree up to 1/m corrections.

FIG. 12. Our results compared to existing lattice studies.
The shaded band shows the perturbative behavior (16) and
the effect of the scale µω being varied by a factor of 2.

FIG. 13. Temperature dependence of our results compared to
the NLO result. The shaded bands include the errors coming
from varying the scale by a factor of 2. The blue band also
includes the statistical error.

VI. CONCLUSIONS

In this paper, we have studied the chromoelectric cor-
relator, GE at finite temperature on the lattice with the
aim of extracting the heavy quark diffusion coefficient κ.
The calculations have been performed in quenched QCD
(SU(3) gauge theory) in order to obtain small statistical
errors with the help of the multilevel algorithm. We have
studied the dependence of the chromoelectric correlator
on the Euclidean time, τ , in a wide temperature range
in order to enable the comparison with weak coupling re-
sults. It turned out that the τ -dependence of the electric
correlator is poorly captured by the leading order result.
Going beyond the leading-order result and incorporating
the effect of the running coupling in the corresponding
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Lattice parameters

T/Tc Nt ⇥ N3
s � Nconf T/Tc Nt ⇥ N3

s � Nconf T/Tc Nt ⇥ N3
s � Nconf

12 ⇥ 483 6.407 1350 12 ⇥ 483 7.193 1579 12 ⇥ 483 8.211 1807
1.1 16 ⇥ 483 6.621 2623 3 16 ⇥ 483 7.432 1553 10 16 ⇥ 483 8.458 2769

20 ⇥ 483 6.795 2035 20 ⇥ 483 7.620 1401 20 ⇥ 483 8.651 2073
24 ⇥ 483 6.940 2535 24 ⇥ 483 7.774 1663 24 ⇥ 483 8.808 2423
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• Quenched multilevel simulations
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• Spatial lattice size 483, Temporal 12–24

• Temperatures between 1.1Tc � 104Tc

• Set � for each Nt ,T with
(Francis et.al.PRD91 (2015))

• Previous similar
studies
Meyer NJP13 (2011),

Ding et.al.JPG38 (2011),

Banarjee et.al. PRD85 (2012),

Francis et.al. PRD92 (2015)
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The NLO result for the spectral function naturally in-
terpolates between the IR and UV regions, but it is not
reliable for small ω even at the highest temperature as
discussed in Sec. III. However, it can provide some guid-
ance on how to choose ωIR and ωUV. As mentioned
above, for ω > T , HTL resummation may not be im-
portant, and the naive and resummed NLO result for
the spectral function should agree. As discussed in Ap-
pendix B, the resummed and naive NLO results for the
spectral function agree well for ω > 2.2T . Furthermore,
the thermal contribution to ρ(ω, T ) is about the same
for ω > 2.2T at the lowest and the highest temperature
when normalized by ωT 2. This indicates that the per-
turbative calculations are reliable for these values of ω.
Therefore, we choose ωUV = 2.2T . At the highest tem-
peratures, the resummed NLO result is well described
by the linear form given by Eq. (19) with κ = κLO

for ω < 0.02T . Therefore, ωIR = 0.01T appears to
be a reasonable choice. The NLO result for κ is sig-
nificantly larger than the LO result, implying that the
spectral function at low ω is also larger and therefore
will match ρUV(ω, T ) at larger ω. We find that ρIR(ω, T )
and ρUV(ω, T ) are equal at around ω = 0.4T . Therefore,
besides ωIR = 0.01T , we will also use ωIR = 0.4T and
ωIR = 1T in our analysis.

In Fig. 11 we show the spectral functions obtained from
Eqs. (20) and (21), assuming κ = κNLO in ρstep and ρline,
and three different ωIR at three representative tempera-
tures, T = 1.1Tc, 6Tc, and 104 Tc. From the figure, we
see that at the lowest temperature, the ρstep(ω, T ) model
matches the UV behavior at larger ω without the dip
around ω ∼ T of the ρline(ω, T ) model. The ρline form
with ωIR = 0.01T and ρstep provide upper and lower
bounds for the spectral function at T = 1.1Tc. The pic-
ture is the same for T = 1.5Tc and T = 3Tc. At T = 6Tc,
all forms of the spectral functions provide nearly identi-
cal results. At the highest two temperatures, the possible
choices of the spectral functions are limited by ρline with
ωIR = 0.01T and ωIR = T .

Using the models for the spectral functions described
above, we have calculated the corresponding Euclidean-
time chromoelectric correlators for different values of κ
and compared these with the continuum-extrapolated
lattice results at each temperature to estimate the heavy
quark diffusion coefficient. As discussed in the previ-
ous section, the continuum-extrapolated lattice results
need an additional renormalization because the one-loop
renormalization constant, ZE , is not accurate. Therefore,
we have matched the correlator obtained from the model
spectral function to the continuum-extrapolated lattice
data at τT = 0.19. The resulting multiplicative constants
CN are slightly different from those shown in Table II.
This is because the correlators obtained from the model
spectral functions are slightly different from GNLO+

E at
τT = 0.19 due to the thermal contribution. We demon-
strate this procedure in Appendix B for different model
spectral functions. Different forms give different values
of κ, and this is the dominant source of systematic error

in the determination of κ. We have also studied the de-
pendence of κ on the choice of the normalization point in
τ and the choice of the renormalization scale. Choosing
the normalization point in the range 0.17 ≤ τT ≤ 0.19
leads to an 8% variation in the resulting κ. Varying the
renormalization scale by a factor of 2 results in a similar
variation.

Putting everything together we obtain the following
estimates for the heavy quark diffusion coefficient from
the analysis:

1.91 <
κ

T 3
< 5.4 for T = 1.1Tc , (22)

1.31 <
κ

T 3
< 3.64 for T = 1.5Tc , (23)

0.63 <
κ

T 3
< 2.20 for T = 3Tc , (24)

0.43 <
κ

T 3
< 1.05 for T = 6Tc , (25)

0 <
κ

T 3
< 0.72 for T = 10Tc , (26)

0 <
κ

T 3
< 0.10 for T = 104 Tc , (27)

although one should be reminded that, as discussed at the
end of Sec. III, the lattice data are weakly sensitive to κ
at the highest temperature. The dominant uncertainty
in the above result comes from the form of the spectral
function used in the analysis and the uncertainty of the
continuum-extrapolated lattice results.

We compare our result on κ with the results of other
lattice studies [13, 23–26] in terms of the spatial dif-
fusion coefficient Ds, which is given by the relation
κ/T 3 = 2/(DsT ), in the temperature range Tc − 3Tc.
This is shown in Fig. 12. We see that our results agree
well with the other lattice determinations, with the ex-
ception of the one in Ref. [13] that is based on charmo-
nium correlators. This is likely due to the fact that the
determination of Ds from the quarkonium correlators is
not accurate, since the width of the transport peak is
difficult to determine [11, 12].

The temperature dependence of the heavy quark diffu-
sion coefficient in the entire temperature region is shown
in Fig. 13. We clearly see the temperature dependence
of κ3/T . The κ obtained on the lattice is not incompat-
ible with the NLO result given the large errors. Inspired
by this, we fit the temperature dependence of the lat-
tice result by modeling it on Eq. (16) but keeping the
coefficient of mE/T as a free parameter C. From the fit,
we obtain C = 3.81(1.33), which is larger than the NLO
perturbative result C ≈ 2.3302.

We note that our result is significantly larger than the
simple holographic estimate [45]: 2πDsT = 1. However,
more recent holographic estimates [46] are close to our re-
sults. Finally, comparing with more experimental quanti-
ties, we note that our result for Ds at the lowest temper-
ature is in agreement with the calculations of D [47] and
B̄ [48] mesons propagating in a medium of light hadrons,
which find 2πDsT ∼ 5 for T ≈ Tc, but much smaller than
an earlier pion gas study [49] that found 2πDsT ≈ 17 for

within the errors the lattice results are compatible with the next-to-leading order perturbative results 
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FIG. 11. The shapes of different spectral function models
ρ(ω, T ) at (from top to bottom) T = 1.1Tc, T = 6Tc, and
T = 104 Tc. The arguments of ρline in square brackets stand
for [ωIR,ωUV].

T ≈ Tc. Experimental determinations of the D-meson
azimuthal anisotropy coefficient ν2 at ALICE [50] and
STAR [51] estimate at T ≈ Tc that κ/T 3 ≈ 1.8 − 8.38

and κ/T 3 ≈ 1.05−6.28, respectively. These are in agree-
ment with our findings. All these experimental determi-
nations include mass-dependent contributions, while our
determination of κ is in the heavy quark limit. Therefore
the two should agree up to 1/m corrections.

FIG. 12. Our results compared to existing lattice studies.
The shaded band shows the perturbative behavior (16) and
the effect of the scale µω being varied by a factor of 2.

FIG. 13. Temperature dependence of our results compared to
the NLO result. The shaded bands include the errors coming
from varying the scale by a factor of 2. The blue band also
includes the statistical error.

VI. CONCLUSIONS

In this paper, we have studied the chromoelectric cor-
relator, GE at finite temperature on the lattice with the
aim of extracting the heavy quark diffusion coefficient κ.
The calculations have been performed in quenched QCD
(SU(3) gauge theory) in order to obtain small statistical
errors with the help of the multilevel algorithm. We have
studied the dependence of the chromoelectric correlator
on the Euclidean time, τ , in a wide temperature range
in order to enable the comparison with weak coupling re-
sults. It turned out that the τ -dependence of the electric
correlator is poorly captured by the leading order result.
Going beyond the leading-order result and incorporating
the effect of the running coupling in the corresponding
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Use the EFT to relate kappa  (and gamma) to observables:

 quarkonium thermal mass shift and thermal widths

in the hierarchy  
1

r
� T � E
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kappa is related  to  the thermal decay width of  quarkonium 

pNRQCD predicts for 1S states 

Thermal width and mass shift

The quantity κ is related to the thermal decay width of the heavy quarkonium.

In particular for 1S states, we have

Γ(1S) = −2〈Im (−iΣs)〉 = 3a20 κ

The quantity γ is related to the thermal mass shift of the heavy quarkonium.

In particular for 1S states, we have

δM(1S) = 〈Re (−iΣs)〉 =
3

2
a20 γ

3 < r2 >
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Use the EFT to relate kappa  (and gamma) to observables:
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in the hierarchy  
1

r
� T � E

<latexit sha1_base64="6y6ccVmKChophPrZAIi7bgLVphI="></latexit>

kappa is related  to  the thermal decay width of  quarkonium 

pNRQCD predicts for 1S states 

Thermal width and mass shift

The quantity κ is related to the thermal decay width of the heavy quarkonium.

In particular for 1S states, we have

Γ(1S) = −2〈Im (−iΣs)〉 = 3a20 κ

The quantity γ is related to the thermal mass shift of the heavy quarkonium.

In particular for 1S states, we have
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gamma  is related  to  the thermal mass shift  of quarkonium pNRQCD predicts for 1S states 

Thermal width and mass shift

The quantity κ is related to the thermal decay width of the heavy quarkonium.

In particular for 1S states, we have

Γ(1S) = −2〈Im (−iΣs)〉 = 3a20 κ

The quantity γ is related to the thermal mass shift of the heavy quarkonium.
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Use the EFT to relate kappa  (and gamma) to observables:

 quarkonium thermal mass shift and thermal widths

in the hierarchy  
1

r
� T � E
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kappa is related  to  the thermal decay width of  quarkonium 

pNRQCD predicts for 1S states 

Thermal width and mass shift

The quantity κ is related to the thermal decay width of the heavy quarkonium.

In particular for 1S states, we have

Γ(1S) = −2〈Im (−iΣs)〉 = 3a20 κ

The quantity γ is related to the thermal mass shift of the heavy quarkonium.

In particular for 1S states, we have

δM(1S) = 〈Re (−iΣs)〉 =
3

2
a20 γ

3 < r2 >
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gamma  is related  to  the thermal mass shift  of quarkonium pNRQCD predicts for 1S states 

Thermal width and mass shift

The quantity κ is related to the thermal decay width of the heavy quarkonium.

In particular for 1S states, we have

Γ(1S) = −2〈Im (−iΣs)〉 = 3a20 κ

The quantity γ is related to the thermal mass shift of the heavy quarkonium.

In particular for 1S states, we have

δM(1S) = 〈Re (−iΣs)〉 =
3

2
a20 γ
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2
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Therefore we  can use unquenched lattice data on quarkonium thermal mass shift 
and widths to get unquenched determination of these transport coefficients

Use of lattice data to constraint 

The decay width is � = hr2i.
Use lattice data from Aarts,

Allton, Kim, Lombardo, Oktay,

Ryan, Sinclair and Skullerud

(2011) and Kim, Petreczky and

Rothkopf (2018). Unquenched.

Results is compatible with other

determinations.

Picture taken from Brambilla, M.A.E,

Vairo and Vander Griend (2019)

pNRQCD approach 18th of December, 2019 3 / 6

and   the new data from R. Larsen,

 S. Meinel, S. Mukherjee, P. Petreczy 

2019, 2020 
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 Unquenched  determinations of kappa and gamma N.B., M. Escobedo, A. Vairo, P. vander Griend

 Phys.Rev. D100      (2019) no.5, 054025 

Extraction of kappa from  unquenched 
lattice data for the thermal width of the 
Y(1S) (black lines) in comparison to a 

quenched lattice determination (brown) ,  
determinations from the D meson v2


from Alice and Star data (green),

model compilation  from 1903.07709)  (red)  
and the perturbative calculation (truncated 

g^5) (blue)
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Extraction of kappa from  unquenched 
lattice data for the thermal width of the 
Y(1S) (black lines) in comparison to a 

quenched lattice determination (brown) ,  
determinations from the D meson v2


from Alice and Star data (green),

model compilation  from 1903.07709)  (red)  
and the perturbative calculation (truncated 

g^5) (blue)

Extraction of gamma from  unquenched lattice data for the thermal 

width of the Y(1S)  and J/psi (black lines)n comparison to NLO 

order perturbation theory  at two different T
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 Solving the Linblad equation 

Initial conditions

• The production of singlets is αs suppressed compared to that of octets.

◦ Cho Leibovich PRD 53 (1996) 6203

• Our choice at t = 0 is

ρs = N |0〉〈0|, ρo =
δ

αs(M)
ρs

N is fixed by Tr{ρs}+Tr{ρo} = 1

δ fixes the octet fraction with respect to the singlet.

Initial conditions

• The production of singlets is αs suppressed compared to that of octets.

◦ Cho Leibovich PRD 53 (1996) 6203

• Our choice at t = 0 is

ρs = N |0〉〈0|, ρo =
δ

αs(M)
ρs

N is fixed by Tr{ρs}+Tr{ρo} = 1

δ fixes the octet fraction with respect to the singlet.
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◦ Cho Leibovich PRD 53 (1996) 6203
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δ fixes the octet fraction with respect to the singlet.
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• Our choice at t = 0 is

ρs = N |0〉〈0|, ρo =
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αs(M)
ρs

N is fixed by Tr{ρs}+Tr{ρo} = 1

δ fixes the octet fraction with respect to the singlet.

evolve in QGP from t_0 =0.6 fm up T= 250 MeV
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δ

αs(M)
ρs

N is fixed by Tr{ρs}+Tr{ρo} = 1

δ fixes the octet fraction with respect to the singlet.

Quarkonium in a fireball

• After the heavy-ion collisions, heavy quark-antiquarks propagate freely up to 0.6 fm.

• From 0.6 fm to the freeze-out time tF they propagate in the medium.

• We assume the medium infinite, homogeneous and isotropic.

• We assume the heavy quarks comoving with the medium.

• We assume the medium to be locally in thermal equilibrium,

i.e., the temperature T of the medium changes (slowly) with time:

T = T0

(

t0
t

)v2
s

, t0 = 0.6 fm, v2s =
1

3
(sound velocity)

◦ Bjorken PRD 27 (1983) 140

initially we used 

expand the density matrix in spherical 

harmonics,  keep only l=0 and 1  use QuTiP

a pretty challenging tasks 

RAA for bottomonium vs CMS data @
√
sNN = 2.76 TeV

◦: theory results; ": CMS data; red: Υ(1S); green: Υ(2S).

◦ Brambilla Escobedo Soto Vairo PRD 96 (2017) 034021

Escobedo arXiv:1812.06344

data from CMS PRL 109 (2012) 222301 and PLB 770 (2017) 357evolve in QGP from t_0 =0.6 fm up T= 250 MeV
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initially we used 

expand the density matrix in spherical 
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RAA for bottomonium vs CMS data @
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Recently thanks to the collaboration with Mike Strickland  we developed 

 a much more efficient (embarassingly parallel) program based on  the 


quantum trajectory algorithm (Qtraj) and we coupled this to the hydrodynamical

 evolution of the QGP using a 3+1D dissipative hydrodynamics code


(aHydro3p1)

N.B. Escobedo , Strickland, Vairo, Vander Griend, Weber, 2012.01240



Nuclear modification factor

We compute the nuclear modification factor RAA:

RAA(nS) =
〈n,q|ρs(tF ; tF )|n,q〉
〈n,q|ρs(0; 0)|n,q〉

Nuclear modification factor

We compute the nuclear modification factor RAA:

RAA(nS) =
〈n,q|ρs(tF ; tF )|n,q〉
〈n,q|ρs(0; 0)|n,q〉

nonequilibrium  evolution of quarkonium in medium:  nuclear modification factor R_AA 
calculation with no


 free parameters, results depends 

on kappa function


 of T (calculated on the lattice)

 and gamma (extracted from the lattice)

N.B. Escobedo , Strickland, Vairo, Vander Griend, Weber, 2012.01240

R_AA of singlet  Bottomonium in comparison to ALICE, ATLAS and CMS data, left plot bands from variation in kappa, 

right plot variation in gamma —> we can use R_AA to learn about  the QGP!
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Conclusions

We have shown how the heavy quark-antiquark pair out-of-equilibrium evolution can be

treated in the framework of pNRQCD. With respect to previous determinations:

• the medium may be a strongly-coupled plasma (not necessarily a quark-gluon

plasma) whose characteristics are determined by lattice calculations;

• the total number of heavy quarks, i.e., Tr{ρs}+Tr{ρo}, is preserved by the

evolution equations;

• the non-abelian nature of QCD is fully accounted for;

• the treatment does not rely on classical approximations.

The evolution equations follow from assuming the inverse size of the quark-antiquark

system to be larger than any other scale of the medium and from being accurate at first

non-trivial order in the multipole expansion and at first order in the heavy-quark density.

Under some conditions (large time, quasistatic evolution, temperature much larger than

the inverse evolution time of the quarkonium) the evolution equations are of the Lindblad

form. Their numerical solution provides RAA(nS) close to experimental data.
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Outlook
• We need  precise and unquenched determinations of the kappa and gamma transport coefficients 

•  Recombination effects  are small for bottomonium for not for charmonium:

 we should go beyond the linear density approximation in that case 

•  We should investigate the effect of quarkonium moving with respect to the QGP and the anisotropy

•  We should investigate the full master equations farther out of equilibrium: all the calculations holds 

if T is substituted by a generic scale

•  We should investigate the full master equations farther Initial conditions may be tuned to account for pre 
equilibrium states like plasma
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