
ORNL is managed by UT-Battelle  
for the US Department of Energy 

FPY Covariance Matrices in the 
Thermal and Fission Spectrum 
Energy Range 

M.T. Pigni, M.W. Francis, I.C. Gauld 
Oak Ridge National Laboratory 
Oak Ridge, TN 
 
 
 
CSEWG Meeting – Covariance Session 
Brookhaven National Laboratory 
November 2015 
 



2 M.T. Pigni 

Outline 

•  Growing interest in covariance data for fission product 
yield (FPY)  

•  Status of ENDF/B-VII.1 FPY sub-library 
•  Inconsistencies between Indep.(MT=454)/Cum.(MT=459) 

FPY and decay data (MT=457) 
•  Methodology to estimate independent FPY and related 

covariance data 
•  Results (independent/cumulative) for noble gases 

(krypton and xenon) 
•  Conclusions and future work  
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•  In 2012 ORNL started a project to develop and investigate methodologies to 
generate FPY covariance data 

•  Step 1 : generate covariance library for nuclear decay and fission yield data 
§  compile uncertainties for nuclear decay and fission yields data   
§  develop methods to generate related covariance matrices 
 

•  Step 2 : Monte Carlo-based uncertainty methods developed for analysis of 
covariance matrices will be used to generate perturbed covariance libraries 
developed in Step 1 ( SAMPLER ) 

•  Applications : demonstrate the feasibility of the project on applications, i.e. 
fuel decay heat, radio toxicity, burn up credit analysis 

•  Ind. FPY uncertainties in ENDF too large (e.g. 148Nd) 
 

•  In 2013 first results for n+235U at thermal 
 

•  Covariance matrix generated on the basis of Wahl and Gaussian semi 
empirical model using ENDF/B-VII.1 uncertainties 

•  Covariance matrix generated by retroactive Bayesian with updated 
uncertainties 

 

•  In 2014 results on n+235U(thr,500keV,14MeV), 239,241Pu(thr),238U(500keV) 
•  FPY cov. data needed by Defense Threat Reduction Agency (DTRA) project 

•  Motivated to improve prediction on noble gases (Kr and Xe) cumul. FPYs 
•  Methodology : sequential Bayesian (T. Kawano) 

Introduction 
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FPY sub-library in ENDF/B-VII.1 

# Nuclei Year Author(s) 
1 227,229,232Th 1994 England et al. [1994] 
2 231Pa 1994 England et al. [1994] 
3 232-238U 1994 England et al. [1994] 
4 237,238Np 1994 England et al. [1994] 
5 238-242Pu 1994/2011 England [1994]/Chadwick [2011] 
6 241,242m,243Am 1994 England et al. [1994] 
7 242-248Cm 1994 England et al. [1994] 
8 249,251Cf 1994 England et al. [1994] 
9 254Es 1994 England et al. [1994] 
10 255Fm 1994 England et al. [1994] 

 In 1993 T. R. England and B. F. Rider produced a recommended 
set of independent and cumulative yields for the fission products 
based on a compiled list of open literature measurements and 
calculated charge distributions. 
 

Except for 239Pu, England and Rider FPY evaluations are still in 
ENDF/B-VII.1 library, but … 
…since 1993 decay sub-library data (branching ratios) updated!! 
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Decay Data & (Stable) Cumulative FPY 
Black dots : ratio of  cumulative FPYs obtained by independent FPY and decay  
data in ENDF/B-VII.1 to cumulative FPYs in ENDF/B-VII.1.  
 

Although deviations are small, ratios should be one!! 
 

In red uncertainties (%) of cumulative yields in ENDF/B-VII.1 
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TABLE I. FPY evaluations in the ENDF-B/VII.1 library.

# Nuclei Year(s) Author(s)

1 227,229,232Th 1994 Ref. [5]

2 231Pa 1994 Ref. [5]

3 232�238U 1994 Ref. [5]

4 237,238Np 1994 Ref. [5]

5 238�242Pu 1994/2011 Ref(s). [5] [6]

6 241,242m,243Am 1994 Ref. [5]

7 242�248Cm 1994 Ref. [5]

8 249,251Cf 1994 Ref. [5]

9 254Es 1994 Ref. [5]

10 255Fm 1994 Ref. [5]

variance data for 235U (thermal, 500 keV), 238U (ther-
mal), and 239,241Pu (thermal). The results were used
to validate the ORIGEN code with experimentally mea-
sured cumulative FPYs in the particular case of krypton
and xenon isotopes. Moreover, our results are already
finding use in practical applications that go beyond the
original scope of this project. The most striking is the
ORNL SCALE reactor licensing code that, in its latest
beta3 release (@Ian is there already any reference for the
beta release?), adopted our FPY estimates and related
covariance data. Certainly, this will be a step forward in
validating our results.

The paper is organized as follows. In Sec. II, we de-
scribe the methodology, while Sec. III presents and dis-
cusses the results. Our conclusions are summarized in
Sec. IV.

II. METHODOLOGY

Our methodology to estimate independent FPYs is
based on a sequential Bayesian method developed by T.
Kawano [7] but with a major substancial di↵erence. This
consists on applying the Bayesian method not only on the
long-lived or stable element(s) at the end of a mass chain
but also on each cumulative yield along the chain. This
allows to include entirely the statistical information of the
cumulative FPY data (central values and uncertainties)
in the estimation of the related independent FPYs. In
doing this, we took particular care of eliminating those
independent/cumulative FPY(s) no longer present in the
ENDF/B-VII.1 decay scheme. Most of these cases were
related to metastable nuclei whose independent FPYs
were added to the corresponding independent FPY in the
ground state (e.g., 84mAs and 86mBr).

In defining the method, we start from the relation be-
tween cumulative and independent yields,

Ci(I) = Ii +
X

j2ki

Cj(I) bi,j (1)

where the index i refers to each independent and cumula-
tive yields identified by the triplet (A,Z,M). Here, A and
Z are the mass and charge number, respectively, while M
represents the isomeric state (M = 0 for the ground state,
M = 1, 2, . . . for the 1st, 2nd, . . . meta states). The index
j refers to all possible decay modes (��, delayed neutron,
isomeric transition, . . . ) for the formation of the nucleus
labeled by i. The index j can be seen as running over
the components of a vector ki containing the pointers to
specify the decaying nucleus identified by j and the re-
lated fraction bij to the daughter nucleus i. The total
number of nuclei decaying to the i-th nucleus is given by
the dimension of vector ki, i.e., ni = dim(ki). In ma-
trix notation, the vector of the cumulative yields can be
written as

C = S I , (2)

where the vector I contains the independent FPYs or-
dered accordingly to the elements of the lower triangular
matrix S. In the simplest case where a set of nuclei in the
ground state are decaying by ��, the matrix elements of
S can be written as

skl =
k�1Y

j=l

bj+1,j . (3)

Eq. (2) can be seen as a system of coupled linear equa-
tions. The coupling among di↵erent equations depends
on decay modes like delayed neutron or ↵-particle emis-
sions and the coe�cients of the equations are defined by
the branching ratios b. Therefore, the elements of the
matrix S coincide with the partial derivatives of the i-
th cumulative yield Ci with respect to j-th independent
yield as

sij =
@Ci(I)

@Ij
. (4)

In the present work, the matrix S was computed on the
basis of the ENDF-B/VII.1 decay sub-library and ar-
ranged according to the list of independent and cumu-
lative FPY found in the ENDF-B/VII.1 library.

Here, we define the quantities relevant to the discussion
of this work, using a notation similar to that one found
in Ref. [7]. Using the evaluated cumulative yields ⇣ and
related (diagonal) covariance matrix Z in the ENDF/B-
VII.1 library, one can obtain an updated set of values for
independent yields I0 by

P0 = P�PSt(SPSt + Z)�1SP ,

(5)

I0 = I+P0S
t
Z�1(C� ⇣) ,

where P is the covariance matrix (diagonal in this specific
case) of I generated from ENDF/B-VII.1 uncertainties.
In the sequential Bayesian update, the components of
the vector I are considered as parameters and the decay
scheme is the model to define the cumulative yields. The

2

Cumulative yields 

Independent FPY 

Branching ratios 

Stable cum. FPYs 
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Sequential Bayesian Method (Kawano) 

P1 = P0 −P0S
t (SP0S

t + Z )−1SP0
I1 =

I0 +P1S

tZ −1[ ς −

C(

I0 )]

P2 = P1 −P1T
t (TP1T

t +σ T
2 )−1TP1

I2 =

I1 +P2T

tσ T
−2[2−T t I1]

P3 = P2 −P2

Ut (

UP2

Ut +σU

2 )−1

UP2

I3 =

I2 +P3


UtσU

−2[Af −ν −

Ut y2 ]

P4 = P3 −P3

V t (

VP3

V t +σV

2 )−1

VP3

I4 =

I3 +P4


V tσU

−2[Z f −

V t I3]

Constraint I : total yield sums to 2 

Constraint II on the mass number 

Constraint III on the charge number 


T t I = Ti

i
∑ Ii = 2


UtI = AiIi

i
∑ = Af −ν


V t I = ZiIi

i
∑ = Z f

I is vector of ind. FPY (parameters) 

We considered each cum. FPY 
Not only long lived ones 
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Example of S-matrix for Krypton  

Table 1. Q matrix for the mass chain in the range A = 85 � 87 based on the decay scheme of ENDF/B-VII.1.
87Ge 87As 87Se 87Br 86Ga 86Ge 86As 86Se 86mBr 86Br 86Kr 85Ga 85Ge 85As 85mSe 85Se 85Br 85mKr 85Kr 85Rb
1.000
0.958 1.000
0.578 0.603 1.000
0.577 0.602 0.998 1.000
0.000 0.000 0.000 0.000 1.000
0.000 0.000 0.000 0.000 0.237 1.000
0.041 0.000 0.000 0.000 0.225 0.948 1.000
0.416 0.396 0.000 0.000 0.197 0.829 0.875 1.000
0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
0.417 0.397 0.002 0.000 0.197 0.829 0.875 1.000 0.000 1.000
0.432 0.413 0.027 0.026 0.197 0.829 0.875 1.000 0.000 1.000 1.000
0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 1.000
0.000 0.000 0.000 0.000 0.762 0.000 0.000 0.000 0.000 0.000 0.000 0.000 1.000
0.000 0.000 0.000 0.000 0.764 0.052 0.000 0.000 0.000 0.000 0.000 0.000 0.985 1.000
0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
0.005 0.000 0.000 0.000 0.338 0.139 0.124 0.000 0.000 0.000 0.000 0.000 0.400 0.406 0.000 1.000
0.005 0.000 0.000 0.000 0.338 0.139 0.124 0.000 0.000 0.000 0.000 0.000 0.400 0.406 0.000 1.000 1.000
0.005 0.000 0.000 0.000 0.337 0.139 0.124 0.000 0.000 0.000 0.000 0.000 0.399 0.405 0.000 0.998 0.998 1.000
0.001 0.000 0.000 0.000 0.072 0.030 0.026 0.000 0.000 0.000 0.000 0.000 0.086 0.087 0.000 0.215 0.215 0.214 1.000
0.005 0.000 0.000 0.000 0.338 0.139 0.124 0.000 0.000 0.000 0.000 0.000 0.400 0.406 0.000 1.000 1.000 1.000 1.000 1.000

6

2. BAYESIAN METHOD

The Bayesian method described in this work was recently developed by T. Kawano [0] and applied to
estimate independent and cumulative yields for 239Pu at several neutron incident energies. There are two
major di↵erences between the present work and that one presented in Ref. [0]. The first one consists on
applying the Bayesian method not only on the last stable element of a chain but also on each cumulative
yield within that chain. The second one consists on using the decay scheme of ENDF/B-VII.1 library in
order to obtain consistency between fission product and decay library.
From Eq. 10 one can explicity write the relation between independent and cumulative yields as

0
BBBBBBBBBBBBBBBBBB@

C0

C1

C2
...

1
CCCCCCCCCCCCCCCCCCA

=

0
BBBBBBBBBBBBBBBBBB@

1 0 0 . . .

b01 1 0 . . .

b12b01 b12 1 . . .
...

...
...
...

1
CCCCCCCCCCCCCCCCCCA

0
BBBBBBBBBBBBBBBBBB@

I0

I1

I2
...

1
CCCCCCCCCCCCCCCCCCA

, (12)

where the vectors C and I contains the values of the cumulative and independent yields, respectively, while
the decay scheme for each mass chain is stored in the lower triangular matrix Q. We note that in this
specific case the Q matrix coincides with the sensitivity matrix since the model used to describe the
cumulative yields is simply the decay scheme. A deeper and more comprehensive analysis would include
additional sensitivities deriving also from the model on the independent yields.
Using the evaluated cumulative yields ⇣ and related (diagonal) covariance matrix Z in the ENDF/B-VII.1
library one can obtain an updated set of values for independent yields I0 by

P0 = P � PQt(QPQt + Z)�1QP ,
(13)

I0 = I + P0QtZ�1(C � ⇣) ,
where P is the covariance matrix (diagonal in this specific case) of I taken from ENDF/B-VII.1 library. The
constraints on I0, i.e. Eq.(s) 6- 8, can be achieved by similar equations. For the normalization of the
independent yields of Eq. 6,

P00 = P0 � P0Tt(TP0Tt + �2
T )�1TP0 ,

(14)

I00 = I0 + P00T(2 � TtI0)/�2
T ,

where T is the unit vector and �T controls the precision of the integral going to 2. For the mass, Eq. 7, and
charge, Eq. 8, conservations one has respectively,

P000 = P00 � P00Ut(UP00Ut + �2
U)�1UP00 ,

(15)

I000 = I00 + P000U(A f � ⌫ � UtI00)/�2
U ,

and

P0000 = P000 � P000Vt(VP000Vt + �2
V )�1VP000 ,

(16)

I0000 = I000 + P0000V(Z f � VtI000)/�2
V ,

3

Typical structure for beta- decay 

Matrix elements due to delayed neutron beta- decay 

The relation between cum. and ind. defines a set of weighted linear coupled equations. 
The coupling is from delayed neutron emissions (also alpha if included)  
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Results : krypton and xenon 
(Covariance data) 
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•  Strong negative correlations 
 
•  Relative strong positive correlations (delayed-neutrons)   

ORIGEN-S: black

ORIGEN-2: red
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21.1%

85mSe

86mBr
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100% 90.4% 99.87%
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DECAY CHAINS
Generated by: Matthew Francis

Decay scheme 
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Results : krypton and xenon 
(Covariance data) 
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Results : Krypton and Xenon 
(New FPY Data vs Experiments) 
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matrix P is the prior information on the independent
FPYs and additional correlations can be obtained from
the model parameters of the independent yields. Here, we
limit to consider that the indepdendent FPYs, namely the
components of the vector I0, need to satisfy three physical
constraints, namely,

X

i

I
0

i = 2

X

i

I
0

iAi = Af � ⌫ (6)

X

i

I
0

iZi = Zf

where Af and Zf are the mass and charge number
of the compound fissioning nucleus, respectively, and ⌫
the number of prompt neutron emission. This can be
achieved by similar equations and, for the normalization
of the independent yields, one has

P00 = P0 �P0T
t
(TP0T

t
+ �2

T )
�1TP0 ,

(7)

I00 = I0 +P00T(2�TtI0)/�2
T ,

where T is the unit vector and �T controls the precision
of the integral going to 2. For the mass and charge con-
servations one has respectively,

P000 = P00 �P00U
t
(UP00U

t
+ �2

U )
�1UP00 ,

(8)

I000 = I00 +P000U(Af � ⌫ �UtI00)/�2
U ,

and

P0000 = P000 �P000V
t
(VP000V

t
+ �2

V )
�1VP000 ,

(9)

I0000 = I000 +P0000V(Zf �VtI000)/�2
V ,

where the elements of the vector U and V are the A and
Z numbers of the i-th fission product, i.e. Ui = Ai and
Vi = Zi. Likewise in Eq. 6, �U and �V are used to control
the precision of the integral which, for the present work,
was 10�5.

III. RESULTS

@Ian and Matthew, I would like you to add some-
where in this section a sentence to explain why we chose
these four nuclei. I think becuase 239Pu and others be-
come more and more important for increasing burnup
. . . . Based on the ENDF/B-VII.1 decay sub-library, es-
timates of independent FPYs for 235,238U and 239,241Pu
in the thermal and fission spectrum neutron range were
generated by a sequential Bayesian method along with
their covariance data. The values of independent FPYs
were obtained to be consistent with the cumulative FPY
values and uncertainties in the ENDF/B-VII.1 library.

The newly estimated independent yields were tested by
ORIGEN code in order to obtain FPY concentrations in
depletion calculations. After proper normalization and
for irradiation time t = 1016 s, the concentrations for
long-lived cumulative yields were compared to those ones
in the ENDF/B-VII.1 library. Figure 1 shows the ratio
of the long-lived cumulative yields of magnitude > 10�5

calculated by ORIGEN code to ENDF/B-VII.1 library
for n+235U at thermal energy. For most of the cases de-
viations are well within 2.5% and only in a few cases,
namely, for 77Se, 117Sn, 120Sn, 129Xe, 136Ba, are above
5%.
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FIG. 1. Ratio of the calculated (long-lived) cumulative yields
of magnitude > 10�5 to ENDF/B-VII.1 library for n+235U
at thermal energy. The cumulative FPYs were obtained by
ORIGEN code (irradiation time t = 1016 s) using the newly
estimated independent yields.

Additional tests were performed in order to com-
pare calculated and experimentally measured FPY no-
ble gases, particularly, for krypton and xenon isotopes.
Detailed power histories were found and modeled using
ORIGEN code for one boiling water reactor (Cooper)
and three pressurized water reactors (Vandellos, Biblis
A, and Calvert Cli↵s). These four reactors were chosen
due to their spread in initial enrichment and final bur-
nup. Puncture tests were performed, and utilizing mass
spectroscopy, the relative volumetric amounts were deter-
mined for the most abundant noble gas isotopes within
the rod’s free space (@Matthew, feel free to add and/or
rearrange this paragraph). Figures 2 and 3 show the mea-
sured ratios compared to the calculations performed us-
ing ENDF/B-VII.1 library (full symbols, i.e., ⌥, ⌅, N)
and the newly estimated independent FPYs (empty sym-
bols, i.e., ⌃, ⇤, M). The superscript “tot” refers to the
sum of the four isotopes while di↵erent colors refer to dif-
ferent experimental facilities, namely, in blue Trino Ver-
cellese [8], in red Obrigheim [9], and green Vandellos [10]
(@Matthew, we should provide references for the experi-
mental yields). In the krypton case, major improvements
are seen for 84Kr, 85Kr, while minor ones for 86Kr. Al-
though, in the case of xenon isotopes, the two libraries
perform on average very similarly as shown in Fig. 3, the

3
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matrix P is the prior information on the independent
FPYs and additional correlations can be obtained from
the model parameters of the independent yields. Here, we
limit to consider that the indepdendent FPYs, namely the
components of the vector I0, need to satisfy three physical
constraints, namely,

X

i

I
0

i = 2

X

i

I
0

iAi = Af � ⌫ (6)

X

i

I
0

iZi = Zf

where Af and Zf are the mass and charge number
of the compound fissioning nucleus, respectively, and ⌫
the number of prompt neutron emission. This can be
achieved by similar equations and, for the normalization
of the independent yields, one has

P00 = P0 �P0T
t
(TP0T

t
+ �2

T )
�1TP0 ,

(7)

I00 = I0 +P00T(2�TtI0)/�2
T ,

where T is the unit vector and �T controls the precision
of the integral going to 2. For the mass and charge con-
servations one has respectively,

P000 = P00 �P00U
t
(UP00U

t
+ �2

U )
�1UP00 ,

(8)

I000 = I00 +P000U(Af � ⌫ �UtI00)/�2
U ,

and

P0000 = P000 �P000V
t
(VP000V

t
+ �2

V )
�1VP000 ,

(9)

I0000 = I000 +P0000V(Zf �VtI000)/�2
V ,

where the elements of the vector U and V are the A and
Z numbers of the i-th fission product, i.e. Ui = Ai and
Vi = Zi. Likewise in Eq. 6, �U and �V are used to control
the precision of the integral which, for the present work,
was 10�5.

III. RESULTS

@Ian and Matthew, I would like you to add some-
where in this section a sentence to explain why we chose
these four nuclei. I think becuase 239Pu and others be-
come more and more important for increasing burnup
. . . . Based on the ENDF/B-VII.1 decay sub-library, es-
timates of independent FPYs for 235,238U and 239,241Pu
in the thermal and fission spectrum neutron range were
generated by a sequential Bayesian method along with
their covariance data. The values of independent FPYs
were obtained to be consistent with the cumulative FPY
values and uncertainties in the ENDF/B-VII.1 library.

The newly estimated independent yields were tested by
ORIGEN code in order to obtain FPY concentrations in
depletion calculations. After proper normalization and
for irradiation time t = 1016 s, the concentrations for
long-lived cumulative yields were compared to those ones
in the ENDF/B-VII.1 library. Figure 1 shows the ratio
of the long-lived cumulative yields of magnitude > 10�5

calculated by ORIGEN code to ENDF/B-VII.1 library
for n+235U at thermal energy. For most of the cases de-
viations are well within 2.5% and only in a few cases,
namely, for 77Se, 117Sn, 120Sn, 129Xe, 136Ba, are above
5%.
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FIG. 1. Ratio of the calculated (long-lived) cumulative yields
of magnitude > 10�5 to ENDF/B-VII.1 library for n+235U
at thermal energy. The cumulative FPYs were obtained by
ORIGEN code (irradiation time t = 1016 s) using the newly
estimated independent yields.

Additional tests were performed in order to compare
calculated and experimentally measured FPY noble
gases, particularly, for krypton and xenon isotopes.
Detailed power histories were found and modeled using
ORIGEN code for one boiling water reactor (Cooper)
and three pressurized water reactors (Vandellos, Biblis
A, and Calvert Cli↵s). These four reactors were chosen
due to their spread in initial enrichment and final
burnup. Puncture tests were performed, and utilizing
mass spectroscopy, the relative volumetric amounts were
determined for the most abundant noble gas isotopes
within the rod’s free space (@Matthew, feel free to
add and/or rearrange this paragraph). Figures 2 and 3
show the measured ratios compared to the calculations
performed using ENDF/B-VII.1 library (full symbols,
i.e., ⌥, ⌅, N) and the n
New ind. FPY library (empty symbols, i.e., ⌃, ⇤, M)

. The superscript “tot” refers to the sum of the four
isotopes while di↵erent colors refer to di↵erent experi-
mental facilities, namely, in blue Trino Vercellese [8], in
red Obrigheim [9], and green Vandellos [10] (@Matthew,
we should provide references for the experimental yields).
In the krypton case, major improvements are seen for
84Kr, 85Kr, while minor ones for 86Kr. Although, in the

3

Trino Vercellese Obrigheim Vandellos 
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Summary / Conclusions 
 

•  Results : 
•  In ENDF FPY sub-library there are two issues 

•  Uncertainties too large for ind. FPY. They can not be used in 
applications 

•  Consistency between decay and FPY sub-libraries 
 

•  We generated complete covariance files for ind. FPY on 235U(thr,
500keV,14MeV), 238U(500kev), 239,241Pu(thr)  

 

•  We generated FPY data that improved agreement with experimental 
data for noble gases – krypton and xenon. 

 

•  Future work : 

•  In the Bayesian method the model to obtain cumulative FPY was 
basically the decay scheme. An advanced (microscopic) fission model 
to generate ind. FPY would improve the prior information (P0). 

 
•  Improved Bayesian update keeping into account systematics of 

isobaric chains 
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