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Parameter uncertainty from 𝜒2

The Old Way gives too-small uncertainty

• At a solution:

• Variations at     :

• Change in 𝜒2 when {p2} change, re-optimize 𝛿𝜒2 w.r.t. {p1}

• : restriction of C to {p2}-subspace

• NB: the            hypersurface’s average distance shrinks with incr. Np
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Parameter variance

• At a solution

• Assuming a normal distribution

• Change in chi-squared

• NB: adding redundant params can lower 

Confidence
region

Pc(p|y) =
1

detC1/2(2⇡)Np/2
e�

1
2 [�

2(p)��2(p̂)],

<latexit sha1_base64="nPSmAJ1LJVp22X2osKRz1D60QGI="></latexit>

h(�p↵)2i =
Z 1

�1
dp1 · · ·

Z 1

�1
dpNp Pc(p|y)(�p↵)2 = C↵↵

<latexit sha1_base64="rwHlzd79Z6YJzulNPrkJnCclSW4="></latexit>

�pµ = (C↵↵)
1/2�µ↵

<latexit sha1_base64="q6BZ5hJrdhEIBRVc8XiRNOqnsLg="></latexit>

��2(p) = �2(p̂+ �p)� �2(p̂) =
X

↵,�

�p↵(C
�1)↵��p�

<latexit sha1_base64="QpiMQeCPfh/xgfGWvGPxNyVqGSQ="></latexit>

��2(�pµ) = CµµC
�1
µµ = 1�

X

� 6=µ

(Cµ�)
2 < 1

<latexit sha1_base64="I7oYnoWqXEgpDg42WOKA0ZdcSes="></latexit>

��2(�pµ)

<latexit sha1_base64="6kXpEVS1il5niTqzDEQrSNTEavY=">AAACEnicbVDLSsNAFJ34rPFVdaebwSLUTUlKRZcFNy4r2Ac0sUwmN+3QySTMTIQSCn6E3+BW1+7ErT/g0j9x+lho64ELZ865lzv3BClnSjvOl7Wyura+sVnYsrd3dvf2iweHLZVkkkKTJjyRnYAo4ExAUzPNoZNKIHHAoR0Mryd++wGkYom406MU/Jj0BYsYJdpIveKxFwLXxKMDdl8tzx447Xlxdt4rlpyKMwVeJu6clNAcjV7x2wsTmsUgNOVEqa7rpNrPidSMchjbXqYgJXRI+tA1VJAYlJ9PbxjjM6OEOEqkKaHxVP09kZNYqVEcmM6Y6IFa9Cbif14309GVnzORZhoEnS2KMo51gieB4JBJoJqPDCFUMvNXTAdEEqpNbLbHBOVZCHkIkRrbJhN3MYFl0qpW3Frl4rZWqjvzdAroBJ2iMnLRJaqjG9RATUTRI3pGL+jVerLerHfrY9a6Ys1njtAfWJ8/BJOdTQ==</latexit>

@�2

@p

�����
p̂

⇡ 0

<latexit sha1_base64="Z9V5wQWd6lkY2X1+3C9ptKRpjvw="></latexit>

�2(p) ⇡ �2(p̂) +

NpX

↵,�=1

�p↵(C
�1)↵��p�

<latexit sha1_base64="Irk0Ta6e3qQ9CgsRHenm3TflHf8="></latexit>



52/8/21

Uncertainties from chi-squared minimization 
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M : experimental setup
i : observable

RiM , �RiM : relative measurement, uncert.
XiM : calc’d observable
nM : normalization
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Data Covariances from R-Matrix Analyses of Light Nuclei
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After first reviewing the parametric description of light-element reactions in multichannel systems
using R-matrix theory and features of the general LANL R-matrix analysis code EDA, we describe
how its chi-square minimization procedure gives parameter covariances. This information is used,
together with analytically calculated sensitivity derivatives, to obtain cross section covariances for
all reactions included in the analysis by first-order error propagation. Examples are given of the
covariances obtained for systems with few resonances (5He) and with many resonances (13C ). We
discuss the prevalent problem of this method leading to cross section uncertainty estimates that are
unreasonably small for large data sets. The answer to this problem appears to be using parameter
confidence intervals in place of standard errors.

I. INTRODUCTION

We discuss in this paper the methods of obtaining cross
section covariances from R-matrix analyses of light sys-
tems, using the general LANL Energy Dependent Anal-
ysis code, EDA. These methods are essentially the same
as were described in a CW2008 paper [1], and will not be
repeated here in detail. However, we will re-iterate some
details of the chi-square minimization procedure used by
EDA, because they are necessary to understand how the
parameter covariances are formed, and how they relate
to the cross section covariances. The first of the follow-
ing two sections reviews briefly the formal elements of
R-matrix theory. The second gives some properties and
capabilities of the EDA code, including a discussion of
how the parameter covariances are obtained and propa-
gated to the cross sections. Section IV gives examples of
the types of analyses that have been done, one with few
resonances (5He) and one with several resonances (13C).
Then we address the problem of small uncertainties for
large data sets, and propose a plausible solution in terms
of using parameter confidence intervals in place of stan-
dard deviations. The final section summarizes and draws
conclusions from the preceding discussion.

II. R-MATRIX FORMALISM

As has been pointed out at many nuclear data confer-
ences, R-matrix theory [2] is the most useful framework

∗ Corresponding author: ghale@lanl.gov

for describing light-nuclear reactions, particularly those
exhibiting resonance structure. In the R-matrix formal-
ism, configuration space for a given A-nucleon system is
divided into an interior and an exterior region, separated
by a channel surface characterized by a set of channel
radii, ac. One can define on this boundary a set of “chan-
nel surface” spin-angle functions |c) that describe the
partial-wave states of the two-body arrangement channels
of the system, and project onto the channel surface. One
can further define in terms of these functions a so-called
“Bloch operator” LB [3], which when added to the total
interaction hamiltonian H, makes the Green’s-function
operator GB = (H+LB−E)−1 hermitian everywhere in
the internal region and on the channel surface.

Formally, the R-matrix elements can be expressed as
channel-surface projections of GB ,

Rc′c = (c′|(H+LB−E)−1|c) =
∑

λ

(c′|λ)(λ|c)
Eλ − E

, (1)

where the spectral expansion of H + LB in terms of its
eigenfunctions |λ) and eigenvalues Eλ has been used since
it is hermitian. The R matrix thus parameterizes through
the real reduced-width amplitudes γcλ = (c|λ) and the
eigenenergies Eλ the scattering wave functions at short
distances. These are matched at the channel surface to
their known asymptotic forms to determine the scattering
amplitudes (T -, or S- matrix elements), from which any
measured observable can be calculated. The real, sym-
metric form of the R matrix guarantees that the S matrix
is unitary and time-reversal invariant; its pole structure
ensures that a time-dependent description of the scatter-
ing will be causal. This formalism therefore establishes
an energy-dependent parametrization of scattering data
that obeys all the known basic symmetry principles and
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Observable error propagation
Covariance matrix

cov[σ i (E)σ j ( !E )]= ∇pσ i (E)!" #$
T
C0 ∇pσ j( !E )"# $%
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= Δσ i (E)Δσ j( !E )ρij (E, !E ).

The parameter covariance matrix is                 , and so first-order error propagation gives 
for the cross-section covariances
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Example covariance

• 17O system
− (n,el)
− correlation matrix

§ elements (-1.0,1.0)

ENDF/B-VIII.0

Fin
Thank you
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Covariances for ENDF/B-VIII.1
Anticipated; time-permitting

•CP induced
− p-001_H_001.endf 
− p-002_He_004.endf
− d-002_He_003.endf
− t-002_He_004.endf
− a-006_C_013.endf

• n induced
− n-003_Li_006.endf
− n-004_Be_009.endf
− n-008_O_016.endf


