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Domain-wall fermion and my works

PHYSICAL REVIEW D 68, 074503 (2003)

: 1 1 Lattice study of the massive Schwinger model with a 6 term
My fl rSt pa pe r In 2003 IS under Luscher’s “admissibility”> condition

Hidenori Fukaya and Tetsuya Onogi
Yukawa Institute for Theoretical Physics, Kyoto University, Kyoto 606-8502, Japan

(Received 31 May 2003; published 23 October 2003)

Luscher S adm1851b111ty condition on the gauge field space plays an essential role in constructing lattice
h have exact chiral symmetries. We apply the gauge action proposed by Luscher with the

domain-wall fermion faction to the numerical simulation of the massive Schwinger model. We find this action
1 generdte contigurations in each topological sector separately without any topology changes. By developing

a new method to sum over different topological sectors, we calculate the meson masses in the nonzero 6
vacuum.
DOI: 10.1103/PhysRevD.68.074503 PACS number(s): 12.38.Gc

Since then, 70% of my works are with domain-wall fermion.
Most of them are on numerical simulations.
But today | discuss its mathematics (index theorem).



Which index theorem?

| am NOT talking about

the Atiyah-Singer index = IndD2. ,  =1IndD5> . __ .

overlap

| will show that
the Atiyah-Patodi-Singer index on manifold with boundary

1

— __p(D*P
277( domain—wal on a closed manifold.

(one of our referees misunderstood this.)



Atiyah-Singer index theorem [1968]
on a manifold without boundary

Dy =0 D :=y"(0, +iA,)

Index theorem

Ind(D)

—n_ = d4xe“Vp“tr(Fvap(,)

32712
\ N

#sol with + chirality  #sol with - chirality

This text-book level theorem is physicist-friendly.



Atiyah-Patodi-Singer (APS) index theorem (1975

IS less known

1
3272

D
/ dize,, o tr[ o pro)— DY)
X 2 reg reg

N o) =3 -3

curvature A : eigenvalues of H
oboundary Y ‘ I bulk X

(because we were not very interested in manifolds with boundary
until very recently).

Ind(DAps) —




APS index in topological insulator

Witten 2015 : APS index is a key to understand bulk-edge
correspondence in symmetry protected topological insulator:

gapped material in the bulk but conductor on Figure
from
boundary (edge). «,/A A Wikipedia
{ D
1+ ) N d
( | \R—"/ wanducto"t :)ar/\d/
Y N~——"/

. /Ssurface states
~f*rm l Ve

Enr;-lgy

2005 predicted by Kane et al.

2007 discovered [Koenig et al.]. Acck_

Moment




[Related works: Metlitski 15, Seiberg-

- Witten 16, Tachik -Yonek 16&18,
T anOmaIy Cance"atK)n Frleeedn-Hopk%Cs;éwvsittggiéri(onekura

16&19, Witten-Yonekura 19...]

The APS index protects the Time reversal (T) symmetry.

fermion Zodge o exp(—imn(iD>")/2) T-anomalous

path integrals 1

3272

Zhulk X €Xp (m / d4xe,,,ypatr[F“”F""]> T-anomalous
x4>0

Zedge Lbulk X (—1)’J — (—1)"’ w=mp Tis protected !

B 1
- 39272

Z'DSD)
2

J / d*we,, potr[FH FPO] (
x4 >0

But the LHS J = IndDaps of massless Dirac with non-local

ooundary condition i1s physicist-unfriendly.



Difficulty with boundary

If we impose local and Lorentz (rotation) invariant boundary
condition, + and — chirality sectors do not decouple any more.

For reflecting particle,
. momentum flips, but
. " angular momentum does not

— chirality flips.

n., n_ and the index do not make sense.



Atiyah-Patodi-Singer boundary condition
[Atiyah, Patodi, Singer 73]
gives up the locality and rotational symmetry to keep the chirality.
Eg. 4dim x* >0 As=0 gauge
D = }’454 +y'D; = }’4(54 T Y4}’iDi)

They impose a non-local b.c. A * x

(A+ A iz = O

boundary

Mathematically beautifull
But physicist-untriendly.

> Index = ny —n_



Locality >> chirality for physicists

Locality (=causality) 1s essential.

We cannot accept APS condition even If 1t Is beautiful.

0

hit!
non-local Information propagates
boundary faster than speed of light.

iINnformation
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Locality >> chirality for physicists

Locality (=causality) Is essential.
We cannot accept APS condition even if It Is beautiful.

— need to give up chirality and consider L/R mixing

(massive case) | 3D
M 3272 /x4>0 d4xewpatr[FWFP0] " 2 |

Can we still make a fermionic integer (even if it is ugly)?

Our answer Is "Yes, we can’.
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Massive Dirac fermion

Let us consider a Dirac fermion in continuum theory with
negative mass (compared to regulator),

det(D 4+ m)
det(D — M) — Pauli-Villars

with SU(N) gauge fields on an even-dimensional closed
flat Euclidean manifold.




Axial U(1) rotation

In the large mass limit, m — M >0, let us perform an axial
U(1) rotation with angle m,

Miprp — Mapes 5e3 V5qh = — Maj)

to flip the signh of mass.

det(D + M)  det(D—-M) 19

det(D — M)  det(D — M)




Atiyah-Singer index appears

Taking the axial U(1) anomaly into account,

det(D + M)  det(D—M) . 1 4 B I
det(D— M)  det(D— M) P (” 3272 /d xFF) ==
—_,I_/
[ =Atiyah-Singer index
Our proposal: Why don’t we use massive

Dirac operator to “define” the index?

(We use anomaly rather than symmetry.)



“New” Atiyah-Singer index

det(D + M) detivs(D+ M) 1\, A+m i
= = = exp | 5 s — A
det(D — M)  detiys(D—M) ][\ . idA-um R Z SEUA+ M Z SENA_ N

)\—|—M >\—M

A7 - eigenvalues of v5(D £+ M).

1
I = 5 N(vs(D + M)) —n(vs(D — M))]
= ;n(vts(DﬂLM))mg' n(H) :/\Z:O_/\ZO

Chirality i1s not important.
No more written by zero modes only.




Contents

v 1. Introduction
Original definition of APS index is physicist-unfriendly.
v 2. Massive Dirac operator index without boundary
I=n(s(D+M))"™/2 coincides with the AS index.
3. New index with bcundary [F, Onogi, Yamaguchi 2017]

4. Mathematical prOOf [F, Furuta, Matsuo, Onogi, Yamaguchi, Yamashita, 2019]
5. APS index on a latticerr, kawai, Matsuki, Mori, Nakayama, Onogi, Yamaguchi 2019]

0. Summary



More physical set-up?



More physical set-up?
In physics,

1. Any boundary has “outside”:
mantfold+-boundary — domain-wall.

(I




More physical set-up?
In physics,

1. Any boundary has “outside”:

manifold + boundary — domain-wall.

2. Boundary should not preserve helicity but keep angular-mom:
massless — massive (in bulk)



More physical set-up?
In physics,

1. Any boundary has “outside”:

manifold + boundary — domain-wall.

2. Boundary should not preserve helicity but keep angular-mom:
massless — massive (in bulk)

3. Boundary condition should not be put by hand
— put automatically chosen.



More physical set-up?
In physics,

1. Any boundary has “outside”:

manifold + boundary — domain-wall.

2. Boundary should not preserve helicity but keep angular-mom:
massless — massive (in bulk)

3. Boundary condition should not be put by hand
— put automatically chosen.
4. Edge-localized modes play the key role.



Domain-wall fermion Dirac operator

_ [Jackiw-Rebbi 1976, Callan-Harvery 1985, Kaplan 1992 ...]
Let us consider

Dip + Me(xy), €(xs) = sgnay
on a closed manifold
with sign flipping mass,
without assuming any
ooundary condition

Here our "domain-wall
fermion” I1s In 4D continuum.
(we expect it dynamically given.). (not 5D lattice)



“neW” APS indeX [F-Onogi-Yamaguchi 201 7]

%"7(%(D+M))"“€g = AS index -
1 reg
5M(75(D + Me(z4))) 0

1 'DSD
/ d4xewpgtr[F“”Fm] e )
x4 >0

~ 3972 9

which can be shown by Fujikawa-method.



Fujikawa method:

1 1 W5(D—|—M€(£B4))
— HDW = —'I¥r
o) =5 V(D + Me(24))}2

|. choose regularization

2. choose complete set to evaluate trace

3. perturbation
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Fujikawa method:

1 1 W5(D—|—M€(£B4))
— HDW = —'I¥r
W) =5 V(D + Me(z4))}?

|. choose regularizlation D M,
. . . —— 1T 5 — 2
Pauli-Villars: =5

2. choose complete set to evaluate trace
eigen set of  {y5(D"*° + Me(z4))}
3. perturbation

Moy > M



Complete set in the free case

Solutions to
{v5(D™ + Me(x4))}2 ¢ = [0 + M?—2M~46(24)] ¢ = AN*¢
are o(z4) ®e®P* where

» 1
90—-,0(334) o \/E (

P e(Ta) = ((iw F M)e™!™l 4+ (iw + M)e‘i“"“') ,

1WT 4

€

o e—iw:m)

s@fie(m): Me Mlzal Edge mode appears !

Here, ) — \/pz + M2 — )2 and 74S0w,edge Spw,edge

::,6/0 T ::,e/o

3D direction = conventional plane waves.



“Automatic” boundary condition

We didn’t put any boundary condition by hand. But

— a - w.e e W
5. T Me(z4) O (4) =0, ¢i,(xa=0)=0.
R _

xr4=0

IS automatically satisfied due to the domain-wall.

This condition is LOCAL and PRESERVES angular-
momentum in X4 direction but DOES NOT keep chirality.



Bulk & edge contributions

By a simple perturbation, we obtain

%n(HDW)bulk = 1bul%des(qﬁb“lk)ngn(HDW)¢bulk — 64;2 / d*2e(14)€pypotre FH FP (1) 4+ O(1/M).
1 1 1
oW =g 3 @ s (How)6" ) = gD e
1 1 4 Uy mpo
—577(Hpv) — A2 d”x GMVthTCF F (ZE) + O(l/M)
#> 1 1 n(iD>>)
- reg d4 ot MY PO
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Just a coincidence?

N

o A W

1 T E
Ind(Daps) = 577(pr‘?;/)

on general even-dimensional manifolds 7

(I

APS

. massless Dirac (even in bulk)

non-local boundary cond.
(depending on gauge fields)

SO(3) rotational sym. on boundary is lost.
Nno edge mode appears.
manifold + boundary

or kA Wi~

Domain-wall fermion

massive Dirac in bulk
local boundary cond.

(massless mode at edge)

SO(3) rotational sym. on boundary is kept.
Edge mode describes eta-invariant.
closed manifold + domain-wall



Mathematician’'s response

In 2018, | gave a talk in a workshop . Moo
organized by Mikio Furuta (U. Tokyo).
He said “This must be a challenge for us.”
Moreover, only 1 week later,

he proposed a sketch of proof for

]‘ T e
5 (ngv) = Ind(Daps)

[F, Furuta, Matsuo, Onoqgi,
Yamaguchi, and Yamashita, arXiv:1910.01987]




Theorem

(F-Furuta-Matsuo-Onogi-Yamaguchi-Yamashita 201 9)

For any APS index of a massless Dirac operator on
a even-dim. Riemannian manifold X with boundary,
there exists a massive (domain-wall) Dirac operator
on a closed maniftold, sharing its halt with X, and
Its eta invariant Is equal to the original index.



Sketch of the proof

(F-Furuta-Matsuo-Onogi-Yamaguchi-Yamashita 201 9)

We Introduce an extra dimension and consider
a Dirac operator on the higher dim. manitold.

D5D _ 0 85 -+ ”}/5(D4D —+ m(x4, 565))
—05 + v5(D* +m(z4,x5)) 0

M for xy > 0 & x5 > 0
(x4, 5) =

0 for:c4:0&a:‘5:0
— M otherwise

With 2 different evaluations, we can show

1 \
Ind(D°P) = Ind(Daps) = 5(Hpw)
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Atiyah-Singer index on a lattice

Overlap fermion action S = Zq Dopq()

IS Invariant unader [Neuberger 1998
tays (1—aD oy ) iays

[Luescher 1998]

q— € q, q — ge

but fermion measure transtforms
aS Dqq — exp [2iaTr(y5 1 V5(1 — aDov))/z] Dqq

which reproduces U(1)A anomaly.
Mloreover, T (1 “2) s AS Index |

[Hasenfratz et al. 1998]




On the lattice, AS Iis O.K. but APS is not.

Atiyah-Singer index can be

formulated by overlap Dirac operator, Dy, = - (1 T 7}% )

but APS was not known.

1. Lattice version of APS condition impossible, as D,
does not have a fOl’m Dnorma] + Dhorizonta,] :

2. Any boundary condition breaks Ginsparg-Wilson
relation [Luescher 20060 ].

Ctf. Kikukawa, “Suri-kagaku”™ 2020 Jan.



But the lattice AS Index theorem
“knew” the eta invariant!

1 al,, 1 H
Ind(D,,) = §Trv5 (1 5 > Doy = — <1+% = )

2
| 7 \/HW Hy = v5(Dw — M)
= 44 1 M=1/a
~ T3 = 5ns(Dw — M))!

Cft. Itoh-lwasaki-Yoshie 1982, Adams 2001

The lattice index theorem “knew”
I. Index can be given with massive Dirac.
2. chiral symmetry is not important.

Wilson Dirac operator is enough.



Unification of index theorems

The standard formulation of index with massless Dirac
continuum lattice

AS TryPe P /M™ Try°(1 — aD,y/2)
APS TryPe P /Mw/ APS bel NOT KNOWN.

New formulation of index with massive Dirac

continuum lattice

AS 510D~ M) | —n(rs(Dw — M)

1 1

APS —577(75(1? — Me(z)))-5n(vs(Dw — Me(x)))?




APS Index on a lattice

F, Kawal, Matsuki, Mori, Nakayama, Onogi, Yamaguchi, arXiv:1910.09675

On 4-dimensional Euclidean lattice with periodic
boundaries (14), we have perturbatively shown

1 1 1 1
—-n(vs(Dw — Me(z4))) / d*ze" P e, Fpo — sn(iD7)|e,—0 + 51(iD°7)|o,=L,
2 O0<xzya< Ly 2 2

3272
+0
5(55‘4) — Sgﬂ($4 — a/z)sgn(T — Xy — a/z) (a/)

* Bulk part is similar to that of AS index [H.Suzuki 1998].

Note that LHS Is always an integer.
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Summary

Massive (domain-wall) fermion is physicist-friendly:
APS index can be formulated (even on a lattice).

Moreover, it is mathematically rich:

The eta inv. of massive Dirac on a closed manifold
unifies the index theorems.

continuum lattice
AS (5D = M) |~ n(35(Dw — M)
1
APS —577(%(19 — Me(x)))—%n(%(l?w — Me(x)))




Backup slides



Spectral flow gives a bigger unification.

F, Furuta, Matsuki, Matsuo, Onogi, Yamaguchi and Yamashita arXiv:i2012.03543.

1 1
——n(H;) - 277(H1) = Spectral flow of H;, t € |0,1

2
continuum lattice

AS St(ys(D — M)) St(vs(Dw — M))

APS St(vs(D —eM)) Sf(vs(Dw — eM))

D—M) DW—M>

mOd'tWO AS Sf,( —(D — M)t SF( —(Dw — M)T

mod-two APS Sf’( —(D — eM)! D_GM)

Dw —eM
Sf,(—(DI/V'—?I]V-’)Jr v )

Sf’ = mod-two spectral flow : counting zero-crossing pairs from PV op.


https://inspirehep.net/literature/1835279

Theorem 1:

APS index = index with infinite cylinder

In original APS paper, they showed

@)

Index w/ APS b.c. = Index with infinite
cylinder attached to the original boundary
(w.r.t. square Integrable modes).

* On cylinder, gauge fields are constant in the extra-direction.



Theorem 2:
Localization (& product formula)

By giving position-dependent "mass”, we can
localize the zero modes to "massless” lower-
dimensional surface and the index Is given by

the product:

face

Ind(vs(D* 4 05 +iysM(s))) =
Ind(D?%) x Ind(ys0s + M(s))



Theorem 3:
In odd-dim, APS index = boundary eta-invariant

exists only in even-dim.

]nd(DgngS_dzm) __ [U(Dboundaryl) o 77(l)boumdauryQ)}

1
2



5-dimensional Dirac operator

we consider

D°P — 0 05 + 15 (D*P + m(zy4, T5))
—05 + v5(D* +m(z4,x5)) 0
Where M for x4y > 0 & x5 > 0
m(xy4, T5) = 0 forxzy=0&25=0
and A,u S — Mo otherwise

Independent of xx.

* Application Is straighttorward to
any 2n+1 dimensions.



On X4D x R,

S — Ig5

we compute
Ind(D"®)

INn two different

1 ways:
1. localization

2. eta-Inv. at

| Ly — +1.



Localization

Theorem 2 tells us

Ind(D°)| a1 11y —s00 = Ind(D2:2 ) x IndD}?

m=0surtface normal

H/_/
and on the massless surface =!

theorem 1 Indicates

X4D
Ind(D:? ) = Ind(Dp&™")

m—=0surface



Boundary eta

Invariants
Theorem 1 tells us

[s:%

and from theorem 3, we obtain

1

Ind(Df)ALDPS b.C.atsz::l) — 5 [U(D;H:)ﬂ o W(D;H:)q)}

Ind(DSD) — Ind(D?A;DPS b.C.ats:—-1>

— % [77(%(174]) + Me(zy)) — 77(75(D4D — Mz)] — %Upweg'(%(Dm + Me(xy))

therefore,
1

Ind(D*7) = Ind(Daps) = 577(HDW> Q.E.D.



Revisiting lattice index
theorems with mathematicians

Yamashita, “A lattice version of the Atiyah-
Singer index theorem,” arXiv:2007.06239

F, Furuta, Matsuo, Onogi, Yamaguchi, Yamashita,
"On analytic indices In lattice gauge theory and
their continuum limits,”

IN preparation.



Different explanation why APS
appears [Witten Yonekura 2019]

They rotate the x4 to the "time” direction
and Introduced the APS boundary condition
as Intermediate “states”. The unphysical

property of APS Is canceled between the
bra/ket states.

( In our work, we try to remove It.)



Eta invariant = Chern Simons term +
integer (non-local effect)

n(tD®) CS |
; — o + Integer

1 | 21 )
CS = / d°x tr.. €L po (A”@'OA" | ZA”A'OA") ,
4’7'(' 1% 3 _

= surface term.

1

'DBD
J = / dize,, o tr[Fv poo] 10D )
x4 >0

2

3272



