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Tensor Network Scheme

What is Tensor Network (TN) Scheme?

Theoretical and numerical methods for high precision analyses
of many body problems with tensor network formalism   

Advantages of Tensor Renormalization Group (TRG)

Free from sign problem and complex action problem in Monte Carlo method
Computational cost for LD system size ∝ D×log(L)
Direct treatment of Grassmann numbers
Direct evaluation of partition function Z itself

Applications in particle physics：
Finite density QCD, QFTs w/ θ-term, Lattice SUSY etc.

Also, in condensed matter physics
Hubbard model (Mott transition, High Tc superconductivity) etc.



Tensor Renormalization Group (TRG)

Explain the algorithm with 2D Ising model with N sites

Details of model are specified in initial tensor
The algorithmic procedure is independent of  models

Of course, direct contraction is impossible for large N even with current 
fastest supercomputer   
⇒ How to evaluate the partition function?

H =
∑

〈i,j〉
sisj si ± 1

Z =
∑

{Si}
exp (−βH)

=
2∑

i,j,k,l,···=1
Ti,m,n,lTs,t,i,jTr,j,k,qTk,l,o,p · · ·

Z =
∫
DU det D({U}) e−Sg({U})

〈O〉 =
∫
DU O({U,D−1}) det D({U}) e−Sg({U})

P =
1

Z
det D({U}) e−Sg({U})

Z =
∑

i,j,k,...
e−S(i,j,k,...) =

∑

i,j,k,...
TijklTimnoTjpqrTksuvTlwxy · · · .

ZQCD(T, µ) =
∫
DUe−Sg[U ] det D(µ; U)

〈O〉 =
〈OeiNfθ〉||
〈eiNfθ〉||

〈O〉 =
〈Oeiθ〉||
〈eiθ〉||

Z||(T, µ) =
∫
DUe−Sg[U ]| det D(µ; U)|

U = 1 − 1
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〈X4〉
〈X2〉2

1

Hamiltonian

Partition Function

Tensor Network representation

χ(L) =
1

L2

∂2 ln Z

∂(1/2κ)2

Z =
∫
DψDψ̄DU e−ψ̄D[U ]ψ−Sg[U ]

Ti,j,k,l "
Dcut∑

m=1
U(i,j),mσmVm,(k,l)

H =
∑

〈i,j〉
sisj si ± 1

Z =
∑

{si}
exp (−βH)

=
2∑

α,β,γ,δ,···=1
Tα,λ,ρ,δTσ,κ,α,βTµ,β,γ,τTγ,δ,ν,χ · · ·

Z =
∫
DU det D({U}) e−Sg({U})

〈O〉 =
∫
DU O({U,D−1}) det D({U}) e−Sg({U})

P =
1

Z
det D({U}) e−Sg({U})

Z =
∑

i,j,k,...
e−S(i,j,k,...) =

∑

i,j,k,...
TijklTimnoTjpqrTksuvTlwxy · · · .

ZQCD(T, µ) =
∫
DUe−Sg[U ] det D(µ; U)

〈O〉 =
〈OeiNfθ〉||
〈eiNfθ〉||
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Levin-Nave 
PRL99(2007)120601
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Schematic View of TRG Algorithm
1. Singular Value Decomposition of local tensor T
2. Contraction of old tensor indices (coarse-graining)
3. Repeat the iteration  

Keep largest Dcut components
⇒ Reduction of freedom

#sites are reduced to half

Tensors 
w/ new indices
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Development of TRG method

Original TRG algorithm (Levin-Nave) is applicable to only 2D models

Applicable to ≥3D models
Higher Order TRG (HOTRG)：Xie+, PRB86(2012)045139
Anisotropic TRG (ATRG)：Adachi-Okubo-Todo, PRB102(2020)054432
Triad TRG (TTRG)：Kadoh-Nakayama, arXiv:1912.02414

Grassmann versions
Grassmann TRG (GTRG)：Shimizu-YK, PRD90(2014)014508
Grassmann HOTRG (GHOTRG)：Sakai-Takeda-Yoshimura,PTEP2017(2017)063B07
Grassmann ATRG (GATRG)：Akiyama-YK-Yamashita-Yoshimura, JHEP01(2021)121

TRG method/approach refers to all the above algorithms 
(not restricted to the original one)
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Collaborators

Y. Kuramashi, S. Akiyama                         U. Tsukuba

Y. Nakamura, (Y. Shimizu)                        R-CCS

S. Takeda, Y. Yoshimura                            Kanazawa U.
R. Sakai(→Syracuse U.)

D. Kadoh Doshisha U.

Collaborations are dynamically changed depending on 
the research topics                             
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TRG Approaches to QFTs (1)

2D models
Real φ4 theory：

Shimizu, Mod.Phys.Lett.A27(2012)1250035
Kadoh-YK-Nakamura-Sakai-Takeda-Yoshimura, JHEP05(2019)184

Complex φ4 theory at finite density：
Kadoh-YK-Nakamura-Sakai-Takeda-Yoshimura, JHEP02(2020)161

U(1) gauge theory+θ：
YK-Yoshimura, JHEP04(2020)089

Schwinger, Schwinger+θ：
Shimizu-YK, PRD90(2014)014508, PRD90(2014)074503,

PRD97(2018)034502 
Gross-Neveu model at finite density：

Takeda-Yoshimura, PTEP2015(2015)043B01
N=1 Wess-Zumino model：

Kadoh-YK-Nakamura-Sakai-Takeda-Yoshimura, JHEP03(2018)141

・Free from sign/complex action problems 
・Development of numerical algorithms for scalar, fermion, gauge theories 
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TRG Approaches to QFTs (2)

3D models
Free Wilson fermion：

Sakai-Takeda-Yoshimura, PTEP2017(2017)063B07, 
Yoshimura-YK-Nakamura-Takeda-Sakai, PRD97(2018)054511

Z2 gauge theory at finite temperature：
YK-Yoshimura, JHEP1908(2019)023

4D models
Ising：Akiyama-YK-Yamashita-Yoshimura, PRD100(2019)054510
Complex φ4 theory at finite density：

Akiyama-Kadoh-YK-Yamashita-Yoshimura, JHEP09(2020)177
NJL model at finite density：

Akiyama-YK-Yamashita-Yoshimura, JHEP01(2021)121
Real φ4 theory：

Akiyama-YK-Yoshimura, PRD104(2021)034507

⇒ Now our research target is moving from 2D models to 4D ones
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TRG Approaches to QFTs (3)

Condensed matter physics
Similarity btw NJL model and Hubbard model
Action consists of hopping term and four-fermi interaction

First principle calculation at finite chemical potential
(1+1)D Hubbard model：Akiyama-YK, PRD104(2021)014504
(2+1)D Hubbard model：Akiyama-YK-Yamashita, arXiv:2109.14149

sufficiently large to be identified as the thermodynamic
and zero-temperature limit. The half-filling state is char-
acterized by the plateau with hni ¼ 1 in the range of
1.3≲ μ≲ 2.7. We also observe the continuous change from
hni ¼ 1 to hni ¼ 2 over the range of 2.7≲ μ≲ 6.5.
Figure 6 shows μ dependence of hni near the criticality
on V ¼ 4096 × 1677.7216. The abrupt change of hni at
μ ≈ 2.70 in Fig. 6 indicates a metal-insulator transition.
We determine the critical chemical potential μcðDÞ and

the critical exponent ν on V ¼ 4096 × 1677.7216 lattice by
fitting hni in the metallic phase around the transition point
with the following form:

hni ¼ Aþ Bjμ − μcðDÞjν; ð8Þ

where A, B, μcðDÞ and ν are the fit parameters. The solid
curve in Fig. 6 shows the fitting result over the range of
2.68 ≤ μ ≤ 3.00. We obtain μcðDÞ ¼ 2.698ð1Þ and ν ¼
0.51ð2Þ at D ¼ 80. Our result for the critical exponent is
consistent with the theoretical prediction of ν ¼ 1=2. A
previous quantumMonte Carlo simulation with small spatial
extensionup toL ¼ 24 alsoyielded the sameconclusion [22].
In order to extrapolate the result of μcðDÞ to the limit

D → ∞, we repeat the calculation changing D. The
numerical results are summarized in Table III. In Fig. 7,
we plot μcðDÞ as a function of 1=D, providing two types of
fittings. The solid line shows the fitting result with the

function μcðDÞ ¼ μc þ aD−1, which gives us μc ¼
2.642ð5Þ and a ¼ 4.5ð4Þ with χ2=d:o:f ¼ 0.447093. We
have also fitted the data with the function μcðDÞ ¼ μc þ
bD−c, shown as the dotted curve in Fig. 7, to estimate an
uncertainty in the choice of the fitting function. The
difference between the central values of μc obtained by
these two types of fittings is considered to be a systematic
error. Finally, we obtain μc ¼ 2.642ð05Þð13Þ as the value
of limD→∞ μcðDÞ, which shows good consistency with
the exact solution of μc ¼ 2.643 % % % based on the Bethe
ansatz [16,17].

IV. SUMMARY AND OUTLOOK

We have investigated the metal-insulator transition of the
(1þ 1)d Hubbard model in the path-integral formalism
employing the TRG method. Extrapolating μcðDÞ to the
limit D → ∞, we have estimated the critical chemical
potential, which shows good consistency with the theo-
retical prediction based on the Bethe ansatz. We have
determined the critical exponent ν, which is also consistent
with the exact solution. These encouraging results show the
effectiveness of the TRG approach for the study of the
Hubbard model and the related fermion models being free
from the sign problem. It is worth emphasizing that the
TRG approach is efficient not only in the lower-dimen-
sional systems but also in the higher-dimensional ones, as
confirmed in the earlier works [2,4–7,14,15,23–26]. As a
next step, we are planning to investigate the phase diagram
of the higher-dimensional Hubbard models, improving the
TRG method successfully applied in this work.
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APPENDIX: GRASSMANN TENSOR FOR
(d + 1)-DIMENSIONAL HUBBARD MODEL

In this Appendix, we consider the tensor network
representation for the path integral of the (dþ 1)-dimen-
sional Hubbard model, whose action is given by

S¼
X

n∈Λdþ1

ϵ
!
ψ̄ðnÞ

"
ψðnþ τ̂Þ−ψðnÞ

ϵ

#
− t

Xd

σ¼1

ðψ̄ðnþ σ̂ÞψðnÞþ ψ̄ðnÞψðnþ σ̂ÞÞþU
2
ðψ̄ðnÞψðnÞÞ2 −μψ̄ðnÞψðnÞ

$
; ðA1Þ

where n ¼ ððnσÞσ¼1;…;d; nτÞ ∈ Λdþ1, which denotes the (dþ 1)-dimensional anisotropic lattice. Since the hopping terms in
Eq. (A1) are all diagonal in the internal space, we can immediately have the following decompositions,
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1/D
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µc+aD
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FIG. 7. Critical chemical potential μcðDÞ as a function of 1=D.
Solid line represents the fitting result with the function
μcðDÞ ¼ μc þ aD−1. Dotted curve also shows the fitting result
with the function μcðDÞ ¼ μc þ bD−c.
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Two examples in this talk
2D, 4D Complex φ4 at Finite Density
4D Nambu−Jona-Lasinio (NJL) Model at Finite Density 



2D Complex φ4 Theory at Finite Density

Continuum action of 2D complex φ4 theory at finite μ

Introduction of finite chemical potential ⇒ complex action

Lattice action 

First step is to construct TN representation 

Kadoh+, JHEP02(2020)161

Scont =
∫

d2x
{
|∂ρφ|2 + (m2 − µ2)|φ|2 + µ(φ∗∂2φ − ∂2φ

∗φ) + λ|φ|4
}

Z =
∫
Dφ1Dφ2 exp(−S)

S =
∑

n



(4 + m2) + |φn|2 + λ|φn|4 −
2∑

ρ=1

(
eµδρ,2φ∗

nφn+ρ̂ + e−µδρ,2φ∗
n+ρ̂φn

)




φn = (φn,1,φn,2) → (rn cos θn, rn sin θn)

exp(x cos z) =
∞∑

k=−∞
Ik(x) exp(ikz) x ∈ R, z ∈ C

Z =




∏

n

∞∑

kn,1,kn,2=−∞





(
∏

n

∫ ∞
0

drn

)
∏

n
2πrn

2∏

ρ=1
e−

1
4(4+m2)(r2

n+r2
n+ρ̂)−

λ
4 (r4

n+r4
n+ρ̂)

·Ikn,ρ(2rnrn+ρ̂)e
kn,ρµδρ,2δ(kn,1+kn,2−kn−1̂,1−kn−2̂,2),0

Zpq =
∫
Dφ1Dφ2 exp(−Re(S))

1

Scont =
∫

d2x
{
|∂ρφ|2 + (m2 − µ2)|φ|2 + µ(φ∗∂2φ − ∂2φ

∗φ) + λ|φ|4
}

Z =
∫
Dφ exp(−S)

Z(original) =
∫
Dφ1Dφ2 exp(−S)

S =
∑

n



(4 + m2) + |φn|2 + λ|φn|4 −
2∑

ρ=1

(
eµδρ,2φ∗

nφn+ρ̂ + e−µδρ,2φ∗
n+ρ̂φn

)




φn = (φn,1,φn,2) → (rn cos θn, rn sin θn)

exp(x cos z) =
∞∑

k=−∞
Ik(x) exp(ikz) x ∈ R, z ∈ C

Z(positive)

=




∏

n

∞∑

kn,1,kn,2=−∞





(
∏

n

∫ ∞
0

drn

)
∏

n
2πrn

2∏

ρ=1
e−

1
4(4+m2)(r2

n+r2
n+ρ̂)−

λ
4 (r4

n+r4
n+ρ̂)

·Ikn,ρ(2rnrn+ρ̂)e
kn,ρµδρ,2δ(kn,1+kn,2−kn−1̂,1−kn−2̂,2),0

1

Scont =
∫

d2x
{
|∂ρφ|2 + (m2 − µ2)|φ|2 + µ(φ∗∂2φ − ∂2φ

∗φ) + λ|φ|4
}

Z =
∫
Dφ exp(−S)

Z(original) =
∫
Dφ1Dφ2 exp(−S)

S =
∑

n



(4 + m2)|φn|2 + λ|φn|4 −
2∑

ρ=1

(
eµδρ,2φ∗

nφn+ρ̂ + e−µδρ,2φ∗
n+ρ̂φn

)




φn = (φn,1,φn,2) → (rn cos θn, rn sin θn)

exp(x cos z) =
∞∑

k=−∞
Ik(x) exp(ikz) x ∈ R, z ∈ C

Z(positive)

=




∏

n

∞∑

kn,1,kn,2=−∞





(
∏

n

∫ ∞
0

drn

)
∏

n
2πrn

2∏

ρ=1
e−

1
4(4+m2)(r2

n+r2
n+ρ̂)−

λ
4 (r4

n+r4
n+ρ̂)

·Ikn,ρ(2rnrn+ρ̂)e
kn,ρµδρ,2δ(kn,1+kn,2−kn−1̂,1−kn−2̂,2),0

1



Tensor Network Representation
Kadoh+, JHEP02(2020)161

Boltzmann weight is expressed as

⇒ Need to discretize the continuous d. o. f.

Use of Gauss-Hermite quadrature

Discretized version of partition function 

where the original complex field is represented in terms of two real fields φn = 1√
2
(φn,1 + iφn,2)

and the corresponding integral measure is given by Dφ1Dφ2 ≡
∏

n∈Γ dφn,1dφn,2. Although

a naive Monte Carlo method cannot be applied due to the complex action, it is in fact

irrelevant for the tensor network method whether the Boltzman weight is complex or not.

In order to apply the tensor network method, first of all, one has to derive a tensor

network representation of the partition function and the expectation value of the fields if

nessesary. In the following we shall derive it especially for the partition function according

to Refs. [4, 5]. 1 The first important point to note is that the lattice action contains the

nearest-neighbor interaction. Thus the Boltzmann weight can be expressed as a product of

local factors:

e−S =
∏

n∈Γ

2∏

ν=1

fν (φn,φn+ν̂) , (4)

where the local factor is explicitly given by

fν (z, z
′)

= exp

{
−1

4

(
4 +m2

) (
|z|2 + |z′|2

)
− λ

4

(
|z|4 + |z′|4

)
+ eµδν,2z∗z′ + e−µδν,2zz′∗

}
. (5)

The next step is to derive the discrete structure labeled by an integer which is a candidate

of a tensor index. For that purpose we use the Gauss–Hermite quadrature rule as in refs. [4,

5]. For one-variable integration, the quadrature provides a discretization as follows. For a

proper function g(x),

∫ ∞

−∞
dxe−x2

g (x) ≈
K∑

α=1

wαg (yα) (6)

where yα and wα are the α-th root of the K-th Hermite polynomial and the corresponding

weight, respectively. Here K dictates the order of approximation and for large K the pre-

cision of integration is expected to be better. Even in two-variable case (z = 1√
2
(z1 + iz2),

z1, z2 ∈ R), one can simply apply the quadrature rule

∫ ∞

−∞

∫ ∞

−∞
dz1dz2 e−z21−z22h (z) ≈

K∑

α,β=1

wαwβh

(
yα + iyβ√

2

)
, (7)

1 The expectation value of the fields can be treated in a similar way.
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as long as the integrand h is a proper function. After applying the replacement for each

complex field on a site, the partition function is now expressed in a discrete form

Z ≈ Z (K) =
∑

{α,β}

∏

n∈Γ

wαnwβn exp
(
y2αn

+ y2βn

) 2∏

ν=1

fν

(
yαn + iyβn√

2
,
yαn+ν̂

+ iyβn+ν̂√
2

)
, (8)

where we have used an abbreviation for the summation

∑

{α,β}

... =
∏

n∈Γ

K∑

αn,βn=1

.... (9)

As a result of the discretization, the local Boltzmann factor for each ν can be regarded

as a K2 ×K2 complex valued matrix

M [ν]
(αβ)(α′β′) ≡ fν

(
yα + iyβ√

2
,
yα′ + iyβ′√

2

)
. (10)

Then the singular value decomposition is applied to the matrix numerically

M [ν]
(αβ)(α′β′) =

K2∑

k=1

U [ν]
(αβ)kσ

[ν]
k V [ν]†

k(α′β′), (11)

where σ[ν]
k is k-th singular value 2, and U [ν] and V [ν]† are unitary matrices. Finally the

discrete form of the partition function can be expressed as a tensor network

Z (K) =
∑

{x,t}

∏

n∈Γ

T (K)xntnxn−1̂tn−2̂
, (12)

where
∑

{x,t} denotes
∏

n∈Γ
∑K2

xn,tn=1 and the tensor is explicitly given by

T (K)ijkl =
√
σ[1]
i σ[2]

j σ[1]
k σ[2]

l

K∑

α,β=1

wαwβ exp
(
y2α + y2β

)
U [1]
(αβ)iU

[2]
(αβ)jV

[1]†
k(αβ)V

[2]†
l(αβ). (13)

To achieve a better precision and a reasonable computational complexity, we truncate

the range of the summation of tensor indices in eq.(12). The truncation is valid when σ[ν]
k in

eq.(11) has a sharp hierarchy structure. After truncating the range from K2 to D (≤ K2),

Z (K) is approximated to

Z (K) ≈
(
∏

n∈Γ

D∑

xn,tn=1

)
∏

n∈Γ

T (K)xntnxn−1̂tn−2̂
, (14)

where note that the elements of the tensor is the same as the original one.

2 We assume that the singular values are ordered in the descending order.
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FIG. 1. The average of phase factor (Re[Z/Zpq]) as a function of µ. The parameters are m2 = 0.01,

λ = 1, K = 64 and D = 64. The lattice volume is varied from 23× 23 to 28× 28. The sign problem

is harder for larger µ and larger volume.

B. Silver Blaze phenomenon

As a typical phenomenon in finite density systems, let us see the Silver Blaze phenomenon

which is expected to be elucidated in the thermodynamics limit at very low temperature.

In fact, a cost of the tensor network method scales with the logarithm of the lattice volume,

thus the method is suitable for observing the phenomenon clearly.

First, let us see the particle number density defined as

n =
1

NsNt

∂ lnZ

∂µ
. (18)

The differentiation in terms of µ in the above equation is estimated by numerical difference.

The results for n as a function of µ are shown in fig. 2 for several space-time volumes. We

clearly observe the Silver Blaze phenomenon; the density does not react in the small µ region,

and it has an onset at finite µ. In particular, the cusp structure around µ ≈ 0.94 tends to

be sharper for larger volume. For comparison, in fig. 3 we show the phase quenched version

of the particle number density on the lattice V = (1024)2. By contrast to the full-version,

6

the phase quenched one exhibits the continuous behavior. To see the difference in more

detail, we show its volume dependent in fig. 4. In the infinite volume limit the full-version

converges to zero while the phase quenched one takes a finite value.
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FIG. 2. The particle number density (n) as a function of µ. The lattice volume is varied from

22 × 22 to 28 × 28. The other parameters (m, λ, K and D) are the same as those of fig. 1.

We also calculate the field expectation value 〈|φ|2〉 using the impurity tensor method [5].

Figure 5 shows 〈|φ|2〉 as a function of µ with the same parameters as in those of fig. 2. As

in the case of the density, there is no µ-dependence in µ ! 0.94 while a sharp rise is seen

around µ ≈ 0.94.

In order to study a stability of the Silver Blaze phenomenon against changing the physical

parameters (m and λ), we also compute the density with (m2,λ) = (0.01, 0.1) and (1, 0.1)

as shown in fig. 9. Note that, for smaller m or λ, the exponential damping in the Boltzmann

weight is weaker. Even in such cases, we clearly observe that the Silver Blaze phenomenon

persists.
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Figure 3. Average phase factor as a function of µ. The parameters are m2 = 0.01, λ = 1,
K = D = 64 and V = 82, 162, . . . , 2562. The sign problem becomes severe for larger µ and V .

3.1 Average phase factor

Let 〈·〉pq be an expectation value in the phase quenched theory with partition function,

Zpq =

∫
Dφ e−Re(S). (3.1)

Then the expectation value of an operator O may be expressed as

〈O〉 = 〈Oeiθ〉pq
〈eiθ〉pq

, (3.2)

where e−S = e−Re(S)eiθ. Using the TRG, Zpq and 〈O〉pq for a local operator O can also be

evaluated from a tensor dropping the last two terms in eq. (2.5).

The sign problem appears as a difficulty in evaluating the ratio of eq. (3.2). For large

µ, since the phase factor eiθ has a large fluctuation, both the average phase factor,

〈eiθ〉pq =
Z

Zpq
, (3.3)

and 〈Oeiθ〉pq approach zero. Then, in the Monte Carlo method, it becomes difficult to

evaluate 〈O〉 due to a 0/0 problem. In other words, the severeness of the sign problem is

measured by the numerical value of eq. (3.3).

Figure 3 shows the average phase factor evaluated by the TRG for various µ and V .

We use m2 = 0.01 and λ = 1 which are the same parameters as [24]. As clearly seen, the

average phase factor decreases as µ increases for fixed space-time volume V while it also

decreases as V increases for fixed µ. We thus confirm that, in the zero temperature and

large spacial volume limits, severe sign problems happen even for small values of µ.
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, (3.2)

where e−S = e−Re(S)eiθ. Using the TRG, Zpq and 〈O〉pq for a local operator O can also be

evaluated from a tensor dropping the last two terms in eq. (2.5).

The sign problem appears as a difficulty in evaluating the ratio of eq. (3.2). For large

µ, since the phase factor eiθ has a large fluctuation, both the average phase factor,

〈eiθ〉pq =
Z

Zpq
, (3.3)

and 〈Oeiθ〉pq approach zero. Then, in the Monte Carlo method, it becomes difficult to

evaluate 〈O〉 due to a 0/0 problem. In other words, the severeness of the sign problem is

measured by the numerical value of eq. (3.3).

Figure 3 shows the average phase factor evaluated by the TRG for various µ and V .

We use m2 = 0.01 and λ = 1 which are the same parameters as [24]. As clearly seen, the

average phase factor decreases as µ increases for fixed space-time volume V while it also

decreases as V increases for fixed µ. We thus confirm that, in the zero temperature and
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Figure 4. 〈n〉 as a function of µ. The lattice volume is varied from 42 to 2562. The other parameters
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3.2 Silver Blaze phenomenon

In the thermodynamic limit, bulk observables are independent of µ below a critical µc as

well as finite density QCD. This is called the Silver Blaze phenomenon which is a direct

outcome of an imaginary part of the action. Although the computational cost of the Monte

Carlo method has a large volume dependence, the TRG is suitable for observing the Silver

Blaze phenomenon clearly since its cost scales with the logarithm of the lattice volume and

the thermodynamic limit can be easily taken.

Figure 4 shows the µ-dependence of particle number density,

〈n〉 = 1

V

∂ lnZ

∂µ
. (3.4)

The differentiation with respect to µ in the above equation is estimated by numerical

differentiation. The Silver Blaze phenomenon is clearly observed for large volumes. The

density does not depend on µ for small µ region, and it begins to increase at µ ≈ 0.94. In

particular, the cusp structure around µ ≈ 0.94 tends to be sharper for larger volumes.

In figure 5, we compare the result of the number density to that of the phase quenched

model on V = 10242. By contrast to the full theory, the phase quenched model exhibits the

continuous behavior, and one can confirm that the µ independence of the result is a direct

consequence of the imaginary part of the action. To see the difference in more detail, the

volume dependence of the result at µ = 0.904 is shown in figure 6. In the infinite volume

limit, although the result in the full theory converges to zero, that in the phase quenched

model converges to a non-zero value.
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quenched version for m2 = 0.01, λ = 1, K = 64, D = 64 and V = 1024 × 1024. The full

theory result clearly shows the Silver Blaze phenomenon while the phase quenched case shows the

continuous behavior.

C. Comparison with another tensor network representation

So far we have used the tensor network representation using the Gauss-Hermite quadra-

ture but one may use another representation, for instance, the dual formulation given in

Appendix A. It is known that the dual formulation of the complex scalar theory has no

sign problem. This formulation is also useful for tensor network method. For example, the

number of integration variables for the dual formulation is half of that of the conventional

one using the Gauss-Hermite quadrature. Thus, the cost of making the initial tensor for the

dual formulation is basically cheaper than that using the Gauss-Hermite quadrature. See

Appendix A for the details.

We numerically compare the two representations in terms of 〈|φ2|〉 as shown in fig. 10. As

a result they agree with each other well and it is hard to see the difference at the resolution.

Thus we see that it is irrelevant for the tensor network method whether the representation

of the partition function is inherent in the sign problem or not.
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d2x
{
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}
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∫
Dφ1Dφ2 exp(−S)

S =
∑

n



(4 + m2) + |φn|2 + λ|φn|4 −
2∑

ρ=1

(
eµδρ,2φ∗

nφn+ρ̂ + e−µδρ,2φ∗
n+ρ̂φn

)

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φn = (φn,1,φn,2) → (rn cos θn, rn sin θn)

exp(x cos z) =
∞∑

k=−∞
Ik(x) exp(ikz) x ∈ R, z ∈ C

Z =




∏

n

∞∑
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
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(
∏

n
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drn
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n
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Figure 4. 〈n〉 as a function of µ. The lattice volume is varied from 42 to 2562. The other parameters
(m, λ, K and D) are the same as those of figure 3.

3.2 Silver Blaze phenomenon

In the thermodynamic limit, bulk observables are independent of µ below a critical µc as

well as finite density QCD. This is called the Silver Blaze phenomenon which is a direct

outcome of an imaginary part of the action. Although the computational cost of the Monte

Carlo method has a large volume dependence, the TRG is suitable for observing the Silver

Blaze phenomenon clearly since its cost scales with the logarithm of the lattice volume and

the thermodynamic limit can be easily taken.

Figure 4 shows the µ-dependence of particle number density,

〈n〉 = 1

V

∂ lnZ

∂µ
. (3.4)

The differentiation with respect to µ in the above equation is estimated by numerical

differentiation. The Silver Blaze phenomenon is clearly observed for large volumes. The

density does not depend on µ for small µ region, and it begins to increase at µ ≈ 0.94. In

particular, the cusp structure around µ ≈ 0.94 tends to be sharper for larger volumes.

In figure 5, we compare the result of the number density to that of the phase quenched

model on V = 10242. By contrast to the full theory, the phase quenched model exhibits the

continuous behavior, and one can confirm that the µ independence of the result is a direct

consequence of the imaginary part of the action. To see the difference in more detail, the

volume dependence of the result at µ = 0.904 is shown in figure 6. In the infinite volume

limit, although the result in the full theory converges to zero, that in the phase quenched

model converges to a non-zero value.
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Sign-Problem-Free Representation

Mathematical tools
• Polar coordinate

• Character expansion

Partition function can be expressed in a sign-problem-free form  

Apply TRG to Z(positive)

Consistency check btw the results for Z(original) and Z(positive)

Endres, PRD75(2007)065012

Scont =
∫

d2x
{
|∂ρφ|2 + (m2 − µ2)|φ|2 + µ(φ∗∂2φ − ∂2φ
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Comparison btw Z(original) and Z(positive)

Parameters: m2=0.01, V=1024x1024, λ=1, K=256, Dcut=64
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FIG. 10. 〈|φ|2〉 as a function of µ at D = 64 on the lattice V = 1024×1024. For the tensor network

(TN) using the Gauss-Hermite quadrature, the truncation order is K = 64. For the case of the

character expansion, the truncation order of the expansion is set to 128 and that for the radial

integration is K = 256.

complex field: (φn,1,φn,2) → (rn cos θn, rn sin θn) and the character expansion:

ex cos z =
∞∑

l=−∞

Il (x) e
ilz for x ∈ R, z ∈ C, (A1)

where Il is the l-th modified Bessel function of the first kind. By using them, one can obtain

the dual formulation of the partition function

Z =




∏

n∈Γ

∞∑

ln,1,ln,2=−∞




(
∏

n∈Γ

∫ ∞

0

drn

)
∏

n∈Γ

2πrn

2∏

ν=1

e−
1
4(4+m2)(r2n+r2n+ν̂)−λ

4 (r4n+r4n+ν̂)

Iln,ν (2rnrn+ν̂) e
In,νµδν,2δ(ln,1+ln,2−ln−1̂,1−ln−2̂,2),0

,

(A2)

where the angle variables have been already integrated and there are constraints for ls. Now

all entries are real and non-negative thus there is no sign problem in this formulation. Note

that the range for the summation of l has to be truncated at some order in the actual

computations and we set the truncation order 128 in the analysis here.
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Extension to 4D 

Parameters: m2=0.01, λ=1, K=64, Dcut=45
V=L4 is changed from 24 to 10244

Akiyama+, JHEP09(2020)177
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Figure 3. Average phase factor as a function of µ with m2 = 0.01, λ = 1, K = 64, D = 45. The
lattice volume V is varied from 44 to 10244.

In case that the phase factor oscillates frequently in the large µ region it is difficult for

the Monte Carlo method to evaluate the ratio because of the vanishing contributions from

both the numerator and the denominator. This is the so-called sign problem.

In figure 3, we plot the average phase factor 〈eiθ〉pq = Z/Zpq as a function of µ varying

the lattice volume V . This quantity measures how severe the sign problem is for given

parameters of µ and V . We observe that 〈eiθ〉pq becomes close to zero as either of the

volume or the chemical potential increases. On the largest volume of V = 10244, which

is essentially regarded as the thermodynamic limit at zero temperature, the average phase

factor quickly falls off from one at µ = 0 to zero for µ ! 0.05, where a naive Monte Carlo

method does not work.

In figure 4, the µ dependence of the particle number density

〈n〉 = 1

V

∂ lnZ

∂µ
(3.3)

is plotted. We evaluate this quantity by the ATRG algorithm with impurity tensors [15].

On the larger volume the Silver Blaze phenomenon becomes manifest: the particle number

density stays around zero up to µ ≈ 0.65 and starts to show the rapid increase at µ ≈ 0.65.

Figure 5 compares 〈n〉 and 〈n〉pq as a function of µ on the lattice of V = 10244. The latter

shows the monotonic increase once the finite chemical potential is turned on. It is confirmed

that the Silver Blaze phenomenon is attributed to the imaginary part of the action.

Figure 6 plots 〈|φ|2〉 as a function of µ with the same parameter set of (m,λ,K,D, V )

as in figure 4, which is also evaluated with the impurity tensor method. The µ dependence

of 〈|φ|2〉 is quite similar to that of 〈n〉 in figure 4: 〈|φ|2〉 seems independent of µ up to

µ ≈ 0.65 and shows the rapid increase beyond it. The value of the critical chemical potential

µc should be compared with a mean field estimate, which is given by 4 sinh2(µMF
c /2) =

m2+4λ〈|φ|2〉 [28]. Using the measured value of 〈|φ|2〉 ≈ 0.125 over 0 ≤ µ ≤ 0.65 in figure 6

we obtain µMF
c ≈ 0.70.
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3.1 Average phase factor

Let 〈·〉pq be an expectation value in the phase quenched theory with partition function,

Zpq =

∫
Dφ e−Re(S). (3.1)

Then the expectation value of an operator O may be expressed as

〈O〉 = 〈Oeiθ〉pq
〈eiθ〉pq

, (3.2)

where e−S = e−Re(S)eiθ. Using the TRG, Zpq and 〈O〉pq for a local operator O can also be

evaluated from a tensor dropping the last two terms in eq. (2.5).

The sign problem appears as a difficulty in evaluating the ratio of eq. (3.2). For large

µ, since the phase factor eiθ has a large fluctuation, both the average phase factor,

〈eiθ〉pq =
Z

Zpq
, (3.3)

and 〈Oeiθ〉pq approach zero. Then, in the Monte Carlo method, it becomes difficult to

evaluate 〈O〉 due to a 0/0 problem. In other words, the severeness of the sign problem is

measured by the numerical value of eq. (3.3).

Figure 3 shows the average phase factor evaluated by the TRG for various µ and V .

We use m2 = 0.01 and λ = 1 which are the same parameters as [24]. As clearly seen, the

average phase factor decreases as µ increases for fixed space-time volume V while it also

decreases as V increases for fixed µ. We thus confirm that, in the zero temperature and

large spacial volume limits, severe sign problems happen even for small values of µ.
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3.2 Silver Blaze phenomenon

In the thermodynamic limit, bulk observables are independent of µ below a critical µc as

well as finite density QCD. This is called the Silver Blaze phenomenon which is a direct

outcome of an imaginary part of the action. Although the computational cost of the Monte

Carlo method has a large volume dependence, the TRG is suitable for observing the Silver

Blaze phenomenon clearly since its cost scales with the logarithm of the lattice volume and

the thermodynamic limit can be easily taken.

Figure 4 shows the µ-dependence of particle number density,

〈n〉 = 1

V

∂ lnZ

∂µ
. (3.4)

The differentiation with respect to µ in the above equation is estimated by numerical

differentiation. The Silver Blaze phenomenon is clearly observed for large volumes. The

density does not depend on µ for small µ region, and it begins to increase at µ ≈ 0.94. In

particular, the cusp structure around µ ≈ 0.94 tends to be sharper for larger volumes.

In figure 5, we compare the result of the number density to that of the phase quenched

model on V = 10242. By contrast to the full theory, the phase quenched model exhibits the

continuous behavior, and one can confirm that the µ independence of the result is a direct

consequence of the imaginary part of the action. To see the difference in more detail, the

volume dependence of the result at µ = 0.904 is shown in figure 6. In the infinite volume

limit, although the result in the full theory converges to zero, that in the phase quenched

model converges to a non-zero value.
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the partition function or the path-integral itself. In the thermodynamic limit the pressure

is directly related to the thermodynamic potential so that the equation of state can be

easily obtained with the TRG method.

In this paper we investigate the phase structure of the Nambu–Jona-Lasinio (NJL)

model [16, 17] at finite temperature T and chemical potential µ on the lattice developing

the Grassmann version of the ATRG algorithm. The Lagrangian of the NJL model in the

continuum is defined as follows:

L =  ̄(x)�⌫@⌫ (x)� g0
�
( ̄(x) (x))2 + ( ̄(x)i�5 (x))

2
 
, (1.1)

which has the U(1) chiral symmetry with  (x) ! ei↵�5 (x) and  ̄(x) !  ̄(x)ei↵�5 . This

is an e↵ective theory of QCD which describes the dynamical chiral symmetry breaking:

once the strength of the coupling constant g0 exceeds a certain critical value the system

generates a non-trivial vacuum with h ̄(x) (x)i 6= 0. The chiral phase structure of the

NJL model on the T -µ plane is discussed by some analytical methods, e.g., the mean-field

approximation (MFA) [18] and the functional renormalization group (FRG) [19]. Figure 1

shows a schematic view of the expected phase structure, whose characteristic feature is

the first-order chiral phase transition in the dense region at very low temperature [20].

This phase transition is our primary target to investigate, employing the chiral condensate

h ̄(x) (x)i as an order parameter. Since the chiral symmetry plays a crucial role in this

study, we use the Kogut–Susskind fermion to formulate the NJL model on the lattice.

The analysis of the phase structure with the TRG method would help us understand the

thermodynamic properties of dense QCD.

This paper is organized as follows. In Sec. 2 we explain the formulation of the lattice

NJL model with the Kogut–Susskind fermion and the algorithmic details of the Grassmann

ATRG (GATRG). Numerical results for the chiral condensate and the equation of state

are presented in Sec. 3. Section 4 is devoted to summary and outlook.

2 Formulation and numerical algorithm

2.1 NJL model on the lattice

We use the Kogut–Susskind fermion to formulate the NJL model on the lattice. Following

Refs. [21, 22], we define the model at finite chemical potential µ as

S =
1

2
a
3
X

n2⇤

4X

⌫=1

⌘⌫(n)
h
eµa�⌫,4�̄(n)�(n+ ⌫̂)� e�µa�⌫,4�̄(n+ ⌫̂)�(n)

i

+ma
4
X

n2⇤
�̄(n)�(n)� g0a

4
X

n2⇤

4X

⌫=1

�̄(n)�(n)�̄(n+ ⌫̂)�(n+ ⌫̂), (2.1)

where n = (n1, n2, n3, n4)(2 Z4) specifies a position in lattice ⇤, whose spacing is a. �(n)

and �̄(n) are Grassmann-valued fields without the Dirac structure. Since they describe

the Kogut–Susskind fermions, �(n) and �̄(n) are single-component Grassmann variables.
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Figure 1. Schematic view of expected phase diagram of the NJL model on the T -µ plane. Solid
and broken curves represent the first- and second-order phase transitions, respectively. Closed circle
denotes the tricritical point where the first-order phase transition line terminates.

where n = (n1, n2, n3, n4)(∈ Z4) specifies a position in the lattice Λ, with the lattice spacing
a. χ(n) and χ̄(n) are Grassmann-valued fields without the Dirac structure. Since they
describe the Kogut-Susskind fermions, χ(n) and χ̄(n) are single-component Grassmann
variables. ην(n) is the staggered sign function defined by ην(n) = (−1)n1+···+nν−1 with
η1(n) = 1. The partition function is defined in the ordinal manner:

Z =
∫ 


∏

n∈Λ
dχ(n)dχ̄(n)



 e−S . (2.2)

For vanishing mass m, eq. (2.1) is invariant under the following continuous chiral transfor-
mation:

χ(n) → eiαε(n)χ(n), (2.3)
χ̄(n) → χ̄(n)eiαε(n) (2.4)

with α ∈ R and ε(n) = (−1)n1+n2+n3+n4 .

2.2 Tensor network representation
We introduce the tensor network representation for eq. (2.2) in a similar way with refs. [10,
11].3 Hereafter, we set a = 1 for simplicity. Firstly, we expand the local Boltzmann weights

3See ref. [25] for a different TRG approach with the Kogut-Susskind fermion, where the TRG procedure
is applied to the Schwinger model after integrating out the fermion fields analytically.
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Coarse-graining procedure: GATRG w/ Dcut=55

Parameters

𝑉 = 𝐿×𝛽 = 𝑎𝑁# × 𝑎𝑁$ = 2%, ⋯ , (1024)% 𝛽 = &
'

Periodic BC for spatial direction and anti-periodic BC for temporal direction
𝑎 is fixed at finite value  (𝑎=1)
𝑔" = 32 for coupling constant of four-fermi interaction
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in the following manners to decompose the nearest-neighbor interactions:

exp
[

−eµδν,4

2 ην(n)χ̄(n)χ(n+ ν̂)
]

=
1∑

iν,1(n)=0

∫ (eµ
2 δν,4
√
2
ην(n)χ̄(n)dΦν(n)

· e
µ
2 δν,4
√
2
χ(n+ ν̂)dΦ̄ν(n+ ν̂) · Φ̄ν(n+ ν̂)Φν(n)

)iν,1(n)

, (2.5)

exp
[
e−µδν,4

2 ην(n)χ̄(n+ ν̂)χ(n)
]

=
1∑

iν,2(n)=0

∫ (e−µ
2 δν,4

√
2

ην(n)χ(n)dΨν(n)

· e
−µ

2 δν,4
√
2

χ̄(n+ ν̂)dΨ̄ν(n+ ν̂) · Ψ̄ν(n+ ν̂)Ψν(n)
)iν,2(n)

, (2.6)

eg0χ̄(n)χ(n)χ̄(n+ν̂)χ(n+ν̂)

=
1∑

iν,3(n)=0
(√g0χ̄(n)χ(n) ·

√
g0χ̄(n+ ν̂)χ(n+ ν̂))iν,3(n) . (2.7)

Secondly, integrating out χ and χ̄ at each lattice site n, we define

Tn;i4(n)i1(n)i2(n)i3(n)i4(n−4̂)i1(n−1̂)i2(n−2̂)i3(n−3̂)

=
∫

dχdχ̄ e−mχ̄χ
4∏

ν=1

(
eµ

2 δν,4
√
2
ην(n)χ̄dΦν(n)

)iν,1(n)(eµ
2 δν,4
√
2
χdΦ̄ν(n)

)iν,1(n−ν̂)

×
(
e−µ

2 δν,4
√
2

ην(n)χdΨν(n)
)iν,2(n)(e−µ

2 δν,4
√
2

χ̄dΨ̄ν(n)
)iν,2(n−ν̂)

(√g0χ̄χ)iν,3(n)

× (√g0χ̄χ)iν,3(n−ν̂)
(
Φ̄ν(n+ ν̂)Φν(n)

)iν,1(n) (Ψ̄ν(n+ ν̂)Ψν(n)
)iν,2(n)

. (2.8)

This serves as a change of variables from χ, χ̄ to the integer-valued fields iν = (iν,p)p=1,2,3
and alternative Grassmann variables Φν ,Ψν . Renaming x = i1, y = i2, z = i3, t = i4,
eq. (2.2) is expressed in the form,

Z =
∑

{t,x,y,z}

∫ ∏

n∈Λ
Tn;txyzt′x′y′z′ , (2.9)

which is the tensor network representation of this model.4 In current construction,
Tn;txyzt′x′y′z′ is factorized as

Tn;txyzt′x′y′z′ = In;txyzt′x′y′z′Sn;txyzt′x′y′z′Gn;txyzt′x′y′z′ . (2.10)
4In eq. (2.9), we omit arguments in tensor indices and introduce shorthand notations such as x′ =

x(n − 1̂), y′ = y(n − 2̂), z′ = z(n − 3̂), t′ = t(n − 4̂)
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Figure 3. Number density at m = 104 and g0 = 32 on 1284 and 10244 lattices as a function of
µ with D = 30. ∆µ = 4.0 × 10−3 in the vicinity of µc. Green line denotes the step function in
eq. (3.1).
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Figure 4. Fermion condensate at m = 104 and g0 = 32 on 1284 and 10244 lattices as a function of
µ with D = 30. Green line denotes the step function in eq. (3.2).

of µc = ln(2m) = 9.903, both for 〈n〉 and 〈χ̄(n)χ(n)〉 in the heavy dense limit. Note that
the results quickly converge with respect to D; the difference between lnZ(D = 25) and
lnZ(D = 30) has been already suppressed less than 2.1 × 10−3% in the vicinity of µc.

3.3 Chiral phase transition

Having confirmed the efficiency of the GATRG algorithm in the heavy dense limit, let
us turn to the calculation with the light fermion masses. We first check the convergence
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of µc = ln(2m) = 9.903, both for 〈n〉 and 〈χ̄(n)χ(n)〉 in the heavy dense limit. Note that
the results quickly converge with respect to D; the difference between lnZ(D = 25) and
lnZ(D = 30) has been already suppressed less than 2.1 × 10−3% in the vicinity of µc.

3.3 Chiral phase transition

Having confirmed the efficiency of the GATRG algorithm in the heavy dense limit, let
us turn to the calculation with the light fermion masses. We first check the convergence
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The last technique to be mentioned is the parallel computation, which reduces the
execution time of the GATRG. The essence of this technique in the ATRG is demonstrated
in ref. [28]; the computational cost per process of tensor contraction is reduced from O(D9)
to O(D8). As in refs. [16, 28], we employ the randomized SVD (RSVD) in the swapping
bond part. The accuracy of the RSVD is controlled by the oversampling parameter p and
q iterations of QR decomposition. Under the block diagonal representation, we apply the
RSVD with p = 4D and q = D to each block matrix.

3 Numerical results

3.1 Setup
We choose a large value of g0 = 32 for the four-fermi coupling in eq. (2.1), because the
FRG analysis in ref. [21] indicates the vanishing phase transition for smaller g0. The
partition function of eq. (2.9) is evaluated, using the GATRG algorithm on a lattice up to
the volume V = L4 (L = 2m,m ∈ N). We assume the periodic boundary conditions for x-,
y-, z-directions and the anti-periodic boundary condition for t-direction.

Before investigating the restoration of the chiral symmetry at vanishing fermion mass,
we check the efficiency of the GATRG algorithm by benchmarking with the NJL model
in the heavy dense limit, which is defined as m → ∞ and µ → ∞, keeping eµ/m fixed.
The heavy dense limit gives us an opportunity to compare numerical results with the exact
analytical ones.

3.2 Heavy dense limit as a benchmark
In the heavy dense limit, the number density 〈n〉 and the fermion condensate 〈χ̄(n)χ(n)〉
at vanishing temperature can be derived analytically as

〈n〉 = Θ(µ − µc), (3.1)

〈χ̄(n)χ(n)〉 = 1
m

Θ(µc − µ), (3.2)

where Θ denotes the step function and µc = ln(2m) [29].
Figures 3 and 4 show the numerical results for 〈n〉 and 〈χ̄(n)χ(n)〉 obtained by the

GATRG algorithm choosing m = 104 with D = 30. The number density is calculated by
the numerical derivative of the thermodynamic potential in terms of the chemical potential:

〈n〉 = 1
V

∂ lnZ(µ)
∂µ

≈ 1
V

lnZ(µ+ ∆µ) − lnZ(µ)
∆µ

. (3.3)

In the vicinity of µc, we have set ∆µ = 4.0×10−3. The fermion condensate is also obtained
via the numerical derivative of the thermodynamic potential in terms of m:

〈χ̄(n)χ(n)〉|m=104 = 1
V

lnZ(m+ ∆m) − lnZ(m)
∆m

∣∣∣∣
m=104

(3.4)

with ∆m = 1. Since there is little difference between the L = 128 and 1024 results, the
L = 1024 lattice is sufficiently large to estimate the thermodynamic limit at vanishing tem-
perature. The numerical results well reproduce the analytical ones, including the location
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𝜇 Dependence of Chiral Condensate

Jump around 𝜇 ≈ 3.0 ⇒ First-order phase transition
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Figure 4. Chiral condensate at m = 0.01 and 0.02 on 10244 lattice as a function of µ with D = 55.
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Figure 5. Chiral condensate extrapolated in the chiral limit as a function of µ with D = 55 on
1284 and 10244 lattices.

with the impurity tensor, following the ideas in Refs. [15, 26]. This is also the case with the evaluation of

number density discussed below.
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3.2 Chiral phase transition

We investigate the chiral phase transition employing the chiral condensate h�̄(n)�(n)i, as
an order parameter, which is defined by

h�̄(n)�(n)i = lim
m!0

lim
V!1

1

V

@

@m
lnZ, (3.2)

in the cold region. We calculate h�̄(n)�(n)i with the numerical derivative of thermodynamic

potential and the chiral extrapolation with the corresponding results at finite mass in the

thermodynamic limit6. In this study, the partial derivative in Eq. (3.2) is numerically

evaluated via

@

@m
lnZ ⇡ lnZ(m+�m)� lnZ(m)

�m
, (3.3)

with �m = 0.01. In Fig. 4 we plot the µ dependence of the chiral condensate at m = 0.01

and 0.02 on the L
4 = 10244 lattice. The signals show slight fluctuations as a function

of µ around the transition point. Away from the transition point, we have found little

response in h�̄(n)�(n)i to changes in mass. Figure 5 presents the results in the chiral limit

obtained by the chiral extrapolation with those at m = 0.01 and 0.02 on two volumes of

L
4 = 1284 and 10244. It is hard to find the di↵erence between the L = 128 and 1024 results.

This allows us to consider the L = 1024 result to be essentially in the thermodynamic

limit. We observe the discontinuity from a finite value to zero for the chiral condensate at

µc = 3.0625± 0.0625, which is a clear indication of the first-order phase transition.

3.3 Equation of state

Equation of state is a relation between the pressure and the particle number density. Here

we presents both results as a function of µ, respectively. In the thermodynamic limit, the

pressure P is directly obtained from the thermodynamic potential:

P =
lnZ

V
, (3.4)

where the vast homogeneous system is assumed. In Fig. 6 we plot the µ dependence of the

pressure at m = 0.01. We find a kink behavior at µc = 3.0625 ± 0.0625, where the chiral

condensate shows the discontinuity. Note that the m = 0.02 result shows little di↵erence

from the m = 0.01 one.

The particle number density is obtained by the numerical derivative of pressure in

terms of the chemical potential:

hn(µ)i = @P (µ)

@µ
⇡ P (µ+�µ)� P (µ)

�µ
. (3.5)

The µ dependence of hni is shown in Fig. 7. We observe an abrupt jump from hni = 0

to hni = 1 at µc = 2.9375 ± 0.0625. This is another indication of the first-order phase

transition. The small shift of µc compared to the chiral condensate case is attributed to

the definition of the numerical derivative in Eq. (3.5).

6It is also possible to evaluate the chiral condensate with the impurity tensor method [15, 26]. Since

Eq. (2.9) consists of eight types of tensor, however,we need to coarse-grain several kinds of tensor network
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𝜇 Dependence of Number Density

Jump around 𝜇≈3.0 ⇒ Another evidence of first-order phase transition
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Figure 6. Pressure at m = 0.01 as a function of µ on 1284 and 10244 lattices.
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Figure 7. Particle number density at m = 0.01 as a function of µ on 1284 and 10244 lattices.

4 Summary and outlook

We have investigated the restoration of the chiral symmetry of the NJL model in the

dense region at very low temperature employing the Kogut–Susskind fermion action on

the extremely large lattice of V = 10244, which is essentially in the thermodynamic limit

at zero temperature. The first-order phase transition is clearly observed using the chiral

– 12 –

0.0 1.0 2.0 3.0 4.0 5.0
µ

2.0

2.5

3.0

3.5

4.0

4.5

P

L = 128
L = 1024

Figure 6. Pressure at m = 0.01 as a function of µ on 1284 and 10244 lattices.

0.0 1.0 2.0 3.0 4.0 5.0
µ

-0.2

0.0

0.2

0.4

0.6

0.8

1.0

1.2

<n
>

L = 128
L = 1024

Figure 7. Particle number density at m = 0.01 as a function of µ on 1284 and 10244 lattices.

4 Summary and outlook

We have investigated the restoration of the chiral symmetry of the NJL model in the

dense region at very low temperature employing the Kogut–Susskind fermion action on

the extremely large lattice of V = 10244, which is essentially in the thermodynamic limit

at zero temperature. The first-order phase transition is clearly observed using the chiral

– 12 –

3.2 Chiral phase transition

We investigate the chiral phase transition employing the chiral condensate h�̄(n)�(n)i, as
an order parameter, which is defined by

h�̄(n)�(n)i = lim
m!0

lim
V!1

1

V

@

@m
lnZ, (3.2)

in the cold region. We calculate h�̄(n)�(n)i with the numerical derivative of thermodynamic

potential and the chiral extrapolation with the corresponding results at finite mass in the

thermodynamic limit6. In this study, the partial derivative in Eq. (3.2) is numerically

evaluated via

@

@m
lnZ ⇡ lnZ(m+�m)� lnZ(m)

�m
, (3.3)

with �m = 0.01. In Fig. 4 we plot the µ dependence of the chiral condensate at m = 0.01

and 0.02 on the L
4 = 10244 lattice. The signals show slight fluctuations as a function

of µ around the transition point. Away from the transition point, we have found little

response in h�̄(n)�(n)i to changes in mass. Figure 5 presents the results in the chiral limit

obtained by the chiral extrapolation with those at m = 0.01 and 0.02 on two volumes of
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This allows us to consider the L = 1024 result to be essentially in the thermodynamic

limit. We observe the discontinuity from a finite value to zero for the chiral condensate at

µc = 3.0625± 0.0625, which is a clear indication of the first-order phase transition.

3.3 Equation of state

Equation of state is a relation between the pressure and the particle number density. Here

we presents both results as a function of µ, respectively. In the thermodynamic limit, the

pressure P is directly obtained from the thermodynamic potential:
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where the vast homogeneous system is assumed. In Fig. 6 we plot the µ dependence of the

pressure at m = 0.01. We find a kink behavior at µc = 3.0625 ± 0.0625, where the chiral

condensate shows the discontinuity. Note that the m = 0.02 result shows little di↵erence

from the m = 0.01 one.

The particle number density is obtained by the numerical derivative of pressure in

terms of the chemical potential:

hn(µ)i = @P (µ)
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The µ dependence of hni is shown in Fig. 7. We observe an abrupt jump from hni = 0

to hni = 1 at µc = 2.9375 ± 0.0625. This is another indication of the first-order phase

transition. The small shift of µc compared to the chiral condensate case is attributed to

the definition of the numerical derivative in Eq. (3.5).

6It is also possible to evaluate the chiral condensate with the impurity tensor method [15, 26]. Since

Eq. (2.9) consists of eight types of tensor, however,we need to coarse-grain several kinds of tensor network
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Summary

What we have achieved so far
• Studies of various 2D models
− Show that the TRG method is free from sign problems
− Development of algorithms for scalar, fermion, gauge theories

• Studies of 4D models 
− Ising model
− Complex φ4 theory at finite density
− NJL model at finite density
− Real φ4 theory

Current status
• Research topics is moving from 2D models to 4D ones 
• A new research direction: Hubbard model in condensed matter physics


