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The gradient flow

0
flowed gauge field:; EB”(L x)=92,G,,(tx)
Bﬂ(t =0,x) = Aﬂ(x)
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Perturbative approach

Use 5-dimensional QFT formulation:  Luscher, Weisz "11
g:fZQCD"‘gB gBNJ dtL,u<afB,u_@va,u>
0
T

Lagrange multiplier
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Perturbative approach
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The first application

The first application: Luscher ‘10 rds Jtdsl[SI dszrzds3
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The first application
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Three-loop calculation

The usual problems:

 many diagrams (NLO: 20; NNLO: 3651)
* many integrals

« complicated integrals

tttttttttttt

R. Harlander, EW Hamiltonian with Gradient Flow, DWQ@?25 Particle Physics l RWTH

oooooooooooo




Three-loop calculation

The usual problems:

 many diagrams (NLO: 20; NNLO: 3651)
* many integrals

« complicated integrals

up

Af
» o ty " eXP[D g5 VkijthDiD;]
( , 11, A, ) — I I f 2n1 ,2no 2ns_ 2n,4, 2ns 2ng
p170 p1,p2.p3 P Po P3 Pa Pr Pg

R. Harlander, EW Hamiltonian with Gradient Flow, DWQ@?25 'IT i -

and Cosmology




Three-loop calculation

The usual problems:

 many diagrams (NLO: 20; NNLO: 3651)
* many integrals

« complicated integrals

up

A’
» o ty " eXP[D g5 VkijthDiD;]
( , 1L, &, ) — I I f 2n1, 2no, 2ng, 2ng, 2ns, 2ng
p170 p1,p2.p3 P Po P3 Pa Pr Pg

The usual solutions:

* automatic diagram generation
* reduce to master integrals

* evaluate master integrals

Artz, RH, Lange, Neumann, Prausa "19
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The perturbative toolbox

[For details, see: Artz, RH, Lange, Neumann, Prausa "19]

Diagram generation: g8raf Nogueira '93-...
Diagram analyzation: gre/exp RH, Seidensticker, Steinhauser ‘98
Algebraic manipulations: FORM Vermaseren '89-...
Reduction to masters: Kira @ FireFly
Chetyrkin, Tkachov ‘81 Usovitsch, Uwer, Maierhofer '17-... @ Klappert, Klein, Lange ‘21
aporta ‘00
. foemwiskep” A B
Sector Decomposition: [deJdeJ ds = | FC + ...
. o k’p(k — p?) €2 €
Sinoth, Heinrich "00 0
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The first application

| . . ; ‘ ! t S| S5
The first application: Luscher ‘10 [ds deI[ dSzJ "
0 0 0 0
U .
(G, (GH(1))
\ produced with FeynGame
t
2 d GF GF, .GF
IM aS (IM) - ﬁ (aS ) 0.05 —
du?
RH, Neumann ‘16
Institute for RW‘I‘H 0 0.25 0.5 1/8_(’:.I7/SGev“ 1I 1.25 15 1.6

R. Harlander, EW Hamiltonian with Gradient Flow, DWQ@?25 'IT Theoretial

Particle Physics
and Cosmology




GF beta function

e 1 (0 8] 0
e eenloop
3-loop MS
4-loop MS d _
— 3-loop GF .’.’,.,o //t2 aSGF(Iu) — ﬁGF((ISGF)
du?
QY
<
S
=
see also

Dalla Brida, Luscher ‘17
O 002004006008 01 012 0.14 016 0.18 0.2 . ‘
Dalla Brida, Ramos ‘19

dg

— A. Hasenfratz’ talk

Institute for

R. Harlander, EW Hamiltonian with Gradient Flow, DWQ@?25 'IT e <ies

and Cosmology




A common problem

Observable: R = Z C (O )

_j k_ match
lattice

perturbation renormalization
theory schemes?
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A common problem

Observable:

_j & match
poerturbation lattice

renormalization

theory schemes?
Instead: C,(N{(0,(D))
perturbation -J & lattice gradient flow
theory renormalization
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Small flow-time expansion

Observable: R=) Cl0,) =) C0(0,0)
small flow-time expansion: O (1) =) Z c..(1) O,
LUscher, Weisz 11 m

C,) =Y Clh)

= need (, (f) forsmallt = perturbation theory
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Determining {(7)

Matching: calculate a set of suitable Green’s functions and solve for ¢, (¥)

1—(

(0,(1) > Y 5(1(0,,)
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Determining {(7)

Matching: calculate a set of suitable Green’s functions and solve for ¢, (¥)

(6,0)'> Y ¢, (0,
! —
p=m=20 p=m=0

only tree-level diagrams survive on r.n.s.
Gorishnii, Larin, Tkachov ‘83
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Ex. 1: QCD energy-momentum tensor suzuki Makino 13, ‘14

T,uv — Cn@n,,m/ T,uy — Z Cn(t)én,ﬂy(t)

1y = 3 GeV

R L
Orw = 2wt C =1 G
0 . o
1 i
5/41/ a a C2 = — — —~
@2 uv 9 Fpana 4 =
50

@4,41/ — 1/71(5)1// ¢, =0 Hi ke RH, Kluth, Lange "18
application: see WHOT collaboration

tttttttttttt
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Application

. 4 1 \
Entropy density: E+p= —3 <Tno(a:) — ZT,,,,,,(m)>
6 - p—., =3 ---- Boyd et al. 4 FlowQCD 2016
pg,,ﬁ:ii—'£ ' 6.5 11 — Borsanyi et al. $ NLO (this work)
5 - %&f 0  Giusti-Pepe i  N2LO (this work)
<t (},¥ < . Caselle et al. -
=~ =
s, # 3
+ + 55
W 2. W
~ ---- Boyd et al. 4 FlowQCD 2016 —
1 - —— Borsanyi et al. ® NLO (this work) 5.0
¢  Giusti-Pepe f N2LO (this work)
0 L= 1 Caselleetal. i 45
1.0 15 2.0 25 1.0 1.5 2.0 2.5
TIT, TIT.

Iritani, Kitazawa, Suzuki, Takaura 2019
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EX. 2: Hadronic vacuum polarization

Jd4x e'(Tj(x) j(0))

: : BNLg-2 —
contribution to (g — 2)/4 9 =
FNAL g-2 + @
l I
f f < 4.20 >
@ t @
Standard Model Experiment
Average
g 175 180 185 190 195 200 205 210 215

a,%10° - 1165900
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(L 14
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EX. 2: Hadronic vacuum polarization

[esxeerionion - ¥ @10,

contribution to (g — 2),

H H Known to
high orders in
perturbation theory
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EX. 2: Hadronic vacuum polarization

|esxeerionion - T c0n0,) = ¥ ¢.@.0(6,00

contribution to (g — 2),

H H Known to Oy=F, F,
high orders in
perturbation theory
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EX. 2: Hadronic vacuum polarization

|esxeerionion - T c0n0,) = ¥ ¢.@.0(6,00

contribution to (g — 2),

H H Known to @4 — F,,CZUF/?,, @5 = myy
high orders in
perturbation theory

C (Q, 1) to NNLO

RH, Lange, Neumann 20

llllllllllll I‘w I H
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Electroweak Hamiltonian
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Electroweak Hamiltonian

— i & 01 = (317,137 Tqy)
. y’ 0, = (q 17’[[ %)@37544)

+ penguin operators
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Electroweak Hamiltonian

— i & 01 = (317,137 Tqy)
. y’ 0, = (q 17’[[ %)@37544)

+ penguin operators

INnD =4 —2¢
d1

ds3
q2
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Electroweak Hamiltonian

- o & 01 = (317,137 Tqy)
. y 0, = (q 17’[[ %)@37544)

+ penguin operators

InD =4 —2¢

qi UV divergences ~ O, 0,

.

ds3
q2
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Electroweak Hamiltonian

- o & 01 = (317,137 Tqy)
. y 0, = (q 17’[[ %)@37544)

+ penguin operators

InD =4 —2¢

d1 UV divergences ~ @1 ’ @2
- 44

y and ~ &, &V
92
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Electroweak Hamiltonian

Yo e e 6= GutTa) ! Tay
~ & 0, = (G1759)(@37}'q)
+ penguin operators
InD =4 —-2¢
! / UV divergences ~ O,, 0, &V = (@r,75Ta)@sr"r v Tqs) — 160,
C\Z and ~ %(11), %(21) &) = (@1,,:0)@sr"r"r{qs) — 160,
g

tttttttttttt
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Electroweak Hamiltonian

My, — o0 w . i
_>W i con 0, =(q 17;IZ TQz)(CI?,Vf 1q,)
v v 0, = (417,,9)(G57]'qy)
+ penguin operators

InD =4 —2¢

i / UV divergences ~ 0,, 0, &Y = (q,7,7ETa) @y r" v Tqy) — 160,

/4 | — L —~
&) = myPyeg,) — 160
qs and ~ %(11), %;1) ) (QIyluyp}/GQZ)(Q3y Y }/LQ4) 2

q2

InD = 4. %l(.”) =0 evanescent operators Chetyrkin, Misiak, Minz ‘98

tttttttttttt
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Electroweak Hamiltonian
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Electroweak Hamiltonian

My, — o0 _ _
AR o s O, = (3,7 Tq:)(G37!'Tqy)
. % 0, = (§,759,)(G37"q,)
+ penguin operators
InD =4 —2¢
! / UV divergences ~ O, O, &V = (@r,75Ta)@sr"r v Tqs) — 160,
/q _ _ .
Q\é’ and ~ &0, g0 &= @) @'rria) ~ 160,
g2 L 22 (2 _ o
In D = 4- %(n) — O evanescent Opera’[OrS Chetyrkin, Misiak, Minz ‘98
l

lnstitutg for nm
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Renormalization

O, O, .
0, 0, MS, except: <%i,R> = ()
(D Z(D .
Opn = )| = Z () | = O Z is known through NNLO!
2 2 Gorbahn, Haisch ‘05
%(12) g(12)
&5 . &5

Gradient flow:  O@) = {800 = (82710, = £(1) O,

= cancellation of UV-poles in £B(£)Z~! is highly non-trivial check
also: &) =0 - O.r + §i(DE; sothat (&) =0

lnstitutg for Rm
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Results

1 2
5 Cx,A T 9 Cx.,F

1 8 1 , [ 10669
181 2 1 14
S -2 2+ 2 I3+ o In?2+4 - In2In3 +1n?3

96 8 48 3

48 432 12 %

3

829 _. 300 1 3 61
{ L12(1/4)+nf(—+—c R+ﬂC2)+LNt(_%_61n2

9 1 1 51
— 21 — 1 ) ] IL? | :
p 3+ +gn2+g n3))+ “t( 16 247”)}
5 1 73 67 163 115 3
N 2 ; n2 — =2 ° Lin(1/4
C2(t) = as (6+3 ut | + s (432 13221 g M2~ 5 In3+ g Li2(1/4)
145 1 205 8 9 5 3
_ I n2— 2 1n3— > r?
+ 1 ( 1296 42)+ ut (144 g n2— 3 n3 54”f)Jr (8
__nf)
3 1043 67 163 345
£) — L | | In 2 1
Ca(t) = a, (4 T3 ’*)+ (96 06 2T 94 M2 g 3
927 145 241 5
Lin(1/4 _ 2 (2 _41m2-3In3— >
76 Li2(1/4) +ne (= o0 @) ”(32 . o7 1 )
r 9 /27 1 \\
i | IRNNTHE

R. Harlander, EW Hamiltonian with Gradient Flow, DWQ@?25

Particle Physics
and Cosmology

, Lange (in prep)



Results

1 2
5 Cx,A T 9 Cx.,F

1 8 1 ,[ 10669
181 2 1 14
S -2 2+ 2 I3+ o In?2+4 - In2In3 +1n?3

96 8 48 3

3

829 305 1 5 61
| L12(1/4)+nf( 1 CX,R+ﬂC2)+Lm(—%—61n2

48 432 12
9 1 1 51
— 2] — 1 9 ] L? | :
; n3+nf(12 n2+ g n3))+ ut( T 2471f):|
5 1 773 67 163 115 3
N 2 ; n2 — =2 ° Lin(1/4
C12(t) = as (6+3 ut |+ s (432 1322 T 108 M2~ 5 Im3+ g Li(1/4)
145 1 205 8 9 5 3
_ = I n2— 2 1n3— > r?
+ 1 1296 Cz)+ “‘(144 g M2~ g3 54""‘1°)Jr (8
__nf)
3 1043 67 163 345
C1(t) = as (4 Ty ’*)+ (96 062t 9 02— g I
927 145 241 5
Lin(1/4 _ 22 (2 _41m2-3In3— >
16 Li2(1/4) e ( 988 @) ”(32 . D )
r 9 /27 1 \\
nstwtetor | [FANNTTH
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Flow-time evolution

t—0: 0,()= ) (D)0,

m

matrix notation:  O(t) = £(f) O

AN

%5@) = (r%ar)) 6 = (th:(r)) () 6

tié(t) = 7(10(r)  with 7(1) = (tié(t))é‘l(t)
ot ot

RH, Lange, Neumann 20
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Conclusions and Outlook

R = Z C(0O ) = Z C (){O (1)) unique possibilities for lattice/p.t. synergies
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