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The gradient flow

∂
∂t

Bμ(t, x) = 𝒟νGνμ(t, x)

Bμ(t = 0, x) = Aμ(x)

flowed gauge field:

∂
∂t

χ(t, x) = 𝒟2χ(t, x)

χ(t = 0, x) = ψ(x)

flowed quark field:

Lüscher ’10, ‘13
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The gradient flow

∂
∂t

Bμ(t, x) = 𝒟νGνμ(t, x)

Bμ(t = 0, x) = Aμ(x)

flowed gauge field:

∂
∂t

χ(t, x) = 𝒟2χ(t, x)

χ(t = 0, x) = ψ(x)

flowed quark field:

Bμ(t, p) ∼ e−tp2Aμ(p)
Lüscher ’10, ‘13
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Use 5-dimensional QFT formulation: Lüscher, Weisz ‘11

Perturbative approach

ℒB ∼ ∫
∞

0
dt Lμ (∂tBμ − 𝒟νGνμ)ℒ = ℒQCD + ℒB

Lagrange multiplier
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The first application

t2⟨G2
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The first application
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Three-loop calculation
The usual problems:

• many diagrams (NLO: 20;  NNLO: 3651)

• many integrals

• complicated integrals

The usual solutions:

• automatic diagram generation

• reduce to master integrals

• evaluate master integrals Artz, RH, Lange, Neumann, Prausa ’19 
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The perturbative toolbox

qgraf

q2e/exp

FORM

Kira    FireFly ⊗

Sector Decomposition:

Nogueira ’93-…

RH, Seidensticker, Steinhauser ‘98

Vermaseren ’89-…

Usovitsch, Uwer, Maierhöfer ’17-…    Klappert, Klein, Lange ‘21⊗

Diagram generation:

Diagram analyzation:

Algebraic manipulations:

Reduction to masters:
Chetyrkin, Tkachov ‘81
Laporta ‘00

Binoth, Heinrich ‘00

[For details, see:  Artz, RH, Lange, Neumann, Prausa ’19]

∫ dDk∫ dDp∫
t

0
ds

e−tp2−s(k−p)2

k2p2(k − p2)
=

A
ϵ2

+
B
ϵ

+ C + …



 R. Harlander, EW Hamiltonian with Gradient Flow, DWQ@25

The first application

t2⟨G2
μν(t)⟩ =

3αs

4π [1 + k1 αs + k2 α2
s + …]

Lüscher ‘10

=
3αs

4π [1 + 1.8 αs + 5.4 α4
s + …]

produced with FeynGame

The first application:

⟨Gμν(t)Gμν(t)⟩ :

Lüscher ‘10 ∫
t

0
ds ∫

t

0
ds1 ∫

s1

0
ds2 ∫

s2

0
ds3



 R. Harlander, EW Hamiltonian with Gradient Flow, DWQ@25

The first application

t2⟨G2
μν(t)⟩ =

3αs

4π [1 + k1 αs + k2 α2
s + …]

Lüscher ‘10

=
3αs

4π [1 + 1.8 αs + 5.4 α4
s + …]

produced with FeynGame

The first application:

⟨Gμν(t)Gμν(t)⟩ :

Lüscher ‘10 ∫
t

0
ds ∫

t

0
ds1 ∫

s1

0
ds2 ∫

s2

0
ds3

RH, Neumann ‘16



 R. Harlander, EW Hamiltonian with Gradient Flow, DWQ@25

The first application

t2⟨G2
μν(t)⟩ =

3αs

4π [1 + k1 αs + k2 α2
s + …]

Lüscher ‘10

=
3αs

4π [1 + 1.8 αs + 5.4 α4
s + …]

RH, Neumann ‘16

produced with FeynGame

The first application:

⟨Gμν(t)Gμν(t)⟩ :

Lüscher ‘10 ∫
t

0
ds ∫

t

0
ds1 ∫

s1

0
ds2 ∫

s2

0
ds3

RH, Neumann ‘16



 R. Harlander, EW Hamiltonian with Gradient Flow, DWQ@25

The first application

t2⟨G2
μν(t)⟩ =

3αs

4π [1 + k1 αs + k2 α2
s + …]

Lüscher ‘10

=
3αs

4π [1 + 1.8 αs + 5.4 α4
s + …]

RH, Neumann ‘16

≡
3αGF

s (t)
4π

produced with FeynGame

The first application:

⟨Gμν(t)Gμν(t)⟩ :

Lüscher ‘10 ∫
t

0
ds ∫

t

0
ds1 ∫

s1

0
ds2 ∫

s2

0
ds3

RH, Neumann ‘16



 R. Harlander, EW Hamiltonian with Gradient Flow, DWQ@25
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GF beta function

Dalla Brida, Lüscher ‘17
Dalla Brida, Ramos ‘19

see also

→ A. Hasenfratz’ talk

μ2 d
dμ2

αGF
s (μ) = βGF(αGF

s )
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A common problem

R = ∑
n

Cn⟨𝒪n⟩Observable:

perturbation

theory

lattice
match

renormalization

schemes?
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A common problem

R = ∑
n

Cn⟨𝒪n⟩Observable:

perturbation

theory

lattice
match

renormalization

schemes?

R = ∑
n

C̃n(t)⟨𝒪̃n(t)⟩Instead:

perturbation

theory

lattice gradient flow

renormalization
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Small flow-time expansion

R = ∑
n

Cn⟨𝒪n⟩Observable: = ∑
n

C̃n(t)⟨𝒪̃n(t)⟩

small flow-time expansion: 𝒪̃n(t)
t→0→ ∑

m

ζnm(t) 𝒪m

C̃n(t)
t→0→ ∑

m

Cm ζ−1
mn(t)

⇒ need      for small     ⇒    perturbation theoryζnm(t) t

Lüscher, Weisz ‘11
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Determining ζ(t)
Matching:  calculate a set of suitable Green’s functions and solve for ζnm(t)

⟨𝒪̃n(t)⟩
t→0→ ∑

m

ζnm(t) ⟨𝒪m⟩
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Determining ζ(t)
Matching:  calculate a set of suitable Green’s functions and solve for ζnm(t)

⟨𝒪̃n(t)⟩
t→0→ ∑
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p = m = 0 p = m = 0
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Determining ζ(t)
Matching:  calculate a set of suitable Green’s functions and solve for ζnm(t)

⟨𝒪̃n(t)⟩
t→0→ ∑

m

ζnm(t) ⟨𝒪m⟩

p = m = 0

only tree-level diagrams survive on r.h.s.

p = m = 0

→

Gorishnii, Larin, Tkachov ‘83
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Ex. 1: QCD energy-momentum tensor

Tμν = ∑
n

Cn𝒪n,μν

𝒪1,μν =
1
g2

0
Fa

μρFa
νρ

𝒪2,μν =
δμν

g2
0

Fa
ρσFa

ρσ

𝒪3,μν = ψ̄ (γμDν + γνDμ) ψ

𝒪4,μν = δμνψ̄D/ ψ

C1 ≡ 1

C2 ≡ −
1
4

C3 ≡
1
4

C4 ≡ 0

Tμν = ∑
n

C̃n(t)𝒪̃n,μν(t)

RH, Kluth, Lange ‘18

Suzuki, Makino ’13, ‘14

C̃1(t)

μ0 =
e−2γE

2t

application: see WHOT collaboration
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Application

Iritani, Kitazawa, Suzuki, Takaura 2019

Entropy density:

Iritani, Kitazawa, Suzuki, Takaura 2019
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Ex. 2: Hadronic vacuum polarization

∫ d4x eiQx⟨T j(x) j(0)⟩

contribution to (g − 2)μ



 R. Harlander, EW Hamiltonian with Gradient Flow, DWQ@25

Ex. 2: Hadronic vacuum polarization

∫ d4x eiQx⟨T j(x) j(0)⟩

contribution to (g − 2)μ



 R. Harlander, EW Hamiltonian with Gradient Flow, DWQ@25

Ex. 2: Hadronic vacuum polarization

∫ d4x eiQx⟨T j(x) j(0)⟩ → ∑
n

Cn(Q)⟨𝒪n⟩

contribution to (g − 2)μ



 R. Harlander, EW Hamiltonian with Gradient Flow, DWQ@25

Ex. 2: Hadronic vacuum polarization

∫ d4x eiQx⟨T j(x) j(0)⟩

Known to 

high orders in 


perturbation theory

→ ∑
n

Cn(Q)⟨𝒪n⟩

contribution to (g − 2)μ



 R. Harlander, EW Hamiltonian with Gradient Flow, DWQ@25

Ex. 2: Hadronic vacuum polarization

∫ d4x eiQx⟨T j(x) j(0)⟩ = ∑
n
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Ex. 2: Hadronic vacuum polarization

∫ d4x eiQx⟨T j(x) j(0)⟩ = ∑
n

C̃n(Q, t)⟨𝒪̃n(t)⟩

Known to 

high orders in 


perturbation theory

𝒪1 = 1 𝒪2 = m2 𝒪3 = m4

𝒪4 = Fa
μνFa

μν 𝒪5 = mψ̄ψ

→ ∑
n

Cn(Q)⟨𝒪n⟩

contribution to (g − 2)μ
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Ex. 2: Hadronic vacuum polarization

∫ d4x eiQx⟨T j(x) j(0)⟩ = ∑
n

C̃n(Q, t)⟨𝒪̃n(t)⟩

Known to 

high orders in 


perturbation theory

𝒪1 = 1 𝒪2 = m2 𝒪3 = m4

𝒪4 = Fa
μνFa

μν 𝒪5 = mψ̄ψ

→ ∑
n

Cn(Q)⟨𝒪n⟩

RH, Lange, Neumann ‘20

 to NNLOC̃n(Q, t)

contribution to (g − 2)μ
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Electroweak Hamiltonian
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𝒪1 = (q̄1γL

μ Tq2)(q̄3γ
μ
LTq4)

𝒪2 = (q̄1γL
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μ
Lq4)

+ penguin operators
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Electroweak Hamiltonian

MW → ∞
𝒪1 = (q̄1γL

μ Tq2)(q̄3γ
μ
LTq4)

𝒪2 = (q̄1γL
μ q2)(q̄3γ

μ
Lq4)

+ penguin operators
In D = 4 − 2ϵ

UV divergences ∼ 𝒪1 , 𝒪2

and ∼ ℰ(1)
1 , ℰ(1)

2
and ∼ ℰ(2)

1 , ℰ(2)
2

ℰ(1)
1 = (q̄1γμγργL

σ Tq2)(q̄3γμγργσ
LTq4) − 16𝒪1

ℰ(1)
2 = (q̄1γμγργL

σ q2)(q̄3γμγργσ
Lq4) − 16𝒪2

ℰ(2) = (q̄1γμγνγργσγτ
Lq2)⋯

Chetyrkin, Misiak, Münz ‘98evanescent operatorsIn :D = 4 ℰ(n)
i = 0
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Renormalization

𝒪R ≡

𝒪1

𝒪2

ℰ(1)
1

ℰ(1)
2

ℰ(2)
1

ℰ(2)
2 R

= Z

𝒪1

𝒪2

ℰ(1)
1

ℰ(1)
2

ℰ(2)
1

ℰ(2)
2

≡ 𝒪

, except:MS ⟨ℰ(n)
i,R⟩ != 0

 is known through NNLO!Z
Gorbahn, Haisch ‘05

Gradient flow: 𝒪̃(t) = ζB(t)𝒪 = ζB(t)Z−1𝒪R ≡ ζ(t)𝒪R

  cancellation of UV-poles in   is highly non-trivial check ⇒ ζB(t)Z−1

also: ℰ̃i(t) = 0 ⋅ 𝒪j,R + ζij(t)ℰj so that ⟨ℰ̃i(t)⟩ = 0
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NLO in DRED:
Suzuki et al. ‘21
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Flow-time evolution

𝒪̃n(t) = ∑
m

ζnm(t) 𝒪m

𝒪̃(t) = ζ(t) 𝒪

t
∂
∂t

𝒪̃(t) = (t
∂
∂t

ζ(t)) 𝒪 = (t
∂
∂t

ζ(t)) ζ−1(t) 𝒪̃(t)

t
∂
∂t

𝒪̃(t) = γ̃(t)𝒪̃(t)

t → 0 :

matrix notation:

γ̃(t) = (t
∂
∂t

ζ(t))ζ−1(t)with

RH, Lange, Neumann ‘20
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See also:

• CP operators (NLO)

• Bag parameter (NLO)

SymLat ‘20
A. Suzuki, Taniguchi, H. Suzuki, Kanada  ‘20

3-loop gradient flow coupling / beta-function RH, Neumann, Lange ’16, ‘20


