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Details of the lattice simulation

We have used the gauge field configurations generated by ETMC,

European Twisted Mass Collaboration, in the pure isosymmetric QCD

theory with Nf=2+1+1 dynamical quarks

ensemble| f V/a4 Ay, d apo aps ch apg M M g
(MeV) | (MeV)
A40.40 |1.90|403 . 80|0.0040| 0.15 0.19 100 [ 0.02363|317(12) [576(22)
A30.32 323 . 64(0.0030 150 275(10) | 568(22)
A40.32 0.0040 100 316(12) [ 578(22)
A50.32 0.0050 150 350(13) [ 586(22)
A40.24 243 . 480.0040 150 322(13) | 582(23)
A60.24 0.0060 150 386(15) [ 599(23)
A80.24 0.0080 150 442(17)|618(14)
A100.24 0.0100 150 495(19) | 639(24)
A40.20 203 . 48|0.0040 150 330(13) [ 586(23)
B25.32 [1.95]323 .64(0.0025| 0.135 | 0.170 | 150 |0.02094 | 259 (9) | 546(19)
B35.32 0.0035 150 302(10) [ 555(19)
B55.32 0.0055 150 375(13) [ 578(20)
B75.32 0.0075 80 436(15) | 599(21)
B85.24 243 . 48|0.0085 150 468(16) |613(21)
D15.48 |2.10|483 - 96[0.0015|0.1200|0.1385| 100 [0.01612 | 223 (6) |529(14)
D20.48 0.0020 100 256 (7) | 535(14)
D30.48 0.0030 100 312 (8) | 550(14)

- Gluon action: Iwasaki
- Quark action: twisted mass at maximal twist
(automatically O(a) improved)

OS for s and c valence quarks

Pion masses in the range 220 - 490 MeV

4 volumes @ M _ =320 MeV and a=0.09 fm
M_L=30+538




Light quark contribution

O 4 sources
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Correlator representation
V()= Vi ()4 Vi (1),

low and intermediate time distances

Vil (t) = 24171_2 S:ml dS\/; e_\/EtRpQCD (S)
M. Luscher

4 1991
2 mud 2 O = 2 M2 + k2
S pal = (M +Edua,) R, = 1+0[S2 j+0(as)+0(a ) n \/ z n\ Liischer
dual -
L. Lellouch and M. Lischer, 2001 e
H.B. Meyer, 201 | condition

long time distances

‘Fﬂ(a)

Gounaris-Sakurai parameterization
GS, 1968

Vdual (t) > Rd”al e_(Mp+Ed”“’)t |:1 * (Mp + Edual )t T %(MP + Edual )2 l‘2 :| ‘ An‘

187% +¢°

quark-hadron duality a la SVZ
SVZ, 1979

O KLOE [62]] -

O A30.32 (a ~ 0.09 fm)

—GS

0 B25.32 (a ~ 0.08 fm)

O D20.48 (a ~ 0.06 fm) M = 0.135 GeV

M =0.775 GeV
P

—(5/18) =’ t* (pQCD) .

VU9t (Gevd)

matching with pQCD
uptot~ 0.8 fm




Subtraction of FVEs

Accurate reproduction

for all the ETMC ensembles
t20.2 fm
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Parameters

p=1.90,L/a=20 < p=1.95L/a=32
Bp=1.90,L/a=24 < p=2.10,L/a=48
B=1.90,L/a=32 @ physical point g()od control of FVEs
B=1.90,L/a=40 continuum and L=e limits
p=1.95L/a=24

dual (mlf:ys ’O’oo) = 479(22) MeV

B=1.90,L/a=20 < p=1.95L/a=32
p=1.90, L/a =24 < p=2.10,L/a=48
B=1.90,L/a=232 @ physical point
B=1.90,L/a=40 continuum and L= limits
B=1.95, L/a=24

R
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e—ML
X |1+ R —
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FVEs correction @ ;%2 —0(

f |

@ L=4.5 fm 4 levels

i

C.Aubin et al.,2016
=====ChPT @ NLO (M = 135 MeV)

O dual+xn (M =135 MeV)

O dual + nn (M = 300 MeV)

continuum limit

@L=8.0 fm 12 levels
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light-quark connected contribution

ME™SE
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Extrapolation to M?"”

NNLO

+ A, +A1mud}(1+ Dya’+Da’m,)

a, " (ud) diverges in the chiral limit == affvp(ud):{[ 2

. / E. Golowich and J. Kambor, 1995; G. Amoros et al., 2000
ln(mud) LECs-independent J. Bijnens and J. Refelors, 2016; M. Golterman et al., 2017
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Ly Co3
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' 7 C Bp=2.10,L/a=48
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Using the analytic representation a,''"(ud) does not depend on the absolute scale setting

VLYY ) dual p - . N
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/A /A

T, =Mt dimensionless quantities




udsc-quark contributions

=1.90,L/a =20 A physical point
=1.90, L/a =24 — = fitp=1.90 (L-> )| ]
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DG etal,2018 DG and S. Simula, 2019 DG etal,2017 quark-connected
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LIB corrections

quark-connected 5aHVP oa HVP (QC’D) + 5aHVP (QED)

terms only

photon zero-mode: QED,
M. Hayakawa and S. Uno, 2008

561;1 v QCD 2 4aem2 fﬁ VQCD 50? v QED 2 4a€m2 ff VQED )

f=ud,sc f=ud,s,c

RM123 method
qQED
G. M. de Divitiis et al., @ Q @ approximation
2012;2013

isoQCDY/IB separation: QCD/QED separationis  ___ MS 2 GeV MS 2 GeV)
consistent prescriptions scheme and scale dependent J. Gasser et aI 2003

What is QCD in the full QCD+QED theory?! see M.Di Carlo et al, 2019

u-,d-quark contributions

_ }‘}‘H’ﬁ% S

i L

ﬁ‘}ﬁl . i

[m, - mu](m,z GeV) = ;.38(0.18) MeV _ ﬂmﬂ‘fﬁm -

DGetal, 2017

I ! I ! |
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B55.32
M_ =375 MeV

0
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)

t/a

623" =-15.7963 g,

perturbative estimate at LO
G. Martinelli and Y.-C. Zhang, 1982

o
=7\ 1 4 Zem 5790 770 | 4 O(affnocf)
4w

o A p Zxt (ML) ZEMIL)  Zpet(M2)  ZBe(M2)
— em 5Z§EDZ£““ v/ (t) 190  1.629(41)  0859(15)  1.637(14)  0.990(9)

195  1514(33) 0873(13)  1585(12)  0.980(8)
) 2100 145907)  0909(6)  1462(6)  0.958(3)

RI-MOM @ O(cr,,,0t!) DG et al, 2019; M. Di Carlo et al, 2019

14



LIB corr.: udsc-quark contr.
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HVP HVP

a and a

€

Lattice results

LO ArXiv:1910.03874 B

()08 aBV(f) 108 safVP (1) - 10 6aEVP<f> 10°
170.7 (3.9) 273.3 (6.6) 1.9 (0.8) 0 (1.1)

13.5 (0.8) 36.2 (1.1) —0.002 (0.001) 0.001 (0.002)

¢ 3.5 (0.2) 25.8 (0.8) 0.004 (0.001) 0.032 (0.006)
disc sBMw 17 —3.8 (0.4) —2.4 (0.3) 1.9 (1.0) 0 (1.3)

[ 4™ =1858(4.2)-107] [ ™" =3359(69)-107"

r
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MUonE experiment




B. E. Lautrup et al., 1972
N

= O‘;m [ dx(1-x AaHVP[r )]

l

o (pe — pe)

€|0.93, 1| not experimentally reached V :

¥

LQCD

Using the (dual + &-x) repr.

(@] =40, [a [F()] V() = | [a" ] (ud)=812(17)-107

quark-connected
terms only

Uncertainty (: 2. 10‘10) close to the experimental statistical target (=0.3%) of [ e l '8



MUonE

B=1.90, L=20 B=1.90, L=20
p=1.90, L=24 B=1.90, L=24
B=1.90, L=32 [ : B=1.90, L=32
B=1.95,L=24 | | —T B=1.95, L=24
B=1.95,L=32 |— i B=1.95,L=32 | ]
B=2.10, L=48 | - - B=2.10, L=48 | |
hvsical point | T - physical point | _|

*OOHOEO

0.02 0.03

m, (GeV)

| (s)=830(21),,(32), 107" ] | (c)=2.785(78),,,(68),, 107

>

f 0a, 1> (f) - 107
ud 0.9 (0.3)

S —0.0005 (0.0004)

C 0.0034 (0.0007)

total 0.9 (0.3)




Benchmark quantities




Windows

HVP __ _SD W LD
[aﬂ —aﬂ +aﬂ +aﬂ ]

(6 0)

aP(f; 15, A) = 4ag, L dt K (H)V/ (1) [1 — O (1, 1, A)]

oo

a) (fity, 11, A) = 4a§m[0 dt K (V! (1) [@ (1,1, A) = O (1,1, A)]

(09)

ay’(fit, A) = 4a§mJ dt KOV (1) O (1,1, A)
0

1

0.8

Ot,A)=
( ) | 4+ e—20—1)/A .

t, =04 fm ¢ =10 fm 0.4

A=0.15 fm




Effective lepton mass and
effective windows

wt =(m /x*)x [ B

u
X
a’ (f; 1,1, Aeff) =4’ n) a*V/ (an)

em 2 X phys

AT = AX™™ [ X

tT =, X" X T = X" /X

v,

I 1 1 1 1 I 1 1 1 1 I
O p=1.90,L/a=20 O p=1.95L/a=24

O p=1.90,L/a=24 O p=1.951L/a=32

O p=1.90,L/a=32 O p=2.10L/a=48

I 5 A p=1.90,L/a=40
Advantage: uncertainty of the scale setting | X=f
does not play any role [ ¢ £ =130.41 MeV

o
m m o

® For X = f_ the pion mass dependence is mild

: ELM and EW
phys. point

| M:=135MeV
- |
0.2

® Visible FVEs and large discretization effects




Intermediate window

O p=1.90,L/a =20 (FVE corr.) 0 p=1.95,L/a=24 (FVE corr.) —=fitatp=1.90

O p=1.90,L/a=24 (FVEcorr.) € p=1.95,L/a= 32 (FVE corr.) fit at g = 1.95

O p=1.90, L/a =32 (FVE corr.) O p=2.10,L/a=48 (FVEcorr.) =====fitatp=2.10

FAN B=1.90,L/a =40 (FVE corr.) =——fit (continuum)

Mﬂ (GeV)

ay (ud) = Ag[l+ A M}log(M})+ AM; + AyMy + Dia*et(1/a) + Dya’| DG and S. Simula, 202 |

ArXiv:2111.15329

[1 + FM,%e‘M"L/(M,TL)p]
1 P

a¥ (ud) = 202.2(2.0),,,(0.4) 1 (1.5) 45 (0.7) [ 2.6] - 10710




SD window

O B =1.90, L/a =20 (FVE corr.) 0 p=1.95,L/a =24 (FVE corr.) ——fitatp=1.90

0 p=1.90, L/a =24 (FVE corr.) <> B =1.95,L/a= 32 (FVE corr.) fitatp=1.95

O p=1.90, L/a =32 (FVE corr.) O p=2.10,L/a=48 (FVEcorr.) =====fitatp=2.10

/\ B =1.90, L/a = 40 (FVE corr.) — fit (continuum)

phys. point

ELM and EW

1 1 1 1 I 1 1 1 1
0.4 0.5 0.6

M (GeV) DG and S. Simula, 2021

ArXiv:2111.15329
X

aSP(ud) = 48.21(0.56),,,(0.10),;,;,(0.50) 1, (0.25) 1,£[0.80] - 1010
-




LD window

1 2

alP(ud) = 382.5(10.5),,,(5.2),,,[11.7] - 10710

sta SYS

analytic representation

analytic representation data driven

( )

a, (ud) = 198.0(3.4),(4.7)5[5.8] - 1071 a, (ud) = 202.2(2.0),,(1.7)5,,,[2.6] - 107"

a,P(ud) = 48.6(1.8),(1.0),,,[2.0] - 107" a,P(ud) = 48.21(0.56),,(0.57),,,,[0.80] - 107"

Syst[

\ J . J

good consistency




Summary: ud contribution

a2 (f)- 10" a, (f)-10" a;”(f)- 10"

48.2 (0.8) 202.2 (2.6) 382.5 (11.7)

(t5.1,,A4)=(0.4,1.0,0.15) fm

o ‘
Aubin et al. 19 KO

(,,A)=(04,0.15) fm Aubin et al. 19 - finest as —E— (1,,A)=(1.0,0.15) f
LM 20

2+1+1

FHM 20 (prelim., stat. only)

Nf =

o
BMW 20 'é_' FHM 20 (prelim., stat. only)
FHM 20 (prelim., stat only) —O—

ETMC 21 =M =

ETMC 21

—&—
RBC/UKQCD 20 (prelim., stat. only) RBC/UKQCD 18 o
——i

Mainz/CLS 20 (prelim.) Mainz/CLS 20 fn-resc. (prelim.)
Mainz/CLS 20 (prelim.)

Mainz/CLS 20 (prelim.)
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Intermediate window
other contributions

W) 100 Lattice

~
202.9 (2.6) Cl/fv — 231.7(2.8) . 10_10
L ArXiv:2111.15329 y
-

26.9 (1.0)

2.81 (0.11) a’;/V = 229.7(1.3) - 1010

0.7 (0.4)

\
—0.9 (0.2) RBC/UKQCD 18 & BMW 20

(t5,t,,A)=(0.4,1.0,0.15) fm (t5.1,,A)=(04,1.0,0.15) fm

0.4,1.0,0.15) fm
RS S A

LM 20 1

T BMW 20
% | BMW20
]

ETMC 21 ETMC 21
ETMC 21

T RBC/UKQCD 18
+ | RBC/UKQCD 18
Mainz/CLS 20 (prelim.) RBC/UKQCD 18
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Moments of the HVP function

—————light-quark connected contribution _______ Total (incl. s,c-quak;disc.;1B)

ud _ [\ (n+1) 2n+4y rud tot 2
e, =(-) (2n+4),5j dt 7V (1) || I =0.100(3) GeV

N

Him = 01000(30) GeV™ sz Borsanyi et al., 2016

, 1" =0.1000(23) GeV~ FHMI9
(dual + z-7) representation

1 = 0.1642(33) GeV> II¥ =-0. 383(16) GeV™
Hud —0. 311(16) GeV ™ sz Borsanyi et al., 2016

1y =1.394(65) GeV™*®  TII} =-7 60(28) GeV™®

1.0

mg" /&Gee%ﬂﬂ)

T rets. (5 771] ] A Keshavarzi et al., 2018

~ tiswok |3 Jarge time-distance
behavior of V*/(¢)
reliably evaluated
by using the repr.

for1“ @L~10 fm | - e
L continuum limit
FVEs: =3-4%




New ETMC setup

We are generating new gauge field configurations with Nf=2+1+1

dynamical quarks, including ensembles at the physical pion mass

H H |
L~30fm L~23fm L ~231fm

- Gluon action: lwasaki + clover

- Quark action: twisted mass at maximal twist
(automatically O(a) improved)

OS for s and c valence quarks

@ physical pion mass
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Conclusions

The HVP contribution is currently one of the most important sources
of the theoretical uncertainty to the muon (g-2) * LQCD

HVP

® We have performed a first-principles lattice QCD+QED calculation of ¢,
Our results agree with recent determinations based on dispersive analyses.
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- DG and S. Simula, 2019 ~

Window contributions are sharp benchmark quantities. Our result for
the intermediate window is in agreement with the R-ratio prediction.

aV =231.72.8)- 10710
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evaluation of the quark-disconnected terms and relaxation of the gQED
approximation

@® use of the new ETMC lattice setup @ the physical pion point



