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Muon g-2: experiment
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The Fermilab experiment released the measurement result from their run 1 data on 7 April 2021.  
[B. Abi et al, Phys. Rev. Lett. 124, 141801 (2021)] 
Analysis of runs 2 and 3 is now underway. 

WP

• FNAL measurement confirms BNL result
• Analyzed 6% of the planned data
– Statistically limited: 434 ppb
– Systematics: 157 ppb

• Collected more than 50% of our planned 
data
– Aim to analyze Run 2-3 for summer of 2022

• Meanwhile … theory steps in: What could 
it all mean? Please see talk on Muon g-2 
SM and BSM theory review by Martin 
Hoferichter, Wednesday at 14:00  

Summary and Outlook

June 7, 2021 B. Kiburg | First Results Muon g-235

https://doi.org/10.1103/PhysRevLett.126.141801


A. El-Khadra DWQ@25, 13-17 Dec 2021

Maximize the impact of the Fermilab and J-PARC experiments 
➠ quantify and reduce the theoretical uncertainties on the hadronic corrections 

summarize the theory status and assess reliability of uncertainty estimates 

organize workshops to bring the different communities together: 
First plenary workshop @ Fermilab: 3-6 June 2017 
HVP workshop @ KEK: 12-14 February 2018 
HLbL workshop @ U Connecticut: 12-14 March 2018 
Second plenary workshop @ HIM (Mainz): 18-22 June 2018 
Third plenary workshop @ INT (Seattle): 9-13 September 2019 
Lattice HVP at high precision workshop (virtual): 16-20 November 2020 
Fourth plenary workshop @ KEK (virtual): 28 June - 02 July 2021 
Fifth plenary workshop @ Higgs Centre (Edinburgh): 5-9 September 2022 

   

1st White Paper published in 2020 (132 authors, 82 institutions, 21 countries)  
 [T. Aoyama et al, arXiv:2006.04822, Phys. Repts. 887 (2020) 1-166.] 

2nd White Paper (~2023): First discussions @ KEK meeting in June 2021 
expect to develop a concrete plan (outline, authors) @ Higgs Centre workshop

Muon g-2 Theory Initiative

4

https://indico.fnal.gov/event/13795/
http://www-conf.kek.jp/muonHVPws/index.html
https://indico.phys.uconn.edu/event/1/
http://www.apple.com
https://sites.google.com/uw.edu/int/programs/upcoming-programs
https://indico.cern.ch/event/956699/
https://www-conf.kek.jp/muong-2theory/
https://arxiv.org/abs/2006.04822
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Timeline
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Theory Initiative:  
ongoing activities: develop method average for Lattice HVP 
plan to update WP with new SM predictions (~ 2023)

Run 4
Run 5

Result from 
Runs 2&3

?

20
21

20
22

20
23

Final result  
from E989  

?

J-PARC E34FNAL E989

?

Run 1 result 
announced

Physics Reports 887 (2020) 1–166

Contents lists available at ScienceDirect

Physics Reports

journal homepage: www.elsevier.com/locate/physrep
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Muon g-2: SM contributions
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α2

HLbL

aEW
µ = 153.6 (1.0)⇥ 10�11
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6845 (40) × 10−11

92 (18) × 10−11

+…

+…

aQED
µ (↵(Cs)) = 116 584 718.9 (1)⇥ 10�11

<latexit sha1_base64="jslMJiAKjL0WKnE49hRQIicInxE="></latexit>

+…

+…QED

EW

α3

0.01 ppm

0.001 ppm

0.34 ppm

0.15 ppm

[0.6%]

[20%]

aµ = aµ(QED) + aµ(EW) + aµ(hadronic)
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Lattice HVP: Introduction
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⇧̂(q2) = ⇧(q2)�⇧(0)

Leading order HVP correction: aHVP,LO
µ =

⇣↵
⇡

⌘2
Z

dq2!(q2) ⇧̂(q2)

• Calculate   in Lattice QCD 

  Compute correlation function:  

  and  
 
Obtain  from an integral over Euclidean time:  
  

aHVP,LO
μ

aHVP,LO
μ

C(t) =
1

3

X

i,x

hji(x, t)ji(0, 0)i

aHVP,LO
µ =

⇣↵
⇡

⌘2
Z 1

0
dt w̃(t)C(t)

<latexit sha1_base64="bwdIsym4glyVPgnTM0fRxWwPX2s="></latexit>

[B. Lautrup, A. Peterman, E. de Rafael, Phys. Rep 1972; 
E. de Rafael, Phys. Let. B 1994; T. Blum, PRL 2002]

⇧̂(Q2) = 4⇡2

Z 1

0
dtC(t)


t2 � 4

Q2
sin2

✓
Qt

2

◆�

<latexit sha1_base64="NYkSLOPZzplvi0apX7Zls9+V8e0="></latexit>

[D. Bernecker and H. Meyer, arXiv:1107.4388, 
EPJA 2011] 
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HVP: Comparison
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aHVP

µ +
⇥
aQED

µ + aWeak

µ + aHLbL

µ

⇤
� aexpµ
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Lattice QCD + QED

data driven

hybrid: combine data & lattice 

+ unitarity/analyticity 
constraints
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HVP: Comparison
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aHVP

µ +
⇥
aQED

µ + aWeak

µ + aHLbL

µ

⇤
� aexpµ
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not yet in WP20 (lat)FNAL-HPQCD-MILC: 
[Chakraborty et al, arXiv:1710.11212, 2018 PRL] 
[Davies et al, arXiv:1902.04223, 2020 PRD] 
Updates in: 
[C. DeTar et al, arXiv:1912.04382, Lattice 2019] 
[S. Lahert @ Lattice 2021] 
[C. McNeile @ Lattice 2021] 

Ongoing program: 
Reduce uncertainties on connected 
light quark contribution 
Disconnected contribution 
Strong IB corrections 
QED corrections

https://doi.org/10.1103/PhysRevLett.120.152001
https://doi.org/10.1103/PhysRevD.101.034512
https://arxiv.org/abs/1912.04382
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light-quark connected contribution: 
 ~90% of total 

s,c,b-quark contributions  
 ~8%, 2%, 0.05% of total 

disconnected contribution:  
  ~2% of total 

Isospinbreaking (QED + mu ≠ md ) corrections:  
 ~1% of total

aHVP,LO
μ (ud)

aHVP,LO
μ (s, c, b)

aHVP,LO
μ,disc

δaHVP,LO
μ

FNAL-HPQCD-MILC summary
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f f

+ …

aHVP,LO
μ = aHVP,LO

μ (ud) + aHVP,LO
μ (s) + aHVP,LO

μ (c) + aHVP,LO
μ,disc + δaHVP,LO

μ

[Davies et al, arXiv:1902.04223, 2020 PRD]

disc
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IB
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https://doi.org/10.1103/PhysRevD.101.034512
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Light-quark connected contribution 
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Simulation Details

7/26/2021 5

❖ Nf=2+1+1 HISQ ensembles with physical light-quark masses.

❖ 4 lattice spacings [0.06-0.15] fm, planning to add a 5th lattice spacing at 0.042 fm.

❖ All ensembles (except largest spacing) with mπL > 3.7.

Uncertainty on uncorrected values

• MILC HISQ ensembles with (near) physical mass 
light quarks 

• increasing statistics at 3 finest ensembles 
• plan to add data at a 5th lattice spacing, 

a ≈ 0.042 fm

0.000 0.005 0.010 0.015 0.020 0.025

a2 (fm2)

550

575
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625
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675

al
l µ
£

10
1
0

with FV, discretization, Mº corrections

raw values

[Davies et al, arXiv:1902.04223, 2020 PRD]

raw ➠ corrected: 
• FV + taste-breaking corrections using chiral model  
• adjust for small differences between simulation  
and  

•  total uncertainty 
• error breakdown:  

• ultimate goal: 

Mπ
Mπ0

1.4 %

≲ 0.5 %

FV + TB

Cont. limit

Statistics

a
σ2

Statistics, continuum limit:

MILC HISQ 
nf = 2 + 1 + 1

FV corrections:

• Compare FV corrections using different approaches 
(chiral model, NNLO ChPT, HP, GS)

Lattice spacing uncertainty  (fm):w0

• current ~0.5% error based on   fπ
Ongoing work: 
• Refining calculation of  on MILC ensembles 

(Claude Bernard) 
• Refining calculation of relative scale  

(Alexei Bazavov) 
• Computing  baryon mass (Yin Lin)  

- extending pilot project [Yin Lin, arXiv:1912.00028] 

- adding data at  
- increasing statistics 

fπ

Ω

a ≈ 0.06 fmNucleon and W Baryon Masses with All-HISQ Fermions at the Physical Point Yin Lin

Figure 3: Continuum extrapolations for the N-like (left) and W-like (right) masses using equation (4.4).

Figure 4: GEVP analysis of the "isospin"- 1
2 , 16 irrep operators built from strange valence quarks on the

a ⇡ 0.15 fm ensemble. Different colored lines correspond to different eigenvalues obtained by solving
equation (4.1) with t � t0 = 2.

strange valence quarks and 0.15 fm ensemble. There are seven classes for this particular irrep
which interpolate to three Ns (equivalent to the nucleon, but made of two degenerate species of
strange valence quarks) and four W-like states. We find that the effective masses for the W-like
states match with the expected spectrum, and we can disentangle different baryon tastes despite the
smallness of the mass separations. The findings are promising and warrant more systematic studies
to understand the staggered baryon taste splittings.

5. Conclusions

In these proceedings, we demonstrate the methods to calculate the nucleon and W baryon
masses using HISQ quarks for both valence and sea sectors. With the cost advantage of staggered
fermions, we are able to perform all simulations on the physical pion mass ensembles at the ap-
proximate lattice spacings of a⇡ 0.15, 0.12, and 0.088 fm. The continuum-extrapolated masses for
the nucleon and W baryons are MN = 964(16) MeV and MW = 1678(9), where the nucleon mass

5

https://doi.org/10.1103/PhysRevD.101.034512
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Windows in Euclidean time

11

aHVP,LO
µ =

⇣↵
⇡

⌘2
Z 1

0
dt w̃(t)C(t)

<latexit sha1_base64="bwdIsym4glyVPgnTM0fRxWwPX2s="></latexit>

aµ = aSDµ + aWµ + aLDµ

<latexit sha1_base64="0A4VaTTb7VMk7HAGUT6BXMvS530=">AAACIXicbVBNS8MwGE79nPOr6tFLcAiCMFqZuIsw1IMHDxPdB6y1pFm6hSVtSVJhlP0VL/4VLx4U2U38M2ZdD3PzgZAnz/u8vHkfP2ZUKsv6NpaWV1bX1gsbxc2t7Z1dc2+/KaNEYNLAEYtE20eSMBqShqKKkXYsCOI+Iy1/cD2pt56JkDQKH9UwJi5HvZAGFCOlJc+sIs/hCbyE2f2UOoLDh5sRPJ0VWnPvO23wzJJVtjLARWLnpARy1D1z7HQjnHASKsyQlB3bipWbIqEoZmRUdBJJYoQHqEc6moaIE+mm2YYjeKyVLgwioU+oYKbOdqSISznkvnZypPpyvjYR/6t1EhVU3ZSGcaJIiKeDgoRBFcFJXLBLBcGKDTVBWFD9V4j7SCCsdKhFHYI9v/IiaZ6V7Ur5/L5Sql3lcRTAITgCJ8AGF6AGbkEdNAAGL+ANfIBP49V4N76M8dS6ZOQ9B+APjJ9ffhCh3w==</latexit>

t0 = 0.4 fm, t1 = 1.0 fm

Windows in Euclidean time
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Compiled by D. Giusti

Windows defined in Euclidean time

↪→ t0 = 0.4 fm, t1 = 1.0 fm, ∆ = 0.15 fm

Less clear separation in
√

s

↪→ long tail of window part

Windows for connected ud only or for the full

thing?
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M. Hoferichter (Institute for Theoretical Physics) Comparison with e+e− data November 20, 2020 3

Windows Consistency

7/26/2021 15

arXiv:1902.04223

https://indico.cern.ch/event/956699/contributions/4117838/

PRELIMINARY

❖ Self-consistency check:

Shaun Lahert @ HVP 2020 workshop

Use windows in Euclidean time to consider the different time regions separately [T. Blum et al, arXiv:1801.07224, 2018 PRL] 
  
 
Short Distance (SD)       
Intermediate (W)           
Long Distance (LD)        
  
 
                            

disentangle systematics/statistics from long distance/FV and discretization effects  
intermediate window: easy to compute in lattice QCD & compare to disperse approach  
Internal cross check: compute each window separately  
(in continuum, infinite volume limits,…) and combine:

t : 0 → t0
t : t0 → t1
t : t1 → ∞
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Intermediate window (ud)

Window observable

restrict correlator to window
0.4 � 1.0 fm [RBC/UKQCD’18]

fewer difficulties

0.0

0.5

1.0

1.5 window [RBC/UKQCD’18]
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no improvement
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Cont. extrap. systematics:

1 SRHO vs no improvement

2 � = 0 or 3

3 linear, quadratic or cubic

4 skip coarse lattices

-3.7 σ tension with data-driven evaluation  
-2.2 σ tension with RBC/UKQCD18

BMWc [S. Borsanyi et al, arXiv:2002.12347, Nature 2021] Shaun Lahert @ Lattice 2021 (updated)

Ongoing work:  
• continuum limit with & without taste-breaking corrections 
• varying functional forms for continuum extrapolations 
• FV corrections using different approaches
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Long-distance tail (ud)

G(t) =
1

3

X

i,x

hji(x, t) ji(0, 0)i
<latexit sha1_base64="U+hOQ+JxARC4aWy8cTW3aWuSD7c="></latexit><latexit sha1_base64="U+hOQ+JxARC4aWy8cTW3aWuSD7c="></latexit><latexit sha1_base64="U+hOQ+JxARC4aWy8cTW3aWuSD7c="></latexit><latexit sha1_base64="U+hOQ+JxARC4aWy8cTW3aWuSD7c="></latexit>

Exclusive two-pion study

7/26/2021 6

Perform dedicated spectroscopy study with 𝜋𝜋 operators that overlap strongly with 
these states to precisely determine the energies and amplitudes.

BLINDED 
PRELIMINARY

Noisy correlator at large t.

small -> signal-to-noise problem.

0.15 [fm]

Lowest energy states are ππ.
• Spectral reconstruction:  

✦  obtain low-lying finite-volume spectrum ( ) in dedicated study using additional 
operators that couple to two-pion states 

✦ First LQCD calculation with staggered multi-pion operators 
✦ Construct matrix of correlators 

(2,3,4-point functions): 
 
 

✦ Use GEVP to obtain energies  
and amplitudes for  states 

✦ Reconstruct vector-current correlator

En, An

ππ

• Growth of statistical noise at large t:

Staggered two-pion states on the lattice

7/26/2021 8

,

❖ Operators for all states up to rho 
energy.

❖ Need all taste irrep rows to account 
for irrep splitting at non-zero mom.

Solve GEVP:

Shaun Lahert @ Lattice 2021 
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• Spectral reconstruction:  

✦  obtain low-lying finite-volume spectrum ( ) in dedicated study using 
additional operators that couple to two-pion states

En, An

14

Long-distance tail (ud)

G(t) =
1

3

X

i,x

hji(x, t) ji(0, 0)i
<latexit sha1_base64="U+hOQ+JxARC4aWy8cTW3aWuSD7c="></latexit><latexit sha1_base64="U+hOQ+JxARC4aWy8cTW3aWuSD7c="></latexit><latexit sha1_base64="U+hOQ+JxARC4aWy8cTW3aWuSD7c="></latexit><latexit sha1_base64="U+hOQ+JxARC4aWy8cTW3aWuSD7c="></latexit>

Shaun Lahert @ Lattice 2021 

✦Reconstruct vector current correlator at large t

~four-fold reduction in statistical uncertainty 
compared to bounding method
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Disconnected contribution 

f f’Craig McNeile @ Lattice 2021
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Introduction
•The exciting recent results from the Fermilab Muon g-2 experiment for the Muon Anoma-

lous Magnetic Moment (2104.03281) motivates reducing the error on lattice calculations

of the hadronic contribution to aLO
µ .

• In 1902.04223 we presented results for the connected light quark contribution aLO
µ with

an error of 1.4%.

To reduce the error we need to explicitly calculate:

•Disconnected contributions

•QCD+QED corrections

See Shaun Lahert’s talk at this conference for a report on our work on reducing the error

on the light quark connected contribution.

Disconnected contributions a
HV P (LO)DISC
µ

The leading-order contribution to the anomalous magnetic moment from the HVP is

aHVPµ = 4↵2

Z 1

0

dq2f (q2)⇧̂(q2).

The disconnected piece requires the non-perturbative calculation of the quark-line discon-

nected correlation of vector currents

The non-perturbative calculation requires the correlation of vector currents

d(t) =
1

3V

X

j=0,1,2

X

t0

Vj(t + t0)Vj(t
0
)

where Vj(t) is vector loop with component i at time t and V is the space-time volume.

Vj =
1

3
(Vu/d

j � Vs
j )

We use stochastic random sources to compute the required loops with a variety of variance

reduction techniques. In particular, an additional trick from the European Twisted Mass

collaboration (0803.0224) is used to reduce the errors. For some ensembles we also use low

eigenmodes with a stochastic correction.

Preliminary results for a
HV P (LO),DISC
µ

We have computed aHV P (LO),DISC
µ for the light and strange quarks.

Ensemble a fm m⇡ MeV L fm Eigenmodes Nmeas

Very coarse 0.15 134.7 4.8 300 1692

Coarse 0.12 134.9 5.8 - 787

Fine 0.09 128.3 5.8 1000 271

The correlators are multiplied by a random blinding factor.
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Preliminary blinded aHV P (LO),DISC
µ

Fermilab/HPQCD/MILC

Fermilab/HPQCD/MILC corrected

The graph also shows the data corrected for finite volume and taste corrections.

The continuum and chiral extrapolation fit model is

D = a0

 
1 + a1a

2
+ a2(

m2

⇡ � m2

⇡,phys

m2

⇡,phys

)

!

where a is the lattice spacing units GeV
�1

with priors: a0 = 14(8), a1 = 0(1) and a2 =
0(3).

Preliminary window analysis of a
HV P (LO),DISC
µ

To compare di↵erent calculations a weight function is multiplied into the correlator.

⇥(t; t0,�) ⌘ 1

2
+
1

2
tanh[

t � t0

�
]

where � = 0.15 fm

W (t; t1, t2) ⌘ ⇥(t; t1,�) � ⇥(t; t2,�)

The weight function (t1 = 0.4 fm t2 = 1.0 fm) is applied to the blinded correlators.

•No taste corrections have been applied in the above graph.

•RBC and UKQCD (1801.07224), and BMWc (2002.12347) also found a large suppression

of aHV P (LO),DISC
µ for this window.

Connected quenched QED corrections

•We use the electro-quenched approximation.

•The calculation used quenched QED fields fixed to the Feynman gauge with zero modes

dealt with using the QEDL prescription.

•We use the truncated solver method with 16 sloppy inversions and 1 precise inversion.

Ensemble a fm m⇡ MeV L fm Nmeas Quark masses

Very coarse 0.15 134.7 4.8 356 ml, 3ml, 5ml, 7ml, ms,

Coarse (I) 0.12 132.7 5.8 208 3ml, 5ml, 7ml, ms

We plot the QED contribution to the strange as
µ.

�as
µ = as

µ[QCD + qQED] � as
µ[QCD]

We have not yet retuned the quark masses to include the QED contribution.

Conclusions
Future work

•We are about to start to generate correlators for the connected QCD+quenchedQED

correlators at the lattice spacing 0.09 fm.

•We are generating an ensemble of configurations with QCD + dynamical QED at the

lattice spacing of 0.15 fm.

We finally plan to compute the QED contribution in the disconnected diagrams.
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Introduction
•The exciting recent results from the Fermilab Muon g-2 experiment for the Muon Anoma-

lous Magnetic Moment (2104.03281) motivates reducing the error on lattice calculations

of the hadronic contribution to aLO
µ .

• In 1902.04223 we presented results for the connected light quark contribution aLO
µ with

an error of 1.4%.

To reduce the error we need to explicitly calculate:

•Disconnected contributions

•QCD+QED corrections

See Shaun Lahert’s talk at this conference for a report on our work on reducing the error

on the light quark connected contribution.

Disconnected contributions a
HV P (LO)DISC
µ

The leading-order contribution to the anomalous magnetic moment from the HVP is

aHVPµ = 4↵2

Z 1

0

dq2f (q2)⇧̂(q2).

The disconnected piece requires the non-perturbative calculation of the quark-line discon-

nected correlation of vector currents

The non-perturbative calculation requires the correlation of vector currents

d(t) =
1

3V

X

j=0,1,2

X

t0

Vj(t + t0)Vj(t
0
)

where Vj(t) is vector loop with component i at time t and V is the space-time volume.

Vj =
1

3
(Vu/d

j � Vs
j )

We use stochastic random sources to compute the required loops with a variety of variance

reduction techniques. In particular, an additional trick from the European Twisted Mass

collaboration (0803.0224) is used to reduce the errors. For some ensembles we also use low

eigenmodes with a stochastic correction.

Preliminary results for a
HV P (LO),DISC
µ

We have computed aHV P (LO),DISC
µ for the light and strange quarks.

Ensemble a fm m⇡ MeV L fm Eigenmodes Nmeas

Very coarse 0.15 134.7 4.8 300 1692

Coarse 0.12 134.9 5.8 - 787

Fine 0.09 128.3 5.8 1000 271

The correlators are multiplied by a random blinding factor.

The graph also shows the data corrected for finite volume and taste corrections.

The continuum and chiral extrapolation fit model is

D = a0

 
1 + a1a

2
+ a2(

m2

⇡ � m2

⇡,phys

m2

⇡,phys

)

!

where a is the lattice spacing units GeV
�1

with priors: a0 = 14(8), a1 = 0(1) and a2 =
0(3).

Preliminary window analysis of a
HV P (LO),DISC
µ

To compare di↵erent calculations a weight function is multiplied into the correlator.

⇥(t; t0,�) ⌘ 1

2
+
1

2
tanh[

t � t0

�
]

where � = 0.15 fm

W (t; t1, t2) ⌘ ⇥(t; t1,�) � ⇥(t; t2,�)

The weight function (t1 = 0.4 fm t2 = 1.0 fm) is applied to the blinded correlators.

•No taste corrections have been applied in the above graph.

•RBC and UKQCD (1801.07224), and BMWc (2002.12347) also found a large suppression

of aHV P (LO),DISC
µ for this window.

Connected quenched QED corrections

•We use the electro-quenched approximation.

•The calculation used quenched QED fields fixed to the Feynman gauge with zero modes

dealt with using the QEDL prescription.

•We use the truncated solver method with 16 sloppy inversions and 1 precise inversion.

Ensemble a fm m⇡ MeV L fm Nmeas Quark masses

Very coarse 0.15 134.7 4.8 356 ml, 3ml, 5ml, 7ml, ms,

Coarse (I) 0.12 132.7 5.8 208 3ml, 5ml, 7ml, ms

We plot the QED contribution to the strange as
µ.

�as
µ = as

µ[QCD + qQED] � as
µ[QCD]

We have not yet retuned the quark masses to include the QED contribution.

Conclusions
Future work

•We are about to start to generate correlators for the connected QCD+quenchedQED

correlators at the lattice spacing 0.09 fm.

•We are generating an ensemble of configurations with QCD + dynamical QED at the

lattice spacing of 0.15 fm.

We finally plan to compute the QED contribution in the disconnected diagrams.
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Introduction
•The exciting recent results from the Fermilab Muon g-2 experiment for the Muon Anoma-

lous Magnetic Moment (2104.03281) motivates reducing the error on lattice calculations

of the hadronic contribution to aLO
µ .

• In 1902.04223 we presented results for the connected light quark contribution aLO
µ with

an error of 1.4%.

To reduce the error we need to explicitly calculate:

•Disconnected contributions

•QCD+QED corrections

See Shaun Lahert’s talk at this conference for a report on our work on reducing the error

on the light quark connected contribution.

Disconnected contributions a
HV P (LO)DISC
µ

The leading-order contribution to the anomalous magnetic moment from the HVP is

aHVPµ = 4↵2

Z 1

0

dq2f (q2)⇧̂(q2).

The disconnected piece requires the non-perturbative calculation of the quark-line discon-

nected correlation of vector currents

The non-perturbative calculation requires the correlation of vector currents

d(t) =
1

3V

X

j=0,1,2

X

t0

Vj(t + t0)Vj(t
0
)

where Vj(t) is vector loop with component i at time t and V is the space-time volume.

Vj =
1

3
(Vu/d

j � Vs
j )

We use stochastic random sources to compute the required loops with a variety of variance

reduction techniques. In particular, an additional trick from the European Twisted Mass

collaboration (0803.0224) is used to reduce the errors. For some ensembles we also use low

eigenmodes with a stochastic correction.

Preliminary results for a
HV P (LO),DISC
µ

We have computed aHV P (LO),DISC
µ for the light and strange quarks.
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where a is the lattice spacing units GeV
�1

with priors: a0 = 14(8), a1 = 0(1) and a2 =
0(3).

Preliminary window analysis of a
HV P (LO),DISC
µ

To compare di↵erent calculations a weight function is multiplied into the correlator.
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The weight function (t1 = 0.4 fm t2 = 1.0 fm) is applied to the blinded correlators.
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•No taste corrections have been applied in the above graph.

•RBC and UKQCD (1801.07224), and BMWc (2002.12347) also found a large suppression

of aHV P (LO),DISC
µ for this window.

Connected quenched QED corrections

•We use the electro-quenched approximation.

•The calculation used quenched QED fields fixed to the Feynman gauge with zero modes

dealt with using the QEDL prescription.

•We use the truncated solver method with 16 sloppy inversions and 1 precise inversion.

Ensemble a fm m⇡ MeV L fm Nmeas Quark masses

Very coarse 0.15 134.7 4.8 356 ml, 3ml, 5ml, 7ml, ms,

Coarse (I) 0.12 132.7 5.8 208 3ml, 5ml, 7ml, ms

We plot the QED contribution to the strange as
µ.

�as
µ = as

µ[QCD + qQED] � as
µ[QCD]

We have not yet retuned the quark masses to include the QED contribution.

Conclusions
Future work

•We are about to start to generate correlators for the connected QCD+quenchedQED

correlators at the lattice spacing 0.09 fm.

•We are generating an ensemble of configurations with QCD + dynamical QED at the

lattice spacing of 0.15 fm.

We finally plan to compute the QED contribution in the disconnected diagrams.

No taste-breaking corrections

Ongoing work:  
• computing SIB correction of disconnected contribution 
• increasing statistics 
• continuum limit with & without taste-breaking corrections 
• varying functional forms for continuum extrapolations 
• FV corrections using different approaches

preliminary 
blindedpreliminary 

blinded
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SIB + QED corrections 

Craig McNeile @ Lattice 2021

Set-up for QED corrections: (Gaurav Ray) 
• Quenched QEDL study  
• Physical mass ensembles at 3 lattice spacings  
(0.15, 0.12, 0.09 fm) 

• Range of valence quark masses: light → strange 

Ongoing work: 
• Increasing statistics 
• retune quark masses 
• varying functional forms for continuum extrapolations 
• dynamical QED+QCD ensemble @ 0.15 fm being 
generated 

• disc. QED corrections

+ …
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Introduction
•The exciting recent results from the Fermilab Muon g-2 experiment for the Muon Anoma-

lous Magnetic Moment (2104.03281) motivates reducing the error on lattice calculations

of the hadronic contribution to aLO
µ .

• In 1902.04223 we presented results for the connected light quark contribution aLO
µ with

an error of 1.4%.

To reduce the error we need to explicitly calculate:

•Disconnected contributions

•QCD+QED corrections

See Shaun Lahert’s talk at this conference for a report on our work on reducing the error

on the light quark connected contribution.

Disconnected contributions a
HV P (LO)DISC
µ

The leading-order contribution to the anomalous magnetic moment from the HVP is

aHVPµ = 4↵2

Z 1

0

dq2f (q2)⇧̂(q2).

The disconnected piece requires the non-perturbative calculation of the quark-line discon-

nected correlation of vector currents

The non-perturbative calculation requires the correlation of vector currents

d(t) =
1

3V

X

j=0,1,2

X

t0

Vj(t + t0)Vj(t
0
)

where Vj(t) is vector loop with component i at time t and V is the space-time volume.

Vj =
1

3
(Vu/d

j � Vs
j )

We use stochastic random sources to compute the required loops with a variety of variance

reduction techniques. In particular, an additional trick from the European Twisted Mass

collaboration (0803.0224) is used to reduce the errors. For some ensembles we also use low

eigenmodes with a stochastic correction.

Preliminary results for a
HV P (LO),DISC
µ

We have computed aHV P (LO),DISC
µ for the light and strange quarks.

Ensemble a fm m⇡ MeV L fm Eigenmodes Nmeas

Very coarse 0.15 134.7 4.8 300 1692

Coarse 0.12 134.9 5.8 - 787

Fine 0.09 128.3 5.8 1000 271

The correlators are multiplied by a random blinding factor.

The graph also shows the data corrected for finite volume and taste corrections.

The continuum and chiral extrapolation fit model is

D = a0
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)
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where a is the lattice spacing units GeV
�1

with priors: a0 = 14(8), a1 = 0(1) and a2 =
0(3).

Preliminary window analysis of a
HV P (LO),DISC
µ

To compare di↵erent calculations a weight function is multiplied into the correlator.

⇥(t; t0,�) ⌘ 1

2
+
1

2
tanh[

t � t0

�
]

where � = 0.15 fm

W (t; t1, t2) ⌘ ⇥(t; t1,�) � ⇥(t; t2,�)

The weight function (t1 = 0.4 fm t2 = 1.0 fm) is applied to the blinded correlators.

•No taste corrections have been applied in the above graph.

•RBC and UKQCD (1801.07224), and BMWc (2002.12347) also found a large suppression

of aHV P (LO),DISC
µ for this window.

Connected quenched QED corrections

•We use the electro-quenched approximation.

•The calculation used quenched QED fields fixed to the Feynman gauge with zero modes

dealt with using the QEDL prescription.

•We use the truncated solver method with 16 sloppy inversions and 1 precise inversion.

Ensemble a fm m⇡ MeV L fm Nmeas Quark masses

Very coarse 0.15 134.7 4.8 356 ml, 3ml, 5ml, 7ml, ms,

Coarse (I) 0.12 132.7 5.8 208 3ml, 5ml, 7ml, ms

We plot the QED contribution to the strange as
µ.

�as
µ = as

µ[QCD + qQED] � as
µ[QCD]

We have not yet retuned the quark masses to include the QED contribution.

Conclusions
Future work

•We are about to start to generate correlators for the connected QCD+quenchedQED

correlators at the lattice spacing 0.09 fm.

•We are generating an ensemble of configurations with QCD + dynamical QED at the

lattice spacing of 0.15 fm.

We finally plan to compute the QED contribution in the disconnected diagrams.

preliminary

Ongoing work SIB corrections: (Curtis Peterson) 
• follow-up to previous work [Chakraborty et al, arXiv:1710.11212, 2018 PRL]: 

• analyzing data @ 0.12fm 
• add data at finer lattice spacings 
• use results to study  dependence Mπ

https://doi.org/10.1103/PhysRevLett.120.152001
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Ultimate goal:   at  
Blind analysis of dominant contributions  
light-quark connected contribution is needed with commensurate precision: 

Increasing statistics at finest lattice spacings 
Reduce scale setting uncertainty (  baryon mass, refined ) 
Refine estimates of FV and other corrections 
Reconstruction of  tail 
Add data at a fifth lattice spacing 

Intermediate window: analysis in progress (~early 2022) 
Disconnected contribution (includes SIB): goal  

Increasing statistics, refining analysis 
QED corrections: 

Quenched QEDL study at three lattice spacings (phys. mass ensembles) 

aHVP,LO
μ ≲ 0.5 %

Ω fπ

ππ

< 10 %

Summary and Outlook



Farah Willenbrock

Thank you!
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Staggered pion operator

Scalar & Pseudo-scalar (1D) 
Vector & Pseudo-vector (3D)
Tensor (3D+3D)

Zero momentum taste irreps: Non-zero momentum taste irreps:

1D irreps are Wilson like.
3D irreps can split (1D+2D) based on momentum & 
taste direction alignment.

Two-pion operators

Clebsch-Gordon’s from irreducible representations of staggered lattice symmetry group.

Wigner’s method twice ~ little groups of little groups.

-Sakata, J.Math.Phys. 15 (1974) 1702-1709 
Taste scalar vector current “one-link” -> taste diagonal two pion states.

Hadronic vacuum polarization of the muon on 2+1+1-flavor HISQ ensembles: an update Shaun Lahert

Figure 4: Energies (left) and amplitudes (right) for the two-pion states extracted from a generalized eigenvalue
analysis on the ⇡ 0.15 fm ensemble. Bands are results from fits, points are e�ective masses.

Operator Momentum (back-to-back)
�;, �̃;
O

⌦W5
cc [0, 0, 1], [1, 1, 0]

O
⌦W5G/H
cc ,O⌦W5I

cc [0, 0, 1]

O
⌦W

GC/HC

cc ,O⌦WIC
cc [0, 0, 1]

Table 3: Operator basis on the ⇡ 0.15 fm ensemble, the single pion operators in the two-pion states have
equal taste and equal and opposite momentum. We indicate the irrep splitting by separating out the operators.

methods for discrete groups [20, 21]. We choose a range of back-to-back pion momenta up to the
energy at which the free two-pion state equals the mass of the rho resonance. We include all rows
of the multi-dimensional taste-irrep pions. At non-zero momentum these three dimensional irreps
split into non-degenerate irreps which must be accounted for. For the ⇡ 0.15 fm ensemble, the
range of momentum and taste is shown in Table 3. Eigenvectors E= are extracted from a generalized
eigenvalue problem (GEVP) [22] applied to,

C(C)E = _C (C0) E. (14)

Optimised operators with the best overlap with the state = are then constructed j= = (E=)8 O8 .
Energies ⇢= and overlap amplitudes h0|�; |=i are obtained from a combined Bayesian fit to the
correlation functions

⌦
j=j

†

=

↵
=

’
=

/2
=4

�⇢=C (15)

D
j= �

†

;

E
=

’
=

/= h0 |�; | =i 4
�⇢=C . (16)

Shown in Fig. 4 are the results from a GEVP analysis. The expected irrep splitting is observed
in the two-pion states derived from the three-dimensional single-pion irreps n= 1&2, 4&5 are
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Figure 3: Blinded results for taste singlet vector current two-point, correlation function (orange). Blinded
reconstruction of the correlation function from determined parameters for states up to =max = 1 � 7.

The computational strategy is then to construct a correlation-function matrix of the form

C(C) =

 
⇠�; , �̃;!�; , �̃; (C) ⇠�; , �̃;!cc (C)

⇠cc!�; , �̃; (C) ⇠cc!cc (C)

!
(10)

where we have chosen the taste-singlet vector current operator (smeared) �; (�̃;) as opposed to
the taste-vector vector current, used in the work described above, as it has the preferable lowest-
energy two-pion state, namely, two Goldstone-boson pions. The staggered two-pion operators
are constructed from linear combinations of products of staggered single-pion operators which
transform in the same taste representation as the vector current. The staggered single- & two-pion
operators are defined as.

c�( Æ?)b ⌘

’
G

48 Æ? · ÆG D̄(G)W5 ⌦ Wb 3 (G) (11)

Occ (0) ⌘

’
b1 ,b2

?2{?}¢

⇠⌧stag, iso. (b1, b2, Æ?)c( Æ?)b1c(� Æ?)b2 (12)

where ?¢ is the momentum orbit. ⇠⌧stag, iso. (b1, b2, Æ?) are the Clebsch-Gordon coe�cients of the
isospin-staggered group [19] defined below.

(*� (2) ⇥
⇣
)3
# o

�
⌅`,⇠0

 
o

�
'̃8 9 , �(

 ⌘
= (* (2) ⇥

⇣
/3
# o �4,1 o,3

⌘
(13)

The Clebsch-Gordon coe�cients are obtained by explicit construction of the irreducible represen-
tations (irreps) of the group by a double application of Wigner’s method for semi-direct product
groups [19]. With the irreps in hand one can extract the coe�cients through the well established

6
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,

❖ Operators for all states up to rho 
energy.

❖ Need all taste irrep rows to account 
for irrep splitting at non-zero mom.

Solve GEVP:

Shaun Lahert @ Lattice 2021 


