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We present a first-principles lattice QCDþ QED calculation at physical pion mass of the leading-order
hadronic vacuum polarization contribution to the muon anomalous magnetic moment. The total
contribution of up, down, strange, and charm quarks including QED and strong isospin breaking effects
is aHVP LO

μ ¼ 715.4ð18.7Þ × 10−10. By supplementing lattice data for very short and long distances with
R-ratio data, we significantly improve the precision to aHVP LO

μ ¼ 692.5ð2.7Þ × 10−10. This is the currently
most precise determination of aHVP LO

μ .

DOI: 10.1103/PhysRevLett.121.022003

Introduction.—The anomalous magnetic moment of the
muon aμ is defined as the deviation of the Landé factor gμ
from Dirac’s relativistic quantum mechanics result,
aμ ¼ ½ðgμ − 2Þ=2&. It is one of themost precisely determined
quantities in particle physics and is currently known both
experimentally (BNL E821) [1] and from a standard model
theory calculation [2] to approximately1=2parts permillion.
Interestingly, the standard model result aSMμ deviates

from the experimental measurement aexptμ at the 3–4σ level,
depending on which determination of the leading-order
hadronic vacuum polarization aHVP LO

μ is used. One finds
[3–6]

aexptμ − aSMμ ¼ 25.0ð4.3Þð2.6Þð6.3Þ × 10−10 ½3; 4&;
31.8ð4.1Þð2.6Þð6.3Þ × 10−10 ½4; 5&;
26.8ð3.4Þð2.6Þð6.3Þ × 10−10 ½4; 6&; ð1Þ

where the quoted errors correspond to the uncertainty in
aHVP LO
μ , aSMμ − aHVP LO

μ , and aexptμ . This tension may hint at
new physics beyond the standard model of particle physics
such that a reduction of uncertainties in Eq. (1) is highly
desirable. New experiments at Fermilab (E989) [7] and
J-PARC (E34) [8] intend to decrease the experimental

uncertainty by a factor of 4. First results of the E989
experiment may be available before the end of 2018 [9]
such that a reduction in uncertainty of the aHVP LO

μ con-
tribution is of timely interest.
In the following, we perform a complete first-principles

calculation of aHVP LO
μ in lattice QCDþ QED at physical

pion mass with nondegenerate up and down quark masses
and present results for the up, down, strange, and charm
quark contributions. Our lattice calculation of the light-
quark QED correction to aHVP LO

μ is the first such calcu-
lation performed at physical pion mass. In addition, we
replace lattice data at very short and long distances by
experimental eþe− scattering data using the compilation of
Ref. [10], which allows us to produce the currently most
precise determination of aHVP LO

μ .
Computational method.—The general setup of our non-

perturbative lattice computation is described in Ref. [11].
We compute

aμ ¼ 4α2
Z

∞

0
dq2fðq2Þ½Πðq2Þ − Πðq2 ¼ 0Þ&; ð2Þ

where fðq2Þ is a known analytic function [11] and Πðq2Þ is
defined as

P
xe

iqxhJμðxÞJνð0Þi ¼ ðδμνq2 − qμqνÞΠðq2Þ
with sum over space-time coordinate x and JμðxÞ ¼
i
P

f Q fΨ̄fðxÞγμΨfðxÞ. The sum is over up, down, strange,
and charm quark flavors with QED charges Q up;charm ¼ 2=3
and Q down;strange ¼ −1=3. For convenience we do not
explicitly write the superscript HVP LO. We compute
Πðq2Þ using the kernel function of Refs. [12,13]
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Pure lattice result and dispersive result with reduced ππ dependence (window method)

Aaron Meyer (BNL → LBNL) & Mattia Bruno (BNL → CERN → Milano) joined since this 2018 paper
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Lattice QCD – Time-Moment Representation

Starting from the vector current Jµ(x) = i
∑

f Qf Ψf (x)γµΨf (x) we may
write

aHVP LO
µ =

∞∑
t=0

wtC (t)

with

C (t) =
1

3

∑
~x

∑
j=0,1,2

〈Jj(~x , t)Jj(0)〉

and wt capturing the photon and muon part of the HVP diagrams
(Bernecker-Meyer 2011).

The correlator C (t) is computed in lattice QCD+QED at physical pion
mass with non-degenerate up and down quark masses including up,
down, strange, and charm quark contributions. The missing bottom
quark contributions are computed in pQCD.
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Window method (introduced in RBC/UKQCD 2018)

We also consider a window method. Following Meyer-Bernecker 2011
and smearing over t to define the continuum limit we write

aµ = aSDµ + aWµ + aLDµ

with

aSDµ =
∑
t

C (t)wt [1−Θ(t, t0,∆)] ,

aWµ =
∑
t

C (t)wt [Θ(t, t0,∆)−Θ(t, t1,∆)] ,

aLDµ =
∑
t

C (t)wtΘ(t, t1,∆) ,

Θ(t, t ′,∆) = [1 + tanh [(t − t ′)/∆]] /2 .

All contributions are well-defined individually and can be computed from
lattice or R-ratio via C (t) = 1

12π2

∫∞
0

d(
√
s)R(s)se−

√
st with

R(s) = 3s
4πα2σ(s, e+e− → had).

aWµ has small statistical and systematic errors on lattice!
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I In last few years, we reported on our progress for the complete
result (improved bounding method, (ππ)I=1 phase shift study,
improvements for disconnected/QED/SIB diagrams), this talk
focuses entirely on progress on the Euclidean time window
(RBC/UKQCD 2018) in the isospin symmetric limit with t0 = 0.4
fm, t1 = 1.0 fm, ∆ = 0.15 fm.

I This quantity promises reduced systematic lattice uncertainties,
however, currently exhibits tensions between different lattice and
R-ratio results:

V. DISCUSSION AND CONCLUSION

We summarize our results for the total contributions to
aHVPLO! in Table VIII and compare this result in Fig. 14 to
results by other collaborations. In Fig. 13, we compare
our results for aud;conn:;isospin! , aSIB;conn:! , and the window

aud;conn:;isospin;W! with t0 ! 0.4 fm, t1 ! 1.0 fm, and ! !
0.15 fm to other collaborations. We would like to stress in
particular the difference between the window results from
Aubin et al. and this work, which is especially noteworthy
since they were performed on the same gauge configura-
tions. Apart from the small valence mass extrapolation,
which we suggest to be mild for the window, the main
difference between this work and Aubin et al. is the choice
of a site-local current compared to a conserved current.
This suggests that properly estimating the uncertainties
associated with the continuum limit may be challenging.
We note that in this work, Aubin et al., as well as the recent
BMW result, results at similar inverse lattice spacings from
a!1 " 1.6 GeV to a!1 " 3.5 GeV were used, all with
staggered sea quark ensembles at physical pion mass.
We hope that the larger set of window results provided in

this work can be useful to further scrutinize the emerging
tensions within the lattice QCD community and within
lattice QCD and the R ratio. We expect that in the near
future other lattice collaborations will also provide results
for the total aHVPLO! with uncertainties close to 5 ! 10!10,
which may shed further light on the emerging tensions.
It will be particularly important that such results include
different lattice discretizations.

ACKNOWLEDGMENTS

We thank our colleagues in the RBC and UKQCD
Collaborations for interesting discussions. We thank the

LM 2020
BMW 2020

ETMC 2019 Update
Aubin et al. 2019

Mainz 2019
FNAL/HPQCD/MILC 2019

SK 2019
ETMC 2018

RBC/UKQCD 2018
BMW 2017
Mainz 2017

HPQCD 2016

540 560 580 600 620 640 660 680 700
aµ, ud, conn, isospin  1010

LM 2020
LM 2020 FV
BMW 2020

ETMC 2019
RBC/UKQCD 2018

FNAL/HPQCD/MILC 2017

0 5 10 15 20
aµ, SIB, conn  1010

KNT 2018/Lattice
LM 2020

BMW 2020
Aubin et al. 2019

RBC/UKQCD 2018

195 200 205 210 215
aµ, ud, conn, isospin, W-0.4-1.0-0.15  1010

FIG. 13. Overview of results for aud;conn:;isospin! , aSIB;conn:! , and
the window aud;conn:;isospin;W! with t0 ! 0.4 fm, t1 ! 1.0 fm, and
! ! 0.15 fm. The referenced contributions are listed in the
caption of Fig. 14 apart from ETMC 2019 [29] and FNAL/
HPQCD/MILC 2017 [17]. The result of this work is labeled “LM
2020.” For aud;conn:;isospin! , the precise BMW 2020 is higher in
particular compared to values by ETMC 2019 Update as well as
FNAL/HPQCD/MILC 2019. For aSIB;conn:! , we provide also a
finite-volume result “LM 2020 FV” to compare to the other
results obtained at similar volume. LM 2020 is the value
corrected to infinite volume. For the window aud;conn:;isospin;W! ,
there is a clear tension between Aubin et al. [50,66] and the R
ratio as well as RBC/UKQCD 2018. In this work, we perform a
calculation on the same gauge configurations as Aubin et al. 2019
but with a different discretization of the vector current and find a
substantially lower value. This difference may therefore originate
from difficulties associated with the continuum limit. In Fig. 15,
we provide an overview of a broader set of individual contribu-
tions to the HVP.
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FIG. 14. Overview of total results for aHVP! . The referenced
contributions are ETMC 2013 [11], HPQCD 2016 [14], Mainz
2017 [19], BMW 2017 [20], RBC/UKQCD 2018 [21], ETMC
2018 [22], SK 2019 [25], FNAL/HPQCD/MILC 2019 [24],
Mainz 2019 [26], ETMC 2019 Update [30], BMW 2020 [27],
HLMNT 2011 [6], DHMZ 2012 [7], DHMZ 2017 [8], Jeger-
lehner 2017 [9], KNT 2018 [10], DHMZ 2019 [1], and KNT
2019 [2]. The result of this work is labeled “LM 2020.”
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Our extended list of ensembles, all with mπ = 135± 5 MeV:
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Previous continuum extrapolation mild (plot from RBC/UKQCD
18), will now check with even finer lattice spacing:

Supplementary Information – S1

SUPPLEMENTARY MATERIAL

In this section we expand on a selection of technical de-
tails and add results to facilitate cross-checks of di↵erent
calculations of aHVP LO

µ .

Continuum limit: The continuum limit of a selec-
tion of light-quark window contributions aW

µ is shown in
Fig. 8. We note that the results on the coarse lattice di↵er
from the continuum limit only at the level of a few per-
cent. We attribute this mild continuum limit to the fa-
vorable properties of the domain-wall discretization used
in this work. This is in contrast to a rather steep contin-
uum extrapolation that occurs using staggered quarks as
seen, e.g., in Ref. [42].

The mild continuum limit for light quark contribu-
tions is consistent with a naive power-counting estimate
of (a⇤)2 = 0.05 with ⇤ = 400 MeV and suggests that
remaining discretization errors may be small. Since we
find such a mild behavior not just for a single quantity
but for all studied values of aW

µ with t0 ranging from 0.3
fm to 0.5 fm and t1 ranging from 0.3 fm to 2.6 fm, we
suggest that it is rather unlikely that the mild behav-
ior is result of an accidental cancellation of higher-order
terms in an expansion in a2. This lends support to our
quoted discretization error based on an O(a4) estimate.
In future work, this will be subject to further scrutiny by
adding a data-point at an additional lattice spacing.

Energy re-weighting: The top panel of Fig. 9 shows
the weighted correlator wtC(t) for the full aµ as well as
short-distance and long-distance projections aSD

µ and aLD
µ

for t0 = 0.4 fm and t1 = 1.5 fm. The bottom panel of
Fig. 9 shows the corresponding contributions to aµ sep-
arated by energy scale

p
s. We notice that, as expected,

aSD
µ has reduced contributions from low-energy scales and

aLD
µ has reduced contributions from high-energy scales.

In the limit of projection to su�ciently long distances, we
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FIG. 8. Continuum limit of light-quark aW
µ with t0 = 0.4 fm

and � = 0.15 fm.
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FIG. 9. Window of R-ratio data in Euclidean position space
(top) and the e↵ect of the window in terms of re-weighting
energy regions (bottom).

may attempt to contrast the R-ratio data directly with
an exclusive study of the low-lying ⇡⇡ states in the lattice
calculation. This is left to future work.

Statistics of light-quark contribution: We use an
improved statistical estimator including a full low-mode
average for the light-quark connected contribution in the
isospin symmetric limit as discussed in the main text.
For this estimator, we find that we are able to saturate
the statistical fluctuations to the gauge noise for 50 point
sources per configuration. For the 48I ensemble we mea-
sure on 127 gauge configurations and for the 64I ensem-
ble we measure on 160 gauge configurations. Our result
is therefore obtained from a total of approximately 14k
domain-wall fermion propagator calculations.

Results for other values of t0 and t1: In Tabs. S I-
S VII we provide results for di↵erent choices of window
parameters t0 and t1. We believe that this additional
data may facilitate cross-checks between di↵erent lattice
collaborations in particular also with regard to the up
and down quark connected contribution in the isospin
limit.
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Previously already added a−1 = 2.77 GeV ensemble for strange
quark:

I Third lattice spacing for strange data (a−1 = 2.77 GeV with
mπ = 234 MeV with sea light-quark mass corrected from global fit):
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In this figure, we have attempted a linear fit in a2. The p value of all shown
fits is good and does not resolve the a4 or a2 log(a2) coe�cients from zero. We
can, however, allow them to be included in the fit (for now just a4), which
significantly increases the uncertainty of the extrapolation
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A better way to study the quality of agreement of di↵erent discretizations
is to look at correlated di↵erences between the di↵erent methods on the same
ensemble. In these di↵erences virtually all statistical noise cancels

4

I For light quark use new 96I ensemble at physical pion mass. Data
generated on Perlmutter and Summit in USA and Booster in
Germany (a−1 = 2.77 GeV with mπ = 139 MeV)
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We are still blinded, show only statistical relative error for new 96I:

0

0.0005

0.001

0.0015

0.002

0.0025

 0  0.2  0.4  0.6  0.8  1

t/fm

Relative error of partial sum of C(t)*t**4

Now full statistics (2x compared to what I showed at Lattice 21); 1
per mille statistical precision on finest lattice crucial for
high-precision window tests
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Master field error estimate versus simple Jackknife on 33
configurations on 96I:
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Other improvements relevant for window:

I 4x statistics on 48I and 64I

I Explicit calculation of parametric derivatives at physical point

I Concluding study of missing charm determinant (2+1 →
2+1+1)

I All of the above based on master-field-type study, see next
slides
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Master-field calculation of gradients

For a local observable

O =
1

V

∑
y

Oy (1)

we can define the truncated master-field covariance

CovR(O,A) ≡ 1

V

∑
x ,y ,|y |≤R

(
〈OxAx+y 〉β − 〈Ox〉β〈Ax+y 〉β

)
(2)

such that, e.g., the β-derivative of O is given by

〈O〉β+ε − 〈O〉β
ε

= 6 lim
R→∞

CovR(O,A) . (3)

In practice use exponential approach to plateau for R →∞.
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We isolate the dependence on sea-quark mass m of an observable
O by studying

〈O〉m ≡
∫

det(D(m))OP∫
det(D(m))P

(4)

with Dirac matrix D(m) and residual weight P. Can show that

〈O〉m+ε − 〈O〉m
ε

= Cov(O,Tr[D−14d (m)]) +O(ε) . (5)

Finally, for DWF an additional flavor enters as

det(D(m)D−1(1)) (6)

such that for m = 1 the factor is trivial and we can view adding an
additional flavor as changing the sea-quark mass down from m = 1
to the target value.
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Example for wilson-flowed energy density (96I, t0 ≈ 2)

 0  5  10  15  20  25  30

R/a

Cov of Tr[D(0.8)-14d] and wilson-flowed energy density

 0  5  10  15  20  25  30

R/a

β derivative of wilson-flowed energy density

Computed in similar way also derivatives of, e.g., VV and PP
correlators.
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Blinding

I 3 analysis groups for ensemble parameters (not blinded)

I 6 analysis groups for vector-vector correlators (blinded, to
avoid bias towards other lattice/R-ratio results)

I Blinded vector correlator Cb(t) relates to true correlator C0(t)
by

Cb(t) = (b0 + b1a
2 + b2a

4)C0(t) (7)

with appropriate random b0, b1, b2, different for each analysis
group. This prevents complete unblinding based on previously
shared data on coarser ensembles.
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Preview of distillation data on finest 96I ensemble for improved
bounding method:
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Early science time on Perlmutter was/is crucial! Above is master
field study with one configuration and limited measurements on it.
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Conclusions and Outlook

I 4x statistics on 48I and 64I

I Third lattice spacing (96I) at a−1 ≈ 2.7 GeV

I 2+1 → 2+1+1 and parametric gradients using master-field
approach

I Still blinded, publish window results first

I For complete HVP analysis data set almost complete as well (still
finishing distillation data on 96I, a lot of new data also on
QCD+QED)
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