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Baryon (B=1) Dibaryon (B=2)

Proton, Neutron,

Lambda, Omega,…

Deuteron

observed in 1930s

Dibaryon = two baryon bound state or resonance

+ d*(2380) resonance

Dibaryon = two baryon bound state or resonance



Previous results
H dibaryon

T. Inoue et al. (HAL QCD Coll.), PRL106(2011)162002 flavor SU(3) limit
K. Sasaki et al. (HAL QCD Coll.), NPA106(2020)121737 physical point, ΛΛ, NΞ

 dibaryonsΔΔ

S. Gongyo et al. (HAL QCD Coll.), PLB811(2020)135935 flavor SU(3) limit, d*(2380)

 dibaryonsNΩ

F. Etminan et al. (HAL QCD Coll.), NPA928(2014)89 mπ ≃ 875 MeV

T. Iritani et al. (HAL QCD Coll.), PLB792(2019)284 physical point

 dibaryonsΩΩ

M. Yamada et al. (HAL QCD Coll.), PTEP 7(2015)187 

S. Gongyo et al. (HAL QCD Coll.), PRL 120(2018)212001 physical point

mπ ≃ 700 MeV



 dibaryonsΩcccΩccc

Y. Lyu, et al.,  Pays. Rev. Lett. 127 (2021) 072003 (arXiv:2102.0081)

 : triply charmed baryon, stable against strong decay, mass/EM form factorΩ(ccc)

 : S-wave& zero total spin, then no Pauli exclusionΩ(ccc)Ω(ccc)

attractions ?

bound state ?
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A pair of triply charmed baryons, ⌦ccc⌦ccc, is studied as an ideal dibaryon system by (2+1)-flavor
lattice QCD with nearly physical light-quark masses and the relativistic heavy quark action with
the physical charm quark mass. The spatial baryon-baryon correlation is related to their scattering
parameters on the basis of the HAL QCD method. The ⌦ccc⌦ccc in the 1

S0 channel taking into
account the Coulomb repulsion with the charge form factor of ⌦ccc leads to the scattering length
a
C
0 ' �19 fm and the e↵ective range r

C
e↵ ' 0.45 fm. The ratio r

C
e↵/a

C
0 ' �0.024, whose magnitude

is considerably smaller than that of the dineutron (�0.149), indicates that ⌦ccc⌦ccc is located in
the unitary regime.

Introduction.� Quantum chromodynamics (QCD) is a
fundamental theory of strong interaction and governs not
only the interaction among quarks and gluons but also
the interaction between color-neutral hadrons. In partic-
ular, the nucleon-nucleon (NN) interaction, which shows
a characteristic mid-range attraction and a short-range
repulsion, as well as the baryon-baryon (BB) interac-
tions are important for describing the nuclear structure
and dense matter relevant to nuclear physics and astro-
physics [1–5].

Although the deuteron is the only stable bound state
composed of two nucleons, there are possible bound or
resonant dibaryons with and without strange quarks [6–
8]. Among others, p⌦(uudsss) [9] and ⌦⌦(ssssss) [10],
which were predicted by lattice QCD (LQCD) simula-
tions near the physical point [11], stimulate experimen-
tal searches in high energy hadron-hadron and heavy-ion
collisions [8, 12–14].

As originally pointed out by Bjorken [15], the triply
charmed baryon (the charm number C = 3) ⌦ccc is sta-
ble against the strong interaction and provides an ideal
ground to study the perturbative and non-perturbative
aspects of QCD in the baryonic sector. Although it has
not been observed yet experimentally1 there have been
numerous LQCD studies on its mass and electromagnetic
form factor (see [18] and references therein). Accordingly,
it is timely to study the ⌦ccc⌦ccc as the simplest pos-
sible system to study heavy-baryon interactions. Its re-
cent phenomenological study using the constituent quark
model can be found in Ref. [19].

The purpose of this Letter is to study a system with
the charm number C = 6 system, ⌦ccc⌦ccc in the 1S0

channel, for the first time from first principle LQCD ap-

1
Recently, excited states of C = 1 baryon ⌦c [16] and a C = 2

baryon ⌅
++
cc [17] were discovered at CERN LHC.

proach. 2 The reason why we consider the S-wave and
total spin s = 0 system is that the Pauli exclusion be-
tween charm quarks at short distance does not operate in
this channel, so that the maximum attraction is expected
in comparison to other channels. It is of critical impor-
tance to examine the scattering parameters such as the
scattering length and the e↵ective range to unravel the
properties of such heavy dibaryons near threshold. The
HAL QCD method [11, 22, 23], which treats the spa-
tial correlation between two baryons on the lattice, pro-
vides a powerful tool for such analysis: Indeed, we show
below that ⌦++

ccc
⌦++

ccc
(1S0) with both strong interaction

and Coulomb repulsion is located near unitarity [24, 25]
just above the threshold with a large negative scattering
length.
HAL QCD Method.� The crucial steps in the HAL

QCD method [11, 22, 23] are to obtain the equal-
time Nambu-Bethe-Salpeter (NBS) wave function  (r)
whose asymptotic behavior at a large distance repro-
duces the phase shifts, along with the corresponding two-
baryon irreducible kernel U(r, r0). Since the same kernel
U(r, r0) governs all the elastic scattering states, separat-
ing the ground state and the excited states on the lattice,
which is exponentially di�cult for baryon-baryon inter-
actions [26, 27], is not required to calculate the physical
observables [23]. The normalized four-point function (the
R-correlator) related to the NBS wave function is defined
as

R(r, t > 0) = h0|⌦ccc(r, t)⌦ccc(0, t)J (0)|0i/e�2m⌦ccc t

=
X

n

An n(r)e
�(�Wn)t +O(e�(�E

⇤)t),

(1)

2
In the charm number C = 3 sector, there exist a few recent

studies on heavy dibaryons in LQCD [20] and in the constituent

quark model [21].
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where �Wn = 2
q

m2
⌦ccc

+ k2
n
� 2m⌦ccc with the baryon

mass m⌦ccc and the relative momentum kn. O(e�(�E
⇤)t)

denotes the contributions from the inelastic scattering
states with �E⇤ being the inelastic threshold, which are
exponentially suppressed when t � (�E⇤)�1

⇠ ⇤�1
QCD

with ⇤QCD ⇠ 300 MeV. J (0) is a source operator which
creates two-baryon states with the charm number C = 6
at Euclidean time t = 0 and An = hn|J (0)|0i with |ni
representing the QCD eigenstates in a finite volume with
�Wn < �E⇤. In this study, we take a local interpolating
operator, ⌦ccc(x) ⌘ ✏lmn[cT

l
(x)C�kcm(x)]cn,↵(x), where

l, m, and n stand for color indices, �k being the Dirac
matrix, ↵ being the spinor index, and C ⌘ �4�2 being the
charge conjugation matrix.

When contributions from the inelastic scattering states
are negligible (t � (�E⇤)�1), the R-correlator satis-
fies [23]

✓
1

4m⌦ccc

@2

@t2
�

@

@t
�H0

◆
R(r, t) =

Z
dr0U(r, r0)R(r0, t),

(2)
where H0 = �r

2/m⌦ccc . By using the derivative ex-
pansion at low energies, U(r, r0) = V (r)�(r � r0) +P
n=1

V2n(r)r2n�(r�r0), the central potential V (r) in the

leading order (LO) is given as

V (r) = R�1(r, t)
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4m⌦ccc

@2

@t2
�

@

@t
�H0

◆
R(r, t). (3)

The spatial and temporal derivatives of R(r, t) on the
lattice are calculated in central di↵erence scheme by
using the nearest neighbor points. To extract the
total spin s = 0, the following interpolating opera-
tors for the ⌦ccc⌦ccc system is adopted, [⌦ccc⌦ccc]0 =
1
2 (⌦

3/2
ccc⌦

�3/2
ccc � ⌦1/2

ccc⌦
�1/2
ccc + ⌦�1/2

ccc ⌦1/2
ccc � ⌦�3/2

ccc ⌦3/2
ccc ).

Here the spin and its z component of the interpolat-
ing operator ⌦sz

ccc
are 3/2 and sz = ±3/2,±1/2, re-

spectively, and ⌦sz
ccc

is constructed by spin projection
as shown in Ref. [28]. To obtain the orbital angular
momentum L = 0 on the lattice, the projection to A1

representation of the cubic group SO(3,Z) is employed;
PA1R(r, t) = 1

24

P
Ri2SO(3,Z)

R(Ri[r], t). Note that V (r)

in Eq. (3) contains the channel coupling e↵ect such as
1S0-5D0 mixing and should be considered as an “e↵ec-
tive” potential projected onto the S-wave state [29].

Lattice setup.� (2+1)-flavor gauge configurations are
generated on the L4 = 964 lattice with the Iwasaki gauge
action at � = 1.82 and nonperturbatively O(a)-improved
Wilson quark action combined with stout smearing at
nearly physical quark masses (m⇡ ' 146 MeV and mK '

525 MeV) [30]. The lattice cuto↵ is a�1
' 2.333 GeV

(a ' 0.0846 fm), corresponding to La ' 8.1 fm, which
is su�ciently large to accommodate two heavy baryons.
For the charm quark, we employ the relativistic heavy

quark (RHQ) action in order to remove the leading or-
der and the next-to-leading order cuto↵ errors associated
with the charm quark mass [31]. We use two sets (set 1
and set 2) of RHQ parameters determined in Ref. [32] so
as to interpolate the physical charm quark mass and re-
produce the dispersion relation for the spin-averaged 1S
charmonium, i.e. a weighted average of the spin-singlet
state ⌘c and the spin-triplet state J/ .
For the source operator J (0), we use the wall type

with the Coulomb gauge fixing. We employ the peri-
odic (Drichlet) boundary condition for spatial (tempo-
ral) direction. We use 112 gauge configurations which
are picked up one per ten trajectories. In order to re-
duce statistical fluctuations, forward and backward prop-
agations are averaged, and four times measurements are
performed by shifting source position along the temporal
direction for each configuration. Then, the total mea-
surements amount to 896 for each set. The statistical
errors are estimated by the jackknife method with a bin
size of 14 configurations. A comparison with a bin size
of 7 configurations shows that the bin size dependence
is small. The quark propagators are calculated by the
Bridge++ code [33], and the unified contraction algo-
rithm is utilized to obtain the correlation functions [34].

TABLE I. Spin-averaged 1S charmonium mass ((m⌘c +
3mJ/ )/4) and the ⌦ccc mass (m⌦ccc) calculated in set 1 and
set 2 with the statistical errors. The third row shows the in-
terpolated values obtained from set 1 and set 2. Experimental
value of (m⌘c + 3mJ/ )/4 is shown in the last row.

(m⌘c + 3mJ/ )/4 [MeV] m⌦ccc [MeV]
set 1 3096.6(0.3) 4837.3(0.7)
set 2 3051.4(0.3) 4770.2(0.7)

Interpolation 3068.5(0.3) 4795.6(0.7)
Exp. 3068.5(0.1) -

Masses for spin-averaged 1S charmonium ((m⌘c +
3mJ/ )/4) and ⌦ccc baryon (m⌦ccc) calculated in set
1 and set 2 by utilizing the single exponential fitting
from the interval t/a = 25 � 35 are listed in Ta-
ble. I, together with the values from linear interpolation
(0.3786 ⇥ set 1 + 0.6214 ⇥ set 2) as well as the exper-
imental value. Our result for m⌦ccc is consistent with
4789(6)(21) MeV obtained by the (2+1)-flavor PACS-CS
configurations [35]. We have checked that our results for
hadron masses are unchanged within errors by the fitting
interval t/a = 30� 35.
Numerical results.� The ⌦ccc⌦ccc potential V (r) in the

1S0 channel from the interpolation between set 1 and
set 2 is shown in Fig. 1 for t/a = 25, 26 and 27 (see
Supplemental Material [36] for the t-dependence of V (r)
in a wide range of t). Since the potentials from set 1
and set 2 are found to be consistent within statistical
errors, the uncertainty in the interpolation is negligible.
Our choice t/a = 26 corresponds to t ' 2.2 fm; this is
large enough in comparison to the typical length scale

derivarive expansion U(r, r′�) = V(r)δ(3)(r − r′�) + ⋯

local potential

2

where �Wn = 2
q

m2
⌦ccc

+ k2
n
� 2m⌦ccc with the baryon

mass m⌦ccc and the relative momentum kn. O(e�(�E
⇤)t)

denotes the contributions from the inelastic scattering
states with �E⇤ being the inelastic threshold, which are
exponentially suppressed when t � (�E⇤)�1

⇠ ⇤�1
QCD

with ⇤QCD ⇠ 300 MeV. J (0) is a source operator which
creates two-baryon states with the charm number C = 6
at Euclidean time t = 0 and An = hn|J (0)|0i with |ni
representing the QCD eigenstates in a finite volume with
�Wn < �E⇤. In this study, we take a local interpolating
operator, ⌦ccc(x) ⌘ ✏lmn[cT

l
(x)C�kcm(x)]cn,↵(x), where

l, m, and n stand for color indices, �k being the Dirac
matrix, ↵ being the spinor index, and C ⌘ �4�2 being the
charge conjugation matrix.

When contributions from the inelastic scattering states
are negligible (t � (�E⇤)�1), the R-correlator satis-
fies [23]
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525 MeV) [30]. The lattice cuto↵ is a�1
' 2.333 GeV

(a ' 0.0846 fm), corresponding to La ' 8.1 fm, which
is su�ciently large to accommodate two heavy baryons.
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with the charm quark mass [31]. We use two sets (set 1
and set 2) of RHQ parameters determined in Ref. [32] so
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ral) direction. We use 112 gauge configurations which
are picked up one per ten trajectories. In order to re-
duce statistical fluctuations, forward and backward prop-
agations are averaged, and four times measurements are
performed by shifting source position along the temporal
direction for each configuration. Then, the total mea-
surements amount to 896 for each set. The statistical
errors are estimated by the jackknife method with a bin
size of 14 configurations. A comparison with a bin size
of 7 configurations shows that the bin size dependence
is small. The quark propagators are calculated by the
Bridge++ code [33], and the unified contraction algo-
rithm is utilized to obtain the correlation functions [34].
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3mJ/ )/4) and the ⌦ccc mass (m⌦ccc) calculated in set 1 and
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(0.3786 ⇥ set 1 + 0.6214 ⇥ set 2) as well as the exper-
imental value. Our result for m⌦ccc is consistent with
4789(6)(21) MeV obtained by the (2+1)-flavor PACS-CS
configurations [35]. We have checked that our results for
hadron masses are unchanged within errors by the fitting
interval t/a = 30� 35.
Numerical results.� The ⌦ccc⌦ccc potential V (r) in the

1S0 channel from the interpolation between set 1 and
set 2 is shown in Fig. 1 for t/a = 25, 26 and 27 (see
Supplemental Material [36] for the t-dependence of V (r)
in a wide range of t). Since the potentials from set 1
and set 2 are found to be consistent within statistical
errors, the uncertainty in the interpolation is negligible.
Our choice t/a = 26 corresponds to t ' 2.2 fm; this is
large enough in comparison to the typical length scale



potential scattering phase shift

Effective Range Expansion (ERE)

k cot δ0(k) = −
1
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FIG. 1. (Color online). The ⌦ccc⌦ccc potential V (r) in the
1
S0 channel as a function of separation r at Euclidean time
t/a = 25 (red square), 26 (blue diamond) and 27 (green cir-
cle).

⇤�1
QCD ⇠ 0.7 fm characterizing the inelastic states, and

is small enough to avoid large statistical errors. We find
that the potentials for t/a = 25, 26 and 27 are consistent
with each other within statistical errors. This indicates
that systematic errors due to inelastic states and higher
order terms of the derivative expansion do not largely
exceed the size of statistical errors [23] as we show below.

We find that the potential V (r) is repulsive at short-
range and attractive at mid-range, which has the same
qualitative behaviors with the NN potential [37] and
the ⌦⌦ potential [10]. The magnitude of the poten-
tial in the repulsive region r < 0.25 fm (correspond-
ing to dV (r)/dr < 0) for ⌦ccc⌦ccc is an order of mag-
nitude smaller than that of ⌦⌦ obtained by the same
method [10]. This may be qualitatively explained by the
phenomenological quark model [38] as the color-magnetic
interaction between constituent quarks is proportional to
the square of reciprocal constituent quark mass. Qual-
itatively, V cc

cm/V
ss
cm = (m⇤

s
/m⇤

c
)2 ⇠ (500/1500)2 ⇠ 0.1,

where V ff
0

cm is the color-magnetic interaction between the
quarks with flavor f and f 0 withm⇤

f
being the constituent

quark mass. On the other hand, the attraction in the re-
gion r > 0.25 fm (corresponding to dV (r)/dr > 0) may
originate from the exchange of charmed mesons or rather
be attributed to the direct exchange of charm quarks
and/or multiple gluons. As can be seen in Fig. 1, the
range of the potential is much smaller than the size of
the lattice volume, indicating that the finite volume ar-
tifact is negligible.

In order to convert the potential to physical ob-
servables such as the scattering phase shifts and bind-
ing energy, we perform the uncorrelated fit for V (r)
in Fig. 1 in the range r  2.5 fm by three-
range Gaussians, Vfit(r) =

P
i=1,2,3

↵i exp(��ir2). Fit-

FIG. 2. (Color online). The ⌦ccc⌦ccc scattering phase shifts
�0 in the 1

S0 channel obtained from the potential V (r) at
t/a = 25, 26, and 27 as a function of the center of mass kinetic
energy ECM.

ting parameters with t/a = 26 for example are
(↵1,↵2,↵3) = (239.5(3.0),�62.7(50.8),�98.8(50.3)) in
MeV and (�1,�2,�3) = (48.5(1.4), 7.8(2.6), 3.4(0.8)) in
fm�2 with an accuracy of �2/d.o.f. ⇠ 1.05.

In Fig. 2, we show the ⌦ccc⌦ccc scattering phase
shifts �0 in the 1S0 channel calculated by solving the
Schrödinger equation with the potential V (r) at t/a =
25, 26, and 27. The relativistic kinetic energy is defined

as ECM = 2
q
k2 +m2

⌦ccc
� 2m⌦ccc with a momentum

k in the center of mass frame. The error bands reflect
the statistical uncertainty of V (r). In all three cases, the
phase shifts start from 180� at ECM = 0, which indicates
the existence of a bound state in ⌦ccc⌦ccc system without
Coulomb repulsion.

The low-energy scattering parameters are extracted by
using the e↵ective range expansion up to the next-to-
leading order (NLO), k cot �0 = �

1
a0

+ 1
2re↵k

2 + O(k4),
where a0 and re↵ are the scattering length and the e↵ec-
tive range, respectively. The results are

a0 = 1.57(0.08)(+0.12
�0.04) fm,

re↵ = 0.57(0.02)(+0.01
�0.00) fm.

(4)

The central values and the statistical errors in the first
parentheses are obtained at t/a = 26, while the system-
atic errors in the last parentheses are estimated from the
values at t/a = 25, 26 and 27, which originates from the
inelastic states and the higher order terms of the deriva-
tive expansion.

The binding energy B and the root-mean-square dis-
tance

p
hr2i of the bound ⌦ccc⌦ccc state are obtained

effective range

scattering length

one bound state

4

FIG. 3. (Color online). The inverse of the scattering length
1/aC

0 as a function of ↵e/↵
phys.
e . The red solid line is the

central values for rd = 0.410 fm. The statistical errors are
shown by the inner band (red), while the outer band (gray)
corresponds to the statistical and systematic errors added in
quadrature. The blue dashed line corresponds to the central
values for rd = 0 fm.

from the potential V (r) as

B = 5.68(0.77)(+0.46
�1.02) MeV,

p
hr2i = 1.13(0.06)(+0.08

�0.03) fm.
(5)

These results are consistent with the general formula for
loosely bound states [24, 39] with scattering parameters
a0 and re↵: B = 1/(m⌦cccr

2
e↵)(1 �

p
1� (2re↵/a0))2 '

5.7 MeV and
p

hr2i = a0/
p
2 ' 1.1 fm.

Since the binding energy and the size of the bound
state from the strong interaction are not large, we need
to take into account the Coulomb repulsion V Coulomb(r)
between ⌦++

ccc
s with finite spatial size. For this pur-

pose, we consider the dipole form factor for ⌦++
ccc

ac-
cording to the LQCD study on the charge distribution
of heavy baryons [18]: In the coordinate space, it cor-
responds to an exponential charge distribution ⇢(r) =

12
p
6/(⇡r3

d
)e�2

p
6r/rd , where the charge radius rd =p

|hr2icharge| of ⌦++
ccc

is taken to be rd = 0.410(6) fm [18].
Then, we have

V Coulomb(r) = ↵e

ZZ
d3r1d

3r2
⇢(r1)⇢(|~r2 � ~r|)

|~r1 � ~r2|
=

4↵e

r
F (x),

(6)
where x = 2

p
6r/rd and F (x) = 1�e�x(1+ 11

16x+
3
16x

2+
1
48x

3). The e↵ective range expansion with Coulomb re-
pulsion is written as

k
⇥
C2

⌘
cot �C0 (k) + 2⌘h(⌘)

⇤
= �

1

aC0
+
1

2
rCe↵k

2+O(k4), (7)

where �C0 (k) is the phase shift in the presence of Coulomb
repulsion, C2

⌘
= 2⇡⌘

e2⇡⌘�1 , ⌘ = 2↵em⌦ccc/k, h(⌘) =

Re[ (i⌘)] � ln(⌘), and  is the digamma function [40].
To see the e↵ect of the Coulomb repulsion, we vary ↵e

from zero to the physical value ↵phys.
e

= 1/137.036 be-
low. Note that the systematic errors originated from the
uncertainty in rd are found to be much smaller than the
statistical errors and are neglected.
In Fig. 3, we show the inverse of scattering length

1/aC0 under the change of ↵e/↵phys.
e

from 0 to 1. Due
to the large cancellation between the attractive strong
interaction and the Coulomb repulsion, the result at
↵e/↵phys.

e
= 1 is located very close to unitarity with a

large scattering length

aC0 = �19(7)(+7
�6) fm,

rCe↵ = 0.45(0.01)(+0.01
�0.00) fm.

(8)

The ratio rCe↵/a
C
0 = �0.024(0.010)(+0.006

�0.014) is consider-
ably smaller in magnitude than that of the dineutron
(�0.149).
In Fig. 4, we plot the dimensionless ratio re↵/a0 as a

function of re↵ for ⌦++
ccc
⌦++

ccc
(1S0) and ⌦�⌦�(1S0) with

(without) Coulomb repulsion together with the experi-
mental values for NN(3S1-3D1) [41] and NN(1S0) [42,
43]. Note that we consider the Coulomb repulsion
in ⌦�⌦�(1S0) with the charge radius rd = 0.57 fm
for ⌦� [18].3 Among all those dibaryon systems,
⌦++

ccc
⌦++

ccc
(1S0) is the closest to unitarity. Note also

that the nearly unitary binding of both ⌦�
sss
⌦�

sss
(1S0)

and ⌦++
ccc
⌦++

ccc
(1S0) originates from a subtle cancellation

among the potential energy, the kinetic energy and the
Coulomb repulsion.
Finally, we briefly discuss other possible systematic

errors in this work: (i) The finite cuto↵ e↵ect is
O(↵2

s
a⇤QCD, (a⇤QCD)2) thanks to the RHQ action for

the charm quark and the non-perturbative O(a) improve-
ment for light (u, d, s) quarks, and thus amounts to be
O(1)%. (ii) In the vacuum polarization, light quark
masses are slightly heavier than the physical ones and
charm quark loop is neglected. The former e↵ect is ex-
pected to be small since light quarks are rather irrelevant
for ⌦ccc⌦ccc system. In fact, the range of the ⌦ccc⌦ccc

potential is found to be shorter than 1 fm. The latter
e↵ect is suppressed due to the heavy charm quark mass,
and is typically O(1)% [44]. These estimates for (i) and
(ii) are also in line with the observation that our value
of m⌦ccc is consistent with that in the literature or has
deviation of ⇠ 1% at most, where we refer to LQCD
studies by (2+1)-flavor at the physical point with finite
a [35], (2+1)-flavor with chiral and continuum extrapola-
tion [45] and (2+1+1)-flavor with chiral and continuum
extrapolation [46, 47]. In the future, these systematic

3
In Ref.[10], ⌦

�
was assumed to be point-like in charge distribu-

tion, which overestimates the repulsion and increases the scat-

tering length by 1 fm.

BE
size

B =
(1 − 1 − 2reff /a0)2

mΩccc
r2
eff

≃ 5.7 MeV

⟨r2⟩ =
a0

2
≃ 1.1fm loosely bound state



Coulomb repulsion

charge distribution inside  Ωccc ρ(r) =
12 6

πr3
d

exp [−
2 6r

rd ]
charge radius of  Ωccc rd = 0.410(6) fm

K. U. Can, et al.,  Phys. Rev. D92 (2015) 114515.

Coulomb potential between two  ‘sΩccc
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FIG. 3. (Color online). The inverse of the scattering length
1/aC

0 as a function of ↵e/↵
phys.
e . The red solid line is the

central values for rd = 0.410 fm. The statistical errors are
shown by the inner band (red), while the outer band (gray)
corresponds to the statistical and systematic errors added in
quadrature. The blue dashed line corresponds to the central
values for rd = 0 fm.
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Since the binding energy and the size of the bound
state from the strong interaction are not large, we need
to take into account the Coulomb repulsion V Coulomb(r)
between ⌦++
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s with finite spatial size. For this pur-

pose, we consider the dipole form factor for ⌦++
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cording to the LQCD study on the charge distribution
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Re[ (i⌘)] � ln(⌘), and  is the digamma function [40].
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low. Note that the systematic errors originated from the
uncertainty in rd are found to be much smaller than the
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the charm quark and the non-perturbative O(a) improve-
ment for light (u, d, s) quarks, and thus amounts to be
O(1)%. (ii) In the vacuum polarization, light quark
masses are slightly heavier than the physical ones and
charm quark loop is neglected. The former e↵ect is ex-
pected to be small since light quarks are rather irrelevant
for ⌦ccc⌦ccc system. In fact, the range of the ⌦ccc⌦ccc

potential is found to be shorter than 1 fm. The latter
e↵ect is suppressed due to the heavy charm quark mass,
and is typically O(1)% [44]. These estimates for (i) and
(ii) are also in line with the observation that our value
of m⌦ccc is consistent with that in the literature or has
deviation of ⇠ 1% at most, where we refer to LQCD
studies by (2+1)-flavor at the physical point with finite
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central values for rd = 0.410 fm. The statistical errors are
shown by the inner band (red), while the outer band (gray)
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quadrature. The blue dashed line corresponds to the central
values for rd = 0 fm.
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Comparison with other dibaryons

Lattice

Experiment

  dibaryon is closest to unitarity among these.ΩcccΩccc(1S0)

Experiment

All “dibaryons” appear near unitarity. Why ?

unitarity



III. Resonance in the HAL QCD method 

Y. Akahoshi, S. Aoki, T. Doi,  
“Emergence of  resonance from the HAL QCD potential in lattice QCD”, 

Phys. Rev. D104 (2021) 054510 (arXiv:2106.08175). 

ρ



 resonanceρ

Can we reproduce  resonance form   HAL QCD potential ?ρ I = 1 ππ

 meson is a resonance of  scatteringρ ππ

Obstructions/Difficulties “box” diagram for   systemI = 1 ππ

 : sumy1

 : sumy2
 : fix or sumx

 : x + r ∀r  : x + r ∀r

 : fix or sumx

 : sumy

large numerical cost/noises 



Our strategy
3 techniques for all-to-all propagators are combined.

one-end trick
sequential propagator
covariant approximation averaging (CAA)

C. McNeill, C. Michael, PRD73 (2006) 074506.

G. Martinelli, C.T.  Sachrajda, NPB316 (1989) 355.

E. Shintani, et al, PRD91 (2015) 114511.

two (  and  ) sourcesρ ππ N2LO analysis

smeared sink operators remove short distance singularity 
 expected by OPE

y : ∑
y

one-end trick

 : noiseξ
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Diagrams

one-end trick summation over space

sequential source summation over space

CAA fixed point in space

 ∑



Lattice setup

2+1 flavor gauge configuration on  lattice  
with Iwasaki gauge + NP  improved clover quark 

 (PACS-CS configurations) 

323 × 64

O(a)

a ≃ 0.0907 fm, mπ ≃ 411 MeV, mρ ≃ 892 MeV

La ≃ 2.9 fm

TABLE I. Numerical setup for the calculation.

Source type Scheme Nconf (#. of time slice ave.) Stat. error

ππ-type equal-time, smeared-sink 100 (64) jackknife with bin–size 5

ρ-type equal-time, smeared-sink 200 (64) jackknife with bin–size 10

For the source operators, we choose ρ-type J T−
1

ρ,I=1,Iz=0(t0) and ππ-type J T−
1

ππ,I=1,Iz=0(t0)

in this study, defined by

J T−
1

ρ,I=1,Iz=0(t0) = ρ03(t0), (14)

J T−
1

ππ,I=1,Iz=0(t0) = (ππ)I=1,Iz=0(p3, t0), (15)

where p3 = (0, 0, 2π/L). (ππ)I=1,Iz=0(p, t) and ρ
0
3 are given as

ρ03(t) =
∑

x

1√
2

(
ū(x, t)γ3u(x, t)− d̄(x, t)γ3d(x, t)

)
(16)

(ππ)I=1,Iz=0(p, t) =
1√
2

∑

y1,y2

e−ip·y1eip·y2
(
π−(y1, t)π

+(y2, t)− π+(y1, t)π
−(y2, t)

)
,(17)

where we use local quark fields for source operators.

Calculations of correlation functions with momentum projected sources generally need

all-to-all propagators, which requires too much numerical cost to calculate exactly. There-

fore, we evaluate all-to-all propagators by the combination of the one-end trick, the se-

quential propagator, and the CAA. We give a brief introduction of the one-end trick in

Appendix A, and details of diagram calculations are presented in Appendix B.

III. SIMULATION DETAILS

We employ (2+1)-flavor full QCD configurations generated by the PACS-CS Collab-

orations [38] on a 323 × 64 lattice with the Iwasaki gauge action[39] at β = 1.90 and

a non-perturbatively improved Wilson-clover action[40] at cSW = 1.715 and hopping pa-

rameters (κud,κs) = (0.13754, 0.13640). These parameters correspond to a lattice spacing

a = 0.0907 fm, and a pion mass mπ ≈ 411 MeV, where the ρ meson appears as a resonance

with mρ ≈ 892 MeV [9]. The calculations are performed in the center-of-mass frame with

the periodic boundary condition for all spacetime directions. In this report, dimension-

ful quantities without the corresponding unit are written in lattice unit unless otherwise

stated.
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Results

Leading order potentials 
from   and  sourcesρ ππ

apply a technique of higher 
partial wave reduction
T. Miyamoto, et al, PRD101 (2020) 
074514.

+ L=1 centrifugal term

 VC(r) =
1

2μ
L(L + 1)

r2



phase shift

resonant behaviors are seen.

results from two sources differ.

they disagree with the FV spectra.

N2LO analysis is mandatory.



N2LO potential UN2LO(r, r′�) = (VN2LO
0 (r) + VN2LO

2 (r)∇2) δ(r − r′�)

VN2LO
0 (r) VN2LO

2 (r)

 with large noises is fitted first.VN2LO
2 (r) is obtained.VN2LO

0 (r)

cf. a singularity could be included.

S. Aoki, K. Yazaki, arXiv:2109.07665(hep-lat).



N2LO phase shift

N2LO result almost agrees with the PACS-CS by the FV method.



 resonance parametersρ

Therefore, the N2LO approximation in this study could suffer from the large truncation

error of the derivative expansion in such a low-energy region. This discrepancy actually

affects a determination of some resonance parameters as will be discussed later. The

detailed investigation is left for future studies since it needs much higher precision with

possibly an additional technical development of the laboratory-frame calculation[33].

C. Resonance parameters

In this subsection, we extract resonance parameters for the ρmeson in the N2LO analysis

using two different methods.

1. Breit-Wigner fit

We first extract resonance parameters in the conventional way, by fitting the scattering

phase shifts with the Breit-Wigner form as

k3 cot δ1(k)√
s

=
6π

g2ρππ
(m2

ρ − s), (23)

where mρ and gρππ are fit parameters corresponding to a resonance mass and a ρ → ππ

effective coupling, respectively. We show the fit result in Fig. 8, which gives

mρ = 888(19)(+6
−2) MeV, (24)

gρππ = 13.4(2.6)(+0.8
−0.0), (25)

with χ2/dof = 0.18, where the first errors are statistical and the second ones are systematic

errors associated with the short-range behavior of V N2LO
0 .

We have checked that resonance parameters remain unchanged within statistical errors

even if we add a centrifugal barrier modification as a higher order term in k2[42] to the

standard Breit-Wigner form in Eq. (23).

2. Direct pole search

Theoretically, a resonance state is defined as a pole of the S-matrix on the second

Riemann sheet, which provides us the second method to extract resonance parameters in

the HAL QCD method. To access the S-matrix in complex energy region, we solve the

Schrödinger equation with arguments rotated by r → reiθ, k → ke−iθ[43–45], which reads
(

d2

dr2
− l(l + 1)

r2
− 2µe2iθV0(eiθr)− k2

1− 2µV2(eiθr)

)
φ = 0. (26)

15

Breit-Wigner fit

pole of the S-matrix from N2LO potential
both agree well.

 from potential agrees with the PACS-CS (FV), while  is much larger.mρ gρππ

Probably, the lack of low  states in the center of mass.s



IV. HAL QCD potentials in the moving 
system

Y. Akahori and S. Aoki, in preparation.



 resonancesσ

HAL QCD method was formulated for a boosted system.

vacuum states dominates signals

S. Aoki, Lattice 2019.
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HAL QCD potential from boosted NBS wave function

Moving

CM

NBS wave function

LO potential
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x4 = xk = 0

To extract meaningful potential from this equation, x4 = 0 is required since x∗
∥ becomes

complex with non-zero x4. We also need to fix x∥ in order to specify x∗4, the scheme of

the potential, since x∗4 depends on x∥. In this paper, we take x∥ = 0 and thus obtain the

equal–time scheme potential. The LO potential in the equal–time scheme is given by

V LO
x∗4=0(x

∗
⊥) =

(∇2
⊥ + γ2(∇∥ + iv∂x4)2 + k∗2)ϕk1,k2(x, x

4)

2µϕk1,k2(x, x4)

∣∣∣∣
x4=0,x∥=0

, (17)

where we set x4 = 0 and x∥ = 0 after taking derivatives in the right–hand side.

In lattice simulations, we put the system in a box of size L × L × L with periodic

boundary conditions in the Lab frame. We then define a correlation function as

Fφφ,P(x1, x2) = ⟨Tφ(x1)φ(x2)Jφφ(P, 0)⟩, (18)

where Jφφ(P, 0) creates two-particle states with total momentum P at X4 = 0, which is

quantized as P = 2π
L ntotal (ntotal ∈ Z3). This correlation function can be written as

Fφφ(x1, x2) = eiP·X
∑

n

BnϕWn(x)e
−WnX4

+ (inelastic contributions) (19)

→ eiP·XBminϕWmin(x)e
−WminX4

, (X4 ≫ 1), (20)

where

Wn =
√

k1 +m2 +
√
k2 +m2, k1 =

2π

L
n, k2 =

2π

L
(ntotal − n), (21)

Bn = ⟨k1, k2|Jφφ(P, 0)|0⟩, k0
1 =

√
k1 +m2, k0

2 =
√
k2 +m2, (22)

Wmin is the minimum value among Wn, and corresponding Bn and ϕn denote Bmin and

ϕmin, respectively. Therefore, we can extract the NBS wave function of the lowest energy

state through this correlation function at a large CM time X4. Note that these relative

NBS wave functions have a periodicity depending on P = 2π
L ntotal as

ϕW (x+mL, x4)eiπntotal·m = ϕW (x, x4) (ntotal,m ∈ Z3), (23)

which can be derived from eq.(5) together with the periodicity of coordinates xi (i = 1, 2).

The calculations of derivatives (e.g. ∇∥ at x∥ = 0) are implemented taking this periodicity

into account. In summary, we can extract the effective LO potential in lattice simulations

from Fφφ(x1, x2) at sufficiently large X4 through eq. (17)

C. Time-dependent method in the laboratory frame

In lattice QCD simulations, correlation functions except those for pions become noisier

at larger X4 in general, so that eq. (20) may not be achieved within small statistical errors.

6

B. Potential through the NBS wave function in the laboratory frame

We now move to Euclidean spacetime, on which actual lattice simulations are carried

out. In Euclidean coordinates, eq. (9) reads

x∗4 = γ(x4 − iv · x∥), x∗
∥ = γ(x∥ + ivx4), x∗

⊥ = x⊥. (10)

In the CM frame, the relative NBS wave function at fixed x∗
4 satisfies the Helmholtz equa-

tion at large separation as

(∇∗2 + k∗2)ϕk∗1 ,k
∗
2
(x∗, x∗4) (r∗ = |x∗| > R), (11)

where R is an interaction range and k∗ = |k∗| for the relative momentum k∗ = k∗
1 = −k∗

2

in the CM frame, and its radial part with an angular momentum l behaves as [5, 17]

ϕl
k∗1 ,k

∗
2
(r∗, x∗4) ≈ Al(x

∗4, k∗)eiδl
sin (k∗r∗ − lπ/2 + δl(k∗))

k∗r∗
, (12)

where Al(x∗4, k∗) is an overall factor and δl is the phase shift, which is equal to the phase

of the S-matrix. We can construct an energy–independent non–local potential through the

Schrödinger–type equation as

1

2µ
(∇∗2 + k∗2)ϕk∗1 ,k

∗
2
(x∗, x∗4) =

∫
d3y∗Ux∗4(x∗,y∗)ϕk∗1 ,k

∗
2
(y∗, x∗4), (13)

where µ = m/2 is the reduced mass. The subscription x∗4 of U represents the scheme of

the potential with the relative time separation x∗4. In practice, we introduce the derivative

expansion to treat the non-locality of the potential as

Ux∗4(x∗,y∗) =
∑

i

V i
x∗4(x∗)

(
∇∗2)i δ(x∗ − y∗), (14)

where V i
x∗4(x∗) is local coefficients of the expansion 1. Thus the effective leading-order (LO)

potential is simply given by

V LO
x∗4 (x∗) =

(∇∗2 + k∗2)ϕk∗1 ,k
∗
2
(x∗, x∗4)

2µϕk∗1 ,k
∗
2
(x∗, x∗4)

. (15)

Now we are ready to access the potential through the NBS wave function in the Lab

frame. According to eqs.(7), (10) and (14), the relative NBS wave function in the Lab

frame satisfies
1

2µ
(∇2

⊥ + γ2(∇∥ + iv∂x4)2 + k∗2)ϕk1,k2(x, x
4)

=
∑

i

V i
γ(x4−iv·x∥)

(
x⊥, γ(x∥ + ivx4)

) (
∇2

⊥ + γ2(∇∥ + iv∂x4)2
)i
ϕk1,k2(x, x

4).
(16)

1 A fact that we do not include terms with odd powers of ∇ here can be regarded as the scheme of the

potential.

5

Leading order HAL QCD potential

CM

CM Moving

Moving
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IV-2. Numerical results
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I = 2 ⇡⇡ potential
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Numerical setup
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Potentials (breakup)
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Potentials (comparison)

They are consistent except at short distances, though boosted ones are noisier.



Scattering phase shifts

All three cases gives consistent results.



Comparison with finite volume method

case1

case2

CM
Sasaki

HAL QCD potentials with non-zero momentum work !



Comparison at low energies

case1

case2

CM

Sasaki



V. Summary and Discussions 



• HAL QCD method provides useful tools to investigate not only dibaryons 
but also hadron resonates such as  meson. 

• The formula to obtain potential in the HAL QCD method is extended to 
moving systems, and is shown to work for the   scattering.

ρ

I = 2ππ

HAL QCD method vs. finite volume spectra
A discrepancy that HAL QCD/FV spectra predict unbound/bound NN at 

 MeV seems to be resolved recently.mπ ∼ 700 − 800
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bound NN is disfavored.



Backup



Why  is larger ?gρππ

Therefore, the N2LO approximation in this study could suffer from the large truncation

error of the derivative expansion in such a low-energy region. This discrepancy actually

affects a determination of some resonance parameters as will be discussed later. The

detailed investigation is left for future studies since it needs much higher precision with

possibly an additional technical development of the laboratory-frame calculation[33].

C. Resonance parameters

In this subsection, we extract resonance parameters for the ρmeson in the N2LO analysis

using two different methods.

1. Breit-Wigner fit

We first extract resonance parameters in the conventional way, by fitting the scattering

phase shifts with the Breit-Wigner form as

k3 cot δ1(k)√
s

=
6π

g2ρππ
(m2

ρ − s), (23)

where mρ and gρππ are fit parameters corresponding to a resonance mass and a ρ → ππ

effective coupling, respectively. We show the fit result in Fig. 8, which gives

mρ = 888(19)(+6
−2) MeV, (24)

gρππ = 13.4(2.6)(+0.8
−0.0), (25)

with χ2/dof = 0.18, where the first errors are statistical and the second ones are systematic

errors associated with the short-range behavior of V N2LO
0 .

We have checked that resonance parameters remain unchanged within statistical errors

even if we add a centrifugal barrier modification as a higher order term in k2[42] to the

standard Breit-Wigner form in Eq. (23).

2. Direct pole search

Theoretically, a resonance state is defined as a pole of the S-matrix on the second

Riemann sheet, which provides us the second method to extract resonance parameters in

the HAL QCD method. To access the S-matrix in complex energy region, we solve the

Schrödinger equation with arguments rotated by r → reiθ, k → ke−iθ[43–45], which reads
(

d2

dr2
− l(l + 1)

r2
− 2µe2iθV0(eiθr)− k2

1− 2µV2(eiθr)

)
φ = 0. (26)

15

slope is smaller for the potential result.

Probably, the lack of low  states in the center of mass 
causes this behavior.

s



Time dependent method

CM
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, X
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R(x⇤, x⇤4, X⇤4) :=
X

n

Bn'W⇤
n
(x⇤)e�(W⇤

n�2m)X⇤4
+ · · ·

NBS

Moving
<latexit sha1_base64="iWLJp+Qhp/uFrrdJ82bAb75oHHI="></latexit>

R(x, x4, X4) '
X

n

Bn'Wn(x)e
�(Wn�2m)X4

at a moderately large X4, where the operation of starred-Laplacians to G is understood as

(∇∗2)iG(x, x4, X4) =
∑

n

B′
nW

2
CM,n

(
∇2

⊥ + γ2n(∇∥ + ivn∂x4)2
)i
ϕWn(x, x

4)e−(Wn−2m)X4
.

(38)

Note that we can put V i outside a summation over n for elastic states in eq.(37) only

at x∗4 = 0, since the scheme of the potential depends on n through γn unless x∗4 =

γn(x4 − ivn · x∥) = 0. This procedure is more complicated than the conventional time-

dependent method [7], since we need to sum over n without knowing not only k∗2
n in eq. (32)

but also the Lorentz factors γ2n and velocities vn in eq. (34), by combining several terms

as shown above.

Finally, the effective LO potential in the time-dependent method is given by

V LO
x∗4=0(x⊥) =

(
L⊥ + L∥ +mE

)
(x, x4, X4)

mG(x, x4, X4)

∣∣∣∣∣
x4=0,x∥=0

. (39)

III. NUMERICAL DEMONSTRATION: I = 2 ππ POTENTIAL

A. Calculation of correlation functions

Let us consider the I = 2 ππ system for the demonstration. We define the correlation

functions of this system as

Fπ+π+,P(x, x
4, X4) =

∑

X

e−iP·X⟨Tπ+(X + x/2)π+(X − x/2)Jπ+π+(P, 0)⟩ (40)

Fπ+(X4) =
∑

x,y

⟨π+(x, X4)π
−(y, 0)⟩, (41)

where the positively (negatively) charged pion operator is given as π+(x) = d̄(x)γ5u(x)

(π−(x) = ū(x)γ5d(x)) with up and down quark fields u(x) and d(x). Total momenta are

chosen as P = (0, 0, 2π/L×n) (n = 0, 1, 2), and the corresponding source operators in our

calculation are given as

Jπ+π+ (P = 0, 0) = π+
s (p1 = 0, 0) π+

s (p2 = 0, 0) (42)

Jπ+π+

(
P =

2π

L
ez, 0

)
= π+

s

(
p1 =

2π

L
ez, 0

)
π+
s (p2 = 0, 0) (43)

Jπ+π+

(
P =

2π

L
ez × 2, 0

)
= π+

s

(
p1 =

2π

L
ez, 0

)
π+
s

(
p2 =

2π

L
ez, 0

)
, (44)

where π+(p, 0) is defined as

π+(p, 0) =
∑

y

π−(y, 0)e+ip·y. (45)
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To overcome this difficulty, one has introduced the time-dependent method[7], which does

not require a single state dominance in Fφφ such as eq. (20), for the extraction of the

potential in the CM frame. We here extend the time-dependent method to the Lab frame.

A key quantity in the time-dependent method is a normalized correlation function R

(sometimes called ”R-correlator“), which is defined in the Lab frame as

R(x, x4, X4) =
Fφφ,P(x, x4, X4)

Fφ(X4)2
, (24)

where

Fφφ,P(x, x
4, X4) =

∑

X

e−iP·X⟨Tφ(X + x/2)φ(X − x/2)Jφφ(P, 0)⟩, (25)

Fφ(X
4) =

∑

x,y

⟨φ(x, X4)φ†(y, 0)⟩. (26)

A summation over the CM coordinate X with a factor e−iP·X in eq. (25) removes the plane

wave factor eiP·X in eq. (18), and enhances statistics.

To extract the potential, we define

G(x, x4, X4) =
(
(∂X4 − 2m)2 −P2

)
R(x, x4, X4), (27)

E(x, x4, X4) =
[
∂2X4/4m− ∂X4 −P2/4m

]
G(x, x4, X4), (28)

L⊥(x, x
4, X4) = ∇2

⊥G(x, x4, X4), (29)

L∥(x, x
4, X4) =

(
−(∂X4 − 2m)∇∥ + iP∂x4

)2
R(x, x4, X4). (30)

At a moderately large X4 where the inelastic contributions can be neglected, we have

G(x, x4, X4) ≃
∑

n

B′
nW

2
CM,nϕWn(x, x

4)e−(Wn−2m)X4
(31)

E(x, x4, X4) ≃
∑

n

B′
nW

2
CM,n

k∗2
n

m
ϕWn(x, x

4)e−(Wn−2m)X4
(32)

L⊥(x, x
4, X4) ≃

∑

n

B′
nW

2
CM,n∇2

⊥ϕWn(x, x
4)e−(Wn−2m)X4

(33)

L∥(x, x
4, X4) ≃

∑

n

B′
nW

2
CM,nγ

2
n(∇∥ + ivn∂x4)2ϕWn(x, x

4)e−(Wn−2m)X4
, (34)

where

B′
n =

Bn

C2
, Fφ(X

4) = Ce−mX4
+ (inelastic contributions), (35)

W 2
CM,n = W 2

n −P2 = 4(k∗2
n +m2), γ2n =

W 2
n

W 2
CM,n

. (36)

By combining these and eq.(16), we obtain
(
L⊥ + L∥

m
+ E

)
(x, x4, X4)

∣∣∣∣
x4=0,x∥=0

≃
∑

i

V i
x∗4=0

(
x∗
⊥ = x⊥,x

∗
∥ = 0

)

×
(
(∇∗2)iG(x, x4, X4)

)∣∣
x4=0,x∥=0

(37)
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Finite volume spectra
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