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Motivation
Where does this 
observable 4.6%  

come from?

Motivation

The Higgs boson makes
the u/d quark having 

masses 
(2GeV MS-bar):

       mu = 2.08(9) MeV
       md = 4.73(12) MeV

But the mass of  
the proton is 
 938.272046(21) MeV. 
~100 times of the sum of the quark 
masses!

Where does the proton mass come 
from, and how ?

Laiho, Lunghi, & Van de Water, 
Phys.Rev.D81:034503,2010



Mass (Rest Energy) from Hamiltonian
Energy momentum tensor (EMT)

Separate the EMT into traceless part and trace part 

Hamiltonian  --

With equation of motion (scale dependent)

X. Ji (1995) 
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Proton Mass Decomposition

4

Y.B. Yang et al (𝜒QCD),  PRL 121, 212001 (2018)
Physic 11, 118 (2018); ScienceNews, Nov. 16 (2018)

Lattice calculation with systematics
(physical pion mass, continuum, infinite 
volume extrapolations, renormalization) 



Experimental Measurable Decomposition
Separate the EMT  into traceless part and trace part 

Hamiltonian  --

Rest energy --
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<x> - momentum fraction

Quark momentum fraction 
(scale dependent)

Glue momentum fraction
(scale dependent)



Mass Decomposition from 
Hamiltonian
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Trace of EMT (¼ of Hadron Mass)
Trace of EMT – scalar, frame independent, RG invariant  

Lattice calculation of of quark condensate 
– Y.B. Yang et al (𝜒 QCD) [arXiv: 1511.15089]
– Overlap fermion (Zm Zs =1)
– 3 lattices (one at physical m𝜋),  systematics (volume, continuum)

𝜋𝑁 sigma term

Strangeness sigma term
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Heavy Quarks 
At electroweak scale, the standard model includes 
Higgs, t, b, c quarks in external states
– M. Gong et al (𝜒 QCD) [arXiv: 1304.1191]
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For mq > ~ 500 MeV, 
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Heavy Quark Sigma Terms
M. A. Shifman, A. Vainshtein, and V. I. Zakharov, Phys.Lett. B 78, 
443 (1978)   -- heavy quark expansion

Higgs coupling in 
dark matter search
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Mass from Gravitational FF
Gravitational Form factors from the EMT matrix elements 

– T1 and T2

– D term: deformation of space = elastic property  - [Polyakov]

– C-bar term: pressure  - [Lorce, Liu]
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Mass and Pressure from Gravitational FF
Mass 

What are                        ?

Therefore,                      

the same as from the Hamiltonian.
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C̄q and C̄g

Note: Being scale dependent, separate quark and glue T00 are renormalized 
and mixed.
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Trace Anomaly and Cosmological Constant

What is trace anomaly? What dynamical role does it play, if any? 
• Note 
• is pressure

• The pressure balance equation

§ Nucleon is a bubble in the sea of gluon condensate

where,

<latexit sha1_base64="QTqemrSX3LH5PAim9ItfjviGLyA="></latexit>

hHai = �✏vacV,

<latexit sha1_base64="rC8pLL5C6U+0ovP0EF9A5mxMVxg="></latexit>

✏vac =
�(g)

2g
h0|F↵�F↵� |0i < 0

<latexit sha1_base64="yZMnlJMhdp3DQRazul5J11bmoyk="></latexit>

hP |(T ii
q,g)M(µ)|P i|~P=0/2MN =3C̄q,g(0, µ)MN

<latexit sha1_base64="53XYR8X+chBgKyW9dKvTTPr7GPI=">AAAB8XicdVDLSsNAFJ34rPVVdelmsBVchUm0GnfFblxWsA9sQ5lMJ+3QySTMTIQS+hduXCji1r9x5984aSuo6IELh3Pu5d57goQzpRH6sJaWV1bX1gsbxc2t7Z3d0t5+S8WpJLRJYh7LToAV5UzQpmaa004iKY4CTtvBuJ777XsqFYvFrZ4k1I/wULCQEayNdFfpBVhm9Wml2C+Vke267qmHILI9DzmeY4hzfllFVejYaIYyWKDRL733BjFJIyo04ViproMS7WdYakY4nRZ7qaIJJmM8pF1DBY6o8rPZxVN4bJQBDGNpSmg4U79PZDhSahIFpjPCeqR+e7n4l9dNdej5GRNJqqkg80VhyqGOYf4+HDBJieYTQzCRzNwKyQhLTLQJKQ/h61P4P2m5Jhb77MYt164WcRTAITgCJ8ABF6AGrkEDNAEBAjyAJ/BsKevRerFe561L1mLmAPyA9fYJq4OQSA==</latexit>

C̄

<latexit sha1_base64="oN3z+uGOpRcPVGMVJEk7+Mdv1pE="></latexit>

C̄q + C̄g = 1
4 (
P

f f
N
f + fN

a )� 1
4 (hxiq + hxiq) = 0



Trace Anomaly and Cosmological Constant
Pressure of anomaly:

Quark and glue energy 

Volume dependence of total rest energy

E0 = d ES  (d=4)         p = -1/3  (MIT bag model, E0 = BV+ Σq,g/R)
Rest energy as the sum of scalar trace and tensor traceless parts
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Trace Anomaly and Cosmological Constant
Stress-pressure equation 

ES ∝ V, ET ∝ V-1/3

Vacuum energy density is indeed a constant which is analogous to 
the cosmological constant in the g𝜇𝜈 term as Einstein introduced for 
a static universe. 

Freidman equation for the accelerating expansion of the 
universe
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String tension in charmonium

Heavy quarkonium is confined by a linear potential.
Constant vacuum energy density and flux tube

Infinitely heavy quark with Wilson loop

For charmonium

Lattice calculation of charmonium (W. Sun et al.,2012.06228)

→ 𝜎 = 0.153 GeV2    

Cornell potential fit of charmonium → 𝜎 = 0.164(11) GeV2 

<latexit sha1_base64="T+UmaY9Q/Z9PhPs9z+aR2t4N+iU="></latexit>

V (r) + r
@V (r)

@r
=

h �
2g (

R
d3~xF 2)WL(r, T )i
hWL(r, T )i

.

<latexit sha1_base64="aFLSFRZTh4FqXk4mSsUdgCIv1W4="></latexit>

2�hri = hH�ic̄c =
hc̄c| �2g

R
d
3
~xF

2|c̄ci
hc̄c|c̄ci

<latexit sha1_base64="Hm7sBzE26nd74lm0UdLnXjINCv0="></latexit>

hH�ic̄c = Mc̄c � (1 + �m)hHmic̄c.

<latexit sha1_base64="8V8W5a5a3FzzGMB3hhAwMXd2PmI="></latexit>

hH�ic̄c = 199MeV

Mateu:2018zym

<latexit sha1_base64="gprdAHNCtjtT2mozFSQd8I3frzQ="></latexit>

V (r) = |✏vac|Ar = � r

Dosch, Nachtmann, Rueter
- 9503386; Rothe - 9504102



Mass-Pressure Correspondence 

Mass
Pressure
Other mass decomposition formulae
– Trace

– Gravitational FF
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No kinetic energy, no connection to pressure
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No potential energy, no relation to pressure 
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Summary and Challenges 

• Origin of proton mass and pressure in terms of quark and gluon momentum 

fractions and trace of EMT are closely related. 

• mq ← Higgs mechanism

• Quark condensate ← chiral symmetry breaking (restoration at T and 𝜇)

• Trace anomaly (confinement) ← conformal symmetry breaking (conformal 
phases with multi-flavors and SU(N); finite T > Tc)

• String theory invented in hadron physic finds its home in quantum gravity.

• Cosmological constant introduced in general relativity applies naturally to 

hadron physics.

• Challenges for EIC to detect              from GPD and           from threshold 

production of heavy quarkonium.
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<latexit sha1_base64="wf8h0R1/3co+eg/ApQxT4ZmK+t4=">AAAB9XicbVDLSsNAFJ3UV62vqks3g0WoICGxrY9d0Y3LCn1BG8NkOmmHTiZxZqKUkP9w40IRt/6LO//G6Qu0euDC4Zx7ufceL2JUKsv6MjJLyyura9n13Mbm1vZOfnevKcNYYNLAIQtF20OSMMpJQ1HFSDsSBAUeIy1veD32Ww9ESBryuhpFxAlQn1OfYqS0dFd3E9tN7k/6aVpUx26+YJmlcsW6rEDbtCaA1pzMlQKYoebmP7u9EMcB4QozJGXHtiLlJEgoihlJc91YkgjhIeqTjqYcBUQ6yeTqFB5ppQf9UOjiCk7UnxMJCqQcBZ7uDJAayEVvLP7ndWLlXzgJ5VGsCMfTRX7MoArhOALYo4JgxUaaICyovhXiARIIKx1UTodgL778lzRPTfvMLN2WC9WrWRxZcAAOQRHY4BxUwQ2ogQbAQIAn8AJejUfj2Xgz3qetGWM2sw9+wfj4Bur/kiU=</latexit>

T1q,g (t)
<latexit sha1_base64="gFSQAEKE5ybu+mncQV4Of08/VIo=">AAAB73icbVDJSgNBEK2JW4xb1KOXxiDES5gxicst6MWTRDALJGPo6fQkTXp6xu4eIQz5CS8eFPHq73jzb+xsoNEHBY/3qqiq50WcKW3bX1ZqaXlldS29ntnY3Nreye7u1VUYS0JrJOShbHpYUc4ErWmmOW1GkuLA47ThDa7GfuORSsVCcaeHEXUD3BPMZwRrIzX9Dr6/yevjTjZnF4qlsn1RRk7BngDZczJXcjBDtZP9bHdDEgdUaMKxUi3HjrSbYKkZ4XSUaceKRpgMcI+2DBU4oMpNJveO0JFRusgPpSmh0UT9OZHgQKlh4JnOAOu+WvTG4n9eK9b+uZswEcWaCjJd5Mcc6RCNn0ddJinRfGgIJpKZWxHpY4mJNhFlTAjO4st/Sf2k4JwWirelXOVyFkcaDuAQ8uDAGVTgGqpQAwIcnuAFXq0H69l6s96nrSlrNrMPv2B9fANUiY+E</latexit>

fN
a (t)


