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We cannot study the matrix elements of Germanium or other 
experimentally relevant isotopes directly from QCD…



e

e

n

p

⌫L

n

p

e

e

[Caution] Momentum exchanged is 
~100 MeV. Three and multi-nucleon 
effects? Pion contributions?

We cannot study the matrix elements of Germanium or other 
experimentally relevant isotopes directly from QCD…

Lattice QCD combined with EFT can help improve 
nucelar structure predictions of the rates.
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See Cirigliano’s talk.

We cannot study the matrix elements of Germanium or other 
experimentally relevant isotopes directly from QCD…

Lattice QCD combined with EFT can help improve 
nucelar structure predictions of the rates.



Proton-proton fusion and tritium  β-
decay from lattice QCD

Savage et al [NPLQCD],  Phys. Rev. 
Lett. 119, 062002 (2017).

Shanahan et al [NPLQCD], Phys. Rev. 
Lett. 119, 062003 (2017).

The isotensor axial polarizability and 
lattice QCD input for nuclear double-
β decay phenomenology

Tuo, Feng, Jin, phys. Rev. 
D, 100 (2019) 9, 094511.

Detmold and Murphy, 
2004.07404 [hep-lat].

Pionic 0vββ decay matrix elements from 
lattice QCD in the light neutrino 
scenario:

Pionic 0vββ decay matrix elements from 
lattice QCD in the heavy neutrino 
scenario:

Nicholson at al [CALLATT], Phys. 
Rev. Lett. 121, 172501 (2018).
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Lattice QCD calculations of the β-decay processes have started and more complete 
calculations will emerge in the upcoming years…
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finite volume
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infinite volume
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Finite-volume effects for two-hadron states 
in moving frames

Lellouch and Luescher, Commun. Math. 
Phys. 219, 31–44 (2001).

Weak transition matrix elements from finite 
volume correlation functions

Briceno and Hansen, Phys. Rev. D 94, 
013008 (2016).

Relativistic, model-independent, multichannel 
2 → 2 transition amplitudes in a finite volume

Detmold and Savage, Nucl.Phys.A743 
170-193(2004).

Electroweak matrix elements in the 
two-nucleon sector from lattice QCD

Briceno and Davoudi, Phys. Rev. D 88, 
094507 (2013).

Moving Multi-Channel Systems in a Finite 
Volume with Application to Proton-Proton 
Fusion


Christ, Feng, Martinelli, and Sachrajda, 
Phys. Rev. D 91, 114510 (2015).

Effects of finite volume on the KL-KS mass diff.

Briceno, Davoudi, Hansen, Schindler, and 
Baroni, Phys. Rev. D101, 14509 (2020).

Long-range electroweak amplitudes of single 
hadrons from Euclidean finite-volume correlation

The finite-volume technology for electroweak matrix elements is crucial for the success of 
the program and builds upon many valuable developments of the past, to mention a few…

Matrix elements of unstable states

Bernard, Hoja, Meißner, Rusetsky 

JHEP, Vol 2012, 23 (2012) .

Feng, Jin, Wang, Zhang, Phys. Rev. D 103, 
034508 (2021)

Finite-volume formalism in the 2 → 2 
transition: an application to the lattice 
QCD calculation of double-β decays


Davoudi and Kadam, Phys. Rev. D 102, 
114521 (2020)

Davoudi and Kadam, Phys. Rev. Lett. 
126, 152003 (2021).

Two-neutrino double-β decay in pionless 
effective field theory from a Euclidean 
finite-volume correlation function


The path from LQCD to the short distance cont. 
to 0vββ decay with a light Majorana neutrino


Davoudi and Kadam, arXiv: 
2111.11599 [hep-lat] (2021).

On the extraction of low-energy constants of 
single- and double-β decays from lattice QCD: 
A sensitivity analysis
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The finite-volume technology for two-nucleon double-β decays with light neutrinos is 
now developed. I will focus only on the neutrinoless case…and will comment on how 
the neutrinofull case is similar (but not entirely).

Davoudi and Kadam, Phys. Rev. D 102, 
114521 (2020)

Davoudi and Kadam, Phys. Rev. Lett. 
126, 152003 (2021).

Two-neutrino double-β decay in pionless 
effective field theory from a Euclidean 
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to 0vββ decay with a light Majorana neutrino


On the extraction of low-energy constants of 
single- and double-β decays from lattice QCD: 
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Seminal work of Kaplan, Savage, Wise, van Kolck, and 
of Chen, Kong, Ravndal, Bedaque and many others.

Our theoretical framework is the pionless nuclear effective field theory.

There are two NN systems in s-wave in nature, and both are 
unnatural (c.w. atomic systems near Feshbach resonance)!

Leading contact interactions must be summed to all orders 
(expansion near unitarity) and pion exchanges are not 
leading order. In the pionless theory, pions are integrated out.

a(
1S0) ⇡ �23 [fm] � 1/m⇡

a(
3S1) ⇡ �5 [fm] � 1/m⇡

N

N



Strong couplings

Some notation…

p2



s-channel loop functions



Elastic 2 to 2 S-matrix element:

3

can still be separated from a hadronic amplitude that in-
cludes the hadronic matrix element that is convoluted by
the neutrino propagator. This latter contribution is what
one would evaluate in lattice QCD and match to nuclear
EFTs. We assume a simple kinematic in which the total
three-momenta of the system is zero, and the electrons
are at rest, each having energy E1 = E2 = me, where
me is the electron’s mass. Furthermore, at the LO in
the EFT, two further simplifications arise: i) only s-wave
interactions of the nucleons contrinue, ii) the amplitude
only receives contributions from a static neutrino poten-
tial, and contributions from the small non-zero neutrino
mass in the denominator of the neutrino propagator, as
well as radiative neutrinos, can be ignored. The mixed
hadronic-leptonic amplitude can then be written as

iMnn!pp(Ei, Ef ) ⌘ iM(Ext.)
nn!pp(Ei, Ef )

+ iM(Int.)
nn!pp(Ei, Ef ). (5)

M
(Ext.)
nn!pp denotes contributions in which the neutrino

propagates between two external nucleons. These will
not matter for matching to the lattice-QCD matrix ele-

ment. On the other hand,M(Int.)
nn!pp denotes contributions

in which the neutrino propagates between two nucleons
dressed by strong interactions on both sides. This ampli-
tude depends upon the short-distance LEC gNN

⌫ through:

M
(Int.)
nn!pp(Ei, Ef ) = m�� M(Ef )


� (1 + 3g2A)⇥

J1(Ei, Ef ;µ) +
2gNN

⌫ (µ)

C2
0 (µ)

�
M(Ei). (6)

Here, Ei and Ef denote the energy of the incoming two-
neutron state and the outgoing two-proton state, respec-
tively. M is the LO strong-interaction scattering ampli-
tude of the isotriplet channel,

M(E) =
�1

C�1
0 (µ) + M

4⇡ (µ+
p
ME)

, (7)

and J1 is a function representing the s-channel two-loop
diagram with an exchanged Majorana neutrino:

J1(Ei, Ef ;µ) =

Z
d3k1
(2⇡)3

d3k2
(2⇡)3

1

Ei �
k2
1

M + i✏

1

Ef �
k2
2

M + i✏

1

|k1 � k2|
2
. (8)

The integral is divergent in the UV and in the dimen-
sional regularization scheme is regularized to

J1(Ei, Ef ;µ) =
M2

32⇡2


� �E + ln(4⇡) + L(Ei, Ef ;µ)

�
,

(9)

where L(Ei, Ef ;µ) ⌘ ln

✓
µ2/M

�(
p
Ei+

p
Ef )2�i✏

◆
+ 1 [9, 10].

The UV divergence of the loop function necessities the in-
troduction of a counterterm at the same order, i.e., gNN

⌫ .

FIG. 1. Diagrams representing the finite-volume correlation
function defined in Eq. (10). The black filled circles cor-
respond to interpolating operators for the initial and final
isotriplet states, the solid lines are nucleon propagators, the
line with a solid black square denotes the Majorana neutrino
propagator, and the wavy lines represent the endpoint of the
currents (to be contracted with final-state electrons). The
ellipsis in the second row denotes the chain of s-channel two-
nucleon loops connected via C0 couplings.

µ in these equations is a UV renormalization scale, and
the requirement of the independence of physical ampli-

tudes M and M
(Int.)
nn!pp on such a scale provides RG-flow

equations for the LECs C0 and gNN
⌫ , respectively. It

should be noted that it is the scale-independent combi-
nation �(1+3g2A)J

1+2gNN
⌫ C�2

0 that can be constrained
with lattice QCD, as will be shown shortly. gNN

⌫ (µ) can
then be determined using the value of C0 and J1 at a
given renormalization scale µ.

Matching between finite and infinite volume.—Keeping
the Minkowski signature of spacetime intact, we now con-
sider a finite spatial volume with cubic geometry and
with extent L along each Cartesian coordinates with peri-
odic boundary conditions. The time direction is assumed
to be infinite. The correlation function at LO in the EFT
is depicted in Fig. 1, and can be written as

CL(Ei, Ef ) = C1(Ei, Ef ) + Bpp(Ef ) iF(Ef )
iM(Int.)

nn!pp(Ei, Ef ) +m��(1 + 3g2A) iM(Ef )

i �JV (Ef , Ei) iM(Ei)

�
iF(Ei)B

†
nn(Ei) + · · · .(10)

Here, B†
nn and Bpp are the matrix elements of initial- and

final-state interpolating operators between vacuum and
on-shell “in” and “out” two-nucleon states, respectively.
The ellipsis denotes terms that will not matter for the
matching relation below, see Ref. [37] for further detail
in a similar process. F is a finite-volume function defined
as

F
�1(E) = F�1(E) +M(E), (11)

with

F (E) =


1

L3

X

k2 2⇡
L Z3

�

Z
d3k

(2⇡)3

�
1

E �
k2

M + i✏
. (12)

⇠ C2



⇠ gA

Weak coupling



s-channel loop functions

⇠ m��



0vββ decay amplitude in the EFT (assuming low-energy S-wave interactions, isospin limit, 
and negligible neutrino mass compared to momenta):

⇠ g2A ⇠ g2AC
2
0

+ + +

New UV divergence

Need a counterterm at 

this order

+ · · ·



⇠ g2A ⇠ g2AC
2
0

+ + +

⇠ gNN
⌫

+

Cirigliano, Dekens, De Vries, Graesser, Mereghetti, 
Pastore, and Van Kolck, Phys. Rev. Lett. 120, 202001 
(2018), Cirigliano, Dekens, Mereghetti, and Walker-Loud, 
Phys. Rev. C 97, 065501 (2018).

New UV divergence

Need a counterterm at 

this order

+ · · ·

0vββ decay amplitude in the EFT (assuming low-energy S-wave interactions, isospin limit, 
and negligible neutrino mass compared to momenta):



s-channel loop functions

⇠ m��

Weak coupling

⇠ gA

Strong couplings

p2
⇠ gNN

⌫



Ingredient i) Finite-volume 
2-point function

physical amplitude2 �! 2



M(LO) = � C0

1� I0(E)C0

Ingredient i) Finite-volume 
2-point function

physical amplitude2 �! 2
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Now using Eq. (38) to expand and rearrange Eq. (35), it is straightforward to see that CL(P )
can be written as

CL(P ) = C1(P ) + B iF0

1X

n=0

[�MF0]
n B†

. (42)

The first term is obtained by collecting all terms with I0 in Eq. (35) to produces the infinite-volume
two-point correlation function. All the functions in the second term are evaluated at the on-shell
values of energy, i.e., they are solely a function of only one kinematic variable, E. B and B† are
the endcap functions which are built out of infinite-volume quantities. Explicitly,

B = B̄

1X

n=0

[⌦ I0 ⌦K]n , B† =
1X

n=0

[K ⌦ I0 ⌦]n B̄†
. (43)

iM is the full on-shell NN ! NN scattering amplitude in the spin-singlet channel, as shown in
Fig. 2, and is given by

iM = �iK
1X

n=0

[⌦ I0 ⌦K]n . (44)

Given that the product of the functions in the second term of Eq. (42) is now an ordinary (matrix)
product, these terms can be summed to all orders in F0:

CL(P ) = C1(P ) + B(E) iF(E)B†(E), (45)

where a new finite-volume function F is defined for convenience in later discussions:

F ⌘ 1

F
�1

0
+M

. (46)

Equation (45) has only singularities at interacting energies of two-nucleon system in the finite
volume [76], En. These arise from Lüscher’s ‘quantization condition’:

F
�1

0
(E) +M(E) = 0, for E = En. (47)

For a generic case with no s-wave approximation, the condition reads det
⇥
F

�1

0
+M

⇤
= 0, where

determinant is taken in the angular-momentum space. In any case, a cuto↵ is required on the
partial waves included, as otherwise the relation is not of practical use. In summary, Lüscher’s
quantization condition provides a constraint on the physical elastic amplitude of two nucleons
at the finite-volume eigenenergies of the two-nucleon system, which are accessible from LQCD
computations of Euclidean two-point correlation functions in a finite volume. The condition is
valid up to exponential corrections that go as e

�L/R, where R ⇠ M
�1
⇡ is the range of strong

interactions and M⇡ denotes the mass of the pion.
Having arrived at the form in Eq. (45) for CL(P ), one can now perform integration over E in

Eq. (31) to obtain

CL(y0 � x0,P = 0) = L
3
X

En

e
�iEn(y0�x0) B(En)R(En)B†(En), (48)

where the generalized Lellouch-Lüscher residue matrix is given by:

R(En) = lim
E!En

(E � En) F(E). (49)
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Z-function

Ingredient i) Finite-volume 
2-point function

physical amplitude2 �! 2
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Tower of finite-volume 
energy eigenvalues
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E3

Matching relation:

Ingredient i) Finite-volume 
2-point function

physical amplitude2 �! 2

Luescher (1986, 1991). In the context of NN 
EFT derived by: Beane, Bedaque, Parreno, 
and Savage, Phys.Lett.B 585 (2004) 106-114.
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can still be separated from a hadronic amplitude that in-
cludes the hadronic matrix element that is convoluted by
the neutrino propagator. This latter contribution is what
one would evaluate in lattice QCD and match to nuclear
EFTs. We assume a simple kinematic in which the total
three-momenta of the system is zero, and the electrons
are at rest, each having energy E1 = E2 = me, where
me is the electron’s mass. Furthermore, at the LO in
the EFT, two further simplifications arise: i) only s-wave
interactions of the nucleons contrinue, ii) the amplitude
only receives contributions from a static neutrino poten-
tial, and contributions from the small non-zero neutrino
mass in the denominator of the neutrino propagator, as
well as radiative neutrinos, can be ignored. The mixed
hadronic-leptonic amplitude can then be written as

iMnn!pp(Ei, Ef ) ⌘ iM(Ext.)
nn!pp(Ei, Ef )

+ iM(Int.)
nn!pp(Ei, Ef ). (5)

M
(Ext.)
nn!pp denotes contributions in which the neutrino

propagates between two external nucleons. These will
not matter for matching to the lattice-QCD matrix ele-

ment. On the other hand,M(Int.)
nn!pp denotes contributions

in which the neutrino propagates between two nucleons
dressed by strong interactions on both sides. This ampli-
tude depends upon the short-distance LEC gNN

⌫ through:

M
(Int.)
nn!pp(Ei, Ef ) = m�� M(Ef )


� (1 + 3g2A)⇥

J1(Ei, Ef ;µ) +
2gNN

⌫ (µ)

C2
0 (µ)

�
M(Ei). (6)

Here, Ei and Ef denote the energy of the incoming two-
neutron state and the outgoing two-proton state, respec-
tively. M is the LO strong-interaction scattering ampli-
tude of the isotriplet channel,

M(E) =
�1

C�1
0 (µ) + M

4⇡ (µ+
p
ME)

, (7)

and J1 is a function representing the s-channel two-loop
diagram with an exchanged Majorana neutrino:

J1(Ei, Ef ;µ) =

Z
d3k1
(2⇡)3

d3k2
(2⇡)3

1

Ei �
k2
1

M + i✏

1

Ef �
k2
2

M + i✏

1

|k1 � k2|
2
. (8)

The integral is divergent in the UV and in the dimen-
sional regularization scheme is regularized to

J1(Ei, Ef ;µ) =
M2

32⇡2


� �E + ln(4⇡) + L(Ei, Ef ;µ)

�
,

(9)

where L(Ei, Ef ;µ) ⌘ ln

✓
µ2/M

�(
p
Ei+

p
Ef )2�i✏

◆
+ 1 [9, 10].

The UV divergence of the loop function necessities the in-
troduction of a counterterm at the same order, i.e., gNN

⌫ .

FIG. 1. Diagrams representing the finite-volume correlation
function defined in Eq. (10). The black filled circles cor-
respond to interpolating operators for the initial and final
isotriplet states, the solid lines are nucleon propagators, the
line with a solid black square denotes the Majorana neutrino
propagator, and the wavy lines represent the endpoint of the
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nucleon loops connected via C0 couplings.
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should be noted that it is the scale-independent combi-
nation �(1+3g2A)J

1+2gNN
⌫ C�2
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with lattice QCD, as will be shown shortly. gNN
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can still be separated from a hadronic amplitude that in-
cludes the hadronic matrix element that is convoluted by
the neutrino propagator. This latter contribution is what
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EFTs. We assume a simple kinematic in which the total
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are at rest, each having energy E1 = E2 = me, where
me is the electron’s mass. Furthermore, at the LO in
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interactions of the nucleons contrinue, ii) the amplitude
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tial, and contributions from the small non-zero neutrino
mass in the denominator of the neutrino propagator, as
well as radiative neutrinos, can be ignored. The mixed
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+ iM(Int.)
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sider a finite spatial volume with cubic geometry and
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can still be separated from a hadronic amplitude that in-
cludes the hadronic matrix element that is convoluted by
the neutrino propagator. This latter contribution is what
one would evaluate in lattice QCD and match to nuclear
EFTs. We assume a simple kinematic in which the total
three-momenta of the system is zero, and the electrons
are at rest, each having energy E1 = E2 = me, where
me is the electron’s mass. Furthermore, at the LO in
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tial, and contributions from the small non-zero neutrino
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well as radiative neutrinos, can be ignored. The mixed
hadronic-leptonic amplitude can then be written as

iMnn!pp(Ei, Ef ) ⌘ iM(Ext.)
nn!pp(Ei, Ef )

+ iM(Int.)
nn!pp(Ei, Ef ). (5)

M
(Ext.)
nn!pp denotes contributions in which the neutrino

propagates between two external nucleons. These will
not matter for matching to the lattice-QCD matrix ele-

ment. On the other hand,M(Int.)
nn!pp denotes contributions

in which the neutrino propagates between two nucleons
dressed by strong interactions on both sides. This ampli-
tude depends upon the short-distance LEC gNN

⌫ through:

M
(Int.)
nn!pp(Ei, Ef ) = m�� M(Ef )


� (1 + 3g2A)⇥

J1(Ei, Ef ;µ) +
2gNN

⌫ (µ)

C2
0 (µ)

�
M(Ei). (6)

Here, Ei and Ef denote the energy of the incoming two-
neutron state and the outgoing two-proton state, respec-
tively. M is the LO strong-interaction scattering ampli-
tude of the isotriplet channel,

M(E) =
�1

C�1
0 (µ) + M

4⇡ (µ+
p
ME)

, (7)

and J1 is a function representing the s-channel two-loop
diagram with an exchanged Majorana neutrino:

J1(Ei, Ef ;µ) =

Z
d3k1
(2⇡)3

d3k2
(2⇡)3

1

Ei �
k2
1

M + i✏

1

Ef �
k2
2

M + i✏

1

|k1 � k2|
2
. (8)

The integral is divergent in the UV and in the dimen-
sional regularization scheme is regularized to

J1(Ei, Ef ;µ) =
M2

32⇡2


� �E + ln(4⇡) + L(Ei, Ef ;µ)

�
,

(9)

where L(Ei, Ef ;µ) ⌘ ln

✓
µ2/M

�(
p
Ei+

p
Ef )2�i✏

◆
+ 1 [9, 10].

The UV divergence of the loop function necessities the in-
troduction of a counterterm at the same order, i.e., gNN

⌫ .

FIG. 1. Diagrams representing the finite-volume correlation
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propagator, and the wavy lines represent the endpoint of the
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nucleon loops connected via C0 couplings.
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with lattice QCD, as will be shown shortly. gNN
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then be determined using the value of C0 and J1 at a
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Matching between finite and infinite volume.—Keeping
the Minkowski signature of spacetime intact, we now con-
sider a finite spatial volume with cubic geometry and
with extent L along each Cartesian coordinates with peri-
odic boundary conditions. The time direction is assumed
to be infinite. The correlation function at LO in the EFT
is depicted in Fig. 1, and can be written as

CL(Ei, Ef ) = C1(Ei, Ef ) + Bpp(Ef ) iF(Ef )
iM(Int.)

nn!pp(Ei, Ef ) +m��(1 + 3g2A) iM(Ef )

i �JV (Ef , Ei) iM(Ei)

�
iF(Ei)B

†
nn(Ei) + · · · .(10)

Here, B†
nn and Bpp are the matrix elements of initial- and

final-state interpolating operators between vacuum and
on-shell “in” and “out” two-nucleon states, respectively.
The ellipsis denotes terms that will not matter for the
matching relation below, see Ref. [37] for further detail
in a similar process. F is a finite-volume function defined
as

F
�1(E) = F�1(E) +M(E), (11)

with

F (E) =


1

L3

X

k2 2⇡
L Z3

�

Z
d3k

(2⇡)3

�
1

E �
k2

M + i✏
. (12)

Ingredient ii) Finite-volume 
4-point function

physical amplitude2 �! 2JJ

+



3

can still be separated from a hadronic amplitude that in-
cludes the hadronic matrix element that is convoluted by
the neutrino propagator. This latter contribution is what
one would evaluate in lattice QCD and match to nuclear
EFTs. We assume a simple kinematic in which the total
three-momenta of the system is zero, and the electrons
are at rest, each having energy E1 = E2 = me, where
me is the electron’s mass. Furthermore, at the LO in
the EFT, two further simplifications arise: i) only s-wave
interactions of the nucleons contrinue, ii) the amplitude
only receives contributions from a static neutrino poten-
tial, and contributions from the small non-zero neutrino
mass in the denominator of the neutrino propagator, as
well as radiative neutrinos, can be ignored. The mixed
hadronic-leptonic amplitude can then be written as
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FIG. 1. Diagrams representing the finite-volume correlation
function defined in Eq. (10). The black filled circles cor-
respond to interpolating operators for the initial and final
isotriplet states, the solid lines are nucleon propagators, the
line with a solid black square denotes the Majorana neutrino
propagator, and the wavy lines represent the endpoint of the
currents (to be contracted with final-state electrons). The
ellipsis in the second row denotes the chain of s-channel two-
nucleon loops connected via C0 couplings.
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Matching between finite and infinite volume.—Keeping
the Minkowski signature of spacetime intact, we now con-
sider a finite spatial volume with cubic geometry and
with extent L along each Cartesian coordinates with peri-
odic boundary conditions. The time direction is assumed
to be infinite. The correlation function at LO in the EFT
is depicted in Fig. 1, and can be written as
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can still be separated from a hadronic amplitude that in-
cludes the hadronic matrix element that is convoluted by
the neutrino propagator. This latter contribution is what
one would evaluate in lattice QCD and match to nuclear
EFTs. We assume a simple kinematic in which the total
three-momenta of the system is zero, and the electrons
are at rest, each having energy E1 = E2 = me, where
me is the electron’s mass. Furthermore, at the LO in
the EFT, two further simplifications arise: i) only s-wave
interactions of the nucleons contrinue, ii) the amplitude
only receives contributions from a static neutrino poten-
tial, and contributions from the small non-zero neutrino
mass in the denominator of the neutrino propagator, as
well as radiative neutrinos, can be ignored. The mixed
hadronic-leptonic amplitude can then be written as
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FIG. 1. Diagrams representing the finite-volume correlation
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respond to interpolating operators for the initial and final
isotriplet states, the solid lines are nucleon propagators, the
line with a solid black square denotes the Majorana neutrino
propagator, and the wavy lines represent the endpoint of the
currents (to be contracted with final-state electrons). The
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nucleon loops connected via C0 couplings.
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the Minkowski signature of spacetime intact, we now con-
sider a finite spatial volume with cubic geometry and
with extent L along each Cartesian coordinates with peri-
odic boundary conditions. The time direction is assumed
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is depicted in Fig. 1, and can be written as
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can still be separated from a hadronic amplitude that in-
cludes the hadronic matrix element that is convoluted by
the neutrino propagator. This latter contribution is what
one would evaluate in lattice QCD and match to nuclear
EFTs. We assume a simple kinematic in which the total
three-momenta of the system is zero, and the electrons
are at rest, each having energy E1 = E2 = me, where
me is the electron’s mass. Furthermore, at the LO in
the EFT, two further simplifications arise: i) only s-wave
interactions of the nucleons contrinue, ii) the amplitude
only receives contributions from a static neutrino poten-
tial, and contributions from the small non-zero neutrino
mass in the denominator of the neutrino propagator, as
well as radiative neutrinos, can be ignored. The mixed
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line with a solid black square denotes the Majorana neutrino
propagator, and the wavy lines represent the endpoint of the
currents (to be contracted with final-state electrons). The
ellipsis in the second row denotes the chain of s-channel two-
nucleon loops connected via C0 couplings.

µ in these equations is a UV renormalization scale, and
the requirement of the independence of physical ampli-

tudes M and M
(Int.)
nn!pp on such a scale provides RG-flow

equations for the LECs C0 and gNN
⌫ , respectively. It

should be noted that it is the scale-independent combi-
nation �(1+3g2A)J

1+2gNN
⌫ C�2

0 that can be constrained
with lattice QCD, as will be shown shortly. gNN

⌫ (µ) can
then be determined using the value of C0 and J1 at a
given renormalization scale µ.

Matching between finite and infinite volume.—Keeping
the Minkowski signature of spacetime intact, we now con-
sider a finite spatial volume with cubic geometry and
with extent L along each Cartesian coordinates with peri-
odic boundary conditions. The time direction is assumed
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is depicted in Fig. 1, and can be written as
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Here, B†
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The ellipsis denotes terms that will not matter for the
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Now using Eq. (38) to expand and rearrange Eq. (35), it is straightforward to see that CL(P )
can be written as

CL(P ) = C1(P ) + B iF0

1X

n=0

[�MF0]
n B†

. (42)

The first term is obtained by collecting all terms with I0 in Eq. (35) to produces the infinite-volume
two-point correlation function. All the functions in the second term are evaluated at the on-shell
values of energy, i.e., they are solely a function of only one kinematic variable, E. B and B† are
the endcap functions which are built out of infinite-volume quantities. Explicitly,

B = B̄

1X

n=0

[⌦ I0 ⌦K]n , B† =
1X

n=0

[K ⌦ I0 ⌦]n B̄†
. (43)

iM is the full on-shell NN ! NN scattering amplitude in the spin-singlet channel, as shown in
Fig. 2, and is given by

iM = �iK
1X

n=0

[⌦ I0 ⌦K]n . (44)

Given that the product of the functions in the second term of Eq. (42) is now an ordinary (matrix)
product, these terms can be summed to all orders in F0:

CL(P ) = C1(P ) + B(E) iF(E)B†(E), (45)

where a new finite-volume function F is defined for convenience in later discussions:

F ⌘ 1

F
�1

0
+M

. (46)

Equation (45) has only singularities at interacting energies of two-nucleon system in the finite
volume [76], En. These arise from Lüscher’s ‘quantization condition’:

F
�1

0
(E) +M(E) = 0, for E = En. (47)

For a generic case with no s-wave approximation, the condition reads det
⇥
F

�1

0
+M

⇤
= 0, where

determinant is taken in the angular-momentum space. In any case, a cuto↵ is required on the
partial waves included, as otherwise the relation is not of practical use. In summary, Lüscher’s
quantization condition provides a constraint on the physical elastic amplitude of two nucleons
at the finite-volume eigenenergies of the two-nucleon system, which are accessible from LQCD
computations of Euclidean two-point correlation functions in a finite volume. The condition is
valid up to exponential corrections that go as e

�L/R, where R ⇠ M
�1
⇡ is the range of strong

interactions and M⇡ denotes the mass of the pion.
Having arrived at the form in Eq. (45) for CL(P ), one can now perform integration over E in

Eq. (31) to obtain

CL(y0 � x0,P = 0) = L
3
X

En

e
�iEn(y0�x0) B(En)R(En)B†(En), (48)

where the generalized Lellouch-Lüscher residue matrix is given by:

R(En) = lim
E!En

(E � En) F(E). (49)

Residue of F-function at the 
finite-volume energies

Matching relation (not quite):

Ingredient ii) Finite-volume 
4-point function

physical amplitude2 �! 2JJ
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The discretized energy eigenvalues of the two-nucleon
system in a finite volume, Em, are obtained from the
“quantization condition” F

�1(Em) = 0 [55, 56]. Finally,
a new finite-volume function �JV , corresponding to the
two-loop diagram with the exchanged neutrino propaga-
tor needs to be evaluated:

�JV (Ei, E1, Ef ) =


1

L6

X

k1,k2
k1 6=k2

�

Z
d3k1
(2⇡)3

d3k2
(2⇡)3

�

1

Ei �
k2
1

M + i✏

1

Ef �
k2
2

M + i✏

1

|k1 � k2|
2
,(13)

where in the summations, k1,k2 2
2⇡
L Z3. This sum-

integral di↵erence can be evaluated numerically for given
values of Ei and Ef , the detail of which is presented
in the Appendix. The requirement k1 6= k2 removes
the zero spatial-momentum mode of the neutrino in the
loop to render the finite-volume sum finite. Correspond-
ingly, the finite-volume correlation function in lattice
QCD will need to implement a zero-mode regulated neu-
trino propagator to match to this expression. Such a
treatment of the infrared singularities in a finite vol-
ume is customary in the lattice QCD+QED studies of
hadronic masses [57–59], decay amplitudes [60–62], and
two-hadron scattering [63, 64]. Other prescriptions have
been proposed and implemented for lattice-QCD calcu-
lation of the ⇡�

! ⇡+ (ee) amplitude [20, 21]. These
can be generalized to be applicable to the nn ! pp (ee)
process following similar steps as those in this work.

To proceed with finding the matching relation, one
notes that the finite-volume correlation function in
Eq. (10) has the same general structure as that for the
two-neutrino process obtained in Ref. [37]. As a result,
all steps introduced in Ref. [37] can be closely followed to
obtain the matching relation between finite and infinite-
volume matrix elements. In particular, upon Fourier
transforming Eq. (10) with Ei and Ef to form the cor-
relation function in the mixed time-momentum represen-
tation, and comparing it against the same correlation
function that is obtained from a direct four-point func-
tion upon inserting complete sets of intermediate finite-
volume states between the currents, one arrives at

L6

����T
(M)
L

����
2

=

����R(Enf )

����

����M
(Int.)
nn!pp(Eni , Enf )�m��

(1 + 3g2A)M(Enf )�J
V (Enf , Eni)M(Eni)

����
2����R(Eni)

����,

(14)

where R(En) = limE!En(E � En) F(E), and Eni(f)

denotes a finite-volume energy of the initial (final) two-

nucleon state. T (M)
L denotes the Minkowski finite-volume

matrix element defined as

T
(M)
L ⌘

Z
dz0 e

iE1z0

Z

L
d3z

⇥
hEnf , L|T [J (z0, z)S⌫(z0, z)J (0)] |Eni , Li

⇤
L
. (15)

Here, J = q̄⌧+�µ(1 � �5)q with q = ( ud ), which can
be implemented in lattice-QCD calculations. At the
hadronic level, it matches to N†⌧+(vµ � 2gASµ)N in
Eq. (3). Nonetheless, being a quark-level current means

that T (M)
L also incorporates the contact �L = 2 interac-

tion in Eq. (4). S⌫(z0, z) denotes the Minkowski finite-
volume propagator of a Majorana neutrino, with its zero
spatial-momentum mode removed:

S⌫(z0, z) =
1

L3

X

q2 2⇡
L Z3 6=0

Z
dq0
2⇡

eiq·z�iq0z0 �im��

q20 � |q|2 + i✏
.

(16)

Minkowski to Euclidean matching.—The quantity

T
(M)
L in Eq. (15), whose connection to the physical am-

plitude was established in Eq. (14), is defined with a
Minkowski signature. On the other hand, with lattice
QCD only Euclidean correlation functions can be evalu-
ated. Unfortunately in the case of non-local matrix ele-
ments, generally one cannot obtain the former from the
latter upon an analytical continuation [35]. To appreci-
ate the subtlety involved, and to introduce a procedure
that, nonetheless, allows constructing the Minkowski ma-
trix element from its counterpart in Euclidean spacetime,
one may consider the following correlation function:

G(E)
L (⌧) =

Z

L
d3z

⇥
hEf , L|T

(E)[J (E)(⌧, z)S(E)
⌫ (⌧, z)

J
(E)(0)]|Ei, Li

⇤
L
, (17)

which can be computed directly with lattice QCD.2 ⌧ ⌘

iz0 is the Euclidean time, and the subscript (E) on quan-
tities is introduced to distinguish Euclidean forms from

Minkowski counterparts. In particular, S(E)
⌫ is the Eu-

clidean neutrino propagator in a finite volume with its
zero spatial-momentum mode removed,

S(E)
⌫ (⌧, z) =

1

L3

X

q2 2⇡
L Z3 6=0

Z
dq(E)

0

2⇡
eiq·z�iq(E)
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q(E)2
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X
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L Z3 6=0

eiq·z

|q|


✓(⌧)e�|q|⌧ + ✓(�⌧)e|q|⌧

�
. (18)

It is now clear that simply integrating over the Euclidean
time with weight eE1⌧ can be problematic if on-shell

2
It is assumed that the continuum limit of lattice-QCD correla-

tion functions is taken prior to the matching to infinite volume.

Therefore, the discretized nature of lattice-QCD quantities will

not a↵ect the framework presented.
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ate the subtlety involved, and to introduce a procedure
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It is now clear that simply integrating over the Euclidean
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It is assumed that the continuum limit of lattice-QCD correla-

tion functions is taken prior to the matching to infinite volume.

Therefore, the discretized nature of lattice-QCD quantities will

not a↵ect the framework presented.
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ume is customary in the lattice QCD+QED studies of
hadronic masses [57–59], decay amplitudes [60–62], and
two-hadron scattering [63, 64]. Other prescriptions have
been proposed and implemented for lattice-QCD calcu-
lation of the ⇡�

! ⇡+ (ee) amplitude [20, 21]. These
can be generalized to be applicable to the nn ! pp (ee)
process following similar steps as those in this work.

To proceed with finding the matching relation, one
notes that the finite-volume correlation function in
Eq. (10) has the same general structure as that for the
two-neutrino process obtained in Ref. [37]. As a result,
all steps introduced in Ref. [37] can be closely followed to
obtain the matching relation between finite and infinite-
volume matrix elements. In particular, upon Fourier
transforming Eq. (10) with Ei and Ef to form the cor-
relation function in the mixed time-momentum represen-
tation, and comparing it against the same correlation
function that is obtained from a direct four-point func-
tion upon inserting complete sets of intermediate finite-
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Here, J = q̄⌧+�µ(1 � �5)q with q = ( ud ), which can
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Eq. (3). Nonetheless, being a quark-level current means
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plitude was established in Eq. (14), is defined with a
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ated. Unfortunately in the case of non-local matrix ele-
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ate the subtlety involved, and to introduce a procedure
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trix element from its counterpart in Euclidean spacetime,
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It is now clear that simply integrating over the Euclidean
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two-neutrino process obtained in Ref. [37]. As a result,
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ments, generally one cannot obtain the former from the
latter upon an analytical continuation [35]. To appreci-
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intermediate states are allowed. Here, E1 is the en-
ergy of the first or the second electron depending on
the time ordering. This can be seen by expressing the
Heisenberg-picture operator in Euclidean spacetime as
J

(E)(⌧, z) = eP̂0⌧�iP̂ ·z
J

(E)(0) e�P̂0⌧+iP̂ ·z, where P̂0

and P̂ are energy (Hamiltonian) and momentum oper-
ators, respectively, and upon inserting a complete set of
single- and multi-particle states in the volume between
the two currents. Without loss of generality, we assume
that J

(E)(0) is the same as its Minkowski counterpart,
i.e., it has no phase relative to the Minkowski current at
the origin. The Euclidean superscript of the Schrödinger-
picture currents will therefore be dropped. It then be-
comes clear that for those values of intermediate-states
energies and momenta such that

i) |P⇤m|+ E⇤m  Ef + E1 or ii) |P⇤m|+ E⇤m  Ei � E1,
(19)

the integration over Euclidean time with eE1⌧ will be
divergent. Here, E⇤m are the finite-volume energy eigen-
values of the intermediate spin-triplet two-nucleon state
with total momentum P⇤m, and we assume that three-
particle intermediate states with on-shell kinematics are
not possible given the initial-state energy. The problem-
atic contributions satisfying conditions i and ii can be
subtracted from Eq. (17), leaving the rest to read

T
(E)�
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Z
d⌧ eE1⌧

h
G(E)

L (⌧)�G(E)<
L (⌧)

i
. (20)

The spectral decomposition of T (E)�
L has, therefore, ex-

actly the same form as the Minkowski counterpart upon
an overall i factor. Here,

G(E)<
L (⌧) ⌘

N�1X
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✓(⌧) cm e�(|P⇤m|+E⇤m�Ef )|⌧ |+

N 0�1X

m=0

✓(�⌧) cm e�(|P⇤m|+E⇤m�Ei)|⌧ |, (21)

where it is assumed that there are N (N 0) states satisfy-
ing condition i (ii) above, and

cm ⌘
m��

2|P⇤m|

⇥
hEf , L|J (0)|E⇤m, LihE⇤m, L|J (0)|Ei, Li

⇤
L
.

(22)
The remaining contributions arising from on-shell in-

termediate states, called T
(E)<
L , can be formed separately

with the knowledge of the single-current matrix elements
in a finite volume between the initial (final) and interme-
diate states:

T
(E)<
L ⌘

N�1X

m=0

cm
|P⇤m|+ E⇤m � Ef � E1

+

N 0�1X

m=0

cm
|P⇤m|+ E⇤m � Ei + E1

. (23)

Eqs. (23) and (20) can now be combined to construct

the desired Minkowski quantity T
(M)
L ,

T
(M)
L = iT (E)<

L + iT (E)�
L , (24)

whose relation to the physical nn ! pp (ee) ampli-
tude at LO in the EFT was already established in
Eq. (14). This completes the matching framework that

relates M
(Int.)
nn!pp in Eq. (6), and hence the new short-

distance LEC gNN
⌫ , to the lattice-QCD correlation func-

tion G(E)
L (⌧) in Eq. (17). It should be noted that the

single-current matrix elements required for this matching
relation, i.e., those appearing in Eq. (22), can themselves
be evaluated with lattice QCD, and can be matched to
the physical amplitude for the single-� transition ampli-
tude [29, 37].

Discussion and outlook.—Given significant progress in
lattice QCD studies of nuclear matrix elements in recent
years [17, 23, 65–69], albeit yet with unphysical quark
masses, it is expected that lattice QCD will be able to
evaluate the four-point correlation function in Eq. (17)
at the physical values of the quark masses, along with
the required two- and three-point functions that allow
the construction of the finite-volume Minkowski ampli-
tude in Eq. (24). This can then be used in Eq. (14)
to constrain the physical EFT amplitude, hence the un-
known short-distance contribution. The practicality of
the method, however, relies on the presence of only a fi-
nite (and few) number of on-shell intermediate states that
are composed of no more than two hadrons, such that
the Minkowski amplitude can be constructed. One can
estimate the expected nature and the number of inter-
mediate states by examining a plausible example. Let us
take L = 8 fm to ensure the validity of the finite-volume
formalism used with physical quark masses, up to expo-
nentially suppressed contributions [70, 71]. The finite-
volume spectrum of the two-nucleon isotriplet channel at
rest arising from singularities of the function in Eq. (11)
can be determined using the experimentally known phase
shifts [72], giving the ground-state energy Eni ⇡ �2.6
MeV (which polynomially approaches zero as L ! 1).
A simple kinematic can be considered for the transition
amplitude such that Ei(= Eni) = Ef (= Enf ), and where
the currents carry zero energy and momentum so that the
final-state two-nucleon system remains at rest. Given the
available total energy, and the quantum numbers of the
currents, the only allowed intermediate state is the two-
nucleon isotriplet channel at rest, whose low-lying spec-
trum in this volume is eE⇤m ⇡ {�5.6, 10.5, · · · } MeV.
While it may appear that the ground state of this sys-
tem constitutes an on-shell intermediate state, requir-
ing construction of the Minkowski amplitude through an
evaluation of the isosinglet to isotriplet matrix element,
one must note that since the zero spatial momentum is
not allowed for the neutrino propagation in the finite

4

The discretized energy eigenvalues of the two-nucleon
system in a finite volume, Em, are obtained from the
“quantization condition” F

�1(Em) = 0 [55, 56]. Finally,
a new finite-volume function �JV , corresponding to the
two-loop diagram with the exchanged neutrino propaga-
tor needs to be evaluated:

�JV (Ei, E1, Ef ) =


1

L6

X

k1,k2
k1 6=k2

�

Z
d3k1
(2⇡)3

d3k2
(2⇡)3

�

1

Ei �
k2
1

M + i✏

1

Ef �
k2
2

M + i✏

1

|k1 � k2|
2
,(13)

where in the summations, k1,k2 2
2⇡
L Z3. This sum-

integral di↵erence can be evaluated numerically for given
values of Ei and Ef , the detail of which is presented
in the Appendix. The requirement k1 6= k2 removes
the zero spatial-momentum mode of the neutrino in the
loop to render the finite-volume sum finite. Correspond-
ingly, the finite-volume correlation function in lattice
QCD will need to implement a zero-mode regulated neu-
trino propagator to match to this expression. Such a
treatment of the infrared singularities in a finite vol-
ume is customary in the lattice QCD+QED studies of
hadronic masses [57–59], decay amplitudes [60–62], and
two-hadron scattering [63, 64]. Other prescriptions have
been proposed and implemented for lattice-QCD calcu-
lation of the ⇡�

! ⇡+ (ee) amplitude [20, 21]. These
can be generalized to be applicable to the nn ! pp (ee)
process following similar steps as those in this work.

To proceed with finding the matching relation, one
notes that the finite-volume correlation function in
Eq. (10) has the same general structure as that for the
two-neutrino process obtained in Ref. [37]. As a result,
all steps introduced in Ref. [37] can be closely followed to
obtain the matching relation between finite and infinite-
volume matrix elements. In particular, upon Fourier
transforming Eq. (10) with Ei and Ef to form the cor-
relation function in the mixed time-momentum represen-
tation, and comparing it against the same correlation
function that is obtained from a direct four-point func-
tion upon inserting complete sets of intermediate finite-
volume states between the currents, one arrives at
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Here, J = q̄⌧+�µ(1 � �5)q with q = ( ud ), which can
be implemented in lattice-QCD calculations. At the
hadronic level, it matches to N†⌧+(vµ � 2gASµ)N in
Eq. (3). Nonetheless, being a quark-level current means

that T (M)
L also incorporates the contact �L = 2 interac-
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Minkowski to Euclidean matching.—The quantity
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L in Eq. (15), whose connection to the physical am-

plitude was established in Eq. (14), is defined with a
Minkowski signature. On the other hand, with lattice
QCD only Euclidean correlation functions can be evalu-
ated. Unfortunately in the case of non-local matrix ele-
ments, generally one cannot obtain the former from the
latter upon an analytical continuation [35]. To appreci-
ate the subtlety involved, and to introduce a procedure
that, nonetheless, allows constructing the Minkowski ma-
trix element from its counterpart in Euclidean spacetime,
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which can be computed directly with lattice QCD.2 ⌧ ⌘

iz0 is the Euclidean time, and the subscript (E) on quan-
tities is introduced to distinguish Euclidean forms from

Minkowski counterparts. In particular, S(E)
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clidean neutrino propagator in a finite volume with its
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It is now clear that simply integrating over the Euclidean
time with weight eE1⌧ can be problematic if on-shell

2
It is assumed that the continuum limit of lattice-QCD correla-

tion functions is taken prior to the matching to infinite volume.

Therefore, the discretized nature of lattice-QCD quantities will

not a↵ect the framework presented.
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Therefore, the discretized nature of lattice-QCD quantities will
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Eq. (10) has the same general structure as that for the
two-neutrino process obtained in Ref. [37]. As a result,
all steps introduced in Ref. [37] can be closely followed to
obtain the matching relation between finite and infinite-
volume matrix elements. In particular, upon Fourier
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relation function in the mixed time-momentum represen-
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function that is obtained from a direct four-point func-
tion upon inserting complete sets of intermediate finite-
volume states between the currents, one arrives at
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where R(En) = limE!En(E � En) F(E), and Eni(f)

denotes a finite-volume energy of the initial (final) two-

nucleon state. T (M)
L denotes the Minkowski finite-volume
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Here, J = q̄⌧+�µ(1 � �5)q with q = ( ud ), which can
be implemented in lattice-QCD calculations. At the
hadronic level, it matches to N†⌧+(vµ � 2gASµ)N in
Eq. (3). Nonetheless, being a quark-level current means

that T (M)
L also incorporates the contact �L = 2 interac-

tion in Eq. (4). S⌫(z0, z) denotes the Minkowski finite-
volume propagator of a Majorana neutrino, with its zero
spatial-momentum mode removed:
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Minkowski to Euclidean matching.—The quantity

T
(M)
L in Eq. (15), whose connection to the physical am-

plitude was established in Eq. (14), is defined with a
Minkowski signature. On the other hand, with lattice
QCD only Euclidean correlation functions can be evalu-
ated. Unfortunately in the case of non-local matrix ele-
ments, generally one cannot obtain the former from the
latter upon an analytical continuation [35]. To appreci-
ate the subtlety involved, and to introduce a procedure
that, nonetheless, allows constructing the Minkowski ma-
trix element from its counterpart in Euclidean spacetime,
one may consider the following correlation function:
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which can be computed directly with lattice QCD.2 ⌧ ⌘

iz0 is the Euclidean time, and the subscript (E) on quan-
tities is introduced to distinguish Euclidean forms from

Minkowski counterparts. In particular, S(E)
⌫ is the Eu-

clidean neutrino propagator in a finite volume with its
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S(E)
⌫ (⌧, z) =

1

L3

X

q2 2⇡
L Z3 6=0

Z
dq(E)

0

2⇡
eiq·z�iq(E)

0 ⌧ m��

q(E)2
0 + |q|2

=
m��

2L3

X

q2 2⇡
L Z3 6=0

eiq·z

|q|


✓(⌧)e�|q|⌧ + ✓(�⌧)e|q|⌧

�
. (18)

It is now clear that simply integrating over the Euclidean
time with weight eE1⌧ can be problematic if on-shell

2
It is assumed that the continuum limit of lattice-QCD correla-

tion functions is taken prior to the matching to infinite volume.

Therefore, the discretized nature of lattice-QCD quantities will

not a↵ect the framework presented.

5

intermediate states are allowed. Here, E1 is the en-
ergy of the first or the second electron depending on
the time ordering. This can be seen by expressing the
Heisenberg-picture operator in Euclidean spacetime as
J

(E)(⌧, z) = eP̂0⌧�iP̂ ·z
J

(E)(0) e�P̂0⌧+iP̂ ·z, where P̂0

and P̂ are energy (Hamiltonian) and momentum oper-
ators, respectively, and upon inserting a complete set of
single- and multi-particle states in the volume between
the two currents. Without loss of generality, we assume
that J

(E)(0) is the same as its Minkowski counterpart,
i.e., it has no phase relative to the Minkowski current at
the origin. The Euclidean superscript of the Schrödinger-
picture currents will therefore be dropped. It then be-
comes clear that for those values of intermediate-states
energies and momenta such that

i) |P⇤m|+ E⇤m  Ef + E1 or ii) |P⇤m|+ E⇤m  Ei � E1,
(19)

the integration over Euclidean time with eE1⌧ will be
divergent. Here, E⇤m are the finite-volume energy eigen-
values of the intermediate spin-triplet two-nucleon state
with total momentum P⇤m, and we assume that three-
particle intermediate states with on-shell kinematics are
not possible given the initial-state energy. The problem-
atic contributions satisfying conditions i and ii can be
subtracted from Eq. (17), leaving the rest to read

T
(E)�
L ⌘

Z
d⌧ eE1⌧

h
G(E)

L (⌧)�G(E)<
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i
. (20)

The spectral decomposition of T (E)�
L has, therefore, ex-

actly the same form as the Minkowski counterpart upon
an overall i factor. Here,
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where it is assumed that there are N (N 0) states satisfy-
ing condition i (ii) above, and
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hEf , L|J (0)|E⇤m, LihE⇤m, L|J (0)|Ei, Li

⇤
L
.

(22)
The remaining contributions arising from on-shell in-

termediate states, called T
(E)<
L , can be formed separately

with the knowledge of the single-current matrix elements
in a finite volume between the initial (final) and interme-
diate states:

T
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|P⇤m|+ E⇤m � Ef � E1

+

N 0�1X
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. (23)

Eqs. (23) and (20) can now be combined to construct

the desired Minkowski quantity T
(M)
L ,

T
(M)
L = iT (E)<

L + iT (E)�
L , (24)

whose relation to the physical nn ! pp (ee) ampli-
tude at LO in the EFT was already established in
Eq. (14). This completes the matching framework that

relates M
(Int.)
nn!pp in Eq. (6), and hence the new short-

distance LEC gNN
⌫ , to the lattice-QCD correlation func-

tion G(E)
L (⌧) in Eq. (17). It should be noted that the

single-current matrix elements required for this matching
relation, i.e., those appearing in Eq. (22), can themselves
be evaluated with lattice QCD, and can be matched to
the physical amplitude for the single-� transition ampli-
tude [29, 37].

Discussion and outlook.—Given significant progress in
lattice QCD studies of nuclear matrix elements in recent
years [17, 23, 65–69], albeit yet with unphysical quark
masses, it is expected that lattice QCD will be able to
evaluate the four-point correlation function in Eq. (17)
at the physical values of the quark masses, along with
the required two- and three-point functions that allow
the construction of the finite-volume Minkowski ampli-
tude in Eq. (24). This can then be used in Eq. (14)
to constrain the physical EFT amplitude, hence the un-
known short-distance contribution. The practicality of
the method, however, relies on the presence of only a fi-
nite (and few) number of on-shell intermediate states that
are composed of no more than two hadrons, such that
the Minkowski amplitude can be constructed. One can
estimate the expected nature and the number of inter-
mediate states by examining a plausible example. Let us
take L = 8 fm to ensure the validity of the finite-volume
formalism used with physical quark masses, up to expo-
nentially suppressed contributions [70, 71]. The finite-
volume spectrum of the two-nucleon isotriplet channel at
rest arising from singularities of the function in Eq. (11)
can be determined using the experimentally known phase
shifts [72], giving the ground-state energy Eni ⇡ �2.6
MeV (which polynomially approaches zero as L ! 1).
A simple kinematic can be considered for the transition
amplitude such that Ei(= Eni) = Ef (= Enf ), and where
the currents carry zero energy and momentum so that the
final-state two-nucleon system remains at rest. Given the
available total energy, and the quantum numbers of the
currents, the only allowed intermediate state is the two-
nucleon isotriplet channel at rest, whose low-lying spec-
trum in this volume is eE⇤m ⇡ {�5.6, 10.5, · · · } MeV.
While it may appear that the ground state of this sys-
tem constitutes an on-shell intermediate state, requir-
ing construction of the Minkowski amplitude through an
evaluation of the isosinglet to isotriplet matrix element,
one must note that since the zero spatial momentum is
not allowed for the neutrino propagation in the finite

No if the total available energy in the process is larger than the possible 
intermediate-state energies, i.e., that of the neutrino and the NN state.
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years [17, 23, 65–69], albeit yet with unphysical quark
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formalism used with physical quark masses, up to expo-
nentially suppressed contributions [70, 71]. The finite-
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rest arising from singularities of the function in Eq. (11)
can be determined using the experimentally known phase
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MeV (which polynomially approaches zero as L ! 1).
A simple kinematic can be considered for the transition
amplitude such that Ei(= Eni) = Ef (= Enf ), and where
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final-state two-nucleon system remains at rest. Given the
available total energy, and the quantum numbers of the
currents, the only allowed intermediate state is the two-
nucleon isotriplet channel at rest, whose low-lying spec-
trum in this volume is eE⇤m ⇡ {�5.6, 10.5, · · · } MeV.
While it may appear that the ground state of this sys-
tem constitutes an on-shell intermediate state, requir-
ing construction of the Minkowski amplitude through an
evaluation of the isosinglet to isotriplet matrix element,
one must note that since the zero spatial momentum is
not allowed for the neutrino propagation in the finite
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The discretized energy eigenvalues of the two-nucleon
system in a finite volume, Em, are obtained from the
“quantization condition” F

�1(Em) = 0 [55, 56]. Finally,
a new finite-volume function �JV , corresponding to the
two-loop diagram with the exchanged neutrino propaga-
tor needs to be evaluated:

�JV (Ei, E1, Ef ) =


1

L6
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k1,k2
k1 6=k2

�

Z
d3k1
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k2
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M + i✏

1

|k1 � k2|
2
,(13)

where in the summations, k1,k2 2
2⇡
L Z3. This sum-

integral di↵erence can be evaluated numerically for given
values of Ei and Ef , the detail of which is presented
in the Appendix. The requirement k1 6= k2 removes
the zero spatial-momentum mode of the neutrino in the
loop to render the finite-volume sum finite. Correspond-
ingly, the finite-volume correlation function in lattice
QCD will need to implement a zero-mode regulated neu-
trino propagator to match to this expression. Such a
treatment of the infrared singularities in a finite vol-
ume is customary in the lattice QCD+QED studies of
hadronic masses [57–59], decay amplitudes [60–62], and
two-hadron scattering [63, 64]. Other prescriptions have
been proposed and implemented for lattice-QCD calcu-
lation of the ⇡�

! ⇡+ (ee) amplitude [20, 21]. These
can be generalized to be applicable to the nn ! pp (ee)
process following similar steps as those in this work.

To proceed with finding the matching relation, one
notes that the finite-volume correlation function in
Eq. (10) has the same general structure as that for the
two-neutrino process obtained in Ref. [37]. As a result,
all steps introduced in Ref. [37] can be closely followed to
obtain the matching relation between finite and infinite-
volume matrix elements. In particular, upon Fourier
transforming Eq. (10) with Ei and Ef to form the cor-
relation function in the mixed time-momentum represen-
tation, and comparing it against the same correlation
function that is obtained from a direct four-point func-
tion upon inserting complete sets of intermediate finite-
volume states between the currents, one arrives at
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(14)

where R(En) = limE!En(E � En) F(E), and Eni(f)

denotes a finite-volume energy of the initial (final) two-

nucleon state. T (M)
L denotes the Minkowski finite-volume

matrix element defined as
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Here, J = q̄⌧+�µ(1 � �5)q with q = ( ud ), which can
be implemented in lattice-QCD calculations. At the
hadronic level, it matches to N†⌧+(vµ � 2gASµ)N in
Eq. (3). Nonetheless, being a quark-level current means

that T (M)
L also incorporates the contact �L = 2 interac-

tion in Eq. (4). S⌫(z0, z) denotes the Minkowski finite-
volume propagator of a Majorana neutrino, with its zero
spatial-momentum mode removed:

S⌫(z0, z) =
1

L3

X

q2 2⇡
L Z3 6=0
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dq0
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q20 � |q|2 + i✏
.

(16)

Minkowski to Euclidean matching.—The quantity

T
(M)
L in Eq. (15), whose connection to the physical am-

plitude was established in Eq. (14), is defined with a
Minkowski signature. On the other hand, with lattice
QCD only Euclidean correlation functions can be evalu-
ated. Unfortunately in the case of non-local matrix ele-
ments, generally one cannot obtain the former from the
latter upon an analytical continuation [35]. To appreci-
ate the subtlety involved, and to introduce a procedure
that, nonetheless, allows constructing the Minkowski ma-
trix element from its counterpart in Euclidean spacetime,
one may consider the following correlation function:
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which can be computed directly with lattice QCD.2 ⌧ ⌘

iz0 is the Euclidean time, and the subscript (E) on quan-
tities is introduced to distinguish Euclidean forms from

Minkowski counterparts. In particular, S(E)
⌫ is the Eu-

clidean neutrino propagator in a finite volume with its
zero spatial-momentum mode removed,
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It is now clear that simply integrating over the Euclidean
time with weight eE1⌧ can be problematic if on-shell

2
It is assumed that the continuum limit of lattice-QCD correla-

tion functions is taken prior to the matching to infinite volume.

Therefore, the discretized nature of lattice-QCD quantities will

not a↵ect the framework presented.
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⌫ is the Eu-

clidean neutrino propagator in a finite volume with its
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It is now clear that simply integrating over the Euclidean
time with weight eE1⌧ can be problematic if on-shell
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It is assumed that the continuum limit of lattice-QCD correla-

tion functions is taken prior to the matching to infinite volume.

Therefore, the discretized nature of lattice-QCD quantities will

not a↵ect the framework presented.
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The discretized energy eigenvalues of the two-nucleon
system in a finite volume, Em, are obtained from the
“quantization condition” F

�1(Em) = 0 [55, 56]. Finally,
a new finite-volume function �JV , corresponding to the
two-loop diagram with the exchanged neutrino propaga-
tor needs to be evaluated:
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where in the summations, k1,k2 2
2⇡
L Z3. This sum-

integral di↵erence can be evaluated numerically for given
values of Ei and Ef , the detail of which is presented
in the Appendix. The requirement k1 6= k2 removes
the zero spatial-momentum mode of the neutrino in the
loop to render the finite-volume sum finite. Correspond-
ingly, the finite-volume correlation function in lattice
QCD will need to implement a zero-mode regulated neu-
trino propagator to match to this expression. Such a
treatment of the infrared singularities in a finite vol-
ume is customary in the lattice QCD+QED studies of
hadronic masses [57–59], decay amplitudes [60–62], and
two-hadron scattering [63, 64]. Other prescriptions have
been proposed and implemented for lattice-QCD calcu-
lation of the ⇡�

! ⇡+ (ee) amplitude [20, 21]. These
can be generalized to be applicable to the nn ! pp (ee)
process following similar steps as those in this work.

To proceed with finding the matching relation, one
notes that the finite-volume correlation function in
Eq. (10) has the same general structure as that for the
two-neutrino process obtained in Ref. [37]. As a result,
all steps introduced in Ref. [37] can be closely followed to
obtain the matching relation between finite and infinite-
volume matrix elements. In particular, upon Fourier
transforming Eq. (10) with Ei and Ef to form the cor-
relation function in the mixed time-momentum represen-
tation, and comparing it against the same correlation
function that is obtained from a direct four-point func-
tion upon inserting complete sets of intermediate finite-
volume states between the currents, one arrives at
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be implemented in lattice-QCD calculations. At the
hadronic level, it matches to N†⌧+(vµ � 2gASµ)N in
Eq. (3). Nonetheless, being a quark-level current means

that T (M)
L also incorporates the contact �L = 2 interac-
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Minkowski to Euclidean matching.—The quantity
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L in Eq. (15), whose connection to the physical am-

plitude was established in Eq. (14), is defined with a
Minkowski signature. On the other hand, with lattice
QCD only Euclidean correlation functions can be evalu-
ated. Unfortunately in the case of non-local matrix ele-
ments, generally one cannot obtain the former from the
latter upon an analytical continuation [35]. To appreci-
ate the subtlety involved, and to introduce a procedure
that, nonetheless, allows constructing the Minkowski ma-
trix element from its counterpart in Euclidean spacetime,
one may consider the following correlation function:
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It is now clear that simply integrating over the Euclidean
time with weight eE1⌧ can be problematic if on-shell

2
It is assumed that the continuum limit of lattice-QCD correla-

tion functions is taken prior to the matching to infinite volume.

Therefore, the discretized nature of lattice-QCD quantities will

not a↵ect the framework presented.
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It is now clear that simply integrating over the Euclidean
time with weight eE1⌧ can be problematic if on-shell

2
It is assumed that the continuum limit of lattice-QCD correla-

tion functions is taken prior to the matching to infinite volume.

Therefore, the discretized nature of lattice-QCD quantities will

not a↵ect the framework presented.
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ate the subtlety involved, and to introduce a procedure
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trix element from its counterpart in Euclidean spacetime,
one may consider the following correlation function:

G(E)
L (⌧) =

Z

L
d3z

⇥
hEf , L|T

(E)[J (E)(⌧, z)S(E)
⌫ (⌧, z)

J
(E)(0)]|Ei, Li

⇤
L
, (17)

which can be computed directly with lattice QCD.2 ⌧ ⌘
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It is now clear that simply integrating over the Euclidean
time with weight eE1⌧ can be problematic if on-shell

2
It is assumed that the continuum limit of lattice-QCD correla-

tion functions is taken prior to the matching to infinite volume.

Therefore, the discretized nature of lattice-QCD quantities will

not a↵ect the framework presented.

No on-shell intermediate state!!

Consider a lattice QCD calculation at L=8 fm:

5

intermediate states are allowed. Here, E1 is the en-
ergy of the first or the second electron depending on
the time ordering. This can be seen by expressing the
Heisenberg-picture operator in Euclidean spacetime as
J

(E)(⌧, z) = eP̂0⌧�iP̂ ·z
J

(E)(0) e�P̂0⌧+iP̂ ·z, where P̂0

and P̂ are energy (Hamiltonian) and momentum oper-
ators, respectively, and upon inserting a complete set of
single- and multi-particle states in the volume between
the two currents. Without loss of generality, we assume
that J

(E)(0) is the same as its Minkowski counterpart,
i.e., it has no phase relative to the Minkowski current at
the origin. The Euclidean superscript of the Schrödinger-
picture currents will therefore be dropped. It then be-
comes clear that for those values of intermediate-states
energies and momenta such that

i) |P⇤m|+ E⇤m  Ef + E1 or ii) |P⇤m|+ E⇤m  Ei � E1,
(19)

the integration over Euclidean time with eE1⌧ will be
divergent. Here, E⇤m are the finite-volume energy eigen-
values of the intermediate spin-triplet two-nucleon state
with total momentum P⇤m, and we assume that three-
particle intermediate states with on-shell kinematics are
not possible given the initial-state energy. The problem-
atic contributions satisfying conditions i and ii can be
subtracted from Eq. (17), leaving the rest to read

T
(E)�
L ⌘

Z
d⌧ eE1⌧

h
G(E)

L (⌧)�G(E)<
L (⌧)

i
. (20)

The spectral decomposition of T (E)�
L has, therefore, ex-

actly the same form as the Minkowski counterpart upon
an overall i factor. Here,

G(E)<
L (⌧) ⌘

N�1X

m=0

✓(⌧) cm e�(|P⇤m|+E⇤m�Ef )|⌧ |+

N 0�1X

m=0

✓(�⌧) cm e�(|P⇤m|+E⇤m�Ei)|⌧ |, (21)

where it is assumed that there are N (N 0) states satisfy-
ing condition i (ii) above, and

cm ⌘
m��

2|P⇤m|

⇥
hEf , L|J (0)|E⇤m, LihE⇤m, L|J (0)|Ei, Li

⇤
L
.

(22)
The remaining contributions arising from on-shell in-

termediate states, called T
(E)<
L , can be formed separately

with the knowledge of the single-current matrix elements
in a finite volume between the initial (final) and interme-
diate states:

T
(E)<
L ⌘

N�1X

m=0

cm
|P⇤m|+ E⇤m � Ef � E1

+

N 0�1X

m=0

cm
|P⇤m|+ E⇤m � Ei + E1

. (23)

Eqs. (23) and (20) can now be combined to construct

the desired Minkowski quantity T
(M)
L ,

T
(M)
L = iT (E)<

L + iT (E)�
L , (24)

whose relation to the physical nn ! pp (ee) ampli-
tude at LO in the EFT was already established in
Eq. (14). This completes the matching framework that

relates M
(Int.)
nn!pp in Eq. (6), and hence the new short-

distance LEC gNN
⌫ , to the lattice-QCD correlation func-

tion G(E)
L (⌧) in Eq. (17). It should be noted that the

single-current matrix elements required for this matching
relation, i.e., those appearing in Eq. (22), can themselves
be evaluated with lattice QCD, and can be matched to
the physical amplitude for the single-� transition ampli-
tude [29, 37].

Discussion and outlook.—Given significant progress in
lattice QCD studies of nuclear matrix elements in recent
years [17, 23, 65–69], albeit yet with unphysical quark
masses, it is expected that lattice QCD will be able to
evaluate the four-point correlation function in Eq. (17)
at the physical values of the quark masses, along with
the required two- and three-point functions that allow
the construction of the finite-volume Minkowski ampli-
tude in Eq. (24). This can then be used in Eq. (14)
to constrain the physical EFT amplitude, hence the un-
known short-distance contribution. The practicality of
the method, however, relies on the presence of only a fi-
nite (and few) number of on-shell intermediate states that
are composed of no more than two hadrons, such that
the Minkowski amplitude can be constructed. One can
estimate the expected nature and the number of inter-
mediate states by examining a plausible example. Let us
take L = 8 fm to ensure the validity of the finite-volume
formalism used with physical quark masses, up to expo-
nentially suppressed contributions [70, 71]. The finite-
volume spectrum of the two-nucleon isotriplet channel at
rest arising from singularities of the function in Eq. (11)
can be determined using the experimentally known phase
shifts [72], giving the ground-state energy Eni ⇡ �2.6
MeV (which polynomially approaches zero as L ! 1).
A simple kinematic can be considered for the transition
amplitude such that Ei(= Eni) = Ef (= Enf ), and where
the currents carry zero energy and momentum so that the
final-state two-nucleon system remains at rest. Given the
available total energy, and the quantum numbers of the
currents, the only allowed intermediate state is the two-
nucleon isotriplet channel at rest, whose low-lying spec-
trum in this volume is eE⇤m ⇡ {�5.6, 10.5, · · · } MeV.
While it may appear that the ground state of this sys-
tem constitutes an on-shell intermediate state, requir-
ing construction of the Minkowski amplitude through an
evaluation of the isosinglet to isotriplet matrix element,
one must note that since the zero spatial momentum is
not allowed for the neutrino propagation in the finite
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The remaining contributions arising from on-shell in-

termediate states, called T
(E)<
L , can be formed separately

with the knowledge of the single-current matrix elements
in a finite volume between the initial (final) and interme-
diate states:

T
(E)<
L ⌘

N�1X

m=0

cm
|P⇤m|+ E⇤m � Ef � E1

+

N 0�1X

m=0

cm
|P⇤m|+ E⇤m � Ei + E1

. (23)

Eqs. (23) and (20) can now be combined to construct

the desired Minkowski quantity T
(M)
L ,

T
(M)
L = iT (E)<

L + iT (E)�
L , (24)

whose relation to the physical nn ! pp (ee) ampli-
tude at LO in the EFT was already established in
Eq. (14). This completes the matching framework that

relates M
(Int.)
nn!pp in Eq. (6), and hence the new short-

distance LEC gNN
⌫ , to the lattice-QCD correlation func-

tion G(E)
L (⌧) in Eq. (17). It should be noted that the

single-current matrix elements required for this matching
relation, i.e., those appearing in Eq. (22), can themselves
be evaluated with lattice QCD, and can be matched to
the physical amplitude for the single-� transition ampli-
tude [29, 37].

Discussion and outlook.—Given significant progress in
lattice QCD studies of nuclear matrix elements in recent
years [17, 23, 65–69], albeit yet with unphysical quark
masses, it is expected that lattice QCD will be able to
evaluate the four-point correlation function in Eq. (17)
at the physical values of the quark masses, along with
the required two- and three-point functions that allow
the construction of the finite-volume Minkowski ampli-
tude in Eq. (24). This can then be used in Eq. (14)
to constrain the physical EFT amplitude, hence the un-
known short-distance contribution. The practicality of
the method, however, relies on the presence of only a fi-
nite (and few) number of on-shell intermediate states that
are composed of no more than two hadrons, such that
the Minkowski amplitude can be constructed. One can
estimate the expected nature and the number of inter-
mediate states by examining a plausible example. Let us
take L = 8 fm to ensure the validity of the finite-volume
formalism used with physical quark masses, up to expo-
nentially suppressed contributions [70, 71]. The finite-
volume spectrum of the two-nucleon isotriplet channel at
rest arising from singularities of the function in Eq. (11)
can be determined using the experimentally known phase
shifts [72], giving the ground-state energy Eni ⇡ �2.6
MeV (which polynomially approaches zero as L ! 1).
A simple kinematic can be considered for the transition
amplitude such that Ei(= Eni) = Ef (= Enf ), and where
the currents carry zero energy and momentum so that the
final-state two-nucleon system remains at rest. Given the
available total energy, and the quantum numbers of the
currents, the only allowed intermediate state is the two-
nucleon isotriplet channel at rest, whose low-lying spec-
trum in this volume is eE⇤m ⇡ {�5.6, 10.5, · · · } MeV.
While it may appear that the ground state of this sys-
tem constitutes an on-shell intermediate state, requir-
ing construction of the Minkowski amplitude through an
evaluation of the isosinglet to isotriplet matrix element,
one must note that since the zero spatial momentum is
not allowed for the neutrino propagation in the finite

5

intermediate states are allowed. Here, E1 is the en-
ergy of the first or the second electron depending on
the time ordering. This can be seen by expressing the
Heisenberg-picture operator in Euclidean spacetime as
J

(E)(⌧, z) = eP̂0⌧�iP̂ ·z
J

(E)(0) e�P̂0⌧+iP̂ ·z, where P̂0

and P̂ are energy (Hamiltonian) and momentum oper-
ators, respectively, and upon inserting a complete set of
single- and multi-particle states in the volume between
the two currents. Without loss of generality, we assume
that J

(E)(0) is the same as its Minkowski counterpart,
i.e., it has no phase relative to the Minkowski current at
the origin. The Euclidean superscript of the Schrödinger-
picture currents will therefore be dropped. It then be-
comes clear that for those values of intermediate-states
energies and momenta such that

i) |P⇤m|+ E⇤m  Ef + E1 or ii) |P⇤m|+ E⇤m  Ei � E1,
(19)

the integration over Euclidean time with eE1⌧ will be
divergent. Here, E⇤m are the finite-volume energy eigen-
values of the intermediate spin-triplet two-nucleon state
with total momentum P⇤m, and we assume that three-
particle intermediate states with on-shell kinematics are
not possible given the initial-state energy. The problem-
atic contributions satisfying conditions i and ii can be
subtracted from Eq. (17), leaving the rest to read

T
(E)�
L ⌘

Z
d⌧ eE1⌧

h
G(E)

L (⌧)�G(E)<
L (⌧)

i
. (20)

The spectral decomposition of T (E)�
L has, therefore, ex-

actly the same form as the Minkowski counterpart upon
an overall i factor. Here,

G(E)<
L (⌧) ⌘

N�1X

m=0

✓(⌧) cm e�(|P⇤m|+E⇤m�Ef )|⌧ |+

N 0�1X

m=0

✓(�⌧) cm e�(|P⇤m|+E⇤m�Ei)|⌧ |, (21)

where it is assumed that there are N (N 0) states satisfy-
ing condition i (ii) above, and

cm ⌘
m��

2|P⇤m|

⇥
hEf , L|J (0)|E⇤m, LihE⇤m, L|J (0)|Ei, Li

⇤
L
.

(22)
The remaining contributions arising from on-shell in-

termediate states, called T
(E)<
L , can be formed separately

with the knowledge of the single-current matrix elements
in a finite volume between the initial (final) and interme-
diate states:

T
(E)<
L ⌘

N�1X

m=0

cm
|P⇤m|+ E⇤m � Ef � E1

+

N 0�1X

m=0

cm
|P⇤m|+ E⇤m � Ei + E1

. (23)

Eqs. (23) and (20) can now be combined to construct

the desired Minkowski quantity T
(M)
L ,

T
(M)
L = iT (E)<

L + iT (E)�
L , (24)

whose relation to the physical nn ! pp (ee) ampli-
tude at LO in the EFT was already established in
Eq. (14). This completes the matching framework that

relates M
(Int.)
nn!pp in Eq. (6), and hence the new short-

distance LEC gNN
⌫ , to the lattice-QCD correlation func-

tion G(E)
L (⌧) in Eq. (17). It should be noted that the

single-current matrix elements required for this matching
relation, i.e., those appearing in Eq. (22), can themselves
be evaluated with lattice QCD, and can be matched to
the physical amplitude for the single-� transition ampli-
tude [29, 37].

Discussion and outlook.—Given significant progress in
lattice QCD studies of nuclear matrix elements in recent
years [17, 23, 65–69], albeit yet with unphysical quark
masses, it is expected that lattice QCD will be able to
evaluate the four-point correlation function in Eq. (17)
at the physical values of the quark masses, along with
the required two- and three-point functions that allow
the construction of the finite-volume Minkowski ampli-
tude in Eq. (24). This can then be used in Eq. (14)
to constrain the physical EFT amplitude, hence the un-
known short-distance contribution. The practicality of
the method, however, relies on the presence of only a fi-
nite (and few) number of on-shell intermediate states that
are composed of no more than two hadrons, such that
the Minkowski amplitude can be constructed. One can
estimate the expected nature and the number of inter-
mediate states by examining a plausible example. Let us
take L = 8 fm to ensure the validity of the finite-volume
formalism used with physical quark masses, up to expo-
nentially suppressed contributions [70, 71]. The finite-
volume spectrum of the two-nucleon isotriplet channel at
rest arising from singularities of the function in Eq. (11)
can be determined using the experimentally known phase
shifts [72], giving the ground-state energy Eni ⇡ �2.6
MeV (which polynomially approaches zero as L ! 1).
A simple kinematic can be considered for the transition
amplitude such that Ei(= Eni) = Ef (= Enf ), and where
the currents carry zero energy and momentum so that the
final-state two-nucleon system remains at rest. Given the
available total energy, and the quantum numbers of the
currents, the only allowed intermediate state is the two-
nucleon isotriplet channel at rest, whose low-lying spec-
trum in this volume is eE⇤m ⇡ {�5.6, 10.5, · · · } MeV.
While it may appear that the ground state of this sys-
tem constitutes an on-shell intermediate state, requir-
ing construction of the Minkowski amplitude through an
evaluation of the isosinglet to isotriplet matrix element,
one must note that since the zero spatial momentum is
not allowed for the neutrino propagation in the finite
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volume, none of the on-shell conditions in Eq. (19) can
be satisfied with the kinematics considered (noting that
the minimum allowed energy of an on-shell neutrino in
this volume is |P⇤| = 2⇡/L ⇡ 155.0 MeV). As a result,

T
(M)
L = iT (E)

L = i
R
d⌧ eE1⌧G(E)

L (⌧), and Eq. (14) can be
readily used to obtain the physical amplitude from the

lattice-QCD four-point function G(E)
L (⌧).

The example described demonstrates that obtaining
the physical amplitude of the nn ! pp (ee) process from
lattice QCD is even more straightforward than its two-
neutrino counterpart, as in the latter there is a larger
kinematic phase space allowed for on-shell intermediate
states—a feature that is shared with the nuclear struc-
ture calculations of the corresponding nuclear matrix el-
ements [73]. Without experimental input, such nuclear
many-body calculations, however, are unable to isolate
and quantify the short-distance contribution to the ma-
trix element, motivating the need for first-principles de-
termination of the matrix elements in the few-nucleon
sector, and a thorough matching to nuclear EFTs. The
current framework, therefore, takes an essential step in
enabling such a matching program in the upcoming years.
Besides its application in the 0⌫�� process, the formal-
ism outlined in this paper will find its use in a range of

hadronic processes that consist of single- or two-hadron
initial, intermediate, and final states, and where a light
lepton (or photon) propagator is present, such as in the
semi-leptonic rare decays of the kaon [74].
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Hansen, and Matthias Schindler on the topic of long-
range hadronic matrix elements. ZD and SVK are sup-
ported by the Alfred P. Sloan fellowship, and by the
Maryland Center for Fundamental Physics at the Univer-
sity of Maryland, College Park. ZD is further supported
by the U.S. Department of Energy’s O�ce of Science
Early Career Award, under award no. DE-SC0020271.
This work perfomred at Massachusetts Institute of Tech-
nology was supported by the U.S. Department of Energy
Early Career Award DE-SC0010495 and grant number
DE-SC0011090

Appendix

The steps involved in performing the two-loop sum-integral di↵erence defined in Eq. (13) for an expedited convergence
will be outlined in this section. To simplify the notation, the conventions n ⌘ |n| and n2

⌘ |n|2 are used for any
three-vector n.

The two-loop integral involving the neutrino propagator is given by

J1(p21, p
2
2) = M2

Z
d3k1
(2⇡)3

d3k2
(2⇡)3

1

p21 � k21 + i✏

1

p22 � k22 + i✏

1

|k1 � k2|
2
. (25)

This integral is divergent in the UV region of integrating variables and must be regulated. While for the discussion of
the physical amplitude in the main text, dimensional regularization is a natural choice as presented in Eq. (9) [10], for
the evaluation of the sum-integral di↵erence, a cuto↵ regulator ⇤ proves most useful. As the physical amplitude, as
well as the matching condition are UV convergent, both choices can be used in the matching framework. In particular,
with the cuto↵ regularization, J1 evaluates to

J1(p21, p
2
2) =

M2

8⇡4

Z ⇤

0
dk1

Z 1

0
dk2

k21
p21 � k21

k22
p22 � k22

Z 1

�1
dx

1

k21 + k22 � 2 k1 k2 x
+

iM2

32⇡
�

M2

32⇡2
ln

 
p1 + p2
|p1 � p2|

!

= M2


ln⇤

16⇡2
+

i

32⇡
�

ln (p1 + p2)

16⇡2

�
. (26)

In a finite volume with cubic geometry and spatial extent L along each Cartesian coordinate and with periodic
boundary conditions, the analog of Eq. (25) is given by replacing integrals with sums over quantized three-momenta
k = 2⇡n/L with n 2 Z3:

JV (p21, p
2
2) =

M2

L6

X

k1

k2
1 6=p2

1

X

k2 6=k1

k2
2 6=p2

2

1

p21 � k21

1

p22 � k22

1

|k1 � k2|
2
. (27)

E1 = E2 = 0 (Electrons’ energies)

(Initial nn FV ground-state energy)

(Intermediate np FV energies)

(The smallest allowed neutrino energy)
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intermediate states are allowed. Here, E1 is the en-
ergy of the first or the second electron depending on
the time ordering. This can be seen by expressing the
Heisenberg-picture operator in Euclidean spacetime as
J

(E)(⌧, z) = eP̂0⌧�iP̂ ·z
J

(E)(0) e�P̂0⌧+iP̂ ·z, where P̂0

and P̂ are energy (Hamiltonian) and momentum oper-
ators, respectively, and upon inserting a complete set of
single- and multi-particle states in the volume between
the two currents. Without loss of generality, we assume
that J

(E)(0) is the same as its Minkowski counterpart,
i.e., it has no phase relative to the Minkowski current at
the origin. The Euclidean superscript of the Schrödinger-
picture currents will therefore be dropped. It then be-
comes clear that for those values of intermediate-states
energies and momenta such that

i) |P⇤m|+ E⇤m  Ef + E1 or ii) |P⇤m|+ E⇤m  Ei � E1,
(19)

the integration over Euclidean time with eE1⌧ will be
divergent. Here, E⇤m are the finite-volume energy eigen-
values of the intermediate spin-triplet two-nucleon state
with total momentum P⇤m, and we assume that three-
particle intermediate states with on-shell kinematics are
not possible given the initial-state energy. The problem-
atic contributions satisfying conditions i and ii can be
subtracted from Eq. (17), leaving the rest to read

T
(E)�
L ⌘

Z
d⌧ eE1⌧

h
G(E)

L (⌧)�G(E)<
L (⌧)

i
. (20)

The spectral decomposition of T (E)�
L has, therefore, ex-

actly the same form as the Minkowski counterpart upon
an overall i factor. Here,

G(E)<
L (⌧) ⌘

N�1X

m=0

✓(⌧) cm e�(|P⇤m|+E⇤m�Ef )|⌧ |+

N 0�1X

m=0

✓(�⌧) cm e�(|P⇤m|+E⇤m�Ei)|⌧ |, (21)

where it is assumed that there are N (N 0) states satisfy-
ing condition i (ii) above, and

cm ⌘
m��

2|P⇤m|

⇥
hEf , L|J (0)|E⇤m, LihE⇤m, L|J (0)|Ei, Li

⇤
L
.

(22)
The remaining contributions arising from on-shell in-

termediate states, called T
(E)<
L , can be formed separately

with the knowledge of the single-current matrix elements
in a finite volume between the initial (final) and interme-
diate states:

T
(E)<
L ⌘

N�1X

m=0

cm
|P⇤m|+ E⇤m � Ef � E1

+

N 0�1X

m=0

cm
|P⇤m|+ E⇤m � Ei + E1

. (23)

Eqs. (23) and (20) can now be combined to construct

the desired Minkowski quantity T
(M)
L ,

T
(M)
L = iT (E)<

L + iT (E)�
L , (24)

whose relation to the physical nn ! pp (ee) ampli-
tude at LO in the EFT was already established in
Eq. (14). This completes the matching framework that

relates M
(Int.)
nn!pp in Eq. (6), and hence the new short-

distance LEC gNN
⌫ , to the lattice-QCD correlation func-

tion G(E)
L (⌧) in Eq. (17). It should be noted that the

single-current matrix elements required for this matching
relation, i.e., those appearing in Eq. (22), can themselves
be evaluated with lattice QCD, and can be matched to
the physical amplitude for the single-� transition ampli-
tude [29, 37].

Discussion and outlook.—Given significant progress in
lattice QCD studies of nuclear matrix elements in recent
years [17, 23, 65–69], albeit yet with unphysical quark
masses, it is expected that lattice QCD will be able to
evaluate the four-point correlation function in Eq. (17)
at the physical values of the quark masses, along with
the required two- and three-point functions that allow
the construction of the finite-volume Minkowski ampli-
tude in Eq. (24). This can then be used in Eq. (14)
to constrain the physical EFT amplitude, hence the un-
known short-distance contribution. The practicality of
the method, however, relies on the presence of only a fi-
nite (and few) number of on-shell intermediate states that
are composed of no more than two hadrons, such that
the Minkowski amplitude can be constructed. One can
estimate the expected nature and the number of inter-
mediate states by examining a plausible example. Let us
take L = 8 fm to ensure the validity of the finite-volume
formalism used with physical quark masses, up to expo-
nentially suppressed contributions [70, 71]. The finite-
volume spectrum of the two-nucleon isotriplet channel at
rest arising from singularities of the function in Eq. (11)
can be determined using the experimentally known phase
shifts [72], giving the ground-state energy Eni ⇡ �2.6
MeV (which polynomially approaches zero as L ! 1).
A simple kinematic can be considered for the transition
amplitude such that Ei(= Eni) = Ef (= Enf ), and where
the currents carry zero energy and momentum so that the
final-state two-nucleon system remains at rest. Given the
available total energy, and the quantum numbers of the
currents, the only allowed intermediate state is the two-
nucleon isotriplet channel at rest, whose low-lying spec-
trum in this volume is eE⇤m ⇡ {�5.6, 10.5, · · · } MeV.
While it may appear that the ground state of this sys-
tem constitutes an on-shell intermediate state, requir-
ing construction of the Minkowski amplitude through an
evaluation of the isosinglet to isotriplet matrix element,
one must note that since the zero spatial momentum is
not allowed for the neutrino propagation in the finite

4

The discretized energy eigenvalues of the two-nucleon
system in a finite volume, Em, are obtained from the
“quantization condition” F

�1(Em) = 0 [55, 56]. Finally,
a new finite-volume function �JV , corresponding to the
two-loop diagram with the exchanged neutrino propaga-
tor needs to be evaluated:

�JV (Ei, E1, Ef ) =


1

L6

X

k1,k2
k1 6=k2

�

Z
d3k1
(2⇡)3

d3k2
(2⇡)3

�

1

Ei �
k2
1

M + i✏

1

Ef �
k2
2

M + i✏

1

|k1 � k2|
2
,(13)

where in the summations, k1,k2 2
2⇡
L Z3. This sum-

integral di↵erence can be evaluated numerically for given
values of Ei and Ef , the detail of which is presented
in the Appendix. The requirement k1 6= k2 removes
the zero spatial-momentum mode of the neutrino in the
loop to render the finite-volume sum finite. Correspond-
ingly, the finite-volume correlation function in lattice
QCD will need to implement a zero-mode regulated neu-
trino propagator to match to this expression. Such a
treatment of the infrared singularities in a finite vol-
ume is customary in the lattice QCD+QED studies of
hadronic masses [57–59], decay amplitudes [60–62], and
two-hadron scattering [63, 64]. Other prescriptions have
been proposed and implemented for lattice-QCD calcu-
lation of the ⇡�

! ⇡+ (ee) amplitude [20, 21]. These
can be generalized to be applicable to the nn ! pp (ee)
process following similar steps as those in this work.

To proceed with finding the matching relation, one
notes that the finite-volume correlation function in
Eq. (10) has the same general structure as that for the
two-neutrino process obtained in Ref. [37]. As a result,
all steps introduced in Ref. [37] can be closely followed to
obtain the matching relation between finite and infinite-
volume matrix elements. In particular, upon Fourier
transforming Eq. (10) with Ei and Ef to form the cor-
relation function in the mixed time-momentum represen-
tation, and comparing it against the same correlation
function that is obtained from a direct four-point func-
tion upon inserting complete sets of intermediate finite-
volume states between the currents, one arrives at

L6

����T
(M)
L

����
2

=

����R(Enf )

����

����M
(Int.)
nn!pp(Eni , Enf )�m��

(1 + 3g2A)M(Enf )�J
V (Enf , Eni)M(Eni)

����
2����R(Eni)

����,

(14)

where R(En) = limE!En(E � En) F(E), and Eni(f)

denotes a finite-volume energy of the initial (final) two-

nucleon state. T (M)
L denotes the Minkowski finite-volume

matrix element defined as

T
(M)
L ⌘

Z
dz0 e

iE1z0

Z

L
d3z

⇥
hEnf , L|T [J (z0, z)S⌫(z0, z)J (0)] |Eni , Li

⇤
L
. (15)

Here, J = q̄⌧+�µ(1 � �5)q with q = ( ud ), which can
be implemented in lattice-QCD calculations. At the
hadronic level, it matches to N†⌧+(vµ � 2gASµ)N in
Eq. (3). Nonetheless, being a quark-level current means

that T (M)
L also incorporates the contact �L = 2 interac-

tion in Eq. (4). S⌫(z0, z) denotes the Minkowski finite-
volume propagator of a Majorana neutrino, with its zero
spatial-momentum mode removed:

S⌫(z0, z) =
1

L3

X

q2 2⇡
L Z3 6=0

Z
dq0
2⇡

eiq·z�iq0z0 �im��

q20 � |q|2 + i✏
.

(16)

Minkowski to Euclidean matching.—The quantity

T
(M)
L in Eq. (15), whose connection to the physical am-

plitude was established in Eq. (14), is defined with a
Minkowski signature. On the other hand, with lattice
QCD only Euclidean correlation functions can be evalu-
ated. Unfortunately in the case of non-local matrix ele-
ments, generally one cannot obtain the former from the
latter upon an analytical continuation [35]. To appreci-
ate the subtlety involved, and to introduce a procedure
that, nonetheless, allows constructing the Minkowski ma-
trix element from its counterpart in Euclidean spacetime,
one may consider the following correlation function:

G(E)
L (⌧) =

Z

L
d3z

⇥
hEf , L|T

(E)[J (E)(⌧, z)S(E)
⌫ (⌧, z)

J
(E)(0)]|Ei, Li

⇤
L
, (17)

which can be computed directly with lattice QCD.2 ⌧ ⌘

iz0 is the Euclidean time, and the subscript (E) on quan-
tities is introduced to distinguish Euclidean forms from

Minkowski counterparts. In particular, S(E)
⌫ is the Eu-

clidean neutrino propagator in a finite volume with its
zero spatial-momentum mode removed,

S(E)
⌫ (⌧, z) =

1

L3

X

q2 2⇡
L Z3 6=0

Z
dq(E)

0

2⇡
eiq·z�iq(E)

0 ⌧ m��

q(E)2
0 + |q|2

=
m��

2L3

X

q2 2⇡
L Z3 6=0

eiq·z

|q|


✓(⌧)e�|q|⌧ + ✓(�⌧)e|q|⌧

�
. (18)

It is now clear that simply integrating over the Euclidean
time with weight eE1⌧ can be problematic if on-shell

2
It is assumed that the continuum limit of lattice-QCD correla-

tion functions is taken prior to the matching to infinite volume.

Therefore, the discretized nature of lattice-QCD quantities will

not a↵ect the framework presented.
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[A synthetic data analysis] How sensitive is the new short-distance coupling to 
uncertainties in the lattice QCD energy and matrix-element inputs?
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The expected uncertainty on the new short-distance coupling for various 
uncertainty levels in the lattice QCD energy and matrix element inputs:

Existing constraint by Cirigliano, Dekens, de Vries, Hoferichter, and Mereghetti, arXiv: 2012.11602 
[nucl-th] (2020). Impact on many-body calculations of decay rate by Jokiniemi, Soriano, Menendez, 
Phys.Lett.B 823 (2021) 136720, and by Wirth, Yao, and Hergert, Phys.Rev.Lett. 127 (2021) 24, 242502.
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[Conclusion] A new short-distance LEC at LO in the EFT amplitude of the 0vββ 
decay with light neutrinos arises. Its first determination has rather significant 
uncertainties and is shown to lead to a significant effect on the matrix elements of 
0vBB decay in experimentally relevant isotopes. It would be great if lattice QCD can 
directly constrain this coupling from first principles. We have built a path between 
computable quantities in lattice QCD and the desired LEC of the EFT and have 
shown it can be constrained with percent-level precision with moderate 
uncertainties on the energy and matrix-element determinations from lattice QCD.
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The nuclear matrix element determining the pp ! de+⌫ fusion cross section and the Gamow-Teller
matrix element contributing to tritium �-decay are calculated with lattice Quantum Chromodynam-
ics (QCD) for the first time. Using a new implementation of the background field method, these
quantities are calculated at the SU(3)-flavor–symmetric value of the quark masses, corresponding
to a pion mass of m⇡ ⇠ 806 MeV. The Gamow-Teller matrix element in tritium is found to be
0.979(03)(10) at these quark masses, which is within 2� of the experimental value. Assuming that
the short-distance correlated two-nucleon contributions to the matrix element (meson-exchange cur-
rents) depend only mildly on the quark masses, as seen for the analogous magnetic interactions, the
calculated pp ! de+⌫ transition matrix element leads to a fusion cross section at the physical quark
masses that is consistent with its currently accepted value. Moreover, the leading two-nucleon axial
counterterm of pionless e↵ective field theory is determined to be L1,A = 3.9(0.1)(1.0)(0.3)(0.9) fm3

at a renormalization scale set by the physical pion mass, also in agreement with the accepted phe-
nomenological range. This work concretely demonstrates that weak transition amplitudes in few-
nucleon systems can be studied directly from the fundamental quark and gluon degrees of freedom
and opens the way for subsequent investigations of many important quantities in nuclear physics.

PACS numbers: 11.15.Ha, 12.38.Gc, 13.40.Gp

Weak nuclear processes play a central role in many set-
tings, from the instability of the neutron to the dynam-
ics of core-collapse supernova. In this work, the results
of the first lattice Quantum Chromodynamics (LQCD)
calculations of two such processes are presented, namely
the pp ! de+⌫e fusion process and tritium �-decay. The
pp ! de+⌫ process is centrally important in astrophysics
as it is primarily responsible for initiating the proton-
proton fusion chain reaction that provides the dominant
energy production mechanism in stars like the Sun. Sig-
nificant theoretical e↵ort has been expended in refining
calculations of the pp ! de+⌫ cross section at the ener-
gies relevant to solar burning, and progress continues to
be made with a range of techniques [1–10], as summarized
in Ref. [11]. This process is related to the ⌫d ! nne+

neutrino breakup reaction [12–14], relevant to the mea-
surement of neutrino oscillations at the Sudbury Neu-
trino Observatory (SNO) [15, 16], and to the muon cap-
ture reaction, µ�d ! nn⌫µ, which is the focus of cur-
rent investigation in the MuSun experiment [17]. The

second process studied in this work, tritium �-decay, is
a powerful tool for investigating the weak interactions
of the Standard model and plays an important role in
the search for new physics. The super-allowed process
3H !

3He e�⌫̄ is theoretically clean and is the simplest
semileptonic weak decay of a nuclear system. In con-
trast to pp fusion, this decay has been very precisely
studied in the laboratory (see Ref. [18] for a review)
and provides important constraints on the antineutrino
mass [19]. Tritium �-decay is also potentially sensitive to
sterile neutrinos [20, 21] and to interactions not present
in the Standard Model [21–24]. Although the dominant
contributions to the decay rate are under theoretical con-
trol as this is a super-allowed process, the Gamow-Teller
(GT) contribution (axial current) is somewhat more chal-
lenging to address than the Fermi (F) contribution (vec-
tor current). Improved constraints on multi-body con-
tributions to the GT matrix element will translate into
reduced uncertainties in predictions for decay rates of
larger nuclei and are a first step towards understanding


