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•Provides the best determination of the CKM parameters;
•Tests the consistency of the SM (``direct” vs ``indirect”
determinations) @  the quantum level;
•Provides predictions for SM observables (in the past for 
example sin 2β  and   Δms )
•It could lead to new discoveries (CP violation, Charm, !?)

STANDARD
MODEL 
UNITARITY 
TRIANGLE
ANALYSIS
(Flavor Physics)  



The fundamental issue is to find signatures of new 
physics and to unravel the underlying theoretical 
structure;

Precision Flavor physics is a key tool, 
complementary to the large energy searches at the 
LHC;

If the LHC  discovers new elementary particles BSM, 
then precision flavor physics will be necessary to 
constrain the underlying framework;

The discovery potential of precision flavor physics 
should not be underestimated.



The extraordinary progress  of the experimental 
measurements requires accurate theoretical 
predictions 

Precision flavour physics requires the control of 
hadronic effects for which lattice QCD simulations 

are essential.



CKM

THE

www.utfit.org
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Plots and numbers in this talk are
hot-off-the-press for this workshop



M. Bona et al. (UTfit Collaboration)
JHEP 0507:028,2005 hep-ph/0501199  

M. Bona et al. (UTfit Collaboration)
JHEP 0603:080,2006 hep-ph/0509219



Quantities used in the 
Standard UT Analysis

Inclusive vs Exclusive
Opportunity for lattice 
QCD

Vub/Vcb eK Dmd Dmd/Dms

levels @
68% (95%) CL

f+,F

BK

fBBB
1/2 ξ



Other Quantities used in the 
UT Analysis 

sin2β cos2β α sin(2β+γ)

B→J/ΨK0 B→J/ΨK*0 B→ππ,ρρ B→D(*)π,Dρ

γ

B→D(*)K
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2016

Experimental progress so impressive that we can fit
the hadronic matrix elements (in the SM)



11Marcella 
Bona

UTfit 
update

Unitarity Triangle analysis in the SM   Summer 2021

r = 0.156 ± 0.012
h = 0.350 ± 0.010 

PLOTS AND NUMBERS TO BE UPDATED

The CKM matrix is the dominant source of flavour
mixing and CP violation

levels @ 95% Prob

Consistence on an
over constrained fit

of the CKM parameters
~8%
~3%
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Some interesting configurations 

Universal Unitary Triangle

Angles only

Sides and eK

r = 0.162 ± 0.017
h = 0.341 ± 0.011 

~10%

~3%

“Tree-only”

Tree-level
processes:
Semileptonic
and DK
B decays

~15%

~7%

→ reference
for model
building

r = 0.165 ± 0.025
h = 0.374 ± 0.024 
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UTfit 
update

a from pp, rr, pr decays:
combined SM: (93.6 ± 4.2)°

UTfit prediction: (90.8 ± 2.0)°

sin2a (f2) and g (f3) 

g from B into DK decays:  
HFLAV: (66.2 ± 3.5)°

UTfit prediction: (66.2 ± 2.1)°

a updated with latest pp/rr
BR and C/S results

a from HFLAV: 85.5 ± 4.6

g updated with all the 
latest results (LHCb)

γ

LHCb just released   an  update of the 𝛾 combination + charm  mixing parameters   𝛾 = (65.4+ 
3.8-4.2)°
We can perform the same   combination in the  context of UTFit







16Marcella 
Bona

UTfit 
updateVcb and Vub

|Vcb| (excl) = (39.48 ± 0.68) 10-3

|Vcb| (incl) = (42.16 ± 0.50) 10-3

~1.6s discrepancy

|Vub| (excl) = (3.63 ± 0.14) 10-3

|Vub| (incl) = (4.19 ± 0.17 ± 0.18 [flat]) 10-3

~ 3.2s discrepancy

|Vub / Vcb| (LHCb) = (9.46 ± 0.79) 10-2

from FLAG 2021

from Bordone et al.
arXiv:2107.00604

from GGOU HFLAV 2021
adding a flat uncertainty
covering the spread
of central values

From Λb, excluded following FLAG 
guidelines|Vub / Vcb| (LHCb) = (7.9 ± 0.6) 10-2

From Bs to K at high 
q2

Utfit average gives Vcb= (39.45 ± 0.59) 10-3 Vub= (3.75 ± 0.13) 10-3



17Marcella 
Bona

UTfit 
update

|Vcb| = (41.1 ± 1.0) 10-3  

uncertainty ~ 2.4%

uncertainty ~ 5.4%

|Vub| = (3.89 ± 0.21) 10-3 

A-la-D’Agostini two-dimensional
average procedure:

|Vub| = (3.72 ± 0.09) 10-3 
|Vcb| = (42.0 ± 0.4) 10-3  

From global SM fit

Vcb and Vub

|Vub| = (3.68 ± 0.10) 10-3 
|Vcb| = (41.9 ± 0.5) 10-3  

UTfit prediction:

Vcb and Vub
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Experimental progress so impressive that we 
can fit the hadronic matrix elements (in the SM) 

FLAG21 0.756 ± 0.016 

It does not make sense to improve the precision 
on BK if we do not control long distance effects;
Similarly for fπ or fK without radiative corrections
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BK1
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2021: an estimate from the 1/mc 
expansion of the effective 
Hamiltonian

2015: a real 
exploratory  calculation
no physical masses, no 
extrapolation to the continuum 
etc.

e’/e from RBC now in UTfit



Exclusive semileptonic B → {D(*),𝜋} decays 
through unitarity

Work in collaboration with  M. Naviglio. S. Simula  and L.  Vittorio
(PRD ’21 (2105.02497), PRD ’21 (2105.07851), 2105.08674, 2109.15248 + in prep.)

Mr. Nosferatu
from Transylvania
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State-of-the-art of the semileptonic B → {D(*),𝜋} decays
Three critical issues:

• anomalies:

HFLAV Coll., see https://hflav-eos.web.cern.ch/hflaveos/semi/spring19/html/RDsDsstar/RDRDs.html

discrepancy
2



Form Factors (FFs) in exclusive semileptonic  B decays

• Production of a pseudoscalar meson (i.e. D,𝜋):

• Production of a vector meson (i.e.  D*):

26/09/2018 Pagina 24

3
relation between the momentum

transfer and the recoil

If the lepton is not massless two other FFs
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The Dispersive Matrix (DM) method

For LQCD original idea from L. Lellouch: NPB, 479 (1996)
New developments in PRD ’21 (2105.02497)

The resulting description of the FFs will be:

• entirely based on first principles (LQCD non-perturbative evaluation of 2- and 3-
point Euclidean correlators) 

• independent of any assumption on the functional dependence of the FFs on the 
momentum transfer

• applicable to theoretical calculations of the FFs, but also to experimental data

• independent of any mixing among theoretical calculations and experimental data

• universal: it can be applied to any exclusive semileptonic decays of mesons and 
baryons

No HQET, no series expansion, no perturbative bounds 
with respect to the other popular  parametrizations 

A novel, non-perturbative and model independent approach: starting from the 
available LQCD computations of the FFs in the high-q2 (or low-w) regime, we extract 

the FFs behaviour in the low-q2 (or high-w) region!
E. de Rafael and J. Taron, PRD, 50 (1994), p. 373-380 
C. Bourrely, B. Machet, and E. de RafaelNPB, 189 (1981), pp. 157 – 18



The DM   method works
example from D -> K decays  
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The Dispersive Matrix (DM) method

6

The conformal variable z is related to the momentum transfer as:

[0, tmax=t- ] ⇨ [zmax, 0]
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We also have to define the kinematical functions

Thus, we need these external inputs to implement our method:

- estimates of the FFs, computed on the lattice, @ {t1,…,tn}: from Cauchy’s theorem (for generic m)

LQCD 
data!

- non-perturbative values of the susceptibilities, since from the dispersion relations (calling
the Euclidean quadratic momentum)

The DM method

Since the susceptibilities are computed 
on the lattice, we can in principle use 

whatever value of        
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The positivity of the original inner products guarantees that namely
The DM method

9

UNITARITY FILTER: unitarity is satisfied if 𝛾 is semipositive definite, namely if

This is a parametrization-independent unitarity test of the LQCD input data 

LOWER
bound

UPPER
bound

A detailed discussion of the  treatment of statistical errors 
and constraints was also presented (simplified with respect to 
L. Lellouch NPB, 479 (1996))



Non-perturbative computation of the susceptibilities

To compute the susceptibilities on the lattice, we start from the Euclidean correlators:  

W. I.

The possibility to compute the 𝜒s
on the lattice allows us

to choose whatever value of Q2

(i.e. near the region of production 
of the resonances)

NOT POSSIBLE IN PERTURBATION THEORY!!!

POSSIBLE IMPROVEMENT IN THE STUDY OF 
THE FFs through our method

Work in progress…

12

W. I.



Non-perturbative computation of the susceptibilities

Let us choose for the moment zero Q2:

Z: appropriate renormalization constants
N. Carrasco et al. [ETM Coll.], NPB 887 (2014) [arXiv:1403.4504]

13



Non-perturbative computation of the susceptibilities

Following set of  nine quark masses:

r: (unphysical) Wilson parameter

14Contact terms & 
Large discretisation effects



Contact terms & perturbative subtraction

In twisted mass LQCD (tmLQCD):

CONTACT TERMS!!!

L. Vittorio (SNS & INFN, Pisa) 15



Contact terms & perturbative subtraction

In twisted mass LQCD (tmLQCD):

15

Thus, by separating the longitudinal and the transverse contributions, we can 
compute the susceptibilities for all the spin-parity quantum numbers in the free 
theory on the lattice, i.e. at order using twisted-mass fermions!

LO term of PT @ contact terms and discretization effects @ 

Perturbative subtraction: Higher order corrections?

Work in progress…



L. Vittorio (SNS & INFN, Pisa) 16

Contact terms & perturbative subtraction

NOT ENOUGH…



Non-perturbative computation of the susceptibilities

L. Vittorio (SNS & INFN, Pisa) 14Much better using the Ward Identity
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Contact terms & perturbative subtraction

OK

An extrapolation to the continuum limit was 
implemented



ETMC ratio method & final results

For the extrapolation to the physical b-quark point we have used the ETMC ratio method: 

to ensure that

All the details are deeply discussed in arXiv:2105.07851. In this way, we have obtained the first 
lattice QCD determination of susceptibilities of heavy-to-heavy (and heavy-to-light, in prep.) 
transition current densities:

17

b → c b → u

Bigi, Gambino PRD ’16 
Bigi, Gambino, Schacht PLB ’17 
Bigi, Gambino, Schacht JHEP ’17

Differences with PT? ∼4% for 1-, ∼7% for 0-, ∼20 % for 0+ and 1+



results from FNAL/MILC computations of the FFs arXiv:2105.14019 
non-perturbative susceptibilities from arXiv:2105:07851

arXiv:2109.15248 



Exclusive Vcb determination from B -> D*
,

In the w differential decay rate  data systematically above the result of the fit
This problem is known and has been studied, for example, in Nucl. Instrum. Meth.  
A346 (1994) 306-311

Our interpretation is that  there is a  problem related to the 
Experimental calibration and  to the   covariance matrix





Exclusive Vcb determination from B → D*





arXiv:2105.11433, From the results of the HPQCD Collaboration , we have determined the 
values of the FFs @ three values of small recoil, namely w={1.00, 1.08, 1.16}, and then
applied the DM method to describe them in the whole kinematical range.

Results?

Semileptonic Bs → Ds* decays

26



!!!!!
!!!!!

Possible large  (huge!)  SU(3)F symmetry breaking effects
Hard to believe

Semileptonic Bs → Ds* decays

26



DM confronts BGL
two important differences in the DM method with respect to BGL parametrization

• No series expansion to describe the FFs NO TRUNCATION ERRORS

particularly relevant for semileptonic decays characterized by a very large q2 range

Maximum q2 = 26.46 GeV2

Maximum q2 =  21.9 GeV2

• Unitarity check of FFs data completely independent of the parameterization

The DM approach
i) reproduces exactly the known data
ii) allows to extrapolate the form factor in the whole kinematical range
iii) in a parameterization-independent way 
iv) providing a band of values representing the results of all possible BGL fits

satisfying unitarity and passing through the known points (important for 
estimating uncertainties)



Semileptonic B → 𝜋 decays (in prep.) Solid: RBC/UKQCD
Dashed: FNAL/MILC

35• 3 RBC/UKQCD data (points) for each FF [arXiv:1501.05363]
• 3 FNAL/MILC data (squares) for each FF [arXiv:1503.07839] 

Non-
perturbative 
susceptibility 
for the b → u 

current

combined



Unitarization of the experimental data

Exclusive and the inclusive 
values are compatible at the 

1𝜎 level

38

NE
W



S. Meinel CKM21



Conclusions 
The Dispersion Matrix approach is a powerful tool to implement unitarity in the
analysis of exclusive semileptonic decays of mesons and baryons

- it does not rely on any assumption about the momentum dependence of the hadronic
form factors

- it can be based entirely on first principles (i.e. unitarity and analiticity) using non-
perturbative  lattice determinations of  both the relevant form factors and the 
dispersive bounds (the susceptibilities) from appropriate 2-point and 3-point 
(Euclidean) correlation functions

- it predicts band of values that are equivalent to all possible BGL fits satisfying unitarity
and reproducing exactly a given set of data points. Larger but more reliable
uncertainties

- It is not biased by the fit of the experimental data

- it is universal, namely it can be applied to any exclusive semileptonic decay e.g.  baryon
decays



Conclusions 2

New insight on both: 

• the |Vcb|, |Vub| puzzles (exclusive and inclusive determinations
compatible @ the 1𝜎 level)

We found problems with the Belle covariance matrix

• the R(D(*)) anomalies (theoretical values and measurements
compatible @ the 1.6𝜎 level)

Is there really a problem with Lepton Flavor 
Universality  in B → D(*) decays ?   

or 
Much ado about nothing 



absence says more than presence
FRANK HERBERT

(Dune)

THANKS FOR YOUR ATTENTION


