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Introduction and literature review

What integrals are we talking about?
A look at the literature: What is (not) known?
Is it relevant?

What integrals are we talking about?

observed outgoing state
with invariant mass P2,

incoming particles

ki
Unobserved radiation in NNLO
ko

Two particle phase space (d = 4 — 2¢):

/dPS / 4k / 4 (27)767 (P — ky — ko)
= ™ — K1 —
2P (2r)9-12k0 | (2r)9-12K0 bR
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What integrals are we talking about?

Two particle phase space (d = 4 — 2¢):

/ dPSy p = (47T)2r_(€1r_(1€)_ Zn) (P?)™* / dQy, k,

Angular integration measure:

dQy, x, = dby sin* =% 01d6, sin "> 0,
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Introduction and literature review

What integrals are we talking about?
A look at the literature: What is (not) known?
Is it relevant?

What integrals are we talking about?

Two particle phase space (d = 4 — 2¢):

/ dPSy p = (47T)2r_(€1r_(1€)_ Zn) (P?)™* / dQy, k,

Angular integration measure:

dQy, x, = dby sin* =% 01d6, sin "> 0,

Typical integral:

1
dQ -
/ e (a+ bcosB; )Y (A+ Bcosby + Csinbycosby)
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Introduction and literature review

What integrals are we talking about?
A look at the literature: What is (not) known?
Is it relevant?

The Van Neerven integral

J, | integers; a, b, A, B, C real (or complex) parameters:

1
dQ :
/ kika (a+ bcos by Y (A+ Bcosby + Csin by cosby)!

Divided into classes:

a® = b? a® # b?
A® = B? + C? massless single massive
A% £ B? 4 C? | single massive double massive
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A look at the literature: What is (not) known?

W.Beenakker, H.Kuijf, W.L. van Neerven, J.Smith, QCD corrections to
heavy quark production in pp collisions, Phys.Rev.D 40 (1989)

“ acoco

Fabian Wunder, University of Tiibingen Angular Integrals in d dimensions



Introduction and literature review

What integrals 2 talking about?
A look at the Ilterature What is (not) known?
Is it relevant?

A look at the literature: What is (not) known?

- —
1980 1990 2000 2010 2020

Fabian Wunder, University of Tiibingen Angular Integrals in d dimensions



Introduction and literature review

What integrals 2 talking about?
A look at the Ilterature What is (not) known?
Is it relevant?

A look at the literature: What is (not) known?

S
%
RS
. Ib >
S
<
&
o)
2
@
&
o
(o)
)
@2\
%
N
Q
;’)\O
&
Q\@
[ —
1980 1990 2000 2010 2020

Fabian Wunder, University of Tiibingen Angular Integrals in d dimensions



Introduction and literature review

bout?
is (not) known?
Is it relevant?

A look at the literature: What is (not) known?

S
X
2
. Ib >
S
<&
o
\
N 2
@’b <<>\\"')
X
) /,\/\
%‘9 NG
& 4
& @
5 0}
\k \?’éo
L &
&° 3
& ¥
¢ W
‘ 1080 1990 2000 2010 2020

Fabian Wunder, University of Tiibingen Angular Integrals in d dimensions



Introduction and literature review

bout?
is (not) known?
Is it relevant?

A look at the literature: What is (not) known?

1980 1990 2000 2010 202(T

Fabian Wunder, University of Tiibingen Angular Integrals in d dimensions



Introduction and literature review

bout?
is (not) known?
Is it relevant?

A look at the literature: What is (not) known?

1980 1990 2000 2010 202(?

Fabian Wunder, University of Tiibingen Angular Integrals in d dimensions



Introduction and literature review

ar talking about?
A look at the literature: What is (not) known?
Is it relevant?

A look at the literature: What is (not) known?

1980 1990 2000 2010 202(?

Fabian Wunder, University of Tiibingen Angular Integrals in d dimensions



Introduction and literature review

What integrals are v alking about?
A look at the literature: What is (not) known?
Is it relevant?

A look at the literature: What is (not) known?

1980 1990 2000 2010 202(?

Fabian Wunder, University of Tiibingen Angular Integrals in d dimensions



Introduction and literature review

What integral > we talking about?
A look at the literature: What is (not) known?
Is it relevant?

A look at the literature: What is (not) known?

\,\\@ ;00‘\6
P 3
R NS
2
. \’b\ Q(’
&8 S |
\b\ e\,\ab \\@a on 'N‘OQ
& M FE, o
N ™ & 2
QP ,\/\ P 67}‘ S ,bq} ~o°%’
YL e S F
P O
: SHPCIE ST
< \‘\OS \/\{@’ RO d\
S & o BN L &
\@; \??0 (.7\\\ &Q,% X3 $® (\6?
a N @" & N
° E NN N ~N >
& S ¢ &F
SN R S SIN R
‘ 1980 1990 2000 2010 2020

Fabian Wunder, University of Tiibingen Angular Integrals in d dimensions



Introduction and literature review

ar talking about?
A look at the literature: What is (not) known?
Is it relevant?

A look at the literature: What is (not) known?

L 3
O\\\c‘ &
% N J
.Y NG N
o 067’ &oéo
\
o & & &
& & D X O R
\ O S ¥
N 3 @i@o &1‘7 \5‘\6 Nl b@
~ /\'\6// 6%00‘}0 P o"%’ =
% . N .
GO
S "7 B S ./ & > d
X SO 'Qb & 2 \VS‘ &
& S o %e?' .{@;‘ @
& SIS N S &
;’)\O 3 < & Q,Q’k N2 Z.b &
N WY o X 3 & @
& AR N e @ &
OEEENSORNEC GEEN a )
‘ 1980 1990 2000 2010 2020

Fabian Wunder, University of Tiibingen Angular Integrals in d dimensions



Introduction and literature review

ar talking about?
A look at the literature: What is (not) known?
Is it relevant?

A look at the literature: What is (not) known?

\\\Q“ ‘\0&\(o
(o) X0
% N J
.Y NG N
o 067’ &oéo
\
& S
& & D NS R
\ X\Q\’\ C\G ’bo \{\& @ 0&
& NE S N > &
(9
Qé \’\5 P > 67}‘0(-?\0‘\ ,bq} o\;‘é’ RS b&@
7 . \ 8
Nt & P & ®
Q‘oo '\/ ég} bbxj c)\‘ vg\'b 06 éé’b\
< S N A
SN SR WO & &
&éo‘ e,éb' \\\z. Q?é,b*‘o\\ $®Q§ ',@«\\ Qe’\ \\\@
> L & & 2
:',,\0@ 66\’\‘ 3 é’)& PSR Bb\» &,go &
& é}@ so\?/ (}Q, %@ S ?}(,) %Q, N
SN N R o o
‘ 1980 1990 2000 2010 2020

Fabian Wunder, University of Tiibingen Angular Integrals in d dimensions



Introduction and literature review

What integrals are we talking about?
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Introduction and literature review

What integra £
A look at th B \) is (not) known?

Is it relevant?

@ Thanks to reversed unitarity PSls are related to loop
integrals

@ for loop integrals there are a lot of powerful techniques,
such as integration-by-part relations, reduction to Master
integrals, differential equations etc.

@ From this analytic results can be obtained order by order
in €

Rather little interest to improve on old methods for direct
PS integration
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What inte about?
A look at t is (not) known?
Is it relevant?

But maybe sometimes...

direct integration simpler in particular cases
old Van Neerven list still in use

analytic solution for general d possible

e-expansion is possible explicitly to all orders in & (in
terms of multiple polylogarithms)

@ ideas used for angular integals might be useful for more
general settings

Specific and explicit — complementary to loop based
methods.
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Example: Drell-Yan double real corrections

ky

P1

~i

ko
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Kinematics in CMS
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Kinematics in CMS

@ In the CMS it holds

pr+p—G=0

@ The propagators have the general form
1 1

(k12 — p)? N p?> —2kip-p
with external momentum p; “linear” in ko
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Appearance in perturbative calculations

Example: Drell-Yan double real corrections
Partial Fractioning

Kinematics in CMS

@ In the CMS it holds
pr+pP—qG=0

@ The propagators have the general form
1 B 1
(k12 — p)? N p?> —2kip-p
with external momentum p; “linear” in ko

@ scale all momenta by their corresponding energy
component:

kl = Ek (17k) ) k2 - Ek (17 _k) ) pi = Ei (1,Vi) .
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Example: Drell-Yan double real corrections
Partial Fractioning

Propagators

@ Define scaled linear propagators (E is a unit 3-vector)

1
A (V) = ———
« (V) .
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Appearance in perturbative calculations
Example: Drell-Yan double real corrections
Partial Fractioning

Propagators

@ Define scaled linear propagators (E is a unit 3-vector)

1
A (V) = ———
« (V) .

@ We can express phys. propagators
1 1

= Ay (£
(kio = pi)2—m?  p; —m?+m; —2EE,  (£7)

introducing the scaled vector

- %

Vi= 55—

A
2E E,
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Appearance in perturbative calculations
Example: Drell-Yan double real corrections
Partial Fractioning

Propagators

In NNLO-DY the scaled momenta are

w=g =LA, w=g=0W%)
Vq:Eiq:(lj‘Z:)’ Vq:(laﬁq%
where
Ty = — ‘7‘702 S LR -
+ 3E, t+u—2Q

The squared amplitude depends on
Di ()™ D (=)™ Dy ()™ Dic (=)™ Dk (V)™ Dk (—V)™ .
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Example: Drell-Yan double real corrections
Partial Fractioning

Partial Fractioning

If vectors are linearly dependent, i.e. Z/\,-V,- = 0, the
number of prop. can be reduced by partial fractioning.
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Example: Drell-Yan double real corrections
Partial Fractioning

Partial Fractioning

If vectors are linearly dependent, i.e. Z/\,-V,- = 0, the
number of prop. can be reduced by partial fractioning.

@ two-point partial fractioning

1

Al =505

Mo Ax (V1) + M1 A ()]
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Appearance in perturbative calculations
Example: Drell-Yan double real corrections
Partial Fractioning

Partial Fractioning

If vectors are linearly dependent, i.e. Z/\,-V,- = 0, the
number of prop. can be reduced by partial fractioning.

@ two-point partial fractioning

1

Al =505

[)\2 JAY (\71) + A Ay (\72)]
@ three-point partial fractioning

A3 Ay (Vi va) + Ao Ay (V1, 3) + A Ay (¥, V3)
A+ Ao+ A3

Ay (1, Vo, V3) =
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Example: Drell-Yan double real corrections
Partial Fractioning

Spacetime picture

X0
A
|
|
\
\
\
\
\
\
‘ Xd
' Xd-1

bian Wunder, University of Tiibingen

Angular Integrals in d dimensions



nce in perturbative calculations

Example: Drell-Yan double real corrections
Partial Fractioning

Spacetime picture

Xd

' Xd-1

bian Wunder, University of Tiibingen Angular Integrals in d dimensions



Appearance in perturbative calculations

Example: Drell-Yan double real corrections
Partial Fractioning

Spacetime picture

Xo
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Appearance in perturbative calculations

Example: Drell-Yan double real corrections
Partial Fractioning

Spacetime picture

Fabian Wunder, University of Tiibingen

XD

Three vectors are linearly
dependent if they lie on a
straight line.
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Appearance in perturbative calculations
Example: Drell-Yan double real corrections
Partial Fractioning

Resulting integrals

1D (uhie) = /kol,szjk(Vl)Ai (Fin)
_ /komAfk(—vl)A’k (£7) ,

157 Uiy vagi€) = /kohkz B (Va) Dy (F7)
= /kom N (=) A (£7)

with 5 = 14 (1 — vi), u,.l;:li(l—v;;,), Vij = V- V.
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No denominators

Analytic calculation of Van Neerven integrals .
Two denomin.

Two denominator:
Two denominators, double mas:
Two denominators, double massive: The sneaky way

gular integral

n 1
lj(,l) (viz, i1, vi; €) = [ dQuqi,
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No denominators
One denomi
One denomi
Two denom
Two denom
Two denom

Analytic calculation of Van Neerven integrals

Two denominators, double massive: The sneak

Angular integral

(n) o) —
i (vi2, vi1, vao; €) = kole(Vl kY (va - K)!

@ n is the number of non-zero masses

bian Wunder, University of Tiibingen Angular Integrals in d dimensions



No denominators

One denominator,

) .

Two de

Two de

Two denominators, double mass

Two denominators, double ma The sneaky way

Analytic calculation of Van Neerven integrals

Angular integral

(n) o) —
i (vi2, vi1, vao; €) = /kole(Vl kY (va - K)!

@ n is the number of non-zero masses

@ integral depends on scalar product vi» = v; - v, and
masses vi; = Vi - Vv, Voo = Vo - Vo
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No denominators

One denominator, massless

One denominator, m

Two denominators,

Two minators,

Two denominators,

Two denominators, double massive: The sneaky way

Analytic calculation of Van Neerven integrals

Angular integral

(n) o) —
i (vi2, vi1, vao; €) = /kole(Vl kY (va - K)!

@ n is the number of non-zero masses

@ integral depends on scalar product vi» = v; - v, and
masses Vi1 = vi - V1, Voo = Vo - VW

@ analytic function in &, vanishing masses induce (collinear)
poles at ¢ =0
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No denominators
or, mas:

Analytic calculation of Van Neerven integrals

double mas
Two denominators, double massive: The sneaky way

No denominators

/(0)(6): kol/Q: . dﬁlsin1_2501 5 desin_2502
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No denominators

Analytic calculation of Van Neerven integrals

No denominato

/(0)(6): kol/Q: . dﬁlsin1_2501 5 desin_2502

Substitution: cos@; =1 — 2t;
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No denominators

Analytic calculation of Van Neerven integrals

single massive
Two denominators, double massi
Two denominators, double r The sneaky way

No denominators

/(0)(6):/kolk2 :/0 dﬁlsin1_2501/0 desin_2502

Substitution: cos@; =1 — 2t;

1

1 1
I(O)(E) = 21_48/ dtl tl_E(]. — t'l)_‘E / dtz t;i_g(]_ — t2)_%_87
0 0
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No denominators
minator,
nominator, massiv
minators,
minators, si
>minators, double mass
wo denominators, double ma The sneaky way

Analytic calculation of Van Neerven integrals

No denominators

/(0)(6):/kolk2 :/0 dﬁlsin1_2501/0 desin_2502

Substitution: cos@; =1 — 2t;
1 1 1, )
10 (e) = 21‘45/ dty t75(1 — ;)¢ / dtaty 2 (1—t)727¢,
0 0

1
Beta function: B(x,y) = % = / de 11—yt
0
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No denominators

One denominator,

0 .

Two de

Two de

Two denominators, double mass

Two denominators, double ma The sneaky way

Analytic calculation of Van Neerven integrals

No denominators

/(0)(6):/kolk2 :/0 dﬁlsin1_2501/0 d92sin_2592

Substitution: cosf; = 1 — 2t;
1 1 1, )
10 (e) = 21‘45/ dty t75(1 — ;)¢ / dtaty 2 (1—t)727¢,
0 0

1
Beta function: B(x,y) = % = / de 11—yt
0
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No denominators
One denomlnator massless

Analytic calculation of Van Neerven integrals

Two denominators,
Two denominators, double

One denominator, massless

Rotate s.t. v = (1,5d_3,0, 1), k=(1,...,sinf; cos by, cosb;):

1 2¢e ™
0) _ (9 . —2e
(e) = /kole( o / dé, 1 — 91)1 df>sin™*° 0,
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No denominators
One denominator, massless
minator,
minators,
minators, si
minators, double massi
Two denominators, double ma The sneaky way

One denominator, massless

Analytic calculation of Van Neerven integrals

Rotate s.t. v = (1,5d_3,0, 1), k=(1,...,sinf; cos by, cosb;):

1 2¢e ™
0) b1 - —2e
= [ dQ d6 de 0
(E) / kle( k)j / 1 — cos 91)_/ 2 Sin 2
Pochhammer symbol:
M(x+n)
(),,—7 (x+n—=1)----(x+1)-x

M(x)
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No denominators

One denominator, massless

One denominator,

Two denominatol

Two denominatol

Two denominators, double mass

Two denominators, double ma The sneaky way

One denominator, massless

Analytic calculation of Van Neerven integrals

Rotate s.t. v = (1,5d_3,0, 1), k=(1,...,sinf; cos by, cosb;):

1 2¢e ™
0) _ (9 . —2e
(e) = /kole( o / dé, 1 — 91)1 df>sin™*° 0,

Pochhammer symbol:
T H ") etn—1)ere (x41) - x

()n_T

Oy _ 2% (2—j—2)
l (5)_1—2521(1—1'—5),-
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One denominator, mas
One denominator, massive

Analytic calculation of Van Neerven integrals

Two denominators,
Two denominators, double

One denominator, massive

Now vy = (l,ﬁd_3,0,/3), hence vi1 = 1 — 32 #0:

s s 1-2¢ T
1) sin 91 . _2¢
/! - s B

17 (vi1,€) /0 d91(1 Feosti) Jy dfy sin~ =€ 6,
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nominator, massless
One denominator, massive

Analytic calculation of Van Neerven integrals

minators, si
minators, double massi
Two denominators, double ma The sneaky way

One denominator, massive

Now vy = (l,ﬁd_3,0,/3), hence vi1 = 1 — 32 #0:

s s 1-2¢ T
1) sin 91 . _2¢
/! - s B

17 (vi1,€) /0 d91(1 Feosti) Jy dfy sin~ =€ 6,

Gauss hypergeometric fct.:

c 1
JFi(a,b,c,7) = %/0 dt th=1(1 — ¢)e=b-1(1 _ z¢)=2
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No denominators

One denominator, massless

One denominator, massive

Two denominators, ss

Two minators,

Two denominators,

Two denominators, double massive: The sneaky way

Analytic calculation of Van Neerven integrals

One denominator, massive

Now vy = (l,ﬁd_3,0,/3), hence vi1 = 1 — 32 #0:

™ s 1-2¢ g
1) sin 91 . _2¢
l; = dty—— do 0
J (viz, ) /0 1(1—;’3c0591)f 0 25N 2

Gauss hypergeometric fct.:

c 1
JFi(a,b,c,7) = %/0 dt th=1(1 — ¢)e=b-1(1 _ z¢)=2

1(0) 20
/(1)(V11,5) = ( (ﬂ))»’ 2F1 < —8,2 —25,—1f[ﬁ>

Fabian Wunder, University of Tiibingen Angular Integrals in d dimensions



No denominators
One denominator, massless

. . . ne denominator, massive
Analytic calculation of Van Neerven integrals o ; !

Two denominator:

Two denom

Two denom

bian Wunder, University of Tiibingen Angular Integrals in d dimensions



No denominators

One denominator, massless

One denominator, massive

Two denominators,

Two denominator:

Two denominators,

Two denominators, double e: The sn

One denominator, massive

Analytic calculation of Van Neerven integrals

I.I(l) (Vlla 5) =

Quadratic trafo:

2F1(a, b,2b,x) = (1 — g) - 2F1

a a+1 +1 X
27 2 2’\2—x

Fabian Wunder, University of Tiibingen Angular Integrals in d dimensions



No denomir

One denomina

One denominator, mass
Two denominators, massless
Two denomin.

Analytic calculation of Van Neerven integrals

Two denominators, double massive
Two denominators, double massive: The sneaky way

One denominator, massive

(0)
/J(l)(V11,€) _ 1_7()2,:1 ( 1—e,2— 2, _£>

Quadratic trafo:
X\ —2 a a+1 1 X 2
2F1(a, b, 2b,x) = (1—§> 2F1 EaTab"i'Ev(m)

Alternative form:

Dy, .y — 0 Jj+13 .
7 (vinie) =1 (5)2F1<2, > 5 g,1—wvnn

Fabian Wunder, University of Tiibingen Angular Integrals in d dimensions



No denominators

One denominator, mas
One denominator, massive
Two denominators, r

Analytic calculation of Van Neerven integrals

double mas
Two denominators, double massive: The sneaky way

Interlude: Mellin-Barnes representation

* dx
— x

2 f(2)
0

@ Mellin-Trafo: F(z) =

Fabian Wunder, University of Tiibingen Angular Integrals in d dimensions



ominators
nominator, massless
One denominator, massive
Two denominators
Two denominators, single massive

Analytic calculation of Van Neerven integrals

Two denominators, double ma
Two denominators, double r The sneaky way

Interlude: Mellin-Barnes representation

@ Mellin-Trafo: F(z) :/ %xzf(z)
0 X
ico+c
@ Mellin inverse: f(x) :/ d—z,x_Z F(z)
icotc 2mi

Fabian Wunder, University of Tiibingen Angular Integrals in d dimensions



Analytic calculation of Van Neerven integrals

Two denominators, double massive: The sneaky way

Interlude: Mellin-Barnes representation

@ Mellin-Trafo: F(z) :/ %xzf(z)
0 X
ico+c
@ Mellin inverse: f(x) :/ d—z,x_Z F(z)
icotc 2mi

@ for Gauss hypergeometric function:

I(c)
(a)F(b)[(c — a)[(c — b)

2F1(a7 b, C7X) = r

y /m % M(a+2)(b+2)(c —a—b—2)(=2)(1 - x)?

—ioco

Fabian Wunder, University of Tiibingen Angular Integrals in d dimensions



Analytic calculation of Van Neerven integrals

No denominators

One denominator, ma:

One denominator, massive
wo denominator

ve

The sn

X XX X

Im(z)

r(fz)

Robert
Hjalmar Mellin
(1854-1933)

e

Fabian Wunder, University of Tiibingen

Mec—a—
XX X X X X X X X X

b—2z)

Angular Integrals in d dimensions

Ernest William
Barnes
(1874-1953)




No denominators

One denominator, massle

One denominat

Two denomina

Two denomina massive

Two denominators, double massive

Two denominators, double massive: The sneaky way

MB representation of one denominator integral

Analytic calculation of Van Neerven integrals

by 1O@E) (2—j—22),
/j( )(Vl'l,e) T T(-¢) 2r()
x /,-oo %F(j +22)1(1 - j —e =~ 2)l(~2) <%>

Note the simple dependence on vy, which is nice for further
integrations.

Fabian Wunder, University of Tiibingen Angular Integrals in d dimensions



No denominators

One d

One denomi

Two denominators, massless
Two denomi i

Analytic calculation of Van Neerven integrals

Two denominators, double massi

Two denominators, massless

’J'(,?)(Vlz? e) = [ dQx,

(vi k) (v2-k)

bian Wunder, University of Tiibingen Angular Integrals in d dimensions



One denominator, massi
Two denominators, massless
Two denominator:

Analytic calculation of Van Neerven integrals

denominators, double mass
Two denominators, double massi

Two denominators, massless

1 Trick: Feynman

(0) CA) — - -
/J/ (viz;e) = [ dQx, (vi-kY(va-k) «— parametrization

)

Fabian Wunder, University of Tiibingen Angular Integrals in d dimensions



Analytic calculation of Van Neerven integrals

/0 denominat

denominators, double massiv
Two denominators, double massive: The sneaky way

Two denominators, massless

o, N _ 1 Trick: Feynman
I (vizie) = /ko1k2(V kY (vy - k) — parametrization

1
:m/o dxle /dx2x2 15(1—x1 — x2)

1
a0 |
x / Kk (v + xova) - kYT

Fabian Wunder, University of Tiibingen Angular Integrals in d dimensions



minator. n

Analytic calculation of Van Neerven integrals

Two denomlnators massless

L) drnommqtors double ma The sneaky way

Two denominators, massless

o, N _ 1 Trick: Feynman
I (vizie) = /ko1k2(V kY (vy - k) — parametrization

m/o dxlxj /dx2x2 15(1—x1 — x2)

1
a0 |
x / Kk (v + xova) - kYT

Introduce new vector v = x3v1 + xovo with mass v2 = 2X1 X2 V2.

.. . . (1) ) .
Remaining angular integral is Ij+,(2x1x2v12,5) for which we can
use its MB representation.

Fabian Wunder, University of Tiibingen Angular Integrals in d dimensions



minator,
. - . minator, massiv
Analytic calculation of Van Neerven integrals :
Two denominators, massless
T minators, single m
T minators uble mass

Two denominators, double ma The sneaky way

Two denominators, massless

@ MB representation:
(0) i —92e),
©, . 19 2—j—1-2¢)jy
1) = F )

1 , 1
></ dx1x{_1/ dxa x5 H6(1 — x1 — x2)
0 0
X1X2V12)Z

oo dz ) .
></ %r(1+/+2z)r(1—1—/—g—z)r(—z)( :

—ioo

Angular Integrals in d dimensions

Fabian Wunder, University of Tiibingen



minator,
. - . minator, massiv
Analytic calculation of Van Neerven integrals :
Two denominators, massless
T minators, single m
T minators uble mass

Two denominators, double ma The sneaky way

Two denominators, massless

@ MB representation:
(0) i —92e),
©, . 19 2—j—1-2¢)jy
1) = F )

1 , 1
></ dx1x{_1/ dxa x5 H6(1 — x1 — x2)
0 0
X1X2V12)Z

oo dz ) .
></ %r(1+/+2z)r(1—1—/—g—z)r(—z)( :

—ioo

@ Feynman integrals factorize

Angular Integrals in d dimensions

Fabian Wunder, University of Tiibingen



ominators
minator,
minator, massiv

assless
e massi

uble mass

Analytic calculation of Van Neerven integrals :
Two denominators, m
T >minators, si

>minators,

Two denominators, double ma The sneaky way

Two denominators, massless

@ MB representation:
1O0() (2—j—1-2)

(0) A —
L 29 = g

1 , 1
></ dx1x{_1/ dxa x5 H6(1 — x1 — x2)
0 0
X1X2V12)Z

x/m d—z_r(j+l+2z)r(1—j—l—a—z)r(—z)( :

—ioo

@ Feynman integrals factorize

@ Remaining MB representation is a 2 F;

Angular Integrals in d dimensions

Fabian Wunder, University of Tiibingen




No denominators

One denominator, massless
One denominator, massive
Two denominators, massless

Analytic calculation of Van Neerven integrals

Two d~nom|n ators,

Two dE‘V‘IOlﬂIV‘HtOVS double massive: The sneaky way

Two denominators, massless

IJ'(,(IJ)(Vl €)= _]—‘,-I( )Hzﬁ ( i1 1—e,1— E)

First calculated by Willy van
Neerven (1947-2007) in 1984.

photograph courtesy DESY

Fabian Wunder, University of Tiibingen Angular Integrals in d dimensions



No denominators

Analytic calculation of Van Neerven integrals

Two denominators, massless

Two denominators, single massive
Two denominators, double mas:
Two denominators, double massi

Two denominators, single massive

1

W? vi1 #0, va2 =0

Ij(})(vlb vit;e) = [ dQuqk

bian Wunder, University of Tiibingen Angular Integrals in d dimensions



Analytic calculation of Van Neerven integrals

Two denomina
Two denominators,

Two denominators, double massive
Two denominators, double massive: The sneaky way

Two denominators, single massive

1
Iﬁ)(vm, viii€) = /kolkz( vi1 # 0, va2o =0

Vi - k)j(V2 . k)l ’

Feynman parametrization and MB representaion again, now with

v2 = 12V11 + 2x1X0V12.

Fabian Wunder, University of Tiibingen Angular Integrals in d dimensions



No denominators
nominator, mas:

. . . nominator, massiv.
Analytic calculation of Van Neerven integrals

nominators, ma
Two denominators, single massive

Two denominators, double ma
Two denominators, double massive: The sneaky way

Two denominators, single massive

(1) : 1 _
I Q : +
il (vi2, v1;€) /d kike (vi- k)i (vo- k) vi1 70, vp =0

Feynman parametrization and MB representaion again, now with

v2 = 12V11 + 2x1X0V12.

10(e) (2—j—1-2)j4
1—¢) 2Tl

1 [t i 4y
X / dxy x]~ / dxo g t5(1 — xt —x2)/ —
0 0 —ioo 2TI

2 z
xTG+I1+22)F(1—j—1—¢e— Z)r(_2)<X1:H n Xlx;vm) .

/j(j)(vu, vi1;€) =

Fabian Wunder, University of Tiibingen Angular Integrals in d dimensions



nominator, ma
nominator, ma
Two denominators, massl

Analytic calculation of Van Neerven integrals

S
Two denominators, single massive

Two denominators, double ma

Two denominators, double r The sneaky way

Interlude: Binomi-Mellin-Newton integral

Question: How to “multiply out” (a + b)* as a sum of
products a'b’ like we can do for z; € N?

Fabian Wunder, University of Tiibingen

Angular Integrals in d dimensions



No denominators

One denominator, massless

One denominator, m

Two denominators, massless

Two denominators, single massive

Analytic calculation of Van Neerven integrals

Two denominators, double massive
Two denominators, double massive: The sneaky way

Interlude: Binomi-Mellin-Newton integral

Question: How to “multiply out” (a + b)* as a sum of
products a'b’ like we can do for z; € N?
Answer: Use MB-representation:

1 i 4z
(a+ b)* = =2 / 2—7:, a2 (=) (—z1 + 22)

ioo

Fabian Wunder, University of Tiibingen Angular Integrals in d dimensions



Analytic calculation of Van Neerven integrals

Two denominators, single massive

Two denominators, double m e
Two denominators, double massive: The sneaky way

Interlude: Binomi-Mellin-Newton integral

Question: How to “multiply out” (a + b)* as a sum of
products a'b’ like we can do for z; € N?
Answer: Use MB-representation:

1 i 4z
(a+ b)* = =2 / 2—7:, a2 (=) (—z1 + 22)

ioo

Remark: Collecting the residues one recovers for |a|] > |b|

Newton's Binomial theorem (a+ b)* = Z (,27) a> "b".

n=0

Fabian Wunder, University of Tiibingen Angular Integrals in d dimensions



No denominators

Analytic calculation of Van Neerven integrals

Two denominators, massless

Two denominators, single massive
Two denominators, double mas:
Two denominators, double massi

Two denominators, single massive

2
X111 X1X2V12

> using BMN integral

@ Factorize

bian Wunder, University of Tiibingen Angular Integrals in d dimensions



nominator, ma
nominator, ma
Two denominators, massl

Analytic calculation of Van Neerven integrals

S
Two denominators, single massive

Two denominators, double ma
Two denominators, double r

Two denominators, single massive

The sneaky way

2 z
. X{Vil | X1XoVio . .
o Factorize | 2 > using BMN integral

@ Evaluate factorized Feynman integral

Fabian Wunder, University of Tiibingen

Angular Integrals in d dimensions



minator,
nominator, massiv

Analytic calculation of Van Neerven integrals

minators, less
Two denominators, single massive
Two denominators, double ma
Two denominators, double ma The sneaky way

Two denominators, single massive

2

X{Vil | X1XoVio
2

@ Evaluate factorized Feynman integral

@ Factorize using BMN integral

@ Play around with double MB-integral

Fabian Wunder, University of Tiibingen Angular Integrals in d dimensions



No denominators
nominator, mas:

. . . nominator, massiv.
Analytic calculation of Van Neerven integrals

nominators, ma
Two denominators, single massive

Two denominators, double ma
Two denominators, double massive: The sneaky way

Two denominators, single massive

2

X{Vil | X1XoVio
2

@ Evaluate factorized Feynman integral

@ Factorize

using BMN integral

@ Play around with double MB-integral
@ Obtain a one-dimensional real integral representation

Fabian Wunder, University of Tiibingen Angular Integrals in d dimensions



ominators
minator,
nominator, massiv

Analytic calculation of Van Neerven integrals

>minators, less
Two denominators, single massive
Two denominators, double ma
Two denominators, double ma The sneaky way

Two denominators, single massive

1O) (2 — 1 - 22)y.,
21\/{2 (1—/—5),F(j)

1
e A e (B s
0

/ﬁ)(vu, Vi1;€) =

with 74 =1 — (]. +v1-— V11)/V12.

Fabian Wunder, University of Tiibingen Angular Integrals in d dimensions



No denominators
nominator, mas:

. - . nominator, m
Analytic calculation of Van Neerven integrals

nominators, ma
Two denominators, single massive

Two denominators, double ma
Two denominators, double massive: The sneaky way

Two denominators, single massive

1O) (2 — 1 - 22)y.,
21\/{2 (1—/—5),F(j)

1
e A e (B s
0

/ﬁ)(vu, Vi1;€) =

with 74 =1 — (]. +v1-— V11)/V12.
Appell function: Fi(a,b,c,d,x,y) =

1 1 a—1 —a—1 - —c
m/o det? Y1 = £)972 (1 — xt) (1 — yt)

Fabian Wunder, University of Tiibingen Angular Integrals in d dimensions



No denominators

One denominator, mas

One denomin

Two denominators,

Two denominators, single massive
Two denominators, double m
Two denominators, double ma

Two denominators, single massive

Analytic calculation of Van Neerven integrals

1) 119(e)
L (viz,vie) = A=—F(j,1 = —e,1 = —&,2 = | = 2¢,74,7_)

12

with 7 =1 — (1 + 1 — V11)/V12.

First calculated by Gabor Somogyi (2011).

Fabian Wunder, University of Tiibingen Angular Integrals in d dimensions



No denominators

Analytic calculation of Van Neerven integrals

Two denomlnators double massive
Two denominators, double massive: The sne

Two denominators, double massive

1
li(viz, vit, vazie) = [ dQp, (v kY (va - K)

bian Wunder, University of Tiibingen Angular Integrals in d dimensions



Analytic calculation of Van Neerven integrals

Two denominators, double massive: The sneaky way

Two denominators, double massive

1

l1(vi2, vit, vazi €) = /kolkz (v kY (va - K)

After Feynman parametrzation:
' o1 7 1

lii(vi2, i1, vo2; €) = B(,/',/)/ dxy x{ / dx2 x5 10(1 — x —Xz)/j(ﬁ(Wu:s)
0 0

with mass wip = (x1v1 + xo v2)2 = x12 Vi1 + 2xixovio + x22 Vo).

Fabian Wunder, University of Tiibingen Angular Integrals in d dimensions



minator,
nominator, massiv

Analytic calculation of Van Neerven integrals

minators, es!
minators, si nassive
Two denominators, double massive
Two denominators, double massive: The sneaky way

Two denominators, double massive

1

l1(vi2, vit, vazi €) = /kolkz (v kY (va - K)

After Feynman parametrzation:
' o1 7 1

lii(vi2, i1, vo2; €) = B(,/',/)/ dxy x{ / dx2 x5 10(1 — x —Xz)/j(ﬁ(Wu:s)
0 0

with mass wip = (x1v1 + xo v2)2 = x12 Vi1 + 2xixovio + x22 Vo).

Idea: Write as wip = vip — x7(vio — vi1) — x5 (viz — vao).

Fabian Wunder, University of Tiibingen Angular Integrals in d dimensions



Analytic calculation of Van Neerven integrals

Two denomin.
Two denominators, double massive
Two denominators, double massive: The sn

Two denominators, double massive

@ Use BNM integral to “multiply out”
(—(1 = vi2) = P (vi2 — vi1) — %5 (vi2 — vi0))*

Fabian Wunder, University of Tiibingen Angular Integrals in d dimensions



minator,
nominator, massiv
minators,
minators, si nassive
Two denominators, double massive
Two denominators, double massive: The sneaky way

Two denominators, double massive

Analytic calculation of Van Neerven integrals

@ Use BNM integral to “multiply out”
(—(1 = vi2) = P (vi2 — vi1) — %5 (vi2 — vi0))*

@ Find triple MB integral representation for /( 1(wr2)

Fabian Wunder, University of Tiibingen Angular Integrals in d dimensions



No denominators

nominator, massiv.

Analytic calculation of Van Neerven integrals

minators, massless
minators, massive
Two denominators, double massive
Two denominators, double massive: The sneaky way

Two denominators, double massive

@ Use BNM integral to “multiply out”
(—(1 = vi2) =3¢ (viz — vi1) — x3(va2 — v2))?
@ Find triple MB integral representation for /( 1(wr2)

@ Evaluate factorized Feynman integrals

Fabian Wunder, University of Tiibingen Angular Integrals in d dimensions



No denominators

nominator, massiv.

Analytic calculation of Van Neerven integrals

minators, massless
minators, massive
Two denominators, double massive
Two denominators, double massive: The sneaky way

Two denominators, double massive

@ Use BNM integral to “multiply out”

(—(1 = vi2) = xf(vi2 — vi1) — %3 (vi2 — v22))*
@ Find triple MB integral representation for /( 1(wr2)
@ Evaluate factorized Feynman integrals

@ Play around with remaining MB integrals and identify a
3-variable hypergeometric function

Fabian Wunder, University of Tiibingen Angular Integrals in d dimensions



No denominators

One denominator, massless

One denominator, ma e

Two denominators, massless

Two denominators, single massive

Two denominators, double massive

Two denominators, double massive: The sneaky way

Two denominators, double massive

Analytic calculation of Van Neerven integrals

li1(vig, vt vagi€) = 1O (e) vy '7¢
c@ (i1 3=i=1 _j+li+11-j-1 3 _
B 2721 2 ) 2 ) 2 ) 2 72 y X1y X245 X3
Witth:1—E,X2:1—2,X3:1—V12.

Vi2 Vi2

Lauricella function:
3
F,(g ) (a1, a2, a3, by, by, bz, ¢; x1, X2, x3)

_ i (a1)m (32), (33), (b1) y (B2),, (B3), X" x§ x§

m! n! p!

m,n,p=0 (C)m+n+p

Fabian Wunder, University of Tiibingen Angular Integrals in d dimensions



No denominators

Analytic calculation of Van Neerven integrals

Two denomlnators double massive
Two denominators, double massive: The sne

Interlude: Hypergeometric functions

o b m
@ Gauss function: 2Fy(a1, b1, c;x1) = Z M %

bian Wunder, University of Tiibingen Angular Integrals in d dimensions



Analytic calculation of Van Neerven integrals

Two denominators, double massive: The sneaky way

Interlude: Hypergeometric functions

o b m
@ Gauss function: 2Fy(a1, b1, c;x1) = Z % %

m=0

@ Appell function:

o
Fl(alabla b2aC;X1>X2) = Z

m,n=0

(al)m+n (bl)m (bz)n EX_Zn

() mtn m! n!

Fabian Wunder, University of Tiibingen Angular Integrals in d dimensions



Analytic calculation of Van Neerven integrals

Two denominators, double massive: The sneaky way

Interlude: Hypergeometric functions

o b m
@ Gauss function: 2Fy(a1, b1, c;x1) = Z % %

m=0

@ Appell function:

o
Fl(alabla b2aC;X1>X2) = Z

m,n=0

(al)m+n (bl)m (bz)n EX_Zn

() mtn m! n!

@ Lauricella function:

3
F,(g ) (a1, a2, a3, by, by, b3, ¢; x1, X2, X3)

_ i (a1),, (32),, (a3),, (b1),, (B2),, (B3), X" x5 x§

m,n,p=0 (C)m+n+p m! n! pl

Fabian Wunder, University of Tiibingen Angular Integrals in d dimensions



No denominators

One denominator,

One denominator,

Two denominator:

Two denominator:

Two denominators,

Two denominators, double massive: The sneaky way

Two denominators, double massive: The sneaky

Analytic calculation of Van Neerven integrals

way

Idea: Use partial fractioning to reduce double massive to
single massive integral!

Fabian Wunder, University of Tiibingen Angular Integrals in d dimensions



Analytic calculation of Van Neerven integrals

Two denomlnators double massive: The sneaky way

Two denominators, double massive: The sneaky

way

Idea: Use partial fractioning to reduce double massive to
single massive integral!

Remember: Three vectors on a line in the x° = 1 plane are
always linearly dependent and thus admit partial fractioning.

Fabian Wunder, University of Tiibingen Angular Integrals in d dimensions



Analytic calculation of Van Neerven integrals

Two denominators, e
Two denominators, double massive: The sneaky way

Two-point splitting

X

(1=A)vi+Avy

_)1, Vg) = )\Ak (\71, \73) + (]. — )\) Ak (\72, \73) s where
V3:(].—>\)\_/'1+>\\72.

Fabian Wunder, University of Tiibingen Angular Integrals in d dimensions



Analytic calculation of Van Neerven integrals

Two denominators, double massive: The sneaky way

Two-mass splitting

y

&)
V1
V2
V3
X
\ (1—A)vi+Avy

2 /2
o Viz — Vo2 (/i —Viivee | vi2 — Vin F o/ Vi, — viivez

Vy = vi+
3
2Vi2— Vi1 — Voo

2vip — Vi1 — V22

Fabian Wunder, University of Tiibingen Angular Integrals in d dimensions



No denominators

nominator, massiv.

Analytic calculation of Van Neerven integrals .
minators, massless

(0]
(0]
T
T
T
T

wo denomlnators double massive: The sneaky way

Two-mass splitting

Using this idea we can split the product of two massive vectors
V1 and V» into single-massive products.

_|_

n=

j-1
| > - /—1"—” n j—n n (=
Afkm)A’k(vg):Z( TP A AL ) A (7)

[ 1+n n [ —n (- j+n [ —
( )Ai(l—wA’k (%) AL ()
0

Fabian Wunder, University of Tiibingen Angular Integrals in d dimensions



No denominators
One denominator, massless
Analytic calculation of Van Neerven integrals Oz denoml.nator, e ©
Two denominators, massless
Two denominators, single massive
Two denominators, double massi
Two denominators, double massive: The sneaky way

Two denominators, double massive: The sneaky
way

j—1
D, /-1 +n n,(1
Ij(7/)(V12, Vi1, V22; €) IZ < I_1 )‘Ii(l —Ax) Ij(—)n,l+n(vli3’ vi1; €)
n=0
— (i—1+n
_ ) s il
< 1 ))\i(l - )‘i)JII(—)Iv,j+n(V2:|Z:’>7 V22, €),
n=0
_ + . /v2 —
where Ay — V12 2\‘//11 Y Vi - V11 V22 , v1i3 _ (1 . /\:t)Vll T Apvio,
12 — Vi1 — V22
szg =(1—Ap)via + Apvan.

Fabian Wunder, University of Tiibingen Angular Integrals in d dimensions



Partial differential equations
mensional shift identities

Properties of angular integrals

cursion relations

Properties of angular integrals

Fabian Wunder, University of Tiibingen Angular Integrals in d dimensions



Partial differential equations
nal shift identities

Properties of angular integrals .
P & € on relations

Properties of angular integrals

There are many non-trivial relations within the family of
angular integrals, including:

Fabian Wunder, University of Tiibingen Angular Integrals in d dimensions



Partial differential equations
nal shift identities

Properties of angular integrals .
P & € on relations

Properties of angular integrals

There are many non-trivial relations within the family of
angular integrals, including:

(a) Partial differential equations

Fabian Wunder, University of Tiibingen Angular Integrals in d dimensions



Partial differential equations
nal shift identities

Properties of angular integrals .
P & € on relations

Properties of angular integrals

There are many non-trivial relations within the family of
angular integrals, including:

(a) Partial differential equations
(b) Dimensional shift identities

Fabian Wunder, University of Tiibingen Angular Integrals in d dimensions
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Properties of angular integrals

There are many non-trivial relations within the family of
angular integrals, including:

(a) Partial differential equations
(b) Dimensional shift identities
(c) Recursion relations
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Partial differential equations

1
Introducing “light-cone coordinates” vy = §(v11 + vap):

0? 0? 0?
5~ 55 5.5 ) it=0
ovi Ov:  0v,
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Partial differential equations

1
Introducing “light-cone coordinates” vy = §(v11 + vap):

0? 0? 0?
<8VJ2r v avfz)

@ two dimensional homogenous wave equation with “time”
v, and “speed of light" ¢ =1

li=0
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Partial differential equations

1
Introducing “light-cone coordinates” vy = §(v11 + vap):

0? 0? 0?
<8VJ2r v avfz)

@ two dimensional homogenous wave equation with “time”
v, and “speed of light" ¢ =1

li=0

@ ‘light-cone” at vanishing Gram determinant
2
0= Vi1Voo — Vqo.
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Partial differential equations

. . . " 1
Introducing “light-cone coordinates” vy = =(vi1 & va):

li=0

0? 0? 0?
<8VJ2F_6VE_8 2)

Vio

@ two dimensional homogenous wave equation with “time”
v, and “speed of light" ¢ =1

@ ‘light-cone” at vanishing Gram determinant
2
0= Vi1Voo — Vqo.

@ independent of ¢, i.e. satisfied by all orders of e-expansion

Fabian Wunder, University of Tiibingen
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Dimensional shift identities
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Dimensional shift identities

Recall integration measure: df; sin'™2 616, sin™ 65.
Additional factors of sin? 6 sin? #, corresponding to a
dimensional shift € — ¢ — 1 can be expressed in terms of
propagators.
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Dimensional shift identities

Recall integration measure: df; sin'™2 616, sin™ 65.
Additional factors of sin? 6 sin? #, corresponding to a
dimensional shift € — ¢ — 1 can be expressed in terms of
propagators.

(e —1)= /kolkz sin? 0y sin 0, A (1) A ()
1
= Az (v = )lia(e) = (1= vi)ha(e) = (1= va)2.(2)

+2(vi2 — vi1)lj—1(e) + 2(viz2 — va2)li—1,(e) + 2(1 — V12)/j—1,l—1(5)}
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Dimensional shift identities

There is also a second dimensional shift identity with
e—e+ 1L
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Dimensional shift identities

There is also a second dimensional shift identity with
e—e+ 1L

=142, j /

l; =t —_-—"= S—— ——
(e + 1) = TS0 — T h(e) - T hien(®)
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Recursion relations

@ relating integrals with different j and /
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Recursion relations

@ relating integrals with different j and /

@ derived by integrating by parts w.r.t. ¢; and 6, and
expressing everything in terms of propagators again
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Recursion relations

@ relating integrals with different j and /

@ derived by integrating by parts w.r.t. ¢; and 6, and
expressing everything in terms of propagators again

@ reduction to only 3 master integrals lpo, ho and I ;
possible
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Recursion relations

@ relating integrals with different j and /

@ derived by integrating by parts w.r.t. ¢; and 6, and
expressing everything in terms of propagators again

@ reduction to only 3 master integrals lpo, ho and I ;
possible

@ highly useful for e-expansion
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Recursion relations

Using integration-by-parts w.r.t. 6; and 6, we obtain the
relations (ii) and (iii) in addition to (i) derived from
differentiation w.r.t. vy:

():0=0-NQ—vi2) iy —j(1—var) a1+ 1(1 = va2) fi—1,141
+j (viz — va1) lig1,0 — 1 (viz — v22) lj 141
(i) 0= (41— 14 26) by — (24 + 1+ 26) hony - vin G+ 1) ooy
— w1+ 1 vaz li1 41
(ii): 0= +1—1+2¢) I — (21 + j + 2¢) 41 + va2 (I+1) lj 142

—J i1+ vie a4
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Properties of angular integrals

Recursion relations

(1) Solve the recursion
relations in 5
different regions on
J-1 grid
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Properties of angular integrals

Recursion relations

(1) Solve the recursion
relations in 5
different regions on
J-1 grid

(2) Reduce everything to
master integrals oo,
ho, o1, h1
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All order e-expansion

Due to recursion relations e-expansion is only necessary for
non-trivial master integrals:
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Due to recursion relations e-expansion is only necessary for
non-trivial master integrals:

(1) Massive integral with one denominator /1(1)(v11; £)
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All order e-expansion

Due to recursion relations e-expansion is only necessary for
non-trivial master integrals:

(1) Massive integral with one denominator /1(1)(v11; £)

(2) Massless integral with two denominators ll(fjl)(vlz; €)
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All order e-expansion

All order e-expansion

Due to recursion relations e-expansion is only necessary for
non-trivial master integrals:

(1) Massive integral with one denominator /1(1)(v11; £)
(2) Massless integral with two denominators ll(fjl)(vlz; €)
(3) Single massive integral with two denominators

/1(,11) (vi2, vi1; €)
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All order e-expansion

All order e-expansion

Due to recursion relations e-expansion is only necessary for
non-trivial master integrals:

(1) Massive integral with one denominator /1(1)(v11; £)

(2) Massless integral with two denominators ll(fjl)(vlz; €)

(3) Single massive integral with two denominators
/1(,11)(V12, Vi1, 6)

(4) Double massive integral with two denominators
/1(,21)(V12, vi1, vao; €) (follows directly from (3))

Fabian Wunder, University of Tiibingen Angular Integrals in d dimensions



All order e-expansion

Massive integral with one denominator

All-order e-expansion of

27 1
1—281—\/1—V112

/1(1)(V11;6) =

14+ 1=
F (1,1—5,2—25,1—¥>

1—\/1—V11
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All order e-expansion

Massive integral with one denominator

All-order e-expansion of

2 1 1+ /1=
1D (i) = —= F(11—c2-21-1FVizw
1—281—\/1—V11 1—\/1—V11

involves Nielsen polylogarithms:

&
(n—1)!p!

Sn.p(X)

1
dt
/ - log" ! tlogP(1 — xt)
0

Fabian Wunder, University of Tiibingen Angular Integrals in d dimensions



All order e-expansion

Massive integral with one denominator

Start with integral representation

oF1(1,1 —¢,2—-2e,x) = (1 — x)"%2F1(1 —&,1 — 26,2 — 2¢,x)
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All order e-expansion

Massive integral with one denominator

Start with integral representation
oF1(1,1 —¢,2—-2e,x) = (1 — x)"%2F1(1 —&,1 — 26,2 — 2¢,x)

— (1 x) (1 20) /01 det725(1 — xt) "1+
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All order e-expansion

Massive integral with one denominator

Start with integral representation
oF1(1,1 —¢,2—-2e,x) = (1 — x)"%2F1(1 —&,1 — 26,2 — 2¢,x)

— (1 x) (1 20) /01 det725(1 — xt) "1+

After partial integration:

1
/ dtt72(1 — xt)71Fe =
0
_ 15 1
_ (1 X) _/ ﬂ t—25(1 —Xt)a
0

X& t
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All order e-expansion

Massive integral with one denominator

Start with integral representation
oF1(1,1 —¢,2—-2e,x) = (1 — x)"%2F1(1 —&,1 — 26,2 — 2¢,x)

— (1 x) (1 20) /01 det725(1 — xt) "1+

Add and subtract 1 in the integral:

1
/ dtt™2(1 — xt) "1 =
0

R AT (CERDEY
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All order e-expansion

Massive integral with one denominator

Start with integral representation
oF1(1,1 —¢,2—-2e,x) = (1 — x)"%2F1(1 —&,1 — 26,2 — 2¢,x)

— (1 x) (1 20) /01 det725(1 — xt) "1+

Split off singularity at t = 0:
1
/ dtt72(1 — xt)717e =
0

AT 1 2 -1
O 2 Pt e ) 2
X€ X Jo t X Jo t
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All order e-expansion

Massive integral with one denominator

Start with integral representation
oF1(1,1—¢,2—-2e,x) = (1 — x) " “2F1(1 —&,1 — 26,2 — 2¢,x)

=(1-x)"5(1—2¢) /01 it t_25(1 . xt)_1+5.

Expand in €:

1 -1
1—x)F 2 1t
/ dtt72(1 — xt) 71 = Gl —/ 2
0 0

XE X t

2 o= (—26)" = e™ [tdt
- = E (=2)" g R log" tlog™ (1 — xt)
X n! m! Jo t
n=0 m=1
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All order e-expansion

Massive integral with one denominator

Start with integral representation

oF1(1,1—¢,2—-2e,x) = (1 — x) " “2F1(1 —&,1 — 26,2 — 2¢,x)
1
—(1—x) (1 25)/ dt (1 — xt) 1
0

Identify integrals as Nielsen polylogarithms:

1
1-x) 1
/ dt t—25(1 _ Xt)—1+e — _( X) +
0 Xe Xe

S e ()

n=0 m=1

Angular Integrals in d dimensions
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All order e-expansion

Massive integral with one denominator

1D (vy;e) =

™

XZZQN m

N=0 m=0

V31—

1++v1—wvp -
1—\/1—V11

1++1-—
m+15N — (1 A Vi1

1—\/1—V11

)
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All order e-expansion

Massive integral with one denominator

(1) ) . s 1++v1—wvp -
h7 (v €) =

\/1—V11 1—\/1—V11
Xzzsz ™Sy it (1 1+vV1i-wvu
N=0 m=0 1-v1-wn

Up to order ¢:

1 (i e) =

T <1+\/1——v11>6 [Iog(1+m>

+ log? (H\/*/l_:m)—z Lip (1—1J_’\/:>+O( )}
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All order e-expansion

Massless integral with two denominators

Start again with hypergeometric representation

1 (viz, vizie) = —ngl (1, 1,1-¢,1- %) .

For all-order e-expansion use again integral representation and
Nielsen polylogarithms.
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All order e-expansion

Massless integral with two denominators

=il=¢
Il(f)l)(vlg,s) =TT (%)

oo N
—% +Y D (-1)"Sn-mtim (1 - %) EN]

N=1 m=1

Up to order ¢:

Q029 =7 ()7 [ et (1- %2) v o)
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All order e-expansion

Single-massive integral with two denominators

Start with hypergeometric representation

g

1 & Vi1

I]F71)(V]_2, V]_]_;E) = —% <V—2> F]_ (_26, —&,—¢&, ]. — 2€,w+,w_) s
12

T+ V12

SR S P (VI
1—74 1++v1— v

W+
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All order e-expansion

Single-massive integral with two denominators

Start with hypergeometric representation

g

1 & Vi1

I]F71)(V]_2, V]_]_;E) = —% <V—2> F]_ (_26, —&,—¢&, ]. — 2€,w+,w_) s
12

T+ V12

=—x -1 — 2
1—7} li\/l—vll
Appell function has integral representation
1
Fi(—2e,—¢,—¢,1-2¢,x,y) = —25/ dt t71725(1 — xt)*(1 — yt)°
0

Admits same strategy for c-expansion as previously.

W+
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All order e-expansion

Single-massive integral with two denominators

We arrive at

n
—~
SN
1
—
|
N
(L)
(]2
[~
~—~
|
N
N—r
3
™
3
+
3
S—
>
~| &
<}
[05]
3
-
o
[05]
3
—~~
—~~
i
I
x
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N—r
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—
|
<
>
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Fabian Wunder, University of Tiibingen Angular Integrals in d dimensions



All order e-expansion

Single-massive integral with two denominators

We arrive at

Fl(...):l—zgzz(__2 /—Iog tlog™ (1 — xt)(1 — yt)) .

Introduce Double Nielsen Polylogarithms

l1+p1+p2 1 o1
S”aplaPZ(X7y)E nfl )ipr! p2|/ —|Og tlogP (1 — xt) log™(1 — yt)
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All order e-expansion

Single-massive integral with two denominators

€
I(l) Vio, Vi1,€) = l(ﬂ)
i ( ) viz \v3,
[__4—2 Z( 1)m2N m+125[\/ m+1,m— kk(7—+77—)€ ]
N=1 m=1

Up to order ¢
1 . V12
1 (w2, v e :1(E> [___25@ (1_7>
(2 vne) = 7ol o )| =3 STV vy
. V12 2
Lipg(1— ———— @
i 12( 1—\/1—V11>>+ (€ )]
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All order e-expansion

Double-massive integral with two denominators

We use two-mass splitting

1
/1(?1)(V12> Vi1, V22, 5) = ﬁ [V13/1(711)(V13, Vi1, 6) - V23/1(,11)(V23, V22, 5)]

with

X =vh — vi1vmo

Vi1 <V22 + \/7) — V12 <V12 + \/7)
vi1 + va2 — 2vi2

V22 <V11 - \/7) — V12 <V12 - \/7>

vi1 + voo — 2vip

Vi3 =

)

V23 =
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All order e-expansion

Double-massive integral with two denominators

2 T
/1(,1)(‘/12’ Vi1, Va2;€) = ﬁ [Iog (
1 vit 1 v
- - IO 2722 lo) _c“
E(2 &2 2% 2
. Vi3
oLip(1- — 2 )4
B < - m)
. Vo3
—2L 1 - — 422
12( 1—Vi-w
+(’)(52)

V12+\/Y
vig — VX

2Lip <1

)

14+ VI vy

>—2Li2<1_

V13

)
)

V23

1++V1— vy

Fabian Wunder, University of Tiibingen
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™ db, .
Q(Bi, B;,7i5) =P; —
( i 7ii) d A sin2¢~1 0, /n

[( 1 . (D12)

1 — Bicosb,)(1 — Bjcos b, cos xij — B;sin b, cos ¢ sin xij)

where cos x;j = 27;; — 1, sinx;; = /1 — cos? x;; and P;; = (1 — BiBj(2mi; — 1)) /2m.
Before matching 3, 8; and 7;; to the cases we have, consider Q(8;, 3;, 7). For §; # 1
and f3; # 1, the result to O(e) is not known in the literature. This is needed for isolating
the collinear logs, since they arise from the O(e) part of the angular integrals multiplied
by the 1/e from the ryg.
However, through [52], we were able to get an expression for (f;, 8j, ;). The result

w P, v;; + C; 1-G; R;; + S,
Qi=—2¢{In u)Jrs 7111( ”)lu (#)‘F
7 2('11{ ("u’('u 1+Cjy Rij — Sij

4
7 14+ 2(8az + 8as)] [1— 2 (03 + 80)] G, 2 1) ] } : (D.13)

ab=1

The functions G(a, b, 1) are generalised polylogarithms of weight 2, and for our parameters
a and b the following representation holds

" . (b—-1 . b 1 l1-a
G(a,b,1) =Liy (b—u) — Lis (b— ") +1In (1 - 5) In (b—n) 5
1., 1
G(a,a,1) = = In? (1 - -) y (D.14)
2 a

G.Isidori,
S.Nabeebaccus and
R.Zwicky, QED
corrections in
B — K¢T0~ at the
double-differential level,
JHEP 12 (2020)
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Outlook

Outlook

@ Mathematics: Understanding of multivariable
hypergeometric functions, integral representations and
generalized logarithms
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Outlook

Outlook

@ Mathematics: Understanding of multivariable
hypergeometric functions, integral representations and
generalized logarithms

@ Physics: Where can we bring the results to good use?
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Outlook

Outlook

@ Mathematics: Understanding of multivariable
hypergeometric functions, integral representations and
generalized logarithms

@ Physics: Where can we bring the results to good use?

@ Generalization: Three denominator angular integral and
beyond
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Outlook

[ Thank You for Your Attention! ]
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Backup-Slides
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Outlook

Partial differential equations

lii(vi2, vi1, vao;€) = /koleAJ;'((Vl)AL(W) .
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Outlook

Partial differential equations

lii(vi2, vi1, vao;€) = /koleAJ;'((Vl)AL(W) .

It is convenient to choose coordinates such that

1 1
A \7 g = = s
k(@) 1—¥-k 1—pB1costh
_ 1 1
Ak(Vz)_

1 \72'E 1 — o cos 1 cos B1 — B2 sind sin By cos B
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Outlook

Partial differential equations

lii(vi2, vi1, vao;€) = /koleAJ;'((Vl)AL(W) .

It is convenient to choose coordinates such that

1 1
A \7 g = = s
k(@) 1—¥-k 1—pB1costh
_ 1 1
Ak(Vz)_

1 \72'E 1 — o cos 1 cos B1 — B2 sind sin By cos B

Take derivatives of A (Vi) and Ag (V1) w.r.t. to 51, S2 and ¥ and
express the result in terms of propagators.
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Outlook

Partial differential equations

We obtain e.g.:

8 . -
8,8 /kolkZ 8,8 k(vl)AL(‘Q)

5'1 /kole( — A (W) AL (v) Ak () A2 (v)

= é (/j+1,/ - /j,/) :
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Outlook

Partial differential equations

We obtain e.g.:
8 i o\ Al (=
8,8 kolkZ 8,8 k(vl)Ak(V2)

5'1 /kole( — A (W) AL (v) Ak () A2 (v)
= é (/j+1,/ - /j,/) :

0 0
Analogous for 9%, and 99 Translate to coordinate independent

. 0 1 0 cotd O
variables vi2, vi1, V22, €.8. v = _2—513—51 — 2—,828_19
1
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Outlook

Partial differential equations

Set of resulting equations, A1y = (1 — vi1)(1 — va2) — (1 — v12)2:

8%12/1,/ = ALH [(V22 —vi2)ljp1 — (1= va2)li + (1 — va2) ]
= AL [(Vn —vio)lip1— (1 —vi2) i+ (1 — via) ] ;
12
i/. __J _ /. 1— l—(1—
Dvis i1 = 271y [(sz vio)liv1 + ( voo)lip — ( v12) ] )
o, I | |
v~ 22, [(Vn = vi2)ljp1 + (L= va) i — (1= vi2) ] :
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Outlook

Partial differential equations

Combine to system of 1st order PDEs:

0 0
2 =y = =1
8V11 lj,1+1 J 8V12 j+1,1

0 0
2j —1; =/—1 .
-J v j+1,1 Avio lj 11
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Outlook

Partial differential equations

Combine to system of 1st order PDEs:

0 .0
2] v lii+1=J v liv1s
.0
2j 8722Ij+1,/ = /8712/1',/+1 .

Corresponding 2nd order PDE:

< 82 82

vz, 8v118v22> bz, v, vazi€) =0
12
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Outlook

Interlude: Binomi-Mellin-Newton integral

Question: How to “multiply out” (a + b)* as a sum of
products a'b’ like we can do for z; € N7
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Outlook

Interlude: Binomi-Mellin-Newton integral

Question: How to “multiply out” (a + b)* as a sum of
products a'b’ like we can do for z; € N7
Answer: Use MB-representation:

1 i q
(a+0)% = z)/ S a1 b (~2)l (~21 + 2)
— 41 —ioco

Compare: Cahen-Mellin integral
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Outlook

Double Nielsen Polylogarithms

ny_n Nk
L . Z1 Zy . Zk
lml, My T my ,_mop my
nyn, . nk

z z
— p1+p2 2
Sn,Phpz(Xa y) = E : Livi,. 1,041 ( 80008 ) Zl)

= Z = 4
7E€%p LI, P1+p2

X
Sn11(x,y) Z Lit, nt1 <—2 21) = Lij py1 (Z X) + Lig, pt1 (y }/>

ZexLLly
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