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• Superior angular resolution 
→ crucial for jet substructure 

• Pile-up removal 

• Improvement from tracks for groomed 

Motivation for track-based measurements
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Figure 6: Comparison of the unfolded ⇢ distribution with MC predictions. The uncertainty bands include all sources:
data and MC statistical uncertainties, nonclosure, modeling, and cluster or tracking uncertainties where relevant.
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⇢ = ln(m2/p2T )

Pile up Difference of parton showers 
larger than exp. uncertainty



• Track-based measurements are sensitive to hadronization 
→ modeled in parton showers. 

• Track functions offer systematically improvable framework. 

• Now extended to             
→ high precision + checks on formalism. 

• Some applications:  

• Energy correlators  
[See talks by Ian Moult and Kyle Lee] 

• Azimuthal decorrelation in V+jet 
[See talk by Yang-Ting Chien]

Overview and main message
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Precision phenomenology with tracks is possible!
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Outline

1. Track functions 
[arXiv:1303.6637 - Chang, Procura, Thaler, WW]  

2. Track functions at order  
[arXiv:2108.01674 - Li, Moult, Schrijnder van Velzen, WW, Zhu, 
 arXiv:2201.05166 - Jaarsma, Li, Moult, WW, Zhu, 
 ongoing work - Chen, Jaarsma, Li, Moult, WW, Zhu] 

3. Energy correlators 
[arXiv:2108.01674 - Li, Moult, Schrijnder van Velzen, WW, Zhu] 

4. Conclusions and outlook
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1. Track functions 
[arXiv:1303.6637 - Chang, Procura, Thaler, WW]



• E.g. partonic calculation of energy fraction    of tracks in a jet. 

• Mismatch of collinear divergences between real and virtual.

1. Track-based measurements are not IRC safe
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Introduction Track Functions Track Thrust Conclusions

Partonic Track Calculations Not Infrared Safe

I E.g. energy fraction of tracks in quark jet

Track fraction:

z

1

I Mismatch of collinear divergences between real and virtual

I Hadronization effects must be taken into account [In contrast to Thaler’s talk]

I Want to go beyond MC hadronization models
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• E.g. partonic calculation of energy fraction    of tracks in a jet. 

• Mismatch of collinear divergences between real and virtual. 

• Large hadronization corrections in parton showers.

1. Track-based measurements are not IRC safe
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•              describes momentum fraction    of initial parton  
converted to charged hadrons, i.e.

1. Track function
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p̄µ = xpµ +O(⇤QCD)

<latexit sha1_base64="neeV6qSsY38V8xnFae4fQ8SpPTk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqHgqePFYwbSFNpbNdtMu3d2E3Y1QQn+DFw+KePUHefPfuE1z0NYHA4/3ZpiZFyacaeO6305pbX1jc6u8XdnZ3ds/qB4etXWcKkJ9EvNYdUOsKWeS+oYZTruJoliEnHbCye3c7zxRpVksH8w0oYHAI8kiRrCxkp889kU6qNbcupsDrRKvIDUo0BpUv/rDmKSCSkM41rrnuYkJMqwMI5zOKv1U0wSTCR7RnqUSC6qDLD92hs6sMkRRrGxJg3L190SGhdZTEdpOgc1YL3tz8T+vl5roOsiYTFJDJVksilKOTIzmn6MhU5QYPrUEE8XsrYiMscLE2HwqNgRv+eVV0r6oe5f1xn2j1rwp4ijDCZzCOXhwBU24gxb4QIDBM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AeLXjrk=</latexit>

pµ
<latexit sha1_base64="Bv5OvLPsVS3VQ097VwgWwxdC+tE=">AAAB+XicbVBNSwMxFHxbv2r9WvXoJVgET2VXioqnghePFWwtdNeSTdM2NNksSbZQlv4TLx4U8eo/8ea/MdvuQVsHAsPMG97LRAln2njet1NaW9/Y3CpvV3Z29/YP3MOjtpapIrRFJJeqE2FNOYtpyzDDaSdRFIuI08dofJv7jxOqNJPxg5kmNBR4GLMBI9hYqee6gbR2ns6S2VMg0p5b9WreHGiV+AWpQoFmz/0K+pKkgsaGcKx11/cSE2ZYGUY4nVWCVNMEkzEe0q6lMRZUh9n88hk6s0ofDaSyLzZorv5OZFhoPRWRnRTYjPSyl4v/ed3UDK7DjMVJamhMFosGKUdGorwG1GeKEsOnlmCimL0VkRFWmBhbVsWW4C9/eZW0L2r+Za1+X682boo6ynACp3AOPlxBA+6gCS0gMIFneIU3J3NenHfnYzFacorMMfyB8/kDRyuUEA==</latexit>

pµ}



•              describes momentum fraction    of initial parton  
converted to charged hadrons, i.e. 

• Nonperturbative, process-independent function. 

• Conservation of probability: 

• Definition in light-cone gauge:

1. Track function

9

<latexit sha1_base64="6CvteslUioosdZ6D8vxSKTN2x60=">AAACA3icbVDLSsNAFJ34rPFVdelmsAgVpCQi6rLixmWFvrAJZTKZtENnJmFmIpaQpX/gVn/Anbj1Q9z7IU7bLLT1wIXDOfdy7z1BwqjSjvNlLS2vrK6tlzbsza3tnd3y3n5bxanEpIVjFstugBRhVJCWppqRbiIJ4gEjnWB0M/E7D0QqGoumHifE52ggaEQx0ka6b/Zp9fHU4+lJv1xxas4UcJG4BamAAo1++dsLY5xyIjRmSKme6yTaz5DUFDOS216qSILwCA1Iz1CBOFF+Nr04h8dGCWEUS1NCw6n6eyJDXKkxD0wnR3qo5r2J+J/XS3V05WdUJKkmAs8WRSmDOoaT92FIJcGajQ1BWFJzK8RDJBHWJiTb9kISQS+MssyTHIZ5bmJx50NYJO2zmntRc+/OK/XrIqASOARHoApccAnq4BY0QAtgIMAzeAGv1pP1Zr1bH7PWJauYOQB/YH3+ABMrlyg=</latexit>

Ti(x, µ)

<latexit sha1_base64="pLQiccjt1/ejs0unAdGNTmtPKiw="></latexit>Z 1

0
dxTi(x) = 1

<latexit sha1_base64="PqGlmJ4DYk5VXb8WQMOfdmE8OJU="></latexit>x
<latexit sha1_base64="A3Q0h8RFX606COlP8LYD9BDAhyw="></latexit>

i
<latexit sha1_base64="kY6JU2cRCfi/XdvmwajB/snr8HE="></latexit>

p̄µ = xpµ +O(⇤QCD)

all charged hadrons in X

<latexit sha1_base64="neeV6qSsY38V8xnFae4fQ8SpPTk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqHgqePFYwbSFNpbNdtMu3d2E3Y1QQn+DFw+KePUHefPfuE1z0NYHA4/3ZpiZFyacaeO6305pbX1jc6u8XdnZ3ds/qB4etXWcKkJ9EvNYdUOsKWeS+oYZTruJoliEnHbCye3c7zxRpVksH8w0oYHAI8kiRrCxkp889kU6qNbcupsDrRKvIDUo0BpUv/rDmKSCSkM41rrnuYkJMqwMI5zOKv1U0wSTCR7RnqUSC6qDLD92hs6sMkRRrGxJg3L190SGhdZTEdpOgc1YL3tz8T+vl5roOsiYTFJDJVksilKOTIzmn6MhU5QYPrUEE8XsrYiMscLE2HwqNgRv+eVV0r6oe5f1xn2j1rwp4ijDCZzCOXhwBU24gxb4QIDBM7zCmyOdF+fd+Vi0lpxi5hj+wPn8AeLXjrk=</latexit>

pµ
<latexit sha1_base64="Bv5OvLPsVS3VQ097VwgWwxdC+tE=">AAAB+XicbVBNSwMxFHxbv2r9WvXoJVgET2VXioqnghePFWwtdNeSTdM2NNksSbZQlv4TLx4U8eo/8ea/MdvuQVsHAsPMG97LRAln2njet1NaW9/Y3CpvV3Z29/YP3MOjtpapIrRFJJeqE2FNOYtpyzDDaSdRFIuI08dofJv7jxOqNJPxg5kmNBR4GLMBI9hYqee6gbR2ns6S2VMg0p5b9WreHGiV+AWpQoFmz/0K+pKkgsaGcKx11/cSE2ZYGUY4nVWCVNMEkzEe0q6lMRZUh9n88hk6s0ofDaSyLzZorv5OZFhoPRWRnRTYjPSyl4v/ed3UDK7DjMVJamhMFosGKUdGorwG1GeKEsOnlmCimL0VkRFWmBhbVsWW4C9/eZW0L2r+Za1+X682boo6ynACp3AOPlxBA+6gCS0gMIFneIU3J3NenHfnYzFacorMMfyB8/kDRyuUEA==</latexit>

pµ}

<latexit sha1_base64="l7qTT/40SiqkHqelS5/SRAYxzj8="></latexit>

Tq(x) =

Z
dy+d2y?e

ik�y+/2
X

X

�
⇣
x� p�

k�

⌘

⇥ 1

2Nc
tr


��

2
h0| (y+, 0, y?)|XihX| ̄(0)|0i

�



• First and second moment:

1. Connection to fragmentation functions

10

<latexit sha1_base64="uQSRXckZI1G6v3hqRS4TPMQyc1Y="></latexit> Z 1

0
dxxTi(x, µ) =

X

charged h

Z 1

0
dxxDi!h(x, µ)

Z 1

0
dxx2 Ti(x, µ) =

X

charged h

Z 1

0
dxx2 Di!h(x, µ)

+
X

charged h1,h2

Z 1

0
dx1 dx2 x1 x2 Di!h1h2(x1, x2, µ)

dihadron fragmentation



• First and second moment: 

• Track function encodes correlations between hadrons: 
 
 
 
  

• If no new correlations for ≧ 3 hadrons →          is Gaussian.

1. Connection to fragmentation functions

11

<latexit sha1_base64="Gwzvi4mhrvgxxazixWYsAcqoyv0=">AAACEXicbVBNS8MwGE79nPOr6tFLcAgTYbRlqBdh4sXjBPcBWy1plm5haVqSVDbG/oIX/4oXD4p49ebNf2Pa9aCbD4T3yfO8L8n7+DGjUlnWt7G0vLK6tl7YKG5ube/smnv7TRklApMGjlgk2j6ShFFOGooqRtqxICj0GWn5w+vUbz0QIWnE79Q4Jm6I+pwGFCOlJc8sl0eeDU/hyHNO7h14qYmtayZk1Ul9ffHMklWxMsBFYuekBHLUPfOr24twEhKuMENSdmwrVu4ECUUxI9NiN5EkRniI+qSjKUchke4k22gKj7XSg0Ek9OEKZurviQkKpRyHvu4MkRrIeS8V//M6iQou3AnlcaIIx7OHgoRBFcE0HtijgmDFxpogLKj+K8QDJBBWOsSiDsGeX3mRNJ2KfVap3lZLtas8jgI4BEegDGxwDmrgBtRBA2DwCJ7BK3gznowX4934mLUuGfnMAfgD4/MHqMmYhw==</latexit>

(x1 + x2)
2 = x2

1 + x2
2 + 2x1x2

<latexit sha1_base64="J5FIawzivW5zDg5HWZRo2VkJF8s=">AAAB8XicdVDLSsNAFJ3UV62vqks3g0WoCCGJoa2uCm5cVrAPbGOZTCft0MkkzEzEEvoXblwo4ta/ceffOGkrqOiBC4dz7uXee/yYUaks68PILS2vrK7l1wsbm1vbO8XdvZaMEoFJE0csEh0fScIoJ01FFSOdWBAU+oy0/fFF5rfviJA04tdqEhMvRENOA4qR0tJNL6a3J+X7vn3cL5Ys86xWcdwKtEzLqtqOnRGn6p660NZKhhJYoNEvvvcGEU5CwhVmSMqubcXKS5FQFDMyLfQSSWKEx2hIuppyFBLppbOLp/BIKwMYREIXV3Cmfp9IUSjlJPR1Z4jUSP72MvEvr5uooOallMeJIhzPFwUJgyqC2ftwQAXBik00QVhQfSvEIyQQVjqkgg7h61P4P2k5pl0x3Su3VD9fxJEHB+AQlIENqqAOLkEDNAEGHDyAJ/BsSOPReDFe5605YzGzD37AePsEnA2QOA==</latexit>

⇡+(x1)
<latexit sha1_base64="BK3/rMLU68buE6db5skMf99XSCs=">AAAB8XicdVDLSsNAFJ3UV62vqks3g0WoC0MSQ1tdFdy4rGAf2MYymU7aoZNJmJmIJfQv3LhQxK1/486/cdJWUNEDFw7n3Mu99/gxo1JZ1oeRW1peWV3Lrxc2Nre2d4q7ey0ZJQKTJo5YJDo+koRRTpqKKkY6sSAo9Blp++OLzG/fESFpxK/VJCZeiIacBhQjpaWbXkxvT8r3fee4XyxZ5lmt4rgVaJmWVbUdOyNO1T11oa2VDCWwQKNffO8NIpyEhCvMkJRd24qVlyKhKGZkWuglksQIj9GQdDXlKCTSS2cXT+GRVgYwiIQuruBM/T6RolDKSejrzhCpkfztZeJfXjdRQc1LKY8TRTieLwoSBlUEs/fhgAqCFZtogrCg+laIR0ggrHRIBR3C16fwf9JyTLtiulduqX6+iCMPDsAhKAMbVEEdXIIGaAIMOHgAT+DZkMaj8WK8zltzxmJmH/yA8fYJoKSQOw==</latexit>

⇡�(x2)

<latexit sha1_base64="uQSRXckZI1G6v3hqRS4TPMQyc1Y="></latexit> Z 1

0
dxxTi(x, µ) =

X

charged h

Z 1

0
dxxDi!h(x, µ)

Z 1

0
dxx2 Ti(x, µ) =

X

charged h

Z 1

0
dxx2 Di!h(x, µ)

+
X

charged h1,h2

Z 1

0
dx1 dx2 x1 x2 Di!h1h2(x1, x2, µ)

dihadron fragmentation

<latexit sha1_base64="HlvtjgOFTibKBTJIKT8S4vmUyqk=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY8eKxQr+gXUo2zbax2WRJsmJZ+h+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8IOZMG9f9dnJr6xubW/ntws7u3v5B8fCopWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb2d++5EqzaRomElM/QgPBQsZwcZKrUaflZ/O+8WSW3HnQKvEy0gJMtT7xa/eQJIkosIQjrXuem5s/BQrwwin00Iv0TTGZIyHtGupwBHVfjq/dorOrDJAoVS2hEFz9fdEiiOtJ1FgOyNsRnrZm4n/ed3EhNd+ykScGCrIYlGYcGQkmr2OBkxRYvjEEkwUs7ciMsIKE2MDKtgQvOWXV0nrouJdVqr31VLtJosjDydwCmXw4ApqcAd1aAKBB3iGV3hzpPPivDsfi9ack80cwx84nz/P5o6j</latexit>

Ti(x)



• Consider a cross section differential in observable    

• At leading order, for the track-based measurement     

• Beyond leading order, there is a cancellation of IR divergences,           
                   , similar to fragmentation functions/PDFs.

1. Track-based calculations

12

d�

de
=

X

N

Z
d⇧N

d�N

d⇧N
�[e� ê({pµi })]

<latexit sha1_base64="qYEmaDewH01YaLFl5rEFHEEi+3g="></latexit>

<latexit sha1_base64="iVMWWen4sgvV/BZ4bt9z2zT4/fY=">AAACB3icbVDLTsJAFL3FF+ILdemmkZi4Iq0x6hLjxiUkAibQkOn0FiZMp83MlEgaPsC41e9wZ9z6GX6Gf+AAXQh4kklOzrl35szxE86Udpxvq7C2vrG5Vdwu7ezu7R+UD49aKk4lxSaNeSwffaKQM4FNzTTHx0QiiXyObX94N/XbI5SKxeJBjxP0ItIXLGSUaCM1sFeuOFVnBnuVuDmpQI56r/zTDWKaRig05USpjusk2suI1IxynJS6qcKE0CHpY8dQQSJUXjYLOrHPjBLYYSzNEdqeqX83MhIpNY58MxkRPVDL3lT8z+ukOrzxMiaSVKOg84fClNs6tqe/tgMmkWo+NoRQyUxWmw6IJFSbbhZuCkYsUXnqp3ls05G73MgqaV1U3auq27is1G7ztopwAqdwDi5cQw3uoQ5NoIDwAq/wZj1b79aH9TkfLVj5zjEswPr6BTo+mp4=</latexit>e

<latexit sha1_base64="x97rNw1G9kz0OmgSlbWImYjbj6w=">AAACDHicbVDLSgMxFL3js9ZX1aWbYBFclRkRdVlx47KCfUA7lEzmThubeZBkimXoL4hb/Q534tZ/8DP8A9N2Frb1QOBwzr3JyfESwZW27W9rZXVtfWOzsFXc3tnd2y8dHDZUnEqGdRaLWLY8qlDwCOuaa4GtRCINPYFNb3A78ZtDlIrH0YMeJeiGtBfxgDOqjdToeFQS7JbKdsWegiwTJydlyFHrln46fszSECPNBFWq7diJdjMqNWcCx8VOqjChbEB72DY0oiEqN5umHZNTo/gkiKU5kSZT9e9GRkOlRqFnJkOq+2rRm4j/ee1UB9duxqMk1Rix2UNBKoiOyeTrxOcSmRYjQyiT3GQlrE8lZdoUNHeTP+SJylM/zWKbjpzFRpZJ47ziXFac+4ty9SZvqwDHcAJn4MAVVOEOalAHBo/wAq/wZj1b79aH9TkbXbHynSOYg/X1C728nIE=</latexit>

ē

d�

dē
=

X

N

Z
d⇧N

d�N

d⇧N

Z NY

i=1

dxi Ti(xi)

| {z }
hadronization

�[e� ê({xip
µ
i })]

<latexit sha1_base64="nYj8oWjftvkRIOMt3LPqfvcR8HM="></latexit>

<latexit sha1_base64="Aj4GspqcCsKkaxlxmdDteUcJAiM="></latexit>

d�N ! d�̄N



• Cross section differential in track fraction     up to  

•          pole in partonic cross section      cancels against pole in 
partonic track function, resulting in finite 

1. Example: track fraction in e+e-

13

<latexit sha1_base64="exPSt8uL5UN+H0RndvokMa49F+4="></latexit>

d�

dw
=

Z
dyqdyq̄

d�̄

dyqdyq̄

Z
dxq Tq(xq)

Z
dxq̄ Tq(xq̄)

Z
dxg Tg(xg)

⇥ �
�
w � [xqyq + xq̄yq̄ + xg(2� yq � yq̄)]/2

 

<latexit sha1_base64="tZ8RIWyALdqKkG2Gu8d+VcnQRMs="></latexit>w

<latexit sha1_base64="0OYF6w5/1orLjPQ3vdNMQ6RUWUE="></latexit>

d�̄

Introduction Calculation Comparison with PYTHIA Track-Based Observables Conclusions

Energy Fraction w of Charged Particles in e+e�

0.0 0.2 0.4 0.6 0.8 1.00.0
0.5
1.0
1.5
2.0
2.5
3.0

w

1ês
ds
êdw

Pythia
NLO
LO

I Up to NLO:
d�

dw
=

Z
dy1dy2

d�̄

dy1dy2

Z
dx1 Tq(x1)

Z
dx2 Tq(x2)

Z
dx3 Tg(x3)

⇥ �
�
w � [x1y1 + x2y2 + x3(2 � y1 � y2)]/2

 

I Hard scattering:

d�(1)

dy1dy2
= �(0) ↵sCF

2⇡


�

1

✏IR
Pqq(y1)�(1 � y2) + . . .

�

I IR divergence cancels against Tq ! finite remainder is �̄

18 / 21

<latexit sha1_base64="Wzl8zx3y/h11zFwdrU5J6QPEaqc="></latexit>

yq = 2Eq/Ecm

<latexit sha1_base64="zU2xGkCLrUDED+W1xlj70S9lWbs="></latexit>

yq̄ = 2Eq̄/Ecm

<latexit sha1_base64="maskKuBDxDUnX2vmss5dXy8Nz1g="></latexit>

d�
<latexit sha1_base64="siLfU64Tt5Xv90mh6YDhw6naGB8=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVU2KqMuKG91VsQ9oQplMJ+3QmSTMTIQS6q+4caGIWz/EnX/jtM1CWw9cOHPOvcy9J0g4U9pxvq3Cyura+kZxs7S1vbO7Z+8ftFScSkKbJOax7ARYUc4i2tRMc9pJJMUi4LQdjK6nfvuRSsXi6EGPE+oLPIhYyAjWRurZZffUo4li3DwyTwp0ez/p2RWn6syAlombkwrkaPTsL68fk1TQSBOOleq6TqL9DEvNCKeTkpcqmmAywgPaNTTCgio/my0/QcdG6aMwlqYijWbq74kMC6XGIjCdAuuhWvSm4n9eN9XhpZ+xKEk1jcj8ozDlSMdomgTqM0mJ5mNDMJHM7IrIEEtMtMmrZEJwF09eJq1a1T2v1u7OKvWrPI4iHMIRnIALF1CHG2hAEwiM4Rle4c16sl6sd+tj3lqw8pky/IH1+QMixZRy</latexit>

1/✏IR

<latexit sha1_base64="34QdXDG7EcHcFE2Vag4aQucK45k=">AAAB/nicbVDLSsNAFJ3UV62vqLhyEyxC3ZREirqsuHFnBfuAJoSb6aQdOpmEmYlQQsFfceNCEbd+hzv/xkmbhbYeGDiccy/3zAkSRqWy7W+jtLK6tr5R3qxsbe/s7pn7Bx0ZpwKTNo5ZLHoBSMIoJ21FFSO9RBCIAka6wfgm97uPREga8wc1SYgXwZDTkGJQWvLNIzcCNcLAsrtpzQWWjMCXZ75Ztev2DNYycQpSRQVavvnlDmKcRoQrzEDKvmMnystAKIoZmVbcVJIE8BiGpK8ph4hIL5vFn1qnWhlYYSz048qaqb83MoiknESBnszDykUvF//z+qkKr7yM8iRVhOP5oTBlloqtvAtrQAXBik00ASyozmrhEQjASjdW0SU4i19eJp3zunNRb9w3qs3roo4yOkYnqIYcdIma6Ba1UBthlKFn9IrejCfjxXg3PuajJaPYOUR/YHz+AAU3lYc=</latexit>

O(↵s)

<latexit sha1_base64="MGxdCu2s7mmNPsrPYzCTMwjLL7A="></latexit>

d�

dyqdyq̄
= �(0)

⇢
�(1� yq)�(1� yq̄)

+
↵sCF

2⇡


� 1

✏IR

⇣1 + y2q
1� yq

⌘

+
�(1� yq̄) + . . .

��



• Partonic track function is scaleless in dim. reg., but needed: 

•          cancels against IR pole in partonic cross section         

•           is renormalized, leads to evolution of track function. 

• At order     :

1. Track function at order ⍺s
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<latexit sha1_base64="t5XkMmYRi5leNPwBhscAEwOdp9w="></latexit>

i

<latexit sha1_base64="YLhDivc/g1Ypf8jfN3pz4mknB+s="></latexit>

j(z)

<latexit sha1_base64="c2TzyWydLBlq1zFP6FQ/0dazA8o="></latexit>

k(1� z)

<latexit sha1_base64="g3dMA/869JLK9Bs6uitnLdJz3bI="></latexit>

T (1)
i,bare(x) =

X

j

Z
dz

h↵s

4⇡

⇣ 1

✏UV
� 1

✏IR

⌘
Pji(z)

i Z
dx1 T

(0)
j (x1, µ)

⇥
Z

dx2 T
(0)
k (x2, µ)�

⇥
x� zx1 � (1� z)x2

⇤

<latexit sha1_base64="siLfU64Tt5Xv90mh6YDhw6naGB8=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVU2KqMuKG91VsQ9oQplMJ+3QmSTMTIQS6q+4caGIWz/EnX/jtM1CWw9cOHPOvcy9J0g4U9pxvq3Cyura+kZxs7S1vbO7Z+8ftFScSkKbJOax7ARYUc4i2tRMc9pJJMUi4LQdjK6nfvuRSsXi6EGPE+oLPIhYyAjWRurZZffUo4li3DwyTwp0ez/p2RWn6syAlombkwrkaPTsL68fk1TQSBOOleq6TqL9DEvNCKeTkpcqmmAywgPaNTTCgio/my0/QcdG6aMwlqYijWbq74kMC6XGIjCdAuuhWvSm4n9eN9XhpZ+xKEk1jcj8ozDlSMdomgTqM0mJ5mNDMJHM7IrIEEtMtMmrZEJwF09eJq1a1T2v1u7OKvWrPI4iHMIRnIALF1CHG2hAEwiM4Rle4c16sl6sd+tj3lqw8pky/IH1+QMixZRy</latexit>

1/✏IR
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1. Track function evolution at order ⍺s

• Nonlinear evolution: 

• Consistent with extraction from Pythia at different energies.
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2. Energy correlators 
[arXiv:2108.01674 - Li, Moult, Schrijnder van Velzen, WW, Zhu]



• Weighted cross section in e+e- collisions 

• Tracks are essential to measure EEC at small angles.

2. Energy-Energy Correlator
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• Introduction to Track Functions
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• Weighted cross section in e+e- collisions 

• Tracks are essential to measure EEC at small angles. 

• Conversion to tracks is simple: 

• Collinear limit            involves         . 

• Generalizing, N-point energy correlators involve at most the 
Nth moment of track functions.

2. Energy-Energy correlator

Outline
• Introduction to Track Functions


Definition


Incorporating tracks in observables


• Track Function Evolution at 


•Predictions for Track EECs


Full-angle EEC up to 


Small-angle limit and jet substructure
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• First           result for track-based measurement: 

• Uncertainty reduced at NLO, tantalizing agreement with data.

2. Results for track-based EEC
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3. Track functions at order  
[arXiv:2108.01674 - Li, Moult, Schrijnder van Velzen, WW, Zhu, 
 arXiv:2201.05166 - Jaarsma, Li, Moult, WW, Zhu, 
 ongoing work - Chen, Jaarsma, Li, Moult, WW, Zhu]
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3. Form of track function evolution

• At order           it includes up to             splittings.
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3. Form of track function evolution

• At order           it includes up to             splittings. 

• Shift symmetry: 
due to momentum conservation.
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3. The most general collinear evolution

• Evolution of (multi-hadron) fragmentation functions follows 
from this equation, i.e. all information is in                         

• Fragmentation function: 

• Dihadron fragmentation function:
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3. Evolution of integer moments

• Taking integer moments and using multinomial expansion: 

• Here  

• For the diagonal case                        , the anomalous 
dimension            is the DGLAP splitting function.
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3. Shift symmetry of moment space evolution

• Shift symmetry implies invariance of the evolution under 

• Make manifest by using shift-invariant central moments 

• E.g. for one quark flavor, evolution of first two moments reads:
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3. Shift symmetry for pure Yang-Mills

• At all orders: 

• At           :
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• Use track jet function             differential in invariant mass    of 
all particles and momentum fraction    of charged particles. 

• Calculate by integrating NLO            and LO           splitting 
functions [Kosower, Uwer; Ritzmann, WW]

3. Track function calculation at ⍺s2
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1 ! 3



• Use track jet function             differential in invariant mass    of 
all particles and momentum fraction    of charged particles. 

• Calculate by integrating NLO            and LO           splitting 
functions [Kosower, Uwer; Ritzmann, WW] 

• Consistency of factorization in SCET implies same UV 
poles as invariant mass jet function         [Becher, Neubert; Becher, Bell] 

• After renormalization, remaining       poles are infrared and 
cancel when matching onto track functions

3. Track function calculation at ⍺s2
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3. Results for moment space evolution at ⍺s2

• Central moments: 

• Regular moments do not make shift symmetry manifest:
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3. Smallness of Δ in QCD

• Up to the third moment all nonlinear terms in the evolution 
involve    . 

•     terms are suppressed at least one order in perturbation 
theory → NNLO evolution for first three moments.
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3. Nonlinearities

• Evolution of higher moments involve nonlinear terms without    . 

• Easiest visualized for pure Yang-Mills theory.
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3. Results in x-space

• Main challenge is disentangling singularities in momentum 
fractions → use sector decomposition. 

• For            Super Yang-Mills: 

• Checked against moment-space results.
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z

}

+

∫ 1

0
dx1

∫ 1

0
dx2

∫ 1

0
dx3

∫ 1

0
dz

∫ 1

0
dt T (x1)T (x2)T (x3)

× δ

(
x− x1

1

1 + z + zt
− x2

z

1 + z + zt
− x3

zt

1 + z + zt

)

×
{[

1

t

]

+

32 ln(z + 1)

z
+

[
1

z

]

+

(
32

[
ln t

t

]

+

− 8 ln t

t+ 1
− 56 ln(t+ 1)

t

)

−
8
(
11t2z2 + 11t2z + 11tz2 + 20tz + 11t+ 10z + 10

)
ln(z + 1)

t(t+ 1)z(z + 1)(tz + 1)

−
8
(
7t2z2 + 6t2z + 7tz2 + 12tz + 6t+ 7z + 7

)
ln(tz + 1)

t(t+ 1)z(z + 1)(tz + 1)

−
16
(
7t2z2 + 7t2z + 7tz2 + 15tz + 7t+ 7z + 7

)
ln(1 + z + tz)

t(t+ 1)z(z + 1)(tz + 1)

− 8 ln t

(t+ 1)(tz + 1)
+

8(tz + z + 2) ln(t+ 1)

(t+ 1)(z + 1)(tz + 1)
+

192 ln(tz + z + 1)

tz

}
Uj8V

=

∫ 1

0
dx1

∫ 1

0
dx2

∫ 1

0
dz T (x1)T (x2) δ

(
x− x1

1

1 + z
− x2

z

1 + z

)

×
{
−25ζ3 δ(z) +

8

3
π2

[
1

z

]

+

+
32 ln2(z + 1)

z
− 16 ln(z) ln(z + 1)

z

}

e

+

∫ 1

0
dx1

∫ 1

0
dx2

∫ 1

0
dx3

∫ 1

0
dz

∫ 1

0
dt T (x1)T (x2)T (x3)

× δ

(
x− x1

1

1 + z + zt
− x2

z

1 + z + zt
− x3

zt

1 + z + zt

)

× 8

{
4 ln(1 + z)

z

[
1

t

]

+

+

[
1

z

]

+

(
4

[
ln t

t

]

+

− ln t

1 + t
− 7 ln(1 + t)

t

)

− ln t

(1 + t)(1 + tz)
+

ln(1 + t)

(1 + t)(1 + z)
+

ln(1 + t)

(1 + t)(1 + tz)
− ln(1 + z)

(1 + t)z

+
ln(1 + z)

(1 + t)(1 + z)
− z ln(1 + z)

(1 + z)(1 + tz)
− 7 ln(1 + tz)

tz
+

ln(1 + tz)

(1 + t)z(1 + z)

+
2 [ln(1 + tz)− ln(1 + z + tz)]

(1 + t)(1 + z)(1 + tz)
+

10 [ln(1 + z + tz)− ln(1 + z)]

tz

}
UjeV

d
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3. Results in x-space for QCD

• We have results in x-space for full QCD, with two numerical 
implementations (based on moments or Fourier series) 

• Using toy initial condition 
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4. Conclusions and outlook

• Tracks are appealing because of 
their superior angular resolution and 
reduced effect of pile-up. 

• Track functions offer systematically 
improvable framework. 

• Track function evolution is most 
general collinear evolution equation. 

• Formalism extended to      
→ high precision possible!
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