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The Energy-Momentum Tensor
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e Where does the spin of the proton come from?

e What are the mechanical properties (pressure, shear forces) inside the proton ?

e What is the origin of the proton mass?



Outline

e Definition of the QCD Energy-Momentum Tensor (EMT)

e Angular momentum density: definition and interpretation

e Parametrization of the proton off-forward matrix elements of the EMT: form factors
e D-term: calculation using t-channel dispersion relations

e Forward matrix elements and proton mass decomposition



Canonical Energy Momentum Tensor

Emmy Noether (1882-1935)

If a system has a continuous symmetry property,
then there are corresponding quantities whose values are conserved in time

Translation invariance — Conservation of the canonical EMT 75" ()

Lorentz invariance — Conservation of the generalized Angular Momentum (AM) density Jgo‘ﬁ ()

TP (@) = Li? 4 s LS (2) = 22T () — 2P TH ()
S . T 1 15k 707k - — ~
pace components: J/ (x) = 56 Jo () Jo=Lo+ Se

o

Orbital AM  Spin



c is in general neither gauge-invariant nor symmetric
Belinfante improved EMT

Th (@) = TH (z) + 0:GM (a)

Belinfante generalized AM

el (@) = JE™ (@) + 0a[2° GNP (2) — 2P GM* (a)]

with the super-potential

N () = 3 S () + S (@) + S ()] = ~ G (a)

Tha! (@) = 2 ThG (x) — 2 Thg ()

Belinfante, Rosenfeld (1940)



Canonical ﬁ Belinfante



Canonical M Belinfante

in general not symmetric symmetric
vl
T (@) = —0,5° () # 0 Thor’ (1) =0

] = pv —vp



Canonical ﬁ Belinfante

in general not symmetric symmetric
vl
TH) () = ~0a S () # 0 T () =0
] = pr —vp
clear distinction between OAM and spin purely OAM density
at the density level
TEO (@) = L (@) + S5 () TP (@) = 2 ThA (@) - 2P T @)

L (@) = 2 T4 (2) - 2P TE (a)



Canonical M Belinfante

in general not symmetric symmetric
vl
TH) () = ~0a S () # 0 T () =0
] = pr —vp
clear distinction between OAM and spin purely OAM density
at the density level
TES (@) = L (2) + St (a) TP (@) = 2 T (@) — 2 The ()

LI (@) = T2 (&) — 2" TE° ()

The definition at the density level is modified, while the total charge does not change

/ T (2) da — / TH (1) da / 88 () day — / JE9B () da



Kinetic EMT in QCD Ji, 1997

Tn (%) = Ty, o(7) + Ty,

Gluon contribution: Tﬁ’;,g(ﬂf) = T]éfl,g(w)

1 -
Quark contribution: Ty (7) = §¢(x)w“zﬁ”¢(x) Dt = 0F 4 1g A"
L) pv L A
§Tkin,q (33) — TBel,q(x) iTkin,q(x) — _aASqu (CIZ‘)

1
S () = MY (x)Yavse ()



Kinetic EMT in QCD Ji, 1997

Tn (%) = Ty, o(7) + Ty,

Gluon contribution: Tﬁ;g (z) = T]éfl,g(w)

- = .
Quark contribution: Ty (7) = §¢(x)*y“z D Vi(x) Dt = 0F 4 1g A"
() v Ll w
§Tkin,q (33) — TBel,q(x) §Tkin,q(x) — _aASq (CIZ‘)

S (@) = S (st (@)

Kinetic generalized AM

« « « « « 1 (0% «
Hima(®) = Liy (@) + 527 (@) TR (0) = Tl (@) + S0aa 5 (2) — 2”534 ()



Kinetic EMT in QCD Ji, 1997

Tn (%) = Ty, o(7) + Ty,

Gluon contribution: Tﬁ;g (z) = T]éfl,g(w)

1 - .
Quark contribution: Ty (7) = §¢(x)w“zﬁ”¢(x) D = 9" +igA*
1 {pr} v 1 (V] Apv
§Tkin,q (33) — TBel,q(x) §Tkin,q(x) — _aASq (CIZ‘)
1 _
Sy (@) = SN (@) a5t ()
Kinetic generalized AM
« « « « « 1 (0% «
Hima(®) = Liy (@) + 527 (@) TR (0) = Tl (@) + S0aa 5 (2) — 2”534 ()
jl;in,q(x) — Ekin,q(x) + gq(x) jBel,q(CE) — ﬁ{in,q(x) + Mq (CI}) different distributions

/ JBelq(x) dz = / Jiin.q(z) dz  equal total charge



Form Factors of the EMT

Belinfante-Rosenfeld EMT

(', 8" The1,4(0)lpy s) = u(p’, ') Ty, (P A) u(p, s)

p{uyv} plujsvia AFAY — g A2
Aq(t B, (t
2 () + 4M () + 4M

(a — q, g) Bakker et al. (2004)

Dq(t) + Mg Cao(?)

F%ZI,Q(P7 A) —



Form Factors of the EMT

Belinfante-Rosenfeld EMT

(', 8" The1,4(0)lpy s) = u(p’, ') Ty, (P A) u(p, s)

p{/wv} plujsvia AFAY — g A2 _
ey (P, A) = A, B, D, YO,
(a — q, g) Bakker et al. (2004)
Kinetic EMT ', ' T o (0)|p, S) = u(p’, S") I, o (P A) u(p, S)
» » p[uw]
Fkin,a(P7 A) — FBel,a(P’ A) + 9 Ca(t) Cg (t) =0

Ji (1997)



Form Factors of the EMT

Belinfante-Rosenfeld EMT

(', 5| Te1,4(0)|p, 5) = u(p’, s") Ty o (P A) u(p, s)

p{/wv} plejsviA AFAY — g A2 _
e (P, A) = A, (t B, (t D,(t Mgt C,(t
(a — q, g) Bakker et al. (2004)
Kinetic EMT ', ' T o (0)|p, S) = u(p’, S") I, o (P A) u(p, S)
» » p[uVV]
Fkin,a,(P7 A) — FBel,CL(P’ A) T ) Ca(t) Cg (t) =0
Angular momentum relation
1 q q Liin,z — _(Aq + Bq + CQ)
J,g:_(Aa+Ba) Jg:Lkinz+Skinz
2 ! ’ q 1
Skin z _50(1

Ji (1997)



Form Factors of the quark spin operator

S () = 5 sv(a)

Ans
2M

1
(', S5 (0)p, S) = 56’\“”“?1(19’, s') [%% G%(t) + Gi’a(t)} u(p, s)

G%(t) axial form factor

G%L(t) pseudoscalar form factor

1

QCD equation of motion —Ti?ny]q () = —(%\SS‘W ()

Lorcé, Mantovani, Pasquini, Phys. Lett. B776, 38 (2018)



AM Distribution in the impact parameter space

Drell-Yan frame impact parameter space (\ 5 A
- - FT o '
AT =0 AL #0 Al b, -
RJ_ '__)
b Ty bi1

, L S L dA . ,
Jz(bj_) — Jgalve(bJ_) T Jgorr(bL) Jgalve(bJ_) :/ 1 6—’LAJ_-bJ_JZ(t — _Ai)



AM Distribution in the impact parameter space

Drell-Yan frame impact parameter space 7 A
1L
R, —

Ty bi1

) s ) . dA L _x 7
T(B) = L) ) () = [ e wf(t:_@
1

Scalar diquark model

Kinetic AM

. FT of EMT form factors
\ e b.l. (Jz)
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vanishing gauge field » kinetic OAM = canonical OAM

Lorcé, Mantovani, Pasquini, Phys. Lett. B776, 38 (2018)



Link to generalized parton distributions

Ji’s sum rule: JI(t =0) = % f_ll dex (HV9(xz,£,0) + EY9(x,£,0)) (€

l l

at ¢ = Ounpolarized PDF  not directly accessible

1
J1= L%+ 51 S9 =2 [ dxgi(x)

* Requires extrapolation at t=0

* Requires spanning x at fixed values of £ (£ = 0 is the most convenient)

o« JU(x) # sx(HY(x,0,0) + E9(x,0,0) contribution from surface term



Ji (kinetic EMT) Sum Rule Jaffe-Manohar (canonical EMT) Sum Rule

3 = SU(p) + L) + J9 (1) 5 = SU(p) +04(p) +£(p) + S9(w)
L J
Ja
e each term is gauge invariant o (1, 9, 59 are gauge dependent,

BUT measurable
e frame independent
. ® 54,59 can be obtained from pol. PDFs
e it works also for the transverse AM

in the infinite momentum frame , ,
o (4 (9 can be obtained from twist-3 GPDs

e J¢ and J9 can be obtained and Wigner distributions

from moments of GPDs e simple partonic interpretation in the IMF

01— 3P = [9 g9 4 G9 4 [9:POt = J9

Y. Guo, X. Ji, K. Shiells, NPB 96 (2021) 115440, X. Ji, F. Yuan, Y. Zhao, Nature Rev. Phys. 3 (2021) 1



Status of Spin Sum Rule

Proton spin
(Q2=10 GeV2)

g
U+ U d+d S+ 5 g
spin (%) | OAM | spin (%) | OAM | spin (%) | OAM | spin (%) | OAM
81 £ 1 —43+1 —1142 40 £ 60 DSSV14
79+5 —45 %5 12 +8 3+ 324 NNPDF
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Status of Spin Sum Rule

Proton spin
(Q2=10 GeV2)

U+ U d—+d S+ 5 g
spin (%) | OAM | spin (%) | OAM | spin (%) | OAM | spi (%) | OAM
81+ 1 —43+1 —1142 40 4= 6D DSSV14
79+5 —45+5 12+8 3 {32 NNPDF




Impact of future EIC
for quark and gluon spin contributions

Quark Spin Gluon Spin
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— DSSV 4
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EIC Yellow Report: arXiv: 2103.05419

We are constantly improving the knowledge of the contributions to the spin of the nucleon

However the details on the flavor and sea contributions are still sketchy



Comparison with Lattice calculations

Quark spin Q% =4 GeV~

9 Ermcte o || SPPAE = sieagt | | 51Pue
CallLat18 HIH
PNDME18 +~—#—- = i N=2+1+1
LHPC19 .
Mainz19 -
PACS19 e - -l
xQCD18 e S b5 N=2+1
ETMC19 . N=2
PDFLattice17 2 r-%-1 Fe i ——--
l1 11.1 1|.2 1l.3 01.7 01.8 Ol.9 l1 -01.5 -Ol.4 -Ol.3 -01.2 -01.2 -01.1

PDFlattice17: average of phenomenological extractions: JAM15, NNPDFpol1.1, DSSV08
from the community white paper, Prog.Part.Nucl.Phys. 100 (2018) 107

Overall fair agreement between lattice calculations and phenomenological fits

Lattice QCD results could provide useful inputs to global fits of polarized PDFs

The uncertainties of the two have comparable size




Orbital Angular momentum of the proton
from available GPD measurements

o9 =3[! dra (HO9(2,€,0) + E99(z,6,0)  L9=J"—5"

- 17

L attice results

QCDSF: PoS (Lattice 2007) 158 HERMES DD (VGG)

LHPC: PRD77 (2008) 094502 0.3 |

— extractions from HERMES
_ —, data using two different
. HERMES Dual (GT) models
GPDs extracted from form factors
DFJK, EPJC39 (2005)1  =0.5 |
: JLab DD (VGG)
-1 1 1 L L l L 1 1 L l 1 L 1 L L 1
-1 -0.5 0 0.5 1
Jd
JLab Hall A, Phys. Rev. Lett. 99 (2007) 242501 Hermes Coll., JHEP 06 (2008) 066

Improved accuracy with JLab12 and future EIC measurements!



The D-term form factor

p{uﬁv} plrjsviAa AFAY — ghv A2 _
g = B, D, (t) + Mgt C,(t
LR (P A) Aa(t) + T Ba(t) + == (1) + Mg C(1)
Aq(0) + Ay(0) =1 quarks and gluons carry 100% of the nucleon momentum
: 1
B,(0) + B,4(0) =0 nucleon spin due to quarks + gluons: J +J; = o
C,(0) + Cy(0) =0 total EMT is conserved

D,(0)+ D,0) =D = gdl D-term: unconstrained!

““last global unknown property”



The D-term form factor

p{uﬁv} plrjsviAa AFAY — ghv A2 _
Ry = A B, D,(t)+ Mg**C,(t
LR (P A) (1) + e Ba(t) + = (1) + Mg C(1)
Aq(0) + Ay(0) =1 quarks and gluons carry 100% of the nucleon momentum
: 1
B,(0) + B,4(0) =0 nucleon spin due to quarks + gluons: J +J; = o
C,(0) + Cy(0) =0 total EMT is conserved

D,(0)+ D,0) =D = gdl D-term: unconstrained!

““last global unknown property”

D-term form factor from t-channel dispersion relations
BP, Polyakov, Vanderhaeghen, PLB 739 (2014) 133

e DR representation based on analyticity and unitarity

e Use input from existing data of other processes —  reduced model dependence



7 (Q?)

X : average fraction of quark
longitudinal momentum

§ : fraction of longitudinal
momentum transfer

t : nucleon momentum
transfer

DVCS tensor at twist 2:
unpolarized quark
Al =H+E&
Ay =€

1
Compton form factors: ]—":/ dz FT(x,¢,t,Q°)
0

DVCS at leading twist

Y

t < v, Q?

|

crossing symmetric variable
S —u

T AMy

v

long. polarized quark

As =H

1 1
l [x—§+ie+x+§—ie]

singlet GPDs: F " (z,¢,t) = F(x,&,t) — F(—x,&,t)



Dispersion Relations for DVCS amplitudes

es-channel subtracted DRs:

dv’

’(V’2 _ V2)

2 oo
Re As (v, t, QQ) = A(t, Q2) — —V277/ Im As (V' t, QQ)V
T Vo



Dispersion Relations for DVCS amplitudes

es-channel subtracted DRs:

dv’

2 oo
Re Aa(v,t,Q%) = A(t,Q%) + =v°P / Im A, t, Q%) -
s Yo 4

(V/2 _ V2)

et-channel DRs for subtraction function

1 o0 I A / 2 —a / 2
A(t, Q2) _ _/ dt, 114 Q(Oat 7@ ) + 1 / dt/Imt AtQI(Oaz 7Q )
4 _

T

t/ —t T

2 _
mz oo

|

—a = —2(m2 +2Mnm,) — Q?




Dispersion Relations for DVCS amplitudes

es-channel subtracted DRs:

dv’

2 oo
Re Aa(v,t,Q%) = A(t,Q%) + =v°P / Im A, t, Q%) -
s Yo 4

(V/2 _ V2)

et-channel DRs for subtraction function

1 [~ Im; A ' Q)? 1
A(t, Q2) _ _/ dt/ My tQI(Oaz 7@ ) 4
A — 70

T

2
mz




Dispersion Relations for DVCS amplitudes

es-channel subtracted DRs:

dv’

(V/2 _ V2)

2 oo
Re Aa(v,t,Q%) = A(t,Q%) + =v°P / Im A, t, Q%) -
s Yo 4

et-channel DRs for subtraction function

o0 / 2
A(t, Q2) _ l/ dt,Imt AQ(Ovt 7@ ) + l
4

T ' —t s

2
mz

Unitarity relation in t-channel

E./NK
R N




Fixed

S—U

AM N

crossing symmetric o |-

variable

2

1.5

1
v (GeV)

0.5



Fixed

DRs in the s-channel

at fixed t

S—U

AM N

crossing symmetric o |-

variable

2

1.5
v (GeV)

1

0.5



Fixed

DRs in the s-channel

at fixed t

Subtraction|point

S—U

AM N

crossing symmetric o |-

variable

2

1.5
v (GeV)

1

0.5



DRs in the t-channel
2 _ _9 QeV2 f « at fixed v =0

Q - |
(‘\1/-\ 1 \ ':
> : 1 )
D) o U
= ‘l t:4m2 ,' +
y Sm— SR S5 S
() “‘ :' h
Subtraction ‘ = « DRs in the s-channel
at fixed t
-1
. S—Uu
V= I~
crossing symmetric
variable
[Nmﬂ) — Q2
3
4
|

0.5 1 1.5 2
v (GeV)

2 15 -1 05
DRs in the t-channel

6
at fixed v =0 # —to



Unitarity Relations in the t-channel

7H(Q?)

o

® Charge conjugation

® Partial wave expansion
WithV:O—>9t:900

n,

A

—)

]

\

two-pion intermediate state with
I=0 J=0,2,---




-

\

|

l

\

Two-pion intermediate states with I/ =0 and J =0, 2

A(t,Q%) = )  dn(t,Q*) —> DRsfor di(t,Q°)

{n odd}



7 (Q%) i N
11'1 EL Two-pion intermediate states with I =0 and J = 0, 2
i
|
[ |
“ . E A(t, Q%) = Z dn(t, Q%) — DRs for dy(t, Q)
'Jj.f B i_ - {n odd}
y : N

pion singlet PDF

* vy — m : two-pion generalized distribution amplitudes — inputs .
m phase-shifts

/7
/

b4

//‘»—\ /7
‘j B " : | : ’
-

AN \\».—/ AN

b}




7 (Q%) i N
11'1 EL Two-pion intermediate states with I =0 and J = 0, 2
i
|
[ |
“ . E A(t, Q%) = Z dn(t, Q%) — DRs for dy(t, Q)
'Jj.f B i_ - {n odd}
y : N

pion singlet PDF

* vy — m : two-pion generalized distribution amplitudes — inputs .
m phase-shifts

Q%) 7 B
T o B

7
/7
b 4
/’-)—\ 4
) p— Y | —|— A | ’
j -
N S~ N\
N\

oemm — NN : analytical continuation of s-channel partial-wave helicity amplitudes

s-channel — input w7 phase-shifts



D-term form factor and radial pressure distribution

JLab data
““““ Jlab best fit
— dispersion relations |
-2 1 1 1 1 | 1 1 1 | | 1 | 1 1 1 1 | 1

0 01 02 03 04 -t[GeV?

BP, Polyakov, Vanderhaeghen, PLB 739 (2014) 133

D-term from t-channel dispersion relations

. *~ > mm — NN _
vy = T v

’YLLLL

Girod, Elouadrhiri, Burkert, Nature 557 (2018) 7705



D-term form factor and radial pressure distribution

D“(t)

+ JLab data
““““ Jlab best fit

— dispersion relations

01 0.2 03 04 -t[GeV?]

BP, Polyakov, Vanderhaeghen, PLB 739 (2014) 133

7“2]9(7“) radial pressure distribution

data before 6 GeV JLab

15
- N 6 GeVJLab data
i B projected 12 GeV JLab data
10 : Repulsive
pressure

—»

r’plr) (<10* GeV fm™)

Confining
pressure

«—

e 5 T I ) e T o T L T I I A I I 4 0 I 1 I
0 02 04 06 08 10 12 14 16 18 20

r (fm)
1 d d =~
2 2
= -2 D
rp(r) SdTT dr (r)

/ drr?p(r) =0
0

Girod, Elouadrhiri, Burkert, Nature 557 (2018) 7705



Necessary to verify model assumptions in the exp extraction
with more data coming from JLab, COMPASS and the future EIC, ElcC

Kumericki, Nature 570 (2019) 7759, Dutrieux et al, Eur. Phys. J. C81 (2021) 4

10
5 s
global fit to DVCS data v‘i of
with artificial neural networks v OB &
= %
91 1 10
vz [GeV?]
Marker d?(u2) ps, # of
o in Fig. 3 zq: Ak in GeV? flavours Type
CI."AS data, with fixed param., o> —2.304+0.16 +0.37 2.0 3 from experimental data
Girod et al. _O> 0.88 4+ 1.69 2.2 2 from experimental data
CLAS data, with neural networks O —1.59 4 2 t-channel saturated model
K ki —1.92 4 2 t-channel saturated model
umerickl A —4 0.36 3 XQSM
\V/ —2.35 0.36 2 xQSM
E d‘f <0 X —4.48 0.36 2 Skyrme model
H —2.02 p. 3 LFWF model
. q . ® —4.85 0.36 2 XQSM
in all model calculations ® 1344031 4 9 lattice QCD (MS)
for a stable proton —2.11+0.27 4 2 lattice QCD (MS)




Q=u+d

D-term form factor: t-dependence

Q2 = 4 GeV?

20 02 04 06 08 1

-t (GeV?)

Q :
Fit: F9(t) = 47 (0) with  Mp = 0.487 GeV

[1—t/(aMp)]
o =0.841




D-term form factor: dependence on pion PDFs

o
Q=u+d T [Q?2=4 GeV?

I —— pion PDFs from
- GRYV, ZPC53 (1992)

dy(0) = —1.92

—— pion PDFs from
Owens et al., PRD30 (1984)

d1(0) = —1.59
_2 T R NN S T S RO AN SO SO SR NN R SR SR H SR S
0 0.2 04 0.6 0.8 21
-t (GeV")
YQSM Skyrme model Effective LFWFs
d?(0) = —2.35 d%(0) = —4.48 d?(0) = —2.01

Schweitzer et al., (2007) Schweitzer et al., (2007) Mueller and Hwang, (2014)



EMT and the proton mass

e Forward matrix element of total EMT
(T"") = (p|T*|p) = 2p"'p”

Proton mass

n(TH,) = M n (T — M (Hqep) Y
(plp) =0
Trace decomposition Energy decomposition QCD Hamiltonian

Hoep = / dPrHoep = / d>z T



EMT and the proton mass

e Forward matrix element of total EMT
(T"") = (p|T*|p) = 2p"'p”

Proton mass

n(TH,) = M n (T — M (Hqep) Y
(plp) =0
Trace decomposition Energy decomposition QCD Hamiltonian

Hoep = / dPrHoep = / d>z T

e Forward matrix element quark and gluon contributions

(THR) = 2ptp” Ai(0) + 202" C(0)
A (0)+ Ay (0) =1 C,(0)+ C,(0)=0

e in forward limit, matrix elements of EMT fully determined by two form factors
— any mass sum rule for the proton related to at most two independent numbers



Trace decomposition

(Hatta, Rajan, Tanaka, JHEP 12, 008 (2018) / Tanaka, JHEP 01, 120 (2019))
M = Mq + Mg — n(<(Tq,R)H u> T <(Tg,R)u u))

e Total EMT not renormalized, but individual terms T"!“require (extra) renormalization
g*”
4

F2

T
THY — Téﬂ/ + Tgl“/ Té“/ — iwv{u D V}¢ Tg/w _ —F“O‘Fg +

e Trace anomaly of EMT: " w = (mW)R + ”Ym(m&w)R + fg(F2)R

(Adler, Collins, Duncan, 1977 / Nielsen, 1977 / Collins, Duncan, Joglekar, 1977 / ...)

i (Tg,r)" =1+ y)(mW)R + Qf(Fz)R

(T = (o = )50 + (2 = ) (F)n

-



Trace decomposition

(Hatta, Rajan, Tanaka, JHEP 12, 008 (2018) / Tanaka, JHEP 01, 120 (2019))
M = Mq + Mg — n(<(Tq,R)H u> T <(Tg,R)u u))

e Total EMT not renormalized, but individual terms T"!“require (extra) renormalization
g*”
4

F2

T
THY — Téﬂ/ + Tgl“/ Té“/ — iwv{u D V}¢ Tg/w _ —F“O‘Fg +

e Trace anomaly of EMT: " w = (mW)R + ”Ym(m&w)R + fg(lﬂ)R

(Adler, Collins, Duncan, 1977 / Nielsen, 1977 / Collins, Duncan, Joglekar, 1977 / ...)

i (Tg,r)" =1+ y)(mW)R + fE(Fz)R

(T, )" 0 = (Yo — ) (B + (% . ) (F2)

-

e x and y related to finite parts of renormalization constants — choose a scheme

D1 scheme: x =0, y = v, (Tq,R)“ uw = (1+ %n)(m%ﬁ)}% (Tg,R)M p = %(FQ)R
D2 scheme: =y =0 (Tq,R)“ u = (mW)R (Tg,R)M po— vm(mW)R +



Two-term energy decomposition

Lorceé, EPJC 78, 120 (2018)

M=U,;+Uy=n (T, )+ <T§3Q>)

e Relation to EMT form factors for energy and trace decomposition

U; = M (Ai(0) + C;(0))

M; = M (A4;(0) + 4C;(0))

o U; # M, : mixture of energy and pressure ( ~ C;(0)) terms

o U, + Uy =M, + M, because C,+ C, =0

e Energy and trace decompositions have one independent term



4 term energy decomposition of Ji

Ji, PRL 74, 1071 (1995); PRD 52, 271 (1995); Ji et al., NPB 971 (2021) 115537

e Sum rule based on decomposition of 7%into traceless and trace part

1

THY — TFW + j"/ﬂ/ TMV — Zg/“/TOé N T,Lu/ — THV _ T,uz/
traceless  trace
__ /700 3 1 af3 1
tensor (traceless) part scalar (trace) part

e 4 term decomposition H = Hg + Hp = (Hy + Hy) + Hon + Ha

1 _
Ho = 7 [%(F2)R + ’ym(wmw)}z] anomaly energy
Ho = (Ymi)) g mass energy

(H, +H,y) = lim (qﬂ&’ 1Dy + 1 ;EQ + R BQ> quark potential and kinetic energy
0 - e - e R+ gluon energy

Formulas from Ji et al., NPB 971 (2021) 115537, which differ from the original papers



3 term energy decomposition

Rodini, Metz, BP. JHEP 09, 67 (2020); PRD 102, 111 (2020); Lorcé, Metz, BP, Rodini, JHEP 11,121 (2021)

M=%H,+Hy+Hpm

~ N 72 32 _
_ (la- Do) #, = B LB Mo = ()




3 term energy decomposition

Rodini, Metz, BP, JHEP 09, 67 (2020); PRD 102, 111 (2020); Lorcé, Metz, BP, Rodini, JHEP 11,121 (2021)

M=%H,+Hy+Hnm

-~ . N 2 32 -
H, = (W1 iDy)g H, = \E i ) o = (D)

e Comparison with two-term energy decomposition

~~ ~

M=U,+U,=n (<T(§{(}z> + <T§f}%>) T(% =H,+ Hp, T = H,



3 term energy decomposition

Rodini, Metz, BP, JHEP 09, 67 (2020); PRD 102, 111 (2020); Lorcé, Metz, BP, Rodini, JHEP 11,121 (2021)

M =M, +Hy+ Hum

-~ . N 2 32 -
H, = (W1 iDy)g H, = \E i ) o = (D)

e Comparison with two-term energy decomposition

~~ ~

Ahﬂ@+%=n@@%+ﬂﬁm zﬁfﬂg+mn T°Y% = H,

e Comparison with four-term energy decomposition

L 29 . -
— 1 T_’.' 2 2
(Hqg +Hy) lim (w a 2D¢+4_2€E —|—4_2€B )R



3 term energy decomposition

Rodini, Metz, BP, JHEP 09, 67 (2020); PRD 102, 111 (2020); Lorcé, Metz, BP, Rodini, JHEP 11,121 (2021)

M =M, +Hy+ Hum

-~ . N 32 32 -
H, = (W1 iDy)g H, = \E i ) o = (D)

e Comparison with two-term energy decomposition

~~ ~

Ahﬂ@+%=n@@%+ﬂﬁm zﬁfﬂg+mn T°Y% = H,

e Comparison with four-term energy decomposition

L 29 . -
— 1 T_’.' 2 2
(Hqg +Hy) lim (w a 2D¢+4_2€E —|—4_2€B )R

make the expansion in the limit of € — 0

L E? 1+ B2 1 - =




3 term energy decomposition

Rodini, Metz, BP, JHEP 09, 67 (2020); PRD 102, 111 (2020); Lorcé, Metz, BP, Rodini, JHEP 11,121 (2021)

M=%H,+Hy+Hnm

- -~ (E2+B%j

Hy = ('a-iDy)g Hy=— Hom = (ma))
e Comparison with two-term energy decomposition
M = U, + U, =n ((TY%) + (T%)) T2 = Hy + Hn %% = H,
e Comparison with four-term energy decomposition
(Hq +Hy) = lim (Wo? D + i — 3252 + 5 _22652)}%
make the expansion in the limit of € — 0
Hy +Hy) = (WG - iDp)p + & ZEQ)R - (B - B?)
trace anomaly relation: e(E? — B?) = —%FZ — fg(FQ)R + Y (VM) r = —Hq

[Collins, et al., 1974, Tarrach, 1982 |



3 term energy decomposition

Rodini, Metz, BP, JHEP 09, 67 (2020); PRD 102, 111 (2020); Lorcé, Metz, BP, Rodini, JHEP 11,121 (2021)

M=%H,+Hy+Hnm

-~ . N 2 32 -
H, = (W1 iDy)g H, = \E i ) o = (D)

e Comparison with two-term energy decomposition

~~ ~

M=U,+U, =n (<T§f}3> + <T§f}%>) Té{% =H,+ Hyp, T°Y% = H,

e Comparison with four-term energy decomposition

L 29 . -
— 1 T_’.' 2 2
(Hqg +Hy) lim (w a sz—|—4_2€E —|—4_2€B )R

make the expansion in the limit of € — 0

. E2 1 B2 1 - . ~ ~
(’Hq+”Hg):(¢T&.z'D¢)R+( +2 >R_Z€(E2_B2):HQ+H9—HQ

trace anomaly relation: e(E? — B?) = —%FZ — —E(FQ)R + Y (VM) r = —Hq

2
[Collins, et al., 1974, Tarrach, 1982 | g




3 term energy decomposition

Rodini, Metz, BP, JHEP 09, 67 (2020); PRD 102, 111 (2020); Lorcé, Metz, BP, Rodini, JHEP 11,121 (2021)

M=%H,+Hy+Hnm

-~ . N 2 32 -
H, = (W1 iDy)g H, = \E i ) o = (D)

e Comparison with two-term energy decomposition

~~ ~

M=U,+U, =n (<T§f}3> + <T§f}%>) T(;{(}% =H,+ Hyp, T°Y% = H,

e Comparison with four-term energy decomposition

L 29 . -
— 1 T_’.' 2 2
(Hqg +Hy) lim (w a sz—|—4_2€E —|—4_2€B )R

make the expansion in the limit of € — 0

. (E2+BY)y 1

(Hq +Hy) = (W@ - iDy) g + 5 - 16(52 - B?) = Hy+ Ho—Ha
trace anomaly relation: e(E? — B?) = —%FZ — fg(Fz)R + Y (VM) r = —Hq

[Collins, et al., 1974, Tarrach, 1982 |

(Mg 4+ Hy) + Hom + Ha = Hy + Hg—Ha + Hon + Ha



3 term energy decomposition

Rodini, Metz, BP, JHEP 09, 67 (2020); PRD 102, 111 (2020); Lorcé, Metz, BP, Rodini, JHEP 11,121 (2021)

M=%H,+Hy+Hnm

-~ . N 2 32 -
H, = (W1 iDy)g H, = \E i ) o = (D)

e Comparison with two-term energy decomposition

~~ ~

M=U,+U, =n (<T§f}3> + <T§f}%>) T(;{(}% =H,+ Hyp, T°Y% = H,

e Comparison with four-term energy decomposition

L 29 . -
— 1 T_’.' 2 2
(Hqg +Hy) lim (w a sz—|—4_2€E —|—4_2€B )R

make the expansion in the limit of € — 0

. (E2+BY)y 1

(Hq +Hy) = (W@ - iDy) g + 5 - 16(52 - B?) = Hy+ Ho—Ha
trace anomaly relation: e(E? — B?) = —%FZ — fg(Fz)R + Y (VM) r = —Hq

[Collins, et al., 1974, Tarrach, 1982 |

(Hq+Hg)+Hm+Ha:ﬁq+ﬁg—§/+7{m+7}{



Overview: comparison of sum rules

e Trace decomposition (in D2 scheme)

M = -+ 51, = n({n0)n) + (i) + 2 (F)n))
-two scale-independent terms

e Two-term energy decomposition

M = Uq + Ug — n(<(m@;¢)R - (W@ﬁ ' O_Zw)R> T <%(E2 T B2)R>)

-two scale-dependent terms

e Three-term energy decomposition

M =M, + M, + M, = N(<(m¢¢)3> + <(¢m3 | OW)R> * <%<E2 " B2)R>)

-one scale-independent term and two scale-dependent terms



Overview: comparison of sum rules

e Trace decomposition (in D2 scheme)

M = -+ 51, = n({n0)n) + (i) + 2 (F)n))
-two scale-independent terms

e Two-term energy decomposition

M = Uq + Ug — n(<(mﬁw)3 - (WZE ' &w)R> T <%(E2 T B2)R>)

-two scale-dependent terms

e Three-term energy decomposition

M =M, + M, + M, = N(<(m¢¢)3> + <(¢T735 | OW)R> * <%<E2 " B2)R>)

-one scale-independent term and two scale-dependent terms

e Relation between matrix elements (virial theorem <ZT“> —0)

(01D - @0n -+ 5(E> + Bm) = (wm(bv)n + 5 (F)r)

- one can speak about contribution from trace anomaly or parton energies

- a sum rule with contributions from trace anomaly and parton energies does not appear naturally



Numerical results

Two independent inputs

e First input: parton momentum fractions a;, related to traceless parton operators

M2, = (T2%) M2, = (TS5 (a5 +ag =1)
e Second input: quark mass term
. g
2M* b = (1 + m) (M) ) 2M* (1 =) = 5 {(F)R)

- direct input on trace anomaly (from experiment and/or LQCD) would be useful

e Three-term sum rule in terms of @; and b




¢ Momentum fractions from CT18NNLO parametrization (at i = 2 GeV)
a, =0.586 £0.013 a;,=1—a, =0.414 £ 0.013

e Quark mass term from sigma terms

___ (plm(wu+ dd)|p) _ (s 5s|p) _ (plrnc cclp)

Tut0d = OnN = 2M 70T T oM Je T T oM
- Scenario A: sigma terms from phenomenology

(Alarcon et al, 2011, 2012 / Hoferichter et al, 2015)

OxN | opppr = (B9 £ T)MeV 04|, pp = (16 £ 80) MeV

- Scenario B: sigma terms from lattice QCD

(Alexandrou et al, 2019)

0N | qop = (AL6£3.8) MeV o] o = (39.8 £5.5) MeV

Oclpoep = (10.7 £ 22) MeV

main difference between scenarios: including or not o,



Scheme dependence for 3-term sum rule (at 1 = 2 GeV)

MS MS; MSs D1 D2
M, 0.309 £0.044 | 0.194 £ 0.033 | 0.178 £0.032 | 0.362 £0.045 | 0.357 & 0.051
Scenario A | M,, | 0.0754+0.080 | 0.075 £ 0.080 | 0.0754+0.080 | 0.075+£0.080 | 0.075 % 0.080
M, 0.555 £0.036 | 0.669 4+ 0.047 | 0.686 £ 0.048 | 0.502 £ 0.035 | 0.507 & 0.029
M, 0.234 £0.006 | 0.13540.003 | 0.120 £0.003 | 0.286 £ 0.006 | 0.272 4 0.008
Scenario B M,, 0.187 £0.023 | 0.187 £ 0.023 | 0.187 £0.023 | 0.187 £0.023 | 0.187 4 0.023
M, 0.517 £0.017 | 0.617 +0.020 | 0.631 £0.020 | 0.465 £ 0.017 | 0.479 4+ 0.015

- considerable numerical scheme dependence

- qualitatively, similar results for other sum rules

- scheme dependence is not a new phenomenon



Results for trace decomposition

O(ax;) O(a3) O(ay)
M, —0.113 £0.102 | -0.120 £0.105 | —0.115 % 0.107
Scenario A -
M, 1.051 £ 0.102 1.057 £0.105 1.053 £ 0.107
M, 0.032 4+ 0.030 0.030 + 0.031 0.035 4+ 0.030
Scenario B -
M, 0.906 £ 0.030 0.908 4 0.030 0.903 £ 0.030

- perturbative expansion very stable (applies for all sum rules, and for all schemes)

- M, can become negative

Results for two-term energy decomposition
O(ay) O(a3) O(cr))
U, | 0.38440.035 | 0.383+0.036 | 0.384 + 0.036
Scenario A
U, | 0.554+0.035 | 0.556 +0.036 | 0.555 4 0.036
U, | 0.42040.016 | 0.420 +0.017 | 0.421 +0.017
Scenario B
U, | 0518 +0.016 | 0.518 £0.017 | 0.517 £ 0.017

- very roughly, quark and gluon energies contribute equally to proton mass

- in MS scheme, contribution from gluon energy somewhat larger



Results for three-term energy decomposition

O(ay) O(ay) O(ay)
M, | 0.31140.043 | 0.310 +0.043 | 0.309 =+ 0.044
Scenario A | M, | 0.073+0.080 | 0.073 +0.079 | 0.074 + 0.080

M

0.554 £ 0.035

0.556 £+ 0.036

0.555 4= 0.036

M,

Scenario B M.,

M,

0.237 £ 0.006
0.183 £+ 0.023
0.518 = 0.016

0.235 4 0.006
0.184 £ 0.022

0.518 +0.017

0.234 £+ 0.006
0.187 £+ 0.023

0.517 & 0.017

- M, = U, — discussion for gluon part like for two-term energy decomposition

- M,dominates over M,,,, but feature less significant if o. included

- contribution of M, is ~ 8% for Scenario A, ~ 20% for Scenario B

— much larger than ~ 1% which is frequently attributed to Higgs mechanism



Summary

- Key information about the nucleon structure encoded in the EMT

- Definition of the EMT is not unique:
super potential terms do not play any role at the level of integrated quantities, while play a crucial

role at the level of distributions

- Dispersion Relations for DVCS amplitudes
constraints from analyticity, crossing, built in

- D-term from t-channel Dispersion Relations
D-term — two-pion correlated state with 1=0, J=0, 2

model independent representation
with input from two-pion GDAs and pion-nucleon scattering

- Several sum rules for proton mass exist that are based on the EMT ( T°° or T* )

We arrived at a sum rule with three terms which have a ““clean” interpretation

All the sum rules rely on the same inputs: two independent form factors of the EMT



