
Hadron spin structure in lattice QCD

1

 

STIMULATE
European Joint Doctorates

Constantia Alexandrou

CFNS Workshop: High Luminosity-EIC (EIC-Phase II)
       Brookhaven National Lab.,  21-24 June 2022       



Introduction  

Spin structure of  the  nucleon using one gauge ensemble - momentum 

and spin sums (also momentum sum of  pion) and preliminary result in 

the continuum limit 

Mellin moments of  pion and kaon 

Quasi-parton distributions in large momentum effective theory 

(LaMET)  - next talks in this morning session  

Conclusions

Outline
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Extraction of  matrix elements in lattice QCD
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Simulation of  gauge 
configurations U

Quark 
propagators

Data Analysis

Connected

Disconnected
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Computational resources
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Summit, OLCF 

Marconi100, CINECA 

Piz Daint, CSCS 

HAWK, HLRS 

SuperMUC, LRZ 

JSC

Stampede,TACC

USA



Status of  current simulations

 A number of  collaborations has physical point ensembles: 

‣ Wilson-type: BMW, ETMC, CLS, PACS 

• BMW and ETMC  have multiple lattice spacings 0.05<a<0.1 fm  

• PACS has a large volume ensemble at a single lattice spacing 

‣  Staggered at physical point: MILC with 4 and BMW with 6 lattice spacings 0.05<a<0.15 fm 

‣  Domain wall at physical point: RBC/UKQCD with 2 lattice spacings

Wilson-type

Staggered
Domain wall



 5 ensembles at physical pion mass 

• 3 lattice spacings 0.05<a<0.1 fm —> take continuum limit directly at 
the physical point avoiding chiral extrapolation removing a major  
systematic error in the baryon sector 

• Two volumes at a=0.08 fm and 0.07 fm of  Lmπ~3.6 (5.1 fm) and Lmπ 

~5.4 (7.7 fm) 

 Algorithmic improvements needed to go to a<0.05 fm due to critical slow 
down in HMC (long autocorrelations) —> new approaches e.g. Machine 
learning approaches  using equivariant flows                                                                                     
G. Kanwar, et al., Phys. Rev. Lett. 125 (2020) 121601, arXiv:2003.06413; D. Boyda,  et 
al., Phys.Rev.D 103 (2021)  074504, arXiv: 2008.05456; M. S. Albergo et al., 	 	 	
Phys.Rev.D 104 (2021) 114507, arXiv:2106.05934

Gauge ensembles generated by ETMC

Nf=2+1+1 ETMC ensembles

•Analysis completed for 643x128 a=0.08 fm 
•Analysis ongoing for 963x192 a=0.08 fm

•Analysis ongoing for 803x160, a=0.07 fm 
•Simulation ongoing for 1123x224, a=0.07 fm 

Analysis ongoing for 
963x192, a~0.06 fm 

C. A. et al. (ETMC),  “Simulating twisted mass fermions at physical light, strange and charm quark masses” Phys. Rev. D98 (2018) 054518 

Physical point

https://arxiv.org/abs/2106.05934


Systematics & Challenges
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 Discretisation effect: Continuum limit    

 —> need simulations for at least 3 lattice spacings

 Finite volume effects: Infinite volume limit                                                     

—> need simulations for at least 3  volumes

 Simulations directly at the physical point   
  Systematic effects from chiral extrapolation are eliminated

 Ground-state identification  
   Cross-check (one-, two-  and three-state fits, summation), but two or more particle states create difficulties

 Renormalisation  
    Non-perturbatively with improvements e.g using perturbative subtraction of  lattice artefacts - more 
complicated for extended operators

 Large momentum limit - important for direct evaluation of  GPDs 
   Challenging since statistical  errors grow exponentially

Typically done using simulations for heavier 
than physical values of  the pion mass

 In what follows we assume isospin symmetry i.e. up and down quarks have equal mass, and 

neglect EM effects



Spin structure
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Energy and momentum tensor taken to be symmetric

 

Physical matrix elements of the traceless part can be written in 
terms of two gauge invariant terms        

Energy and momentum tensor (EMT)

9

Tµ⌫ = T̄µ⌫ + T̂µ⌫
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Traceless and trace parts

T̄µ⌫ = T̄µ⌫
q + T̄µ⌫

g
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Related to quark and gluon total angular momentum  

T̄µ⌫
g = F {µ⇢F ⌫}

⇢
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T̄µ⌫
q =  ̄i�{µ

 !
D ⌫} ,

<latexit sha1_base64="+OJXflUMods8Xngs//+JH1KR1cg="></latexit>

X. Ji, PRD 52, 271,1995, hep-ph/9502213 

Symmetrisation over indices 
and subtraction of  trace

Scheme and scale dependent



 Identification of nucleon matrix element M (t0=0)

Nucleon matrix elements
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O
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Cµ⌫
3pt(�; ~q = 0, ts, tins)=

X

~xins,~xs

Tr
⇥
h�JN (ts, ~xs)O

µ⌫(tins, ~xins)J̄N (t0, ~x0)i
⇤

+

O
µ⌫

Summation:

L. Maiani, G. Martinelli, M. L. Paciello, and B. Taglienti, Nucl. Phys., B293: 420, 1987

ts�aX

tins=a

Rµ⌫(�; ~q = ~0, ts, tins) �! c+Mts +O(e��Ets)

disconnected

Plateau and two-state fit: 
Rµ⌫(�; ~q = ~0, ts, tins) =

Cµ⌫
3pt(ts, tins)

C2pt(�0, ts)
�!M+O(e��E(t�tins)) +O(e��Etins)s

Included in the two-state fit

connected



Analysis of  two- and three-point functions C2pt and  C3pt 

Nucleon propagator
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Fit the nucleon two-point function or effective mass keeping up to two excited states 
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Isovector momentum fraction 
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Nf=2+1+1 twisted mass fermions with a clover term: B-ensemble 

• Lattice size 643 x 128 
• a=0.08 fm determined from the nucleon mass 
• mπ=139 MeV 
• Lmπ=3.6  

ts/a Ncnfs Nsrcs Nmeas

8 750 1 750
10 750 2 1500
12 750 4 3000
14 750 6 4500
16 750 16 12000
18 750 48 36000
20 750 64 48000
2-pt 750 264 198000

0.64 fm

1.6 fm

Needed for studying 
 excited states

Increase statistics to keep approx.  
constant error

Statistics for connected contribution 

O
µ⌫



Nucleon matrix elements of EMT
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hxiq = Aq
20(0)

Ground-state dominance 
Plateau - one state 
Two- state fits 
Summation 

Plateau values
C3pt

C2pt

C. Alexandrou et al., PRD 101, 094513 (2020), arXiv: 2003.08486  

Isovector
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Second Mellin moments
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hxiq, hxi�q, hxi�q

Momentum fraction - best measured 
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D-term 

Isovector
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2 = Sq + Lq + JqSpin sum:

<latexit sha1_base64="W6S7slOK/ep9xwy9EVKE8kaA4Ao="></latexit>

Sq = 1
2

P
q

R 1
0 [�q(x) +�q̄(x)] dx = 1

2

P
q g

q
A

<latexit sha1_base64="GC0CvteRUJ2nXy0v3gbV0L0zbd4="></latexit>

hN(p0, s0)|Oµ⌫
V |N(p, s)i = ūN (p0, s0)
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Momentum fraction for each quark
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Nf=2+1+1 twisted mass fermions with a clover term 

• Lattice size 643 x 128 
• a=0.08 fm determined from the nucleon mass 
• mπ=139 MeV 
• Lmπ=3.6  

ts/a Ncnfs Nsrcs Nmeas

8 750 1 750
10 750 2 1500
12 750 4 3000
14 750 6 4500
16 750 16 12000
18 750 48 36000
20 750 64 48000
2-pt 750 264 198000

0.64 fm

1.6 fm

Needed for studying 
 excited states

Increase statistics to keep approx.  
constant error

Statistics for connected contribution 

Statistics for disconnected contribution no. of   Hadamard vectors

no. of   stochastic vectors

<latexit sha1_base64="u4J49w4gpkoXm/7N+wYxz2YVZGI="></latexit>

2pt (u+d)-quark loop s-quark loop c-quark loop
600000 750⇥512 750⇥512 9000⇥32

+deflation of 200 modes

Use hierarchical probing

O
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Nucleon isoscalar momentum fraction
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Connected 

Disconnected 



Field strength tensor 

Gluon momentum fraction
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O
µ⌫
g = 2Tr [Gµ⇢Gµ⇢]

hN |O
44
g �

1
3O

jj
g |Ni

hN |Ni
= �2mN < x >g

<latexit sha1_base64="Y3okTP6Qqq/EdzBcrin4qJn5CzQ=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEi1E1JiqIboerGZQV7gSaGyXSaDp1MwsxELKE7N76KGxeKuPUV3Pk2TtMstPWHgY//nMOZ8/sxo1JZ1rdRWFhcWl4prpbW1jc2t8ztnZaMEoFJE0csEh0fScIoJ01FFSOdWBAU+oy0/eHVpN6+J0LSiN+qUUzcEAWc9ilGSlueue8wxANG4IMjMvCC8wsvrVnju6BiHXlm2apameA82DmUQa6GZ345vQgnIeEKMyRl17Zi5aZIKIoZGZecRJIY4SEKSFcjRyGRbprdMYaH2unBfiT04wpm7u+JFIVSjkJfd4ZIDeRsbWL+V+smqn/mppTHiSIcTxf1EwZVBCehwB4VBCs20oCwoPqvEA+QQFjp6Eo6BHv25Hlo1ar2SdW6OS7XL/M4imAPHIAKsMEpqINr0ABNgMEjeAav4M14Ml6Md+Nj2low8pld8EfG5w9pkJha</latexit>

hxig = Ag
20(0)

Use stout smearing to reduce UV noise: ns=10

‣ In the rest frame of  the nucleon: 
hN |O

4i
g |Ni

hN |Ni
= pi < x >g

<latexit sha1_base64="+zwO2tfm0/Qw5uOI8iV1XZLExdQ="></latexit>

‣ In a moving frame: 

‣   Quark isoscalar & gluon momentum fractions mix —> need 2x2 matrix: 

hxiRg = ZgghxiBg + Zgq

X

q

hxiBq
<latexit sha1_base64="LjOm0b5ShtuILShdC75BY/ktOzs="></latexit><latexit sha1_base64="LjOm0b5ShtuILShdC75BY/ktOzs="></latexit><latexit sha1_base64="LjOm0b5ShtuILShdC75BY/ktOzs="></latexit><latexit sha1_base64="LjOm0b5ShtuILShdC75BY/ktOzs="></latexit>
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Zgq = g2Cf

16⇡2

�
0.8114 + 0.4434cSW � 0.2074c2SW + 4

3 log(a
2µ̄2)

�
<latexit sha1_base64="qQEp74GBTNHp9A1ItYTfwO3/3Q0="></latexit>

Zqg = g2Cf

16⇡2

�
0.2164 + 0.4511cSW + 1.4917c2SW � 4

3 log(a
2µ̄2)

�

<latexit sha1_base64="+z4H2yTgMFuDZquXbuSgGYt08Kc=">AAACCnicbVC7TsMwFHXKqy2vAAMDi6FCYqiqpELAWIkFtiLRh2iq4jhusOo4qe0gVVFmFn6FhYEKsfIFbPwAI9+A+xig5UhXOj7nXvne40aMSmVZn0ZmYXFpeSWby6+urW9smlvbdRnGApMaDlkomi6ShFFOaooqRpqRIChwGWm4vfOR37gnQtKQX6tBRNoB8jntUoyUljrmfu6mk/T7qVN0ijBxRAAR91I4fmrH99OOWbBK1hhwnthTUqjsXn59DzO31Y754XghjgPCFWZIypZtRaqdIKEoZiTNO7EkEcI95JOWphwFRLaT8SkpPNSKB7uh0MUVHKu/JxIUSDkIXN0ZIHUnZ72R+J/XilX3rJ1QHsWKcDz5qBszqEI4ygV6VBCs2EAThAXVu0J8hwTCSqeX1yHYsyfPk3q5ZJ+Uyld2oXIMJsiCPXAAjoANTkEFXIAqqAEMHsATeAFD49F4Nl6Nt0lrxpjO7IA/MN5/AJ0bnJk=</latexit>

Zqq and Zgg‣                  computed non-perturbatively 

computed perturbatively 

Momentum sum fulfilled  

C. Alexandrou et al., PRD 101, 094513 (2020), arXiv: 2003.08486  



Momentum fraction of pion
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xu+d = 0.601(28), xs = 0.059(13), xc = 0.019(05), and xg = 0.52(11)
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hxi⇡quarks hxi⇡g Total

Lattice (this work)

Phenomenology [43]

(NLO+NLL double Mellin)

Phenomenology [44]

Nf=2+1+1 twisted mass fermions 

• Lattice size 643 x 128 
• a=0.08 fm determined from the nucleon 

mass 
• mπ=139 MeV 
• Lmπ=3.6  

<latexit sha1_base64="XGFhSIz/Q0b/cDlgpGogN1e2D5k=">AAACEXicbVC7SgNBFJ2NrxhfUUubwURIFXaDqIVFwEIbIaJ5QHYJs5ObZMjM7jIzK4QlfoKNv2JjoYitnZ1/42ySQhMPDBzOuYe59/gRZ0rb9reVWVpeWV3Lruc2Nre2d/K7ew0VxpJCnYY8lC2fKOAsgLpmmkMrkkCEz6HpDy9Sv3kPUrEwuNOjCDxB+gHrMUq0kTr5UtENjZ/GE1cQPZAiub4dj4tY0QEIwETjysMlNDr5gl22J8CLxJmRApqh1sl/ud2QxgICTTlRqu3YkfYSIjWjHMY5N1YQETokfWgbGhAByksmF43xkVG6uBdK8wKNJ+rvREKEUiPhm8l0aTXvpeJ/XjvWvTMvYUEUawjo9KNezLEOcVoP7jIJVPORIYRKZnbFdEAkodqUmDMlOPMnL5JGpeyclI9vKoXq+ayOLDpAh6iEHHSKqugK1VAdUfSIntErerOerBfr3fqYjmasWWYf/YH1+QP/rp0V</latexit>

MS scheme at 2 GeV

C. A. et al. (ETMC), Phys. Rev. Lett. 127 (2021) 25, 252001, arXiv: 2109.10692



 Determines intrinsic spin carried by each quark

Flavor decomposition of  axial charge 

19
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�⌃q+(µ
2) =

Z 1

0
dx

⇥
�q(x, µ2) +�q̄(x, µ2)

⇤
= gqA

Disconnected 

Connected up & down  

C. A. et al. (ETMC) Phys.Rev.D 102 (2020) 5, 054517, 1909.00485  
C. A. et al. (ETMC) Phys.Rev.D 101 (2020) 9, 094513, 2003.08486 

https://arxiv.org/abs/1909.00485
https://arxiv.org/abs/2003.08486


Nucleon momentum and spin sums verified 
from lattice QCD

Spin sum and orbital angular momentum

20
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�⌃q+(µ
2) =

Z 1

0
dx

⇥
�q(x, µ2) +�q̄(x, µ2)

⇤
= gqA

C. A. et al. (ETMC) Phys.Rev.D 102 (2020) 5, 054517, arXiv:1909.00485  
C. A. et al. (ETMC) Phys.Rev.D 101 (2020) 9, 094513, arXiv:2003.08486 

<latexit sha1_base64="VDC/8GL0G0B3NDQcoy3gEz+OA80="></latexit>

Jq =
1

2
[Aq

20(0) +Bq
20(0)]

https://arxiv.org/abs/1909.00485
https://arxiv.org/abs/2003.08486


Use three gauge ensembles simulated directly at physical pion mass - avoids uncontrolled chiral 
extrapolations

Continuum extrapolation

21
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 Isovector spin

<latexit sha1_base64="wF3XE6zAYoWaGbWtO+hTZvMSeO0="></latexit>

ensemble (L/a)3.T/a a (fm) m⇡ (MeV) L (fm) m⇡L
cB211.072.64 643 · 128 0.07961 (13) 140.2 (2) 5.09 3.62
cC211.060.80 803 · 160 0.06821 (12) 136.7 (2) 5.46 3.78
cD211.054.96 963 · 192 0.05692 (10) 140.8 (2) 5.46 3.90

• Mild a2-dependence 
• Increase statistics of  B- and D-

ensembles to reduce error of  
continuum result 



Continuum limit of  intrinsic spin ΔΣ

22
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Used in confirming the 
spin sum
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�⌃q+ = gqA
<latexit sha1_base64="jCel+CzFbdRoCW3uBXXG8Xarj2k="></latexit>

�⌃q+(µ
2) =

Z 1

0
dx

⇥
�q(x, µ2) +�q̄(x, µ2)

⇤
= gqA

Next step to perform the continuum extrapolation of  the disconnected contributions



 Limited studies of  pion and kaon PDFs despite important role in understanding e.g. dynamics of  chiral 
symmetry breaking, isospin breaking, etc. 

First lattice QCD study of  pion moments more than 30 years ago 

  

Compute <x>, <x2> and  <x3> using Nf=2+1+1 twisted mass ensemble with mπ=260 MeV, only connected

Pion and kaon moments

23

Indices chosen to avoid mixing —> Require boosted frame 
<latexit sha1_base64="l1BlCdWa3Dm+/Pwpa1csXx2tZJU="></latexit>

hM(p)|Ojk4
|M(p)i = �pj pkhx

2
iM , j 6= k

<latexit sha1_base64="CcZtXauYpCAe3pnScAjVRWPWPDk="></latexit>

hM(p)|O44
|M(p)i =

1

2EM (p)

✓
m2

M

2
� 2(EM (p))2

◆
hxiM

<latexit sha1_base 64="7nkSkaP3IaFkOBIWcguEE6/4q9M="></latexit>

hM(p)|O{1234}
|M(p)i = �i p1 p2 p3 hx3

iM

C. Best et al. (QCDSF) Phys. Rev. D 56, 2743 (1997), hep-lat/9703014 
D. Broemmel et al. (QCDSF-UKQCD) PoS LATTICE2007, 140 (2007)  

s-quark distribution has support at larger x 

	 C. A. et al., Phys. Rev. D 103 (2021) 1, 014508, 2010.03495 & 2104.02247

<latexit sha1_base64="TghkS8RC1QN7Bpneks5ZU5rpYek="></latexit>

hxiu+

⇡

hxis+K
= 0.823(8)(10) ,

hx2iu+

⇡

hx2is+K
= 0.795(45)(80) ,

hx3iu+

⇡

hx3is+K
= 0.325(244)(23)

https://arxiv.org/abs/2010.03495


 Proof  of  concept using pion and kaon and simulations with pion mass 260 MeV 

 Use moments up to <x3>

Reconstruction of  PDFs using moments

24

<latexit sha1_base64="A7TtT/SR8XRwmWM9urAffW2Kbgw="></latexit>

qfM hxi hx2i hx3i
qu⇡ 0.261(3)(6) 0.110(7)(12) 0.024(18)(2)

quK 0.246(2)(2) 0.096(2)(2) 0.033(6)(1)

qsK 0.317(2)(1) 0.139(2)(1) 0.073(5)(2)

C. A. et al., (ETMC) Phys. Rev. D 103 (2021) 014508; 2010.03495 
C. A. et al., (ETMC) Phys. Rev. D 104 (2021) 054504;  2104.02247

<latexit sha1_base64="adW+9kJyd8TbrVa/WcxxnBeNoPc="></latexit>

qf⇡,K(x) = Nx↵(1� x)�(1 + ⇢
p
x+ �x)

General form:

<latexit sha1_base64="1v19TJIHVcjzb+XeY7stQKb3QEs=">AAACCXicbVDLSgMxAMzWV62vVY9egkWoHsqmiHopFLx4KVSwD+jWJZtm29Bsdk2yYin9Ai/+ihcRLwpe/AX/xnTbS1sHAsPMhGTGjzlT2nF+rczK6tr6RnYzt7W9s7tn7x80VJRIQusk4pFs+VhRzgSta6Y5bcWS4tDntOkPrid+85FKxSJxp4cx7YS4J1jACNZG8uwzl2PR4xQi6MqUeVVYhi4T2nPuEXzwqoWnU6Mg17PzTtFJAZcJmpE8mKHm2T9uNyJJSIUmHCvVRk6sOyMsNSOcjnNuomiMyQD36ChtMoYnRurCIJLmCA1TdS6HQ6WGoW+SIdZ9tehNxP+8dqKDq86IiTjRVJDpQ0HCoY7gZBbYZZISzYeGYCKZ+SEkfSwx0Wa8nKmOFosuk0apiC6KpdvzfKU8GyELjsAxKAAELkEF3IAaqAMCXsAb+ARf1rP1ar1bH9NoxprdOQRzsL7/AAH4lw8=</latexit>

h1iM =

Z 1

0
qM (x) = 1

Charge conservation determines N:

•ρ is generally small so we take ρ=0 
•we do a 3- and 2- (setting γ=0) parameter fit 

We find the 3-parameter fit yields γ with 
large errors and gives compatible results with 
the 2-parameter fit  
—> we show results for the  2-parameter fit 
—> we find β~2

at 27 GeV
<latexit sha1_base64="mAJet5ebJwg3PyfhWUiio1lJ4Bs=">AAAB+nicbVDLSgMxFM3UV62vqS7dBIvgqsyUoi4LbtwIFe0DOkPJpGkbmseQZJQy9lPcuFDErV/izr8x085CWw8EDufcw705UcyoNp737RTW1jc2t4rbpZ3dvf0Dt3zY1jJRmLSwZFJ1I6QJo4K0DDWMdGNFEI8Y6USTq8zvPBClqRT3ZhqTkKORoEOKkbFS3y0H0tpZOg0Uhzd3s75b8areHHCV+DmpgBzNvvsVDCROOBEGM6R1z/diE6ZIGYoZmZWCRJMY4QkakZ6lAnGiw3R++gyeWmUAh1LZJwycq78TKeJaT3lkJzkyY73sZeJ/Xi8xw8swpSJODBF4sWiYMGgkzHqAA6oINmxqCcKK2lshHiOFsLFtlWwJ/vKXV0m7VvXPq7XbeqVRz+sogmNwAs6ADy5AA1yDJmgBDB7BM3gFb86T8+K8Ox+L0YKTZ47AHzifP1VRlAE=</latexit>

MS

https://arxiv.org/abs/2010.03495


New era of  direct computation of  x-dependencne of  parton 
distributions

25

Reviews 
‣ M. Constantinou et al. (2020) 2006.08636 

‣ H.-W. Lin et al. Prog. Part. Nucl. Phys. 100, 107, 1711.07916 

‣ X. Ji,  Y. Liu, J.-H. Zhang, 2004.03543 

‣ K. Cichy and M. Constantinou, Adv.High Energy Phys. (2019) 3036904,1811.07248  

https://arxiv.org/abs/1811.07248


Quasi-parton distributions
X. Ji, Phys. Rev. Lett. 110 (2013) 262002 [arXiv:1305.1539]

• PDFs light-cone correlation matrix elements
<latexit sha1_base64="HUG7Z/qQY1TAXfRgU3oy72rE+H0="></latexit>

F�(x) =
1

2

Z
dz�

2⇡
eixP

+z�
hN(p)| ̄(�z/2)�W (�z/2, z/2) (z/2)|N(p)i|z+=0,~z=0

z0=tz- z+

z3

• Define spatial correlators e.g. along z3 and boost nucleon state to large 
momentum 

z0=tz- z+

z3

matching 
boost—><latexit sha1_base64="zSq8DPMGcX9xCNwC90ekEmlkbdU=">AAAB43icdVDNTgIxGOziH+If6tFLIzHxtOluYIGTJF48YiJIAoR0Sxcq3e6m7ZpsCE/gxRgvkPggvoGv4NvYBT1gdJIvmczMl35TP+ZMaYQ+rdzG5tb2Tn63sLd/cHhUPD5pqyiRhLZIxCPZ8bGinAna0kxz2oklxaHP6b0/uc78+0cqFYvEnU5j2g/xSLCAEayN1O4xEeh0UCwhG3lOveZBZJerbr1cMcRxKx5C0LHREqWr93mGRXNQ/OgNI5KEVGjCsVJdB8W6P8VSM8LprNBLFI0xmeARnS5vnMELIw1hEEkzQsOlupbDoVJp6JtkiPVY/fYy8S+vm+ig1p8yESeaCrJ6KEg41BHMCsMhk5RonhqCiWTmQkjGWGKizbcUTPWffvB/0nZtx7PdW1RqlMEKeXAGzsElcEAVNMANaIIWIOABPIM5WFjUerJerNdVNGd975yCNVhvX/2wj7Y=</latexit>1

• Use LaMET to match to the infinite momentum frame using a matching 
kernel computed in perturbation theory

• Renormalise quasi-PDFs and increase nucleon boost 



Computation of  quasi-PDFs

27

X. Ji, Phys. Rev. Lett. 110 (2013) 262002 [arXiv:1305.1539]

• Compute space-like matrix elements for boosted nucleon states and take the large boost limit 

Isovector (u-d) and isoscalar (u+d) connected

Isoscalar (u+d) disconnected, s and c

<latexit sha1_base64="yJBeiFkpjGNkCYYlwSUliWJ/s5k="></latexit>

�0 unpolarised

� = �5�3 helicity

�3i, i = 1, 2 transversity

Gluon

Renormalise non-perturbatively, Z(z,μ) 
Eliminates both UV and linear divergences 

• Match using LaMET Perturbative kernel
<latexit sha1_base64="MCUr26SuQFVVM4UQUYkCnaP1s5I="></latexit>

F̃�(x, P3, µ) =

Z 1

�1

dy

|y|
C

✓
x

y
,

µ

yP3

◆
F�(y, µ) +O

 
m2

N

P 2
3

,
⇤2
QCD

P 2
3

!
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F̃�(x, P3, µ) = 2P3

Z 1

�1

dz

4⇡
e�ixP3z hP3| (0)�W (0, z) (z)|P3i|µ



Nucleon isovector PDFs
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M. Constantinou et al. (2020) 2007.08636
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State-of-the-art results

No continuum 
extrapolation yet

Also pion PDFs 
• X. Gao et al, Phys.Rev.D 102 

(2020) 9, 094513, 2007.06590; 
2112.02208  

• T. Izubuchi, Phys.Rev.D 100 (2019) 
3, 034516, 1905.06349 

• R. Zhang, Phys.Rev.D 102 (2020) 
9, 094519, 2005.13955

https://arxiv.org/abs/2007.06590
https://arxiv.org/abs/1905.06349
https://arxiv.org/abs/2005.13955


Connected isoscalar: compute like 
isovector

Isoscalar and strange PDFs

29

<latexit sha1_base64="ieN18l1JaCStyk3um2yufPfD2aE="></latexit>

L(tins, z) =
X

~xins

Tr
⇥
D�1

q (xins;xins + z)�3�5W (xins, xins + z)
⇤

Two studies on disconnected with heavier than physical pion mass: 
• Mixed action - clover valence on staggered sea,  mπ=310 and mπ=690 MeV, only strange 

• Twisted mass fermions 
R. Zhang, H.W. Lin, B. Yoon (2020), 2005.011

<latexit sha1_base64="ccVNBIAOm1LRTNjMCaMtB8e4kMc="></latexit>

323 ⇥ 64 a=0.0938(3)(2) fm mN = 1.050(8) GeV
L = 3.0 fm m⇡ ⇡ 260 MeV m⇡L ⇡ 4.0

C. A., M. Constantinou, K. Hadjiyiannakou, K. Jansen, F. Manigrasso (2020), 2009.13061  



Quark helicity PDFs
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small but clearly non-zero
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O(z) =  (z) �3�5W (0, z) (0)

 Bare matrix elements
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C3pt(ts, tins, P3)

C2pt(ts, P3)
tins�1;ts�1�! M(z, P3)
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Helicity distributions

• Convergence of  results seen as we increase the momentum from P3=0.83 to   P3=1.24 GeV 

C. A., M. Constantinou, K. Jansen, F. Manigrasso, Phys. Rev. Lett. 126 (2021) 10, 102003, arXiv:2009.13061 

• Computation at the physical point is currently on-going



Compute space-like matrix element with different initial and final nucleon boosts

Generalised parton distributions
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h�(z, ⇠̃, Q
2, P3) = hN(P3êz + ~Q/2)| (z)�W (z, 0) (0)|N(P3êz � ~Q/2)i

 Rest of  the steps are the same as for quasi-PDFs: i.e. renormalise, take the Fourier transform and match 
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⇠̃ = �
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: quasi� skewness ⇠̃ = ⇠ +O(
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)
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RI-scale
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MS� scale

 Two first studies for pion and nucleon GPDs 

                               J.W. Chen, H.W. Lin, J.H. Zhang, Nucl. Phys. B 952, 114940 (2020), 1904.12376   
                                                                                       C. A. et al., Phys.Rev.Lett. 125 (2020) 26, 262001, 2008.10573 

Reduces to the matching kernel for ξ=0 
Does not depend on Q2

X.Ji et al., Phys.Rev. D92 (2015) 014039 
X.Xiong, J-H. Zhang, Phys.Rev. D92 (2015) 054037  

Y-S. Liu et al., Phys.Rev. D100 (2019), 034006  
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Convergence with momentum 

-1 -0.5 0 0.5 1

0

1

2

3

<latexit sha1_base64="mkAimSNLzsHyu53bFbKVd5iJIJU=">AAAB9nicbVDLSgMxFM3UV62vURcu3ASL0EIpM0XUTaHgpssK9gFtGTKZTBuaeZDckZYyv+JGxI2Cn+Ev+Dem7WxsPRA4nHPCvfe4seAKLOvHyG1t7+zu5fcLB4dHxyfm6VlHRYmkrE0jEcmeSxQTPGRt4CBYL5aMBK5gXXfysPC7z0wqHoVPMIvZMCCjkPucEtCSY16MHLs0LdcHwIXH5s20NK1YFavsmEWrai2BN4mdkSLK0HLM74EX0SRgIVBBlOrbVgzDOZHAqWBpYZAoFhM6ISM2X66d4mstediPpH4h4KX6J0cCpWaBq5MBgbFa9xbif14/Af9+OOdhnAAL6WqQnwgMEV50gD0uGQUx04RQyfWGmI6JJBR0UwV9ur1+6Cbp1Kr2bbX2eFNs1LMS8ugSXaESstEdaqAmaqE2oihFr+gDfRpT48V4M95X0ZyR/TlHf2B8/QK6f5Bq</latexit>

g1(x) = H̃(x, 0, 0)

t=-Q2
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323 ⇥ 64 a=0.0938(3)(2) fm mN = 1.050(8) GeV
L = 3.0 fm m⇡ ⇡ 260 MeV m⇡L ⇡ 4.0
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 Precision era of  lattice QCD:  

    - Mellin moments of  PFDs can be extracted precisely including sea quark effects  

    - Moments yield a lot of  interesting physics and also reconstruct the PDFs - demonstrated for the pion and      
kaon 

Continuum extrapolations directly at the physical mass point is now reality —> yield results in the 
continuum limit for the spin eliminating cut-off  artefacts.  Additional ensembles will allow taking the infinite 
volume limit  

 Direct computation of  PDFs, GPDs, TMDs, other hadrons is possible - see next talks during the day


