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Introduction

Introduction
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I charged weak interaction (W±): changes “up”-type quarks into a
“down”-type quarks

I mixes different generation of quarks
I quark-mixing Cabibbo–Kobayashi–Maskawa (CKM) matrix

VCKM =

Vud Vus Vub
Vcd Vcs Vcb
Vtd Vts Vtb
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Introduction

Unitarity of the CKM matrix

I within the Standard Model CKM matrix is unitary VCKMV †CKM = 1

→ test the Standard Model by finding deviations from Unitarity
I example

Vud V ∗ub + Vcd V ∗cb + Vtd V ∗tb = 0

∣∣∣Vud V ∗
ub

Vcd V ∗
cb

∣∣∣
∣∣∣ Vtd V ∗

tb
Vcd V ∗

cb

∣∣∣
1

γ β

α

γ

γ

α

α

dm∆

Kε

Kε

sm∆ & dm∆

ubV

βsin 2

(excl. at CL > 0.95)
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Introduction

Vus from leptonic Kaon decays

I leptonic Kaon decay K+ → `+ν`

s

u
K+

W +

`+

ν`

I effective weak Hamiltonian

s

u

W +

`+

ν` s

u

GF

`+

ν`

I decay rate (can be measured experimentally)

Γ(K+ → `+ν`) =
G2

F |Vus |2 f 2
K

8π
MK m2

`

(
1−

m2
`

M2
K

)2

I known factors (Fermi constant GF , masses m)
I kaon decay constant fK , can be calculated on the lattice
I CKM matrix element Vus
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Introduction

QCD on the lattice

I Wick rotation (t → −ix0) to Euclidean space-time
I Discretize space-time by a hypercubic lattice Λ
I Quantize QCD using Euclidean path integrals

〈A〉 =
1
Z

∫
D[Ψ,Ψ]D[U] e−SE [Ψ,Ψ,U] A(U,Ψ, Ψ̄)

−→ can be split into fermionic and gluonic part

a

Ψ(x) Ψ(x + aµ̂)

Uµ(x)

I Calculate gluonic expectation values using Monte Carlo techniques:

〈〈A〉F 〉G =
∫
D[U] 〈A〉F P(U) ≈

1
Ncfg

Ncfg∑
n=1
〈A〉F

average over gluonic gauge configurations U distributed according to

P(U) =
1
Z

(det D)Nf e−SG [U]

I extrapolate to the continuum (a → 0) and infinite volume (V →∞)
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Introduction

fK/fπ from the lattice

I pseudoscalar meson decay constant from the lattice
I axial-vector matrix element

AK = 〈0| uγ0γ5s |K〉 = MK fK

I overview Kaon/Pion decay constants

1.14 1.18 1.22 1.26

=
+

+
=

+
=

 QCDSF/UKQCD 07 
 ETM 09         
 ETM 10D (stat. err. only)
 ALPHA 13A       
 ETM 14D (stat. err. only)

 FLAG average for =

 MILC 04        
 HPQCD/UKQCD 07 
 RBC/UKQCD 08   
 Aubin 08       
 MILC 09        
 MILC 09A       
 BMW 10         
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 JLQCD/TWQCD 10 
 MILC 10        
 Laiho 11       
 RBC/UKQCD 12   
 RBC/UKQCD 14B  
 Durr 16         
 QCDSF/UKQCD 16 

 FLAG average for = +

 ETM 10E (stat. err. only)
 MILC 11 (stat. err. only)
 MILC 13A        
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 FLAG average for = + +

± / ±

I results with precision < 1%
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Isospin Breaking Corrections

Isospin Breaking Corrections

I lattice calculations usually done in the isospin symmetric limit
I two sources of isospin breaking effects

I different masses for up- and down quark (of O((md −mu)/ΛQCD))
I Quarks have electrical charge (of O(α))

I lattice calculation aiming at 1% precision requires to include isospin breaking

I separation of strong IB and QED effects requires renormalization scheme
I definition of “physical point” in a “QCD only world” also scheme dependent

I Euclidean path integral including QED

〈O〉 =
1
Z

∫
D[Ψ,Ψ]D[U]D[A] O e−SF [Ψ,Ψ,U,A] e−SG [U] e−Sγ [A]
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Isospin Breaking Corrections

Expansion around IB symmetric (eg IB corrections to meson masses)

I perturbative expansion in α [RM123 Collaboration, Phys.Rev. D87, 114505 (2013)]

〈O〉 = 〈O〉e=0 +
1
2

e2 ∂2

∂e2 〈O〉

∣∣∣∣∣
e=0

+O(α2)

electro-quenched approximation

sea-quark effects

I perturbative expansion in ∆mf = (m0
f −mf ) [G.M. de Divitiis et al, JHEP 1204 (2012) 124]

〈O〉mf
= 〈O〉m0

f
+ ∆mf

∂

∂mf
〈O〉

∣∣∣∣
m0

f

+O
(
∆m2

f
)

sea quark effects:
quark-disconnected diagrams
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Isospin Breaking Corrections

Tuning to physical point in a QCD+QED, mu 6= md

I bare quark masses are free parameters in QCD

→ choose input quark masses such that a set of hadron masses receive their
→ experimentally measured value including QED, e.g.(

mu, md , ms , . . .
)

−→
(
Mπ+ , MK+ , MK0 , . . .

)
mexp
π+ =

[
m0
π + αmQED

π+ + ∆md m∆md
π+ + ∆mu m∆mu

π+

]
mexp

K+ =
[
m0

K + αmQED
K+ + ∆mu m∆mu

K+ + ∆ms m∆ms
K+

]
mexp

K0 =
[
m0

K + αmQED
K0 + ∆md m∆md

K0 + ∆ms m∆ms
K0

]

(plus another mass to determine the scale, e.g. the Ω-Baryon)
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Isospin Breaking Corrections

Renormalisation Scheme

I How much of IB comes from QED and how much from mu 6= md ?

Xφ = X + XSU(2) + Xγ XQCD ≡ X + XSU(2)
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Isospin Breaking Corrections

Renormalisation Scheme

I How much of IB comes from QED and how much from mu 6= md ?

Xφ = X + XSU(2) + Xγ XQCD ≡ X + XSU(2)

observable at physical point
mu = md , α = 0
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Isospin Breaking Corrections

Renormalisation Scheme

I How much of IB comes from QED and how much from mu 6= md ?

Xφ = X + XSU(2) + Xγ XQCD ≡ X + XSU(2)

observable at physical point
mu = md , α = 0 SU(2)-Breaking correction QED correction

I Answer depends on the renormalisation scheme!
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Isospin Breaking Corrections

Renormalisation Scheme

I How much of IB comes from QED and how much from mu 6= md ?

Xφ = X + XSU(2) + Xγ XQCD ≡ X + XSU(2)

observable at physical point
mu = md , α = 0 SU(2)-Breaking correction QED correction

I Answer depends on the renormalisation scheme!

I define arbitrary unphysical values Π and ΠQCD for a set of quantities Π

α = 0, mu = md α = 0, mu 6= md

I ambiguities in choosing different schemes
I intermediate quantities can only be compared when using schemes, where

ambiguities are of higher order
→ efforts in this direction:
→[S. Aoki et al, Eur.Phys.J.C 80 (2020), http://flag.unibe.ch/2019/]
→[Whitepaper g − 2 Theory Initiative, arXiv:2006.04822]
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Isospin Breaking Corrections

Renormalisation Scheme - examples

I e.g. GRS scheme [J. Gasser et al, Eur. Phys. J. C32, 97]

0. use quark masses in some massless renormalisation scheme
Π = (mud = 1/2(mu + md ), δm = (mu −md ),ms)

1. determine physical quark masses Πφ = (mφ
ud , δmφ,mφ

s )
2. define quark masses to be equal in QCD and QCD+QED: ΠQCD = Πφ

3. define the (mu = md , α = 0) point by Π = (mφ
ud , 0,mφ

s )
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I GRS/χPT-inspired mesonic scheme [S. Borsanyi et al, Phys. Rev. Lett. 111 (25), 252001]

use the following set of quantities Π = (M2
ud ,∆M2, 2M2

Kχ)

M2
ud =

1
2
(
M2

uu + M2
dd

)
∆M2 = M2

uu −M2
dd 2M2

Kχ = M2
K+ + M2

K0 −M2
π+

in χPT [J. Bijnens, and N. Danielsson, Phys. Rev. D75, 014505] Π = 2B(mud , δm,ms) + · · ·
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I GRS/χPT-inspired mesonic scheme [S. Borsanyi et al, Phys. Rev. Lett. 111 (25), 252001]

use the following set of quantities Π = (M2
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Kχ)

M2
ud =

1
2
(
M2

uu + M2
dd

)
∆M2 = M2

uu −M2
dd 2M2

Kχ = M2
K+ + M2

K0 −M2
π+

in χPT [J. Bijnens, and N. Danielsson, Phys. Rev. D75, 014505] Π = 2B(mud , δm,ms) + · · ·

I other schemes possible, e.g. [M. Di Carlo et al, Phys. Rev. D100 (3), 034514 ]
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Isospin Breaking Corrections to leptonic meson decay

Decay rate leptonic meson decays

I P+ decay rate in rest frame (P = {π,K})

Γ(P+ → `+ν`) = K
∑
r,s
|Mr,s |2

summed over spins r , s of final state (`ν`)

I matrix element
Mr,s = 〈`+, r ; ν`, s|HW |P+〉

HW

P+

`+

ν`

I weak Hamiltonian HW

I tree-level matrix element (hadronic and leptonic part factorisable)

Mr,s
0 = fP MP

(
ur
ν`
γµL v s

`

)
γµL = γµ(1− γ5)
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Isospin Breaking Corrections to leptonic meson decay

Decay rate leptonic meson decays

I tree-level decay rate

Γ0(P+ → `+ν`) =
G2

F |Vij |2 f 2
P

8π
MP m2

`

(
1−

m2
`

M2
P

)2

I full QCD+QED decay rate

Γ = Γ0 + δΓ = Γ0(1 + δR) δR = δΓ/Γ0

I first order O(α, md −mu) in isospin breaking

δΓ = δK
∑
r,s

∣∣Mr,s
0
∣∣2 + 2K0

∑
r,s
<(Mr,s

0 δMr,s,∗)

with
Mr,s

0 = fP MP
(
ur
ν`
γµL v s

`

)
δMr,s = ur

ν`
δM̃ v s

`

⇒
∑
r,s
<(Mr,s

0 δMr,s,∗) = fP MP Tr[/pνδM̃(−/p` + im`)γµL ]
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δΓ = δK
∑
r,s

∣∣Mr,s
0
∣∣2 + 2K0

∑
r,s
<(Mr,s

0 δMr,s,∗)

with
Mr,s

0 = fP MP
(
ur
ν`
γµL v s

`

)
δMr,s = ur

ν`
δM̃ v s

`

⇒
∑
r,s
<(Mr,s

0 δMr,s,∗) = fP MP Tr[/pνδM̃(−/p` + im`)γµL ]
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Isospin Breaking Corrections to leptonic meson decay

perturbative expansion - leptonic meson decay

I mass-shift corrections O(∆m)

I quark QED corrections O(e2
q)

I lepton QED corrections O(e2
`)

I quark-lepton QED correction O(e`eq)
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Isospin Breaking Corrections to leptonic meson decay

IB corrections to leptonic meson decay

I Infrared divergencies cancled by diagrams with one final state photon

Γ(K+ → `+ν`, α) + Γ(K+ → `+ν`γ)

I pioneering work to calculate IB correction to decay rate by RM123-Soton
• formalism developed in [N. Carrasco et al, Phys.Rev. D91, 074506 (2015)]

• finite volume effects [V. Lubicz et al, Phys. Rev. D95, 034504 (2017)]

• first lattice results [M. Di Carlo et al, arXiv:1904.08731], [D. Giusti et al, Phys. Rev. Lett.
• 120, 072001 (2018)]

• final state photon radiation [A. Desiderio et al, arXiv:2006.05358]

I this work: calculation directly at the physical point
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Isospin Breaking Corrections to leptonic meson decay

Lattice Setup

I Nf = 2 + 1 Möbius Domain Wall Fermions
I near physical quark masses
I inverse lattice spacing a−1 = 1.730(4) GeV
I 483 × 96 with Ls = 24

I Feynman gauge and QEDL for photon propagators

∆µν(x − y) = 〈Aµ(x)Aν(y)〉 = δµν
1
N

∑
k, #»k 6=0

e ik·(x−y)

k̂2

I use stochastic photon fields Aµ(x) to estimate ∆µν(x − y)
[D. Giusti et al. Phys.Rev. D95 (2017) 114504]

I em vertices using local vector currents γµAµ = /A

I all results shown in this talk are preliminary

Vera Gülpers (University of Edinburgh) BNL HET Seminar Mar 31, 2022 15 / 24



Isospin Breaking Corrections to leptonic meson decay

factorisable QED diagrams

I factorisable diagrams QED correction

→ hadronic and leptonic part can be factorised (as in tree-level)
I only need to calculate

I IB correction from factorisable diagrams

δqqMrs =
(
ur
ν`
γµL v s

`

)
δA

with
δA = δ〈0|q1γ0γ5q2|P+〉
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Isospin Breaking Corrections to leptonic meson decay

IB correction from factorisable diagrams

tt = 0 tt = 0 tt = 0

I correlators w/o QED (example: Kaon)

C0
PP(t) = 〈0|(sγ5u)(uγ5s)|0〉 = A0 e−m0t A0 =

φ2
0

2m0

C0
AP(t) = 〈0|(sγ0γ5u)(uγ5s)|0〉 = B0 e−m0t B0 =

φ0A0

2m0

I full QCD+QED correlator C(t) = C0 + δC(t) = (A0 + δA)e−t(m0+δm)

I O(α) QED corrections

δCPP(t)
C0

PP(t)
=
δA
A0
− δm t = 2

δφ

φ0
−
δm
m0
− δm t

δCAP(t)
C0

AP(t)
=
δB
B0
− δm t =

δφ

φ0
+
δA
A0
−
δm
m0
− δm t

.
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Isospin Breaking Corrections to leptonic meson decay

Results - factorisable contributions [Plots by A. Yong]

pion kaon
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Isospin Breaking Corrections to leptonic meson decay

non-factorisable diagrams

I non-factorisable diagrams
I include lepton in lattice calculation
I neutrino can be done anlytically
I amputated weak Hamiltonian and matrix element

Hα

W = (γL
µ`)

α (q1γ
L
µq2) Mr,α = 〈`+, r |Hα

W |P
+〉 = (M̃v r

`)α

I Euclidean three-point function

Cαβ(t`, tH , tP) =
〈
`
α(t`) Hβ

W (tH)φ†P(tP)
〉

= Cαβ0 (t`, tH , tP) + δCαβ(t`, tH , tP) +O(α2)

I recap: QED correction to decay rate

δΓ ∼
∑
r,s
<(Mr,s

0 δMr,s,∗)∑
r,s
<(Mr,s

0 δMr,s,∗) = fP MP Tr[/pνδM̃(−/p` + im`)γµL ]
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Isospin Breaking Corrections to leptonic meson decay

extract correction to decay rate

I spectral representation

δ`qCαβ(t`, tH , tP) =
φ0

[
δ`qM̃ (−/p` + im`)

]
αβ

4E`MP
e−(tH−tP )MP e−(t`−tH )E`

I include the lepton trace

Tr
[
/pνδ

`qC(tH)γµL
]
∝ Tr

[
/pνδ

`qM̃ (−/p` + im`)γµL
]

I δ`qΓ/Γ0 can be obtained from long distance behaviour of

R(t`, tH , tP) =
Tr
[
/pνδ

`qC(t`, tH , tP)γµL
]

Tr
[
/pνC0(t`, tH , tP)γµL

]
−→ δ`qΓ/Γ0

part of correction to decay rate
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Isospin Breaking Corrections to leptonic meson decay

Results - non-factorisable contributions
I lattice calculation

t`tHtP

`α

H
β

WφP

I lepton: free Domain Wall Fermion with muon mass as pole mass
I twisted boundary conditions for muon for energy/momentum conservation
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|M
P
|2

tH
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Nonfactorisable QED ratio with tℓ − tH = 24

PRELIMINARY

R(tH) =
Tr
[
/pνδ

`qC(tH)γL
0

]
Tr
[
/pνC0(tH)γL

0

]
−→ δ`qΓ/Γ0

[Plot by A. Yong]
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Isospin Breaking Corrections to leptonic meson decay

Next step (putting everything together)

I Decay rate

Γ(P+ → `+ν` [γ]) = Γ0(P+ → `+ν`) (1 + δRP)

with

Γ0(P+ → `+ν`) =
G2

F |Vij |2 f 2
P

8π
MP m2

`

(
1−

m2
`

M2
P

)2

I ratio of pion and kaon decay rates

Γ(K+ → µ+νµ [γ])
Γ(π+ → µ+νµ [γ])

=
∣∣∣∣Vus

Vud

∣∣∣∣2 ∣∣∣∣ fK

fπ

∣∣∣∣2 M3
π

M3
K

(
M2

K −m2
µ

M2
π −m2

µ

)2

(1 + δRK − δRπ)
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Conclusions

Summary

I lattice determinations of fK , fπ have reached precision of . 1%
→ isospin breaking correction become important
→ necessary to improve determination of CKM matrix elements

I preliminary results for isospin corrections to leptonic meson decays
• physical point ensemble
• factorisable and non-factorisable QED corrections to decay rate

• currently finalising the result for Vus/Vud
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Conclusions

Outlook

I disconnected diagrams & sea-quark effects, e.g.

I renormalisation of the weak Hamiltonian including QED
→ Vus and Vud separately

I diagrams with final state photon

I semi-leptonic meson decays K → π`ν

K±`3 : K± → π0`±ν` K0
`3: K0 → π±`∓ν`

→ determination of Vus
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Thank you
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