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• Exotic states  i.e. states different for qqbar or qqq have been predicted before and after the 
inception of QCD:  in the last decades they (X Y Z) have been observed in the sector 

with two heavy quarks QQbar, at or above the quarkonium strong decay threshold 

•X Y Z    offer  the unique possibility to investigate the dynamical properties  of 
strongly correlated systems in QCD—> however it is very difficult  

to describe them in QFT

• We  have now the tools to describe quarkonium in Quantum Field Theory —
Nonrelativistic Effective Quantum Field Theories (NREFT) plus Lattice ; —which  

Is what renders quarkonium a golden probe of strong interactions

•I will show how we can address X Y Z states  on the basis of an EFT called 
BOEFT and some lattice input i.e. directly in QCD
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Quarkonium: multiscale system -> hierarchy of scales/hierarchy of NREFTs based 
on factorization  which makes apparent symmetries hidden in QCD and increase 

model independent predictivity 

• BOEFT for Hybrids:   theory, spectra, spin structure, decays

• BOEFT for tetraquarks, pentaquarks, doubly heavy baryons

•X Y Z:   BOEFT this theory should encompass  the different  models depending on the dynamics; 
need lattice input  but only on  some glue correlators, not on each state  

Plan of the talk

• pNRQCD addresses bound state formation—>gives the potentials and the non 
potential corrections, the  nonperturbative physics is 

contained  in gluonic gauge invariant objects

The same framework can be used to describe  production (see Wang’s talk) 
andX Y Z evolution  in medium -in heavy ions ion the basis of BOEFT and 

open quantum system
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Systems with two heavy quarks: physical scales and physical significance

consider QQbar (quarkonium) but things are similar for QQ, QQQ etc 
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Being a multiscale system quarkonium 

is a golden probe of  

confinement and deconfinement physics 



QCD Theory of Quarkonium: a very  challenging problem



Close to the bound state  

NR Bound State

g
2

p2
(1 +

mαs

p
+ . . .)

QCD Theory of Quarkonium: a very  challenging problem



Close to the bound state  

NR Bound State

g
2

p2
(1 +

mαs

p
+ . . .)

pQ

Q̄

p ∼ mαs

QCD Theory of Quarkonium: a very  challenging problem



Close to the bound state  

NR Bound State

g
2

p2
(1 +

mαs

p
+ . . .)

pQ

Q̄

p ∼ mαs

QCD Theory of Quarkonium: a very  challenging problem

g
2

p2
(1 +

mαs

p
)



∼

1

E − (p2

m
+ V )

Close to the bound state  

NR Bound State

g
2

p2
(1 +

mαs

p
+ . . .)

pQ

Q̄

p ∼ mαs

QCD Theory of Quarkonium: a very  challenging problem

g
2

p2
(1 +

mαs

p
)



∼

1

E − (p2

m
+ V )

Close to the bound state  

NR Bound State

g
2

p2
(1 +

mαs

p
+ . . .)

pQ

Q̄

p ∼ mαs

QCD Theory of Quarkonium: a very  challenging problem

g
2

p2
(1 +

mαs

p
)



∼

1

E − (p2

m
+ V )

Close to the bound state  

NR Bound State

g
2

p2
(1 +

mαs

p
+ . . .)

pQ

Q̄

p ∼ mαs

QCD Theory of Quarkonium: a very  challenging problem

...    ...   ...
m

p      mv

2E      mv

Difficult also
for the lattice! 

L
−1

! λ ! Λ ! a
−1

multiscale diagrams have a complicate power 
counting and contribute to all orders in the coupling 

g
2

p2
(1 +

mαs

p
)



∼

1

E − (p2

m
+ V )

Close to the bound state  

NR Bound State

g
2

p2
(1 +

mαs

p
+ . . .)

pQ

Q̄

p ∼ mαs

QCD Theory of Quarkonium: a very  challenging problem

...    ...   ...
m

p      mv

2E      mv

Difficult also
for the lattice! 

L
−1

! λ ! Λ ! a
−1

multiscale diagrams have a complicate power 
counting and contribute to all orders in the coupling 

g
2

p2
(1 +

mαs

p
)

The problem is greatly simplifie
d 

and predictivity is achieved 

by using Nonrelativistic Effective Field Theories  
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pNRQCD: EFT for QQ̄

pNRQCD is the EFT for nonrelativistic quark-antiquark pairs (QQ̄) near threshold.

• QFT = QCD

• It is obtained by integrating out hard and soft gluons with p or E scaling like m, mv.

• The d.o.f. are QQ̄ pairs (sometimes cast in color singlet S and color octet O)

and ultrasoft modes (e.g. light quarks, low-energy gluons):

φ = S

• The Lagrangian is organized as an expansion in 1/m and r.

• The form of ∆L and of the ultrasoft modes depends on the low energy dynamics.

• The power counting is

→ p ∼ 1/r ∼ mv (soft scale),

→ E ∼ p2/2m ∼ V (0) ∼ Pcm ∼ 1/Rcm ∼ mv2 (ultrasoft scale),

→ operators in ∆L scale like (mv2)dimension.

◦ Brambilla Pineda Soto Vairo RMP 77 (2005) 1423
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strongly 
coupled 
pNRQCD

weakly 
coupled 
pNRQCD

In QCD another  
scale is relevant

• The leading picture is Schoedinger eq.,the  
potentials appear once all scales above the energy have been 
been integrated out  

•Any prediction of pNRQCD is a prediction of 
QCD at the given order of expansion

•Effects at the nonperturbative scale are carried 
by gauge invariant purely glue dependent 
correlators to be calculated on 
the lattice or in QCD vacuum models 

• non potential effects appear  
 as correction to the leading picture and are nonperturbative



Weakly coupled pNRQCDWeak coupling pNRQCD

∆L =

∫

d3r Tr

{

O†

(

iD0 −
p2

m
+ · · ·− Vo

)

O

VAO†r · gES +H.c.+
VB

2
O†r · gEO + c.c.

}

+ · · ·

−
1

4
Fa
µνF

µν a +

nf
∑

i=1

q̄i iD/ qi

The (weak coupling) matching coefficients are the Coulomb potential:

V (r) = −CF
αs

r
+ . . . , Vo(r) =

1

2N

αs

r
+ . . . , N = 3, CF =

4

3

and VA = 1 +O(α2
s ), VB = 1 +O(α2

s ).

◦ Pineda Soto NP PS 64 (1998) 428

Brambilla Pineda Soto Vairo NPB 566 (2000) 275

LO  in r

NLO  in r
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pNRQCD Lagrangian for QQ̄

• If mv ! ΛQCD, the matching is perturbative

• Degrees of freedom: quarks and gluons

Q-Q̄ states, with energy ∼ ΛQCD, mv2 and momentum <
∼ mv

⇒ (i) singlet S (ii) octet O

Gluons with energy and momentum ∼ ΛQCD, mv2

• Definite power counting: r ∼
1

mv
and t, R ∼

1

mv2
, 1

ΛQCD

The gauge fields are multipole expanded:
A(R, r, t) = A(R, t) + r · ∇A(R, t) + . . .

Non-analytic behaviour in r → matching coefficients V
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LO  in r

NLO  in r
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Feynman rules

= θ(t) e−it(p2/m+V )

= θ(t) e−it(p2/m+Vo)
(

e−i
∫
dtAadj

)

= O†r · gE S = O†{r · gE, O}

◦ Brambilla Pineda Soto Vairo NPB 566 (2000) 275, RMP 77 (2005) 1423
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R = center of mass
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r = QQ̄ distance



Energies at order m alpha^5 (NNNLO)
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+ . . . Voloshin–Leutwyler terms

local condensates as  predicted in a 
paper by Misha Voloshin in 1979

—>used to extract  precise  (NNNLO)  
determination of m_c and m_b

Applications of weakly coupled pNRQCD include: 
ttbar production, quarkonia spectra, decays, E1 and M1 transitions, QQq and QQQ energies, thermal 

masses and potentials 



ΛQCDHitting the scale    r ⇠ ⇤�1
QCD

(QQ̄)1 + Glueball

(QQ̄)1
(QQ̄)8G

hybrid

Strongly coupled pNRQCD: 

The degrees of freedoms now are  

with gluons at the  scale ΛQCD  —>nonperturbative problem, use lattice 
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Spectrum of NRQCD 
static energies E^0_n from 

Lattice

NRQCD states

Strongly coupled pNRQCD: 
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n

NRQCD
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r = |x1 � x2|
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The Quantum-Mechanical
Matching

The matching condition is:

〈H|H |H〉 = 〈nljs|
p2

m
+

∑

n

V (n)
s

mn
|nljs〉

In a QM language:

H(0)|n;x1,x2〉
(0) = E(0)
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(0)

|n;x1,x2〉
(0) = ψ†(x1)χ(x2)|n;x1,x2〉

(0)

xj are the quark positions n : CP, ...

|0〉(0) = |(QQ̄)1〉 → Quarkonium Singlet
|n > 0〉(0) = |(QQ̄)g(n)〉 → Higher Gluonic Excitations
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(0)
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(0)

xj are the quark positions n : CP, ...

|0〉(0) = |(QQ̄)1〉 → Quarkonium Singlet
|n > 0〉(0) = |(QQ̄)g(n)〉 → Higher Gluonic Excitations

Symmetries

◦ Foster Michael PRD 59 (1999) 094509
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|n > 0;x1x2i� >

K is the angular momentum of the light degrees of 
freedom;same symmetry as the diatomic molecule 
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Quarkonium hybrids: BOEFT

• Static Energies (Σ, Π, Δ): Eigenvalue of  NRQCD 
Hamiltonian in the static limit.

• Static limit (m→ ∞): Quantum #’s for hybrid

• For r→ 0: static energies are degenerate. 
Characterized by O 3 ×C symmetry group. 

Labelled by: (KPC, Λησ)

Berwein, Brambilla, Castellà , Vairo Phys. Rev. D. 92, (2015)

Gluonic operators characterizing 
Hybrids in Wilson loop

Focus on these two for low lying hybrids 8
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• A  pure potential description emerges from the EFT however this is not the constituent 
quark model, alphas and masses  are the QCD fundamental parameters

• The potentials V = ReV + ImV

         
  from QCD in the matching: get spectra and decays 

• We obtain  the form of the nonperturbative potentials V in terms of generalized Wilson loops (stat 
that are low energy pure gluonic correlators: all the flavour dependence is pulled out 
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spin dependent 1/m^2 potentialThe singlet  potential has the general structure

High-lying quarkonia away from threshold: 1/m potentials

• Singlet states described by the long tails of the potentials in pNRQCD:

V = V0 +
1

m
V1 +

1

m2
(VSD + VV D)

•Lattice calculations of the pNRQCD  potentials

•Exact relations among the potentials from the EFT

•QCD vacuum calculation of the potential (need only one assumption on the Wilson loop 

static spin dependent velocity dependent
the fact that spin dependent corrections appear   

at order 1/m^2 is called Heavy Quark Spin Symmetry
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gauge invariant wilson  
loops can be calculated also in 

 QCD vacuum model and large N 
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pNRQCD  can describe also quarkonium production and, together  
with open quantum systems, the nonequilibrium evolution of quarkonium in medium  

(in heavy ions if the medium is characterised by a temperature or in a nuclear medium) 

—> which has implications on the fact that BOEFT could do the same  

N. B., Hee Sok Chung, A. Vairo 2106.09417, 2007.10078, see talk Wang

N. B., M. Escobedo, M. Strickland, A. Vairo, P. Vandergriend,J. weber 2012.01240



X Y Z : close or above the quarkonium strong decay threshold

 the situation is much more complicate 
there is no mass gap between  quarkonium and the creation 

 of a heavy-light  mesons couple, nor to  gluon excitations and many 
additional states built on the light quark quantum numbers may appear

Exotic Quarkonia

I Exotic Quarkonia are candidates for non traditional hadronic states, including
four constituent quark or an excited gluon constituent.

I Many pictures and corresponding models have been proposed...

I However a compelling, unified, understanding of these new states has not yet
emerged.

I The objective is to connect the di�erent pictures to QCD through EFT and/or
lattice.

2 / 21

many different configurations may appear  

 depending on the underlying  
 QCD dynamics  
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m is the bigger scale —> NRQCD is still validStill:

another separation of scales allows to construct an EFT —> BOEFT



BOEFT: EFT for nonrelativistic pairs and light d.o.f.

Consider bound states of two nonrelativistic particles and some light d.o.f., e.g.,

molecules/quarkonium hybrids (QQ̄g states)or tetraquarks (QQ̄qq̄ states):

• electron/gluon fields change adiabatically in the presence of heavy quarks/nuclei.

The heavy quarks/nuclei interaction may be described at leading order in the

non-relativistic expansion by an effective potential Vκ between static sources,

where κ labels different excitations of the light d.o.f.

• a plethora of states can be built on each of the potentials Vκ by solving the

corresponding Schrödinger equation.

This picture goes also under the name of Born-Oppenheimer approximation. Starting

from pNRQED/pNRQCD the Born-Oppenheimer approximation can be made rigorous

and cast into a suitable nonrelativistic EFT called Born–Oppenheimer EFT (BOEFT).

◦ Brambilla Krein Tarrus Vairo PRD 97 (2018) 016016
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H+
2 -like molecule spectrum

In H+
2 -like molecules excitations of the electronic cloud are separated from each other

by a gap of order mα2, while vibrational modes of the nucleus have an energy of order

mα2
√

m/M , which is much smaller than mα2; m = mass of e, M = mass of nucleus.

EFT for quarkonium hybrids Hybrid spectrum Spin-dependent potential EFT for tetraquarks Summary and outlook

BOEFT
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Lattice evaluation of the QCD static energies: 
Michael et al. 1983,  

 Juge, Kuti, Mornigstar   1997, 1998, 
Bali Pineda 2004,  Capitani, Philipsen, Reisinger, 

Riehl, Wagner 2018

State multiplets

We consider hybrids that are excitations of the lowest lying static energies Πu and Σ−
u .

In the r → 0 limit Πu and Σ−
u are degenerate and correspond to a gluonic operator with

quantum numbers 1+−.

States are organized in spin multiplets.

Multiplet T JPC(S = 0) JPC(S = 1) EΓ

H1 1 1−− (0, 1, 2)−+ E
Σ−

u

, EΠu

H2 1 1++ (0, 1, 2)+− EΠu

H3 0 0++ 1+− E
Σ−

u

H4 2 2++ (1, 2, 3)+− E
Σ−

u

, EΠu

T is the sum of the orbital angular momentum of the quark-antiquark pair and the

gluonic angular momentum; T = 0 state turns out not to be the lowest mass state.

◦ Braaten PRL 111 (2013) 162003

Braaten Langmack Smith PRD 90 (2014) 014044



Focus on hybrids 

Scales in exotic quarkonium
Two distinct components

I Heavy quark Q, Q̄ pair (heavy d.o.f) and a gluon and light-quark excitation (light
d.o.f).

Characteristic Scales

I Heavy-quarks are non-relativistic mQ ∫ �QCD.
I Two components with very di�erent dynamical time scales �QCD ∫ mQv2.

ú Light d.o.f state Elight ≥ �QCD.
ú Heavy-quark binding EQ ≥ mQv2 (v π 1 relative velocity).
ú Adiabatic expansion, Born-Oppenheimer approximation in atomic physics. L. Gri�ths,

C. Michael, P. Rakow Phys.Lett.129B (1983); K.. Juge, J. Kuti, C. Morningstar Nucl.Phys.Proc.Suppl.63 (1998);
E. Braaten, C. Langmack, D. Smith Phys.Rev.D90 (2014); C. Meyer, E. Swanson Prog.Part.Nucl.Phys.82 (2015)...

3 / 21

two different scales 
<latexit sha1_base64="Bd6KUuj/4OWNaf4QQGfYzLDBmLg=">AAACB3icbVDLSgMxFM3UVx1fVZeCBIvgqswURZfFunDhogX7gM44ZNK0DU0yQ5IplKE7N/6KGxeKuPUX3Pk3pu0stPVA4HDOudzcE8aMKu0431ZuZXVtfSO/aW9t7+zuFfYPmipKJCYNHLFItkOkCKOCNDTVjLRjSRAPGWmFw+rUb42IVDQS93ocE5+jvqA9ipE2UlA4tqF3Z+JdFKSe5LBevZlAr9+HHI4eynZQKDolZwa4TNyMFEGGWlD48roRTjgRGjOkVMd1Yu2nSGqKGZnYXqJIjPAQ9UnHUIE4UX46u2MCT43Shb1Imic0nKm/J1LElRrz0CQ50gO16E3F/7xOontXfkpFnGgi8HxRL2FQR3BaCuxSSbBmY0MQltT8FeIBkghrU920BHfx5GXSLJfci5JTPy9WrrM68uAInIAz4IJLUAG3oAYaAINH8AxewZv1ZL1Y79bHPJqzsplD8AfW5w+RqZcz</latexit>

⇤QCD � mv2

<latexit sha1_base64="2przuom5PQymvGcn1VPsEW+BW7E=">AAACCHicbVDLSsNAFJ3UV42vqEsXDhbBVUlE0WVRBJcV7APaECbTSTt0MhNmJkIJWbrxV9y4UMStn+DOv3HSZqGtBy4czrl35t4TJowq7brfVmVpeWV1rbpub2xube84u3ttJVKJSQsLJmQ3RIowyklLU81IN5EExSEjnXB8XfidByIVFfxeTxLix2jIaUQx0kYKnEMb3gQZYQRrKbjKYX84LBSeYkZobgdOza27U8BF4pWkBko0A+erPxA4jQnXmCGlep6baD9DUlPzYm73U0UShMdoSHqGchQT5WfTQ3J4bJQBjIQ0xTWcqr8nMhQrNYlD0xkjPVLzXiH+5/VSHV36GeVJqgnHs4+ilEEtYJEKHFBpEmATQxCW1OwK8QhJhLXJrgjBmz95kbRP69553b07qzWuyjiq4AAcgRPggQvQALegCVoAg0fwDF7Bm/VkvVjv1sestWKVM/vgD6zPH4kmmQo=</latexit>

Eelectrons � Enuclei

analogous to  

in QED 
we proceed to integrate  

out  1/r and then  
(or simultaneously see Soto, Tarrus) 
•	2005.00552 

<latexit sha1_base64="1AM6p+xmYLvd7zlgjq8aHdz1n20=">AAAB+3icbVDLSsNAFJ3UV42vWJduBovgqiSi6LJYFy5ctGAf0IQwmUzaoTNJmJmIJeRX3LhQxK0/4s6/cdpmoa0HBg7nnMu9c4KUUals+9uorK1vbG5Vt82d3b39A+uw1pNJJjDp4oQlYhAgSRiNSVdRxcggFQTxgJF+MGnN/P4jEZIm8YOapsTjaBTTiGKktORbNdO91+kQ+bkrOOy0bgvfqtsNew64SpyS1EGJtm99uWGCM05ihRmScujYqfJyJBTFjBSmm0mSIjxBIzLUNEacSC+f317AU62EMEqEfrGCc/X3RI64lFMe6CRHaiyXvZn4nzfMVHTt5TROM0VivFgUZQyqBM6KgCEVBCs21QRhQfWtEI+RQFjpukxdgrP85VXSO284lw27c1Fv3pR1VMExOAFnwAFXoAnuQBt0AQZP4Bm8gjejMF6Md+NjEa0Y5cwR+APj8we0CZOU</latexit>

⇤QCD

<latexit sha1_base64="1AM6p+xmYLvd7zlgjq8aHdz1n20=">AAAB+3icbVDLSsNAFJ3UV42vWJduBovgqiSi6LJYFy5ctGAf0IQwmUzaoTNJmJmIJeRX3LhQxK0/4s6/cdpmoa0HBg7nnMu9c4KUUals+9uorK1vbG5Vt82d3b39A+uw1pNJJjDp4oQlYhAgSRiNSVdRxcggFQTxgJF+MGnN/P4jEZIm8YOapsTjaBTTiGKktORbNdO91+kQ+bkrOOy0bgvfqtsNew64SpyS1EGJtm99uWGCM05ihRmScujYqfJyJBTFjBSmm0mSIjxBIzLUNEacSC+f317AU62EMEqEfrGCc/X3RI64lFMe6CRHaiyXvZn4nzfMVHTt5TROM0VivFgUZQyqBM6KgCEVBCs21QRhQfWtEI+RQFjpukxdgrP85VXSO284lw27c1Fv3pR1VMExOAFnwAFXoAnuQBt0AQZP4Bm8gjejMF6Md+NjEa0Y5cwR+APj8we0CZOU</latexit>

⇤QCD

https://arxiv.org/abs/2005.00552


Focus on hybrids 

Scales in exotic quarkonium
Two distinct components

I Heavy quark Q, Q̄ pair (heavy d.o.f) and a gluon and light-quark excitation (light
d.o.f).

Characteristic Scales

I Heavy-quarks are non-relativistic mQ ∫ �QCD.
I Two components with very di�erent dynamical time scales �QCD ∫ mQv2.

ú Light d.o.f state Elight ≥ �QCD.
ú Heavy-quark binding EQ ≥ mQv2 (v π 1 relative velocity).
ú Adiabatic expansion, Born-Oppenheimer approximation in atomic physics. L. Gri�ths,

C. Michael, P. Rakow Phys.Lett.129B (1983); K.. Juge, J. Kuti, C. Morningstar Nucl.Phys.Proc.Suppl.63 (1998);
E. Braaten, C. Langmack, D. Smith Phys.Rev.D90 (2014); C. Meyer, E. Swanson Prog.Part.Nucl.Phys.82 (2015)...

3 / 21

two different scales 
<latexit sha1_base64="Bd6KUuj/4OWNaf4QQGfYzLDBmLg=">AAACB3icbVDLSgMxFM3UVx1fVZeCBIvgqswURZfFunDhogX7gM44ZNK0DU0yQ5IplKE7N/6KGxeKuPUX3Pk3pu0stPVA4HDOudzcE8aMKu0431ZuZXVtfSO/aW9t7+zuFfYPmipKJCYNHLFItkOkCKOCNDTVjLRjSRAPGWmFw+rUb42IVDQS93ocE5+jvqA9ipE2UlA4tqF3Z+JdFKSe5LBevZlAr9+HHI4eynZQKDolZwa4TNyMFEGGWlD48roRTjgRGjOkVMd1Yu2nSGqKGZnYXqJIjPAQ9UnHUIE4UX46u2MCT43Shb1Imic0nKm/J1LElRrz0CQ50gO16E3F/7xOontXfkpFnGgi8HxRL2FQR3BaCuxSSbBmY0MQltT8FeIBkghrU920BHfx5GXSLJfci5JTPy9WrrM68uAInIAz4IJLUAG3oAYaAINH8AxewZv1ZL1Y79bHPJqzsplD8AfW5w+RqZcz</latexit>

⇤QCD � mv2

<latexit sha1_base64="2przuom5PQymvGcn1VPsEW+BW7E=">AAACCHicbVDLSsNAFJ3UV42vqEsXDhbBVUlE0WVRBJcV7APaECbTSTt0MhNmJkIJWbrxV9y4UMStn+DOv3HSZqGtBy4czrl35t4TJowq7brfVmVpeWV1rbpub2xube84u3ttJVKJSQsLJmQ3RIowyklLU81IN5EExSEjnXB8XfidByIVFfxeTxLix2jIaUQx0kYKnEMb3gQZYQRrKbjKYX84LBSeYkZobgdOza27U8BF4pWkBko0A+erPxA4jQnXmCGlep6baD9DUlPzYm73U0UShMdoSHqGchQT5WfTQ3J4bJQBjIQ0xTWcqr8nMhQrNYlD0xkjPVLzXiH+5/VSHV36GeVJqgnHs4+ilEEtYJEKHFBpEmATQxCW1OwK8QhJhLXJrgjBmz95kbRP69553b07qzWuyjiq4AAcgRPggQvQALegCVoAg0fwDF7Bm/VkvVjv1sestWKVM/vgD6zPH4kmmQo=</latexit>

Eelectrons � Enuclei

analogous to  

in QED 
we proceed to integrate  

out  1/r and then  
(or simultaneously see Soto, Tarrus) 
•	2005.00552 

<latexit sha1_base64="1AM6p+xmYLvd7zlgjq8aHdz1n20=">AAAB+3icbVDLSsNAFJ3UV42vWJduBovgqiSi6LJYFy5ctGAf0IQwmUzaoTNJmJmIJeRX3LhQxK0/4s6/cdpmoa0HBg7nnMu9c4KUUals+9uorK1vbG5Vt82d3b39A+uw1pNJJjDp4oQlYhAgSRiNSVdRxcggFQTxgJF+MGnN/P4jEZIm8YOapsTjaBTTiGKktORbNdO91+kQ+bkrOOy0bgvfqtsNew64SpyS1EGJtm99uWGCM05ihRmScujYqfJyJBTFjBSmm0mSIjxBIzLUNEacSC+f317AU62EMEqEfrGCc/X3RI64lFMe6CRHaiyXvZn4nzfMVHTt5TROM0VivFgUZQyqBM6KgCEVBCs21QRhQfWtEI+RQFjpukxdgrP85VXSO284lw27c1Fv3pR1VMExOAFnwAFXoAnuQBt0AQZP4Bm8gjejMF6Md+NjEa0Y5cwR+APj8we0CZOU</latexit>

⇤QCD

<latexit sha1_base64="1AM6p+xmYLvd7zlgjq8aHdz1n20=">AAAB+3icbVDLSsNAFJ3UV42vWJduBovgqiSi6LJYFy5ctGAf0IQwmUzaoTNJmJmIJeRX3LhQxK0/4s6/cdpmoa0HBg7nnMu9c4KUUals+9uorK1vbG5Vt82d3b39A+uw1pNJJjDp4oQlYhAgSRiNSVdRxcggFQTxgJF+MGnN/P4jEZIm8YOapsTjaBTTiGKktORbNdO91+kQ+bkrOOy0bgvfqtsNew64SpyS1EGJtm99uWGCM05ihRmScujYqfJyJBTFjBSmm0mSIjxBIzLUNEacSC+f317AU62EMEqEfrGCc/X3RI64lFMe6CRHaiyXvZn4nzfMVHTt5TROM0VivFgUZQyqBM6KgCEVBCs21QRhQfWtEI+RQFjpukxdgrP85VXSO284lw27c1Fv3pR1VMExOAFnwAFXoAnuQBt0AQZP4Bm8gjejMF6Md+NjEa0Y5cwR+APj8we0CZOU</latexit>

⇤QCD is nonperturbative but we can  
use the lattice  to calculate the appropriate  gluonic static energies  

(corresponding in molecular    physics to the electronic static energies)
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E

Bali Pineda PRD69 (2004) 094001

and x2 of the quark and antiquark, respectively, are good quantum numbers for the static

solution |n;x1,x2〉(0), while n generically denotes the remaining quantum numbers.

In static NRQCD, the gluonic excitations between static quarks have the same symmetries

as the diatomic molecule [24]. In the center-of-mass system, these correspond to the symme-

try group D∞h (substituting the parity operation by CP). According to that symmetry, the

mass eigenstates are classified in terms of the angular momentum along the quark-antiquark

axis (Λ = 0, 1, 2, . . . , to which one gives the traditional names Σ,Π,∆, . . . ), CP (g for even

or u for odd), and the reflection properties with respect to a plane that passes through the

quark-antiquark axis (+ for even or − for odd). Only the Σ states are not degenerate with

respect to the reflection symmetry. See Appendix A for more details.

Translational invariance implies that E(0)
n (x1,x2) = E(0)

n (r), where r = x1 − x2. This

means that the gluonic static energies are functions of r and of the only other scale of

the system in the static limit, ΛQCD. The ground-state energy E(0)

Σ+
g
(r) is associated to the

static quark-antiquark energy, while the other gluonic static energies E(0)
n (r), n #= 0, are

associated to gluonic excitations between static quarks. Following the analogy with the

diatomic molecule, the E(0)
n (r) play the same role as the electronic static energies. However,

in the present case they are nonperturbative quantities and can be obtained in lattice QCD

from generalized static Wilson loops in the limit of large interaction times T [21, 22, 27–32]

Since the static energies are eigenvalues of the static Hamiltonian, one can exploit the

following relation:

(0) 〈n; x1, x2, T/2| n; x1, x2, −T/2〉(0) = N exp
[

−iE(0)
n (r) T

]

, (10)

where N =
[

δ(3)(0)
]2

is a normalization constant following from (9). Since the static states

|n; x1, x2〉(0) form a complete basis, any state |Xn〉 can be written as an expansion in them:

|Xn〉 = cn |n; x1, x2〉(0) + cn′ |n′; x1, x2〉(0) + . . . . (11)

From Eq. (10), it then follows

〈Xn, T/2|Xn, −T/2〉 = N|cn|2 exp
[

−iE(0)
n (r) T

]

+N|cn′|2 exp
[

−iE(0)
n′ (r) T

]

+ . . . . (12)

For large T the exponentials will be highly oscillatory, or in the Euclidean time of lattice

QCD highly suppressed, so such a correlator will be dominated by the lowest static energy.

This allows us to obtain the lowest static energies without knowing the static states explicitly

E(0)
n (r) = lim

T→∞

i

T
log〈Xn, T/2|Xn, −T/2〉 . (13)

8
Phi wilson lines and H gluonic operator with  

the correct quantum numbers

wilson loop
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The BOEFT characterises the hybrids  static energy for short distance

octet potential

Gluelumps (in pNRQCD) II

• The gluelump static energy can be written as a (multipole) expansion in r:

Eg = 2M +
αs

6r
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2 + ...

• Λg is the gluelump mass:
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T
ln〈Ha(T/2)φadjab (T/2,−T/2)Hb(−T/2)〉
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• ag can be expressed as field correlators (single line = singlet, double line = octet), e.g.,

◦ Brambilla Lai Segovia Tarrus arXiv:1908.11699
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Eg =

We understand the  
 static energies —>

non perturbative coefficient



The BOEFT  gives the set of coupled Schroedinger equation  and the recipe to construct multiplets   

State multiplets

We consider hybrids that are excitations of the lowest lying static energies Πu and Σ−
u .

In the r → 0 limit Πu and Σ−
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The LO e.o.m. for the fields Ψ†
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are a set of coupled Schrödinger equations:
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called the nonadiabatic coupling.
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 static energies
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offdiagonal terms change the radial Σ wave function to Π and vice versa, however, they can

not change the parity of the states. This means that ψ(N)
Σ mixes only with ψ(N)

−Π , and ψ(N)
+Π

decouples. We then have the following coupled radial Schrödinger equation for one parity

state,
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and for the other we get the conventional radial Schrödinger equation
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Π

]

ψ(N)
+Π = EN ψ(N)

+Π . (52)

There is a special case for l = 0 in that the offdiagonal terms in the coupled equation

vanish, so the radial Schrödinger equations for ψ(N)
Σ and ψ(N)

−Π also decouple. In fact, ψ(N)
−Π

is irrelevant, since there are no orbital wave functions with |λ| = 1 for l = 0. The same

applies to ψ(N)
+Π . So for l = 0 there exists only one parity state, and its radial wave function is

given by an almost ordinary Schrödinger equation with the E(0)
Σ potential, the only unusual

element is that the angular part is 2/mr2 even though l = 0.

In Appendix C we describe the derivation of the radial Schrödinger equations in more

detail. For the uncoupled radial Schrödinger equations there exist well established numerical

methods to find the wave functions and eigenvalues. These can also be extended to the

coupled case, more details on the specific approach that we chose to get the numerical

results are given in Appendix D and [51].

C. Comparison with other descriptions of hybrids

We now compare the pattern of hybrid spin-symmetry multiplets that we have obtained in

our approach with the one obtained in different pictures. The BO approximation for hybrids,

as it has been employed in Refs. [19, 21, 22, 34], produces spin-symmetry multiplets with

the same JPC constituents as our Hi multiplets in Table II, however, in all the existing BO

papers the masses of opposite parity states are degenerate.

In Ref. [34] the underlying assumptions of the BO approximation are given in more

detail. Two main points are identified, an adiabatic approximation and a single-channel

approximation. The adiabatic approximation states that the time scales for heavy and
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Coupled radial Schrödinger equations

Projection vectors in matrix elements allow for two di↵erent solutions
(coupled or uncoupled) for the ⌃�

u
and ⇧u radial wave functions:

1st solution
"
�

1

2µr2
@rr

2@r +
1

2µr2
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p
l(l + 1)

2
p

l(l + 1) l(l + 1)

!
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(0)
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0 E
(0)
⇧

!# 
 ⌃

 ⇧

!
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 ⌃

 ⇧

!

2nd solution

�

1

2µr2
@r r

2 @r +
l(l + 1)

2µr2
+ E(0)

⇧

�
 ⇧ = E  ⇧

energy eigenvalue E gives hybrid mass: mH = mQ +mQ̄ + E

l(l + 1) is the eigenvalue of angular momentum L
2 =

�
LQQ̄ +Lg

�2

the two solutions correspond to opposite parity states: (�1)l and (�1)l+1

corresponding eigenvalues under charge conjugation: (�1)l+s and (�1)l+s+1

Schrödinger equations can be solved numerically
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Mixing remove the degeneration 
among opposite parity states: 

->Lambda doubling  
existing also in molecular physics



Spectrum: general consideration

• The Schrödinger equation mixes states with the same parity.

A consequence is Λ-doubling, i.e., the lifting of degeneracy between states with

opposite parity. This happens also in molecular physics, however, there Λ-doubling

is a subleading effect, while it is a LO effect in the quarkonium hybrid spectrum.

• The eigenstates are organized in the multiplets H1, H2, ... . Neglecting

off-diagonal terms, the multiplets H1 and H2 would be degenerate.

• We compute the spectrum using quark masses in the renormalon subtraction (RS)

scheme: mc RS = 1.477(40) GeV and mb RS = 4.863(55) GeV.

The gluelump masses, which enter in the normalization of the hybrid potentials,

have been computed in the same scheme and assigned an uncertainty of

±0.15 GeV, which is the largest source of uncertainty in the hybrid masses.
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Spectrum: with mixing and Λ-doubling
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in BO papers  
without the BOEFT  

masses of opposite parity  
states are degenerate



Charmonium hybrid states vs direct lattice data
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Lattice (crosses)  confirms Lambda doubling (H_1  not degenerate with H_2)

Bands  BOEFT predict -uncertainty comes from the uncertainty on the mass of the gluelump
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Comparison of  hybrids multiplets  with neutral isoscalar states observed in the 
charmonium sector (updated  spectrum in paper in  prep on decays N.B., A. Mohapatra. Was Kin Lai, A. Vairo 2022)



band in our H multiplet masses comes form the error on the 
lattice calculation of the gluelump mass +-150 MeV: we need more precise lattice  

calculation of the gluelump masses !

Comparison of  hybrids multiplets  with neutral isoscalar states observed in the 
charmonium sector (updated  spectrum in paper in  prep on decays N.B., A. Mohapatra. Was Kin Lai, A. Vairo 2022)



Comparison of  hybrids multiplets  with neutral isoscalar states observed in the 
bottomonium sector (updated spectrum in paper in  prep on decays N.B., A. Mohapatra. Was Kin Lai, A. Vairo 2022)



to identify states besides the spectrum we need: 

• relativistic corrections, especially spin dependent potentials 

• mixing with quarkonium, decays and transitions:  what is the width of these 
states? —> calculation of hybrids to quarkonium decays

• production 

BOEFT gives or has the potential to give all of that  to us! 

• nonequilibrium  evolution of X Y Z in medium 



The BOEFT gives a prescription to calculate  the hybrids spin dependent potentials at 
order 1/m and 1/m^2 

Hybrid spin-dependent potentials at order 1/mh and 1/m2
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= iεikj is the angular momentum of the spin one gluons

and L is the orbital angular momentum of the heavy-quark-antiquark pair.

Differently from the quarkonium case, the hybrid potential gets a first contribution already

at order Λ2
QCD/mh. The corresponding operator does not contribute at LO to matrix

elements of quarkonium states as its projection on quark-antiquark color singlet states

vanishes. Hence, spin splittings are remarkably less suppressed in heavy quarkonium

hybrids than in heavy quarkonia.

Hybrid spin-dependent potentials at order 1/mh and 1/m2
h

V
(1)

1+−λλ′ SD
(r) = VSK(r)

(

r̂i†λ Kij r̂j
λ′

)

· S

+ VSK b(r)
[(

r · r̂†
λ

)(

riKij r̂j
λ′

)

· S +
(

riKij r̂j†λ

)

· S (r · r̂λ′ )
]

V
(2)

1+−λλ′ SD
(r) = V

(2)
LS a(r)

(

r̂i†λ L r̂iλ′

)

· S + V
(2)
LS b(r)r̂

i†
λ

(

LiSj + SiLj
)

r̂j
λ′

+ V
(2)
LS c(r) [r̂λ · r (p× S) · r̂λ′ + r̂λ · (p× S) r̂λ′ · r]

+ V
(2)
S2 (r)S2δλλ′ + V

(2)
S12 a(r)S12δλλ′ + V

(2)
S12 b(r)r̂

i†
λ r̂j

λ′

(

Si
1S

j
2 + Si

2S
j
1

)

(

Kij
)k

= iεikj is the angular momentum of the spin one gluons

and L is the orbital angular momentum of the heavy-quark-antiquark pair.

Differently from the quarkonium case, the hybrid potential gets a first contribution already

at order Λ2
QCD/mh. The corresponding operator does not contribute at LO to matrix

elements of quarkonium states as its projection on quark-antiquark color singlet states

vanishes. Hence, spin splittings are remarkably less suppressed in heavy quarkonium

hybrids than in heavy quarkonia.

Hybrid spin-dependent potentials at order 1/mh and 1/m2
h

V
(1)

1+−λλ′ SD
(r) = VSK(r)

(

r̂i†λ Kij r̂j
λ′

)

· S

+ VSK b(r)
[(

r · r̂†
λ

)(

riKij r̂j
λ′

)

· S +
(

riKij r̂j†λ

)

· S (r · r̂λ′ )
]

V
(2)

1+−λλ′ SD
(r) = V

(2)
LS a(r)

(

r̂i†λ L r̂iλ′

)

· S + V
(2)
LS b(r)r̂

i†
λ

(

LiSj + SiLj
)

r̂j
λ′

+ V
(2)
LS c(r) [r̂λ · r (p× S) · r̂λ′ + r̂λ · (p× S) r̂λ′ · r]

+ V
(2)
S2 (r)S2δλλ′ + V

(2)
S12 a(r)S12δλλ′ + V

(2)
S12 b(r)r̂

i†
λ r̂j

λ′

(

Si
1S

j
2 + Si

2S
j
1

)

(

Kij
)k

= iεikj is the angular momentum of the spin one gluons

and L is the orbital angular momentum of the heavy-quark-antiquark pair.

Differently from the quarkonium case, the hybrid potential gets a first contribution already

at order Λ2
QCD/mh. The corresponding operator does not contribute at LO to matrix

elements of quarkonium states as its projection on quark-antiquark color singlet states

vanishes. Hence, spin splittings are remarkably less suppressed in heavy quarkonium

hybrids than in heavy quarkonia.

1/m

1/m^2

<latexit sha1_base64="SC+4sQlBYPwhTkabUG4eKyL3lBw=">AAACCXicbZDLSsNAFIZP6q3WW9Slm8EiCEJJiqgboejGZUV7gTaUyXTSDp1MwsxEKKFbN76KGxeKuPUN3Pk2Ttso2vrDwMd/zuHM+f2YM6Ud59PKLSwuLa/kVwtr6xubW/b2Tl1FiSS0RiIeyaaPFeVM0JpmmtNmLCkOfU4b/uByXG/cUalYJG71MKZeiHuCBYxgbayOjdK2H6CbETr/po6Ljn64jDp20Sk5E6F5cDMoQqZqx/5odyOShFRowrFSLdeJtZdiqRnhdFRoJ4rGmAxwj7YMChxS5aWTS0bowDhdFETSPKHRxP09keJQqWHom84Q676arY3N/2qtRAdnXspEnGgqyHRRkHCkIzSOBXWZpETzoQFMJDN/RaSPJSbahFcwIbizJ89DvVxyT0ru9XGxcpHFkYc92IdDcOEUKnAFVagBgXt4hGd4sR6sJ+vVepu25qxsZhf+yHr/Aq9Al8c=</latexit>

S = S1 + S2

<latexit sha1_base64="t4Jo2PpBB63lFNT9Et0IxH3bIgY=">AAACVnicdVFJSwMxGM1Mra11G/XoJViE9mCZlKJehKIXj4pWC50yZNJMG5pZSL4RyjB/Ui/6U7yIaS24fxB4vCXLS5BKocF1Xyy7tFJerVTXausbm1vbzs7unU4yxXiPJTJR/YBqLkXMeyBA8n6qOI0Cye+D6cVcv3/gSoskvoVZyocRHcciFIyCoXwnuvFz0i7wGWnjRu4FIb4pfII9NkoA4wXhTSjkqiia+NPR/sdx1Plvl3mo6Tt1t+UuBv8GZAnqaDlXvvPojRKWRTwGJqnWA+KmMMypAsEkL2pepnlK2ZSO+cDAmEZcD/NFLQU+NMwIh4kyKwa8YL8mchppPYsC44woTPRPbU7+pQ0yCE+HuYjTDHjMPg4KM4khwfOO8UgozkDODKBMCXNXzCZUUQbmJ2qmBPLzyb/BXbtFjlvkulPvni/rqKJ9dIAaiKAT1EWX6Ar1EENP6NWyrZL1bL3ZZbvyYbWtZWYPfRvbeQcltK7n</latexit>

S12 = 12(S1 · r̂)(S2 · r̂)� 4(S1 · S2)

Hybrid spin-dependent potentials at order 1/mh and 1/m2
h

V
(1)

1+−λλ′ SD
(r) = VSK(r)

(

r̂i†λ Kij r̂j
λ′

)

· S

+ VSK b(r)
[(

r · r̂†
λ

)(

riKij r̂j
λ′

)

· S +
(

riKij r̂j†λ

)

· S (r · r̂λ′ )
]

V
(2)

1+−λλ′ SD
(r) = V

(2)
LS a(r)

(

r̂i†λ L r̂iλ′

)

· S + V
(2)
LS b(r)r̂

i†
λ

(

LiSj + SiLj
)

r̂j
λ′

+ V
(2)
LS c(r) [r̂λ · r (p× S) · r̂λ′ + r̂λ · (p× S) r̂λ′ · r]

+ V
(2)
S2 (r)S2δλλ′ + V

(2)
S12 a(r)S12δλλ′ + V

(2)
S12 b(r)r̂

i†
λ r̂j

λ′

(

Si
1S

j
2 + Si

2S
j
1

)

(

Kij
)k

= iεikj is the angular momentum of the spin one gluons

and L is the orbital angular momentum of the heavy-quark-antiquark pair.

Differently from the quarkonium case, the hybrid potential gets a first contribution already

at order Λ2
QCD/mh. The corresponding operator does not contribute at LO to matrix

elements of quarkonium states as its projection on quark-antiquark color singlet states

vanishes. Hence, spin splittings are remarkably less suppressed in heavy quarkonium

hybrids than in heavy quarkonia.

Hybrid spin-dependent potentials at order 1/mh and 1/m2
h

V
(1)

1+−λλ′ SD
(r) = VSK(r)

(

r̂i†λ Kij r̂j
λ′

)

· S

+ VSK b(r)
[(

r · r̂†
λ

)(

riKij r̂j
λ′

)

· S +
(

riKij r̂j†λ

)

· S (r · r̂λ′ )
]

V
(2)

1+−λλ′ SD
(r) = V

(2)
LS a(r)

(

r̂i†λ L r̂iλ′

)

· S + V
(2)
LS b(r)r̂

i†
λ

(

LiSj + SiLj
)

r̂j
λ′

+ V
(2)
LS c(r) [r̂λ · r (p× S) · r̂λ′ + r̂λ · (p× S) r̂λ′ · r]

+ V
(2)
S2 (r)S2δλλ′ + V

(2)
S12 a(r)S12δλλ′ + V

(2)
S12 b(r)r̂

i†
λ r̂j

λ′

(

Si
1S

j
2 + Si

2S
j
1

)

(

Kij
)k

= iεikj is the angular momentum of the spin one gluons

and L is the orbital angular momentum of the heavy-quark-antiquark pair.

Differently from the quarkonium case, the hybrid potential gets a first contribution already

at order Λ2
QCD/mh. The corresponding operator does not contribute at LO to matrix

elements of quarkonium states as its projection on quark-antiquark color singlet states

vanishes. Hence, spin splittings are remarkably less suppressed in heavy quarkonium

hybrids than in heavy quarkonia.



The BOEFT gives a prescription to calculate  the hybrids spin dependent potentials at 
order 1/m and 1/m^2 

Hybrid spin-dependent potentials at order 1/mh and 1/m2
h

V
(1)

1+−λλ′ SD
(r) = VSK(r)

(

r̂i†λ Kij r̂j
λ′

)

· S

+ VSK b(r)
[(

r · r̂†
λ

)(

riKij r̂j
λ′

)

· S +
(

riKij r̂j†λ

)

· S (r · r̂λ′ )
]

V
(2)

1+−λλ′ SD
(r) = V

(2)
LS a(r)

(

r̂i†λ L r̂iλ′

)

· S + V
(2)
LS b(r)r̂

i†
λ

(

LiSj + SiLj
)

r̂j
λ′

+ V
(2)
LS c(r) [r̂λ · r (p× S) · r̂λ′ + r̂λ · (p× S) r̂λ′ · r]

+ V
(2)
S2 (r)S2δλλ′ + V

(2)
S12 a(r)S12δλλ′ + V

(2)
S12 b(r)r̂

i†
λ r̂j

λ′

(

Si
1S

j
2 + Si

2S
j
1

)

(

Kij
)k

= iεikj is the angular momentum of the spin one gluons

and L is the orbital angular momentum of the heavy-quark-antiquark pair.

Differently from the quarkonium case, the hybrid potential gets a first contribution already

at order Λ2
QCD/mh. The corresponding operator does not contribute at LO to matrix

elements of quarkonium states as its projection on quark-antiquark color singlet states

vanishes. Hence, spin splittings are remarkably less suppressed in heavy quarkonium

hybrids than in heavy quarkonia.

Hybrid spin-dependent potentials at order 1/mh and 1/m2
h

V
(1)

1+−λλ′ SD
(r) = VSK(r)

(

r̂i†λ Kij r̂j
λ′

)

· S

+ VSK b(r)
[(

r · r̂†
λ

)(

riKij r̂j
λ′

)

· S +
(

riKij r̂j†λ

)

· S (r · r̂λ′ )
]

V
(2)

1+−λλ′ SD
(r) = V

(2)
LS a(r)

(

r̂i†λ L r̂iλ′

)

· S + V
(2)
LS b(r)r̂

i†
λ

(

LiSj + SiLj
)

r̂j
λ′

+ V
(2)
LS c(r) [r̂λ · r (p× S) · r̂λ′ + r̂λ · (p× S) r̂λ′ · r]

+ V
(2)
S2 (r)S2δλλ′ + V

(2)
S12 a(r)S12δλλ′ + V

(2)
S12 b(r)r̂

i†
λ r̂j

λ′

(

Si
1S

j
2 + Si

2S
j
1

)

(

Kij
)k

= iεikj is the angular momentum of the spin one gluons

and L is the orbital angular momentum of the heavy-quark-antiquark pair.

Differently from the quarkonium case, the hybrid potential gets a first contribution already

at order Λ2
QCD/mh. The corresponding operator does not contribute at LO to matrix

elements of quarkonium states as its projection on quark-antiquark color singlet states

vanishes. Hence, spin splittings are remarkably less suppressed in heavy quarkonium

hybrids than in heavy quarkonia.

Hybrid spin-dependent potentials at order 1/mh and 1/m2
h

V
(1)

1+−λλ′ SD
(r) = VSK(r)

(

r̂i†λ Kij r̂j
λ′

)

· S

+ VSK b(r)
[(

r · r̂†
λ

)(

riKij r̂j
λ′

)

· S +
(

riKij r̂j†λ

)

· S (r · r̂λ′ )
]

V
(2)

1+−λλ′ SD
(r) = V

(2)
LS a(r)

(

r̂i†λ L r̂iλ′

)

· S + V
(2)
LS b(r)r̂

i†
λ

(

LiSj + SiLj
)

r̂j
λ′

+ V
(2)
LS c(r) [r̂λ · r (p× S) · r̂λ′ + r̂λ · (p× S) r̂λ′ · r]

+ V
(2)
S2 (r)S2δλλ′ + V

(2)
S12 a(r)S12δλλ′ + V

(2)
S12 b(r)r̂

i†
λ r̂j

λ′

(

Si
1S

j
2 + Si

2S
j
1

)

(

Kij
)k

= iεikj is the angular momentum of the spin one gluons

and L is the orbital angular momentum of the heavy-quark-antiquark pair.

Differently from the quarkonium case, the hybrid potential gets a first contribution already

at order Λ2
QCD/mh. The corresponding operator does not contribute at LO to matrix

elements of quarkonium states as its projection on quark-antiquark color singlet states

vanishes. Hence, spin splittings are remarkably less suppressed in heavy quarkonium

hybrids than in heavy quarkonia.

1/m

1/m^2

<latexit sha1_base64="SC+4sQlBYPwhTkabUG4eKyL3lBw=">AAACCXicbZDLSsNAFIZP6q3WW9Slm8EiCEJJiqgboejGZUV7gTaUyXTSDp1MwsxEKKFbN76KGxeKuPUN3Pk2Ttso2vrDwMd/zuHM+f2YM6Ud59PKLSwuLa/kVwtr6xubW/b2Tl1FiSS0RiIeyaaPFeVM0JpmmtNmLCkOfU4b/uByXG/cUalYJG71MKZeiHuCBYxgbayOjdK2H6CbETr/po6Ljn64jDp20Sk5E6F5cDMoQqZqx/5odyOShFRowrFSLdeJtZdiqRnhdFRoJ4rGmAxwj7YMChxS5aWTS0bowDhdFETSPKHRxP09keJQqWHom84Q676arY3N/2qtRAdnXspEnGgqyHRRkHCkIzSOBXWZpETzoQFMJDN/RaSPJSbahFcwIbizJ89DvVxyT0ru9XGxcpHFkYc92IdDcOEUKnAFVagBgXt4hGd4sR6sJ+vVepu25qxsZhf+yHr/Aq9Al8c=</latexit>

S = S1 + S2

<latexit sha1_base64="t4Jo2PpBB63lFNT9Et0IxH3bIgY=">AAACVnicdVFJSwMxGM1Mra11G/XoJViE9mCZlKJehKIXj4pWC50yZNJMG5pZSL4RyjB/Ui/6U7yIaS24fxB4vCXLS5BKocF1Xyy7tFJerVTXausbm1vbzs7unU4yxXiPJTJR/YBqLkXMeyBA8n6qOI0Cye+D6cVcv3/gSoskvoVZyocRHcciFIyCoXwnuvFz0i7wGWnjRu4FIb4pfII9NkoA4wXhTSjkqiia+NPR/sdx1Plvl3mo6Tt1t+UuBv8GZAnqaDlXvvPojRKWRTwGJqnWA+KmMMypAsEkL2pepnlK2ZSO+cDAmEZcD/NFLQU+NMwIh4kyKwa8YL8mchppPYsC44woTPRPbU7+pQ0yCE+HuYjTDHjMPg4KM4khwfOO8UgozkDODKBMCXNXzCZUUQbmJ2qmBPLzyb/BXbtFjlvkulPvni/rqKJ9dIAaiKAT1EWX6Ar1EENP6NWyrZL1bL3ZZbvyYbWtZWYPfRvbeQcltK7n</latexit>

S12 = 12(S1 · r̂)(S2 · r̂)� 4(S1 · S2)

Hybrid spin-dependent potentials at order 1/mh and 1/m2
h

V
(1)

1+−λλ′ SD
(r) = VSK(r)

(

r̂i†λ Kij r̂j
λ′

)

· S

+ VSK b(r)
[(

r · r̂†
λ

)(

riKij r̂j
λ′

)

· S +
(

riKij r̂j†λ

)

· S (r · r̂λ′ )
]

V
(2)

1+−λλ′ SD
(r) = V

(2)
LS a(r)

(

r̂i†λ L r̂iλ′

)

· S + V
(2)
LS b(r)r̂

i†
λ

(

LiSj + SiLj
)

r̂j
λ′

+ V
(2)
LS c(r) [r̂λ · r (p× S) · r̂λ′ + r̂λ · (p× S) r̂λ′ · r]

+ V
(2)
S2 (r)S2δλλ′ + V

(2)
S12 a(r)S12δλλ′ + V

(2)
S12 b(r)r̂

i†
λ r̂j

λ′

(

Si
1S

j
2 + Si

2S
j
1

)

(

Kij
)k

= iεikj is the angular momentum of the spin one gluons

and L is the orbital angular momentum of the heavy-quark-antiquark pair.

Differently from the quarkonium case, the hybrid potential gets a first contribution already

at order Λ2
QCD/mh. The corresponding operator does not contribute at LO to matrix

elements of quarkonium states as its projection on quark-antiquark color singlet states

vanishes. Hence, spin splittings are remarkably less suppressed in heavy quarkonium

hybrids than in heavy quarkonia.

Hybrid spin-dependent potentials at order 1/mh and 1/m2
h

V
(1)

1+−λλ′ SD
(r) = VSK(r)

(

r̂i†λ Kij r̂j
λ′

)

· S

+ VSK b(r)
[(

r · r̂†
λ

)(

riKij r̂j
λ′

)

· S +
(

riKij r̂j†λ

)

· S (r · r̂λ′ )
]

V
(2)

1+−λλ′ SD
(r) = V

(2)
LS a(r)

(

r̂i†λ L r̂iλ′

)

· S + V
(2)
LS b(r)r̂

i†
λ

(

LiSj + SiLj
)

r̂j
λ′

+ V
(2)
LS c(r) [r̂λ · r (p× S) · r̂λ′ + r̂λ · (p× S) r̂λ′ · r]

+ V
(2)
S2 (r)S2δλλ′ + V

(2)
S12 a(r)S12δλλ′ + V

(2)
S12 b(r)r̂

i†
λ r̂j

λ′

(

Si
1S

j
2 + Si

2S
j
1

)

(

Kij
)k

= iεikj is the angular momentum of the spin one gluons

and L is the orbital angular momentum of the heavy-quark-antiquark pair.

Differently from the quarkonium case, the hybrid potential gets a first contribution already

at order Λ2
QCD/mh. The corresponding operator does not contribute at LO to matrix

elements of quarkonium states as its projection on quark-antiquark color singlet states

vanishes. Hence, spin splittings are remarkably less suppressed in heavy quarkonium

hybrids than in heavy quarkonia.

Features:
• New spin structures with respect to the  quarkonium case: all terms at order 1/m and two terms at 

order 1/m^2 

Hybrid spin-dependent potentials at order 1/mh and 1/m2
h

V
(1)

1+−λλ′ SD
(r) = VSK(r)

(

r̂i†λ Kij r̂j
λ′

)

· S

+ VSK b(r)
[(

r · r̂†
λ

)(

riKij r̂j
λ′

)

· S +
(

riKij r̂j†λ

)

· S (r · r̂λ′ )
]

V
(2)

1+−λλ′ SD
(r) = V

(2)
LS a(r)

(

r̂i†λ L r̂iλ′

)

· S + V
(2)
LS b(r)r̂

i†
λ

(

LiSj + SiLj
)

r̂j
λ′

+ V
(2)
LS c(r) [r̂λ · r (p× S) · r̂λ′ + r̂λ · (p× S) r̂λ′ · r]

+ V
(2)
S2 (r)S2δλλ′ + V

(2)
S12 a(r)S12δλλ′ + V

(2)
S12 b(r)r̂

i†
λ r̂j

λ′

(

Si
1S

j
2 + Si

2S
j
1

)

(

Kij
)k

= iεikj is the angular momentum of the spin one gluons

and L is the orbital angular momentum of the heavy-quark-antiquark pair.

Differently from the quarkonium case, the hybrid potential gets a first contribution already

at order Λ2
QCD/mh. The corresponding operator does not contribute at LO to matrix

elements of quarkonium states as its projection on quark-antiquark color singlet states

vanishes. Hence, spin splittings are remarkably less suppressed in heavy quarkonium

hybrids than in heavy quarkonia.



The BOEFT gives a prescription to calculate  the hybrids spin dependent potentials at 
order 1/m and 1/m^2 

Hybrid spin-dependent potentials at order 1/mh and 1/m2
h

V
(1)

1+−λλ′ SD
(r) = VSK(r)

(

r̂i†λ Kij r̂j
λ′

)

· S

+ VSK b(r)
[(

r · r̂†
λ

)(

riKij r̂j
λ′

)

· S +
(

riKij r̂j†λ

)

· S (r · r̂λ′ )
]

V
(2)

1+−λλ′ SD
(r) = V

(2)
LS a(r)

(

r̂i†λ L r̂iλ′

)

· S + V
(2)
LS b(r)r̂

i†
λ

(

LiSj + SiLj
)

r̂j
λ′

+ V
(2)
LS c(r) [r̂λ · r (p× S) · r̂λ′ + r̂λ · (p× S) r̂λ′ · r]

+ V
(2)
S2 (r)S2δλλ′ + V

(2)
S12 a(r)S12δλλ′ + V

(2)
S12 b(r)r̂

i†
λ r̂j

λ′

(

Si
1S

j
2 + Si

2S
j
1

)

(

Kij
)k

= iεikj is the angular momentum of the spin one gluons

and L is the orbital angular momentum of the heavy-quark-antiquark pair.

Differently from the quarkonium case, the hybrid potential gets a first contribution already

at order Λ2
QCD/mh. The corresponding operator does not contribute at LO to matrix

elements of quarkonium states as its projection on quark-antiquark color singlet states

vanishes. Hence, spin splittings are remarkably less suppressed in heavy quarkonium

hybrids than in heavy quarkonia.

Hybrid spin-dependent potentials at order 1/mh and 1/m2
h

V
(1)

1+−λλ′ SD
(r) = VSK(r)

(

r̂i†λ Kij r̂j
λ′

)

· S

+ VSK b(r)
[(

r · r̂†
λ

)(

riKij r̂j
λ′

)

· S +
(

riKij r̂j†λ

)

· S (r · r̂λ′ )
]

V
(2)

1+−λλ′ SD
(r) = V

(2)
LS a(r)

(

r̂i†λ L r̂iλ′

)

· S + V
(2)
LS b(r)r̂

i†
λ

(

LiSj + SiLj
)

r̂j
λ′

+ V
(2)
LS c(r) [r̂λ · r (p× S) · r̂λ′ + r̂λ · (p× S) r̂λ′ · r]

+ V
(2)
S2 (r)S2δλλ′ + V

(2)
S12 a(r)S12δλλ′ + V

(2)
S12 b(r)r̂

i†
λ r̂j

λ′

(

Si
1S

j
2 + Si

2S
j
1

)

(

Kij
)k

= iεikj is the angular momentum of the spin one gluons

and L is the orbital angular momentum of the heavy-quark-antiquark pair.

Differently from the quarkonium case, the hybrid potential gets a first contribution already

at order Λ2
QCD/mh. The corresponding operator does not contribute at LO to matrix

elements of quarkonium states as its projection on quark-antiquark color singlet states

vanishes. Hence, spin splittings are remarkably less suppressed in heavy quarkonium

hybrids than in heavy quarkonia.

Hybrid spin-dependent potentials at order 1/mh and 1/m2
h

V
(1)

1+−λλ′ SD
(r) = VSK(r)

(

r̂i†λ Kij r̂j
λ′

)

· S

+ VSK b(r)
[(

r · r̂†
λ

)(

riKij r̂j
λ′

)

· S +
(

riKij r̂j†λ

)

· S (r · r̂λ′ )
]

V
(2)

1+−λλ′ SD
(r) = V

(2)
LS a(r)

(

r̂i†λ L r̂iλ′

)

· S + V
(2)
LS b(r)r̂

i†
λ

(

LiSj + SiLj
)

r̂j
λ′

+ V
(2)
LS c(r) [r̂λ · r (p× S) · r̂λ′ + r̂λ · (p× S) r̂λ′ · r]

+ V
(2)
S2 (r)S2δλλ′ + V

(2)
S12 a(r)S12δλλ′ + V

(2)
S12 b(r)r̂

i†
λ r̂j

λ′

(

Si
1S

j
2 + Si

2S
j
1

)

(

Kij
)k

= iεikj is the angular momentum of the spin one gluons

and L is the orbital angular momentum of the heavy-quark-antiquark pair.

Differently from the quarkonium case, the hybrid potential gets a first contribution already

at order Λ2
QCD/mh. The corresponding operator does not contribute at LO to matrix

elements of quarkonium states as its projection on quark-antiquark color singlet states

vanishes. Hence, spin splittings are remarkably less suppressed in heavy quarkonium

hybrids than in heavy quarkonia.

1/m

1/m^2

<latexit sha1_base64="SC+4sQlBYPwhTkabUG4eKyL3lBw=">AAACCXicbZDLSsNAFIZP6q3WW9Slm8EiCEJJiqgboejGZUV7gTaUyXTSDp1MwsxEKKFbN76KGxeKuPUN3Pk2Ttso2vrDwMd/zuHM+f2YM6Ud59PKLSwuLa/kVwtr6xubW/b2Tl1FiSS0RiIeyaaPFeVM0JpmmtNmLCkOfU4b/uByXG/cUalYJG71MKZeiHuCBYxgbayOjdK2H6CbETr/po6Ljn64jDp20Sk5E6F5cDMoQqZqx/5odyOShFRowrFSLdeJtZdiqRnhdFRoJ4rGmAxwj7YMChxS5aWTS0bowDhdFETSPKHRxP09keJQqWHom84Q676arY3N/2qtRAdnXspEnGgqyHRRkHCkIzSOBXWZpETzoQFMJDN/RaSPJSbahFcwIbizJ89DvVxyT0ru9XGxcpHFkYc92IdDcOEUKnAFVagBgXt4hGd4sR6sJ+vVepu25qxsZhf+yHr/Aq9Al8c=</latexit>

S = S1 + S2

<latexit sha1_base64="t4Jo2PpBB63lFNT9Et0IxH3bIgY=">AAACVnicdVFJSwMxGM1Mra11G/XoJViE9mCZlKJehKIXj4pWC50yZNJMG5pZSL4RyjB/Ui/6U7yIaS24fxB4vCXLS5BKocF1Xyy7tFJerVTXausbm1vbzs7unU4yxXiPJTJR/YBqLkXMeyBA8n6qOI0Cye+D6cVcv3/gSoskvoVZyocRHcciFIyCoXwnuvFz0i7wGWnjRu4FIb4pfII9NkoA4wXhTSjkqiia+NPR/sdx1Plvl3mo6Tt1t+UuBv8GZAnqaDlXvvPojRKWRTwGJqnWA+KmMMypAsEkL2pepnlK2ZSO+cDAmEZcD/NFLQU+NMwIh4kyKwa8YL8mchppPYsC44woTPRPbU7+pQ0yCE+HuYjTDHjMPg4KM4khwfOO8UgozkDODKBMCXNXzCZUUQbmJ2qmBPLzyb/BXbtFjlvkulPvni/rqKJ9dIAaiKAT1EWX6Ar1EENP6NWyrZL1bL3ZZbvyYbWtZWYPfRvbeQcltK7n</latexit>

S12 = 12(S1 · r̂)(S2 · r̂)� 4(S1 · S2)

Hybrid spin-dependent potentials at order 1/mh and 1/m2
h

V
(1)

1+−λλ′ SD
(r) = VSK(r)

(

r̂i†λ Kij r̂j
λ′

)

· S

+ VSK b(r)
[(

r · r̂†
λ

)(

riKij r̂j
λ′

)

· S +
(

riKij r̂j†λ

)

· S (r · r̂λ′ )
]

V
(2)

1+−λλ′ SD
(r) = V

(2)
LS a(r)

(

r̂i†λ L r̂iλ′

)

· S + V
(2)
LS b(r)r̂

i†
λ

(

LiSj + SiLj
)

r̂j
λ′

+ V
(2)
LS c(r) [r̂λ · r (p× S) · r̂λ′ + r̂λ · (p× S) r̂λ′ · r]

+ V
(2)
S2 (r)S2δλλ′ + V

(2)
S12 a(r)S12δλλ′ + V

(2)
S12 b(r)r̂

i†
λ r̂j

λ′

(

Si
1S

j
2 + Si

2S
j
1

)

(

Kij
)k

= iεikj is the angular momentum of the spin one gluons

and L is the orbital angular momentum of the heavy-quark-antiquark pair.

Differently from the quarkonium case, the hybrid potential gets a first contribution already

at order Λ2
QCD/mh. The corresponding operator does not contribute at LO to matrix

elements of quarkonium states as its projection on quark-antiquark color singlet states

vanishes. Hence, spin splittings are remarkably less suppressed in heavy quarkonium

hybrids than in heavy quarkonia.

Hybrid spin-dependent potentials at order 1/mh and 1/m2
h

V
(1)

1+−λλ′ SD
(r) = VSK(r)

(

r̂i†λ Kij r̂j
λ′

)

· S

+ VSK b(r)
[(

r · r̂†
λ

)(

riKij r̂j
λ′

)

· S +
(

riKij r̂j†λ

)

· S (r · r̂λ′ )
]

V
(2)

1+−λλ′ SD
(r) = V

(2)
LS a(r)

(

r̂i†λ L r̂iλ′

)

· S + V
(2)
LS b(r)r̂

i†
λ

(

LiSj + SiLj
)

r̂j
λ′

+ V
(2)
LS c(r) [r̂λ · r (p× S) · r̂λ′ + r̂λ · (p× S) r̂λ′ · r]

+ V
(2)
S2 (r)S2δλλ′ + V

(2)
S12 a(r)S12δλλ′ + V

(2)
S12 b(r)r̂

i†
λ r̂j

λ′

(

Si
1S

j
2 + Si

2S
j
1

)

(

Kij
)k

= iεikj is the angular momentum of the spin one gluons

and L is the orbital angular momentum of the heavy-quark-antiquark pair.

Differently from the quarkonium case, the hybrid potential gets a first contribution already

at order Λ2
QCD/mh. The corresponding operator does not contribute at LO to matrix

elements of quarkonium states as its projection on quark-antiquark color singlet states

vanishes. Hence, spin splittings are remarkably less suppressed in heavy quarkonium

hybrids than in heavy quarkonia.

Features:
• New spin structures with respect to the  quarkonium case: all terms at order 1/m and two terms at 

order 1/m^2 

Hybrid spin-dependent potentials at order 1/mh and 1/m2
h

V
(1)

1+−λλ′ SD
(r) = VSK(r)

(

r̂i†λ Kij r̂j
λ′

)

· S

+ VSK b(r)
[(

r · r̂†
λ

)(

riKij r̂j
λ′

)

· S +
(

riKij r̂j†λ

)

· S (r · r̂λ′ )
]

V
(2)

1+−λλ′ SD
(r) = V

(2)
LS a(r)

(

r̂i†λ L r̂iλ′

)

· S + V
(2)
LS b(r)r̂

i†
λ

(

LiSj + SiLj
)

r̂j
λ′

+ V
(2)
LS c(r) [r̂λ · r (p× S) · r̂λ′ + r̂λ · (p× S) r̂λ′ · r]

+ V
(2)
S2 (r)S2δλλ′ + V

(2)
S12 a(r)S12δλλ′ + V

(2)
S12 b(r)r̂

i†
λ r̂j

λ′

(

Si
1S

j
2 + Si

2S
j
1

)

(

Kij
)k

= iεikj is the angular momentum of the spin one gluons

and L is the orbital angular momentum of the heavy-quark-antiquark pair.

Differently from the quarkonium case, the hybrid potential gets a first contribution already

at order Λ2
QCD/mh. The corresponding operator does not contribute at LO to matrix

elements of quarkonium states as its projection on quark-antiquark color singlet states

vanishes. Hence, spin splittings are remarkably less suppressed in heavy quarkonium

hybrids than in heavy quarkonia.

Mixing  with quarkonium via spin  
may also enhanced  

and decay to different spin  
states may be enhanced
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• The nonperturbative part in V_i (r) depend on nonperturbative 
 gluonic correlators non local in time not yet calculated on the lattice: six unknowns, 

the octet perturbative part can be calculated in perturbation theory
• The only flavor dependence is carried by the perturbative NRQCD matching coefficients
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• The nonperturbative part in V_i (r) depend on nonperturbative 
 gluonic correlators non local in time not yet calculated on the lattice: six unknowns, 

the octet perturbative part can be calculated in perturbation theory
• The only flavor dependence is carried by the perturbative NRQCD matching coefficients

USE LATTICE CALCULATION OF THE CHARMONIUM  
SPIN MULTIPLETS TO EXTRACT the  6 UNKNOWNs and PREDICT THE BOTTOMONIUM  

SPIN MULTIPLETS,  learn also about the DYNAMICS
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uncertainty:  

estimated by the parametric size of higher 
order corrections, m alpha_s^5 for the 

perturbative part, powers of Lambda_qcd/m for 
the nonperturbative part, plus the statistical 

error on the fit

the  perturbative part  produces a pattern opposite 
to the lattice  and to ordinary quarkonia —> 

 discrepancy can be reconciled thanks  to the 
nonperturbative parts, especially the one at order 1/

m which goes like Lambda^2/m and is 
parametrically larger than the perturbative 

contribution at order m v^4
which is interesting as 

some models  
are taking  

the spin interaction 
 from perturbation theory 
with a constituent gluon 
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Charmonium Hybrids  Multiplets H_1 

Charmonium hybrid spin splittings

◦ Brambilla Lai Segovia Tarrus Vairo PRD 99 (2019) 014017

lattice data from Liu et al JHEP 1612 (2016) 089

[2+1 flavors, mπ = 240 MeV]

Determination of hybrid charmonium meson masses Gaurav Ray

Figure 3: Summary plot for the 1�+ mass as a function
of the square of the lattice spacing, including some of
the previous determinations of the mass by other groups
[12, 33]

Figure 4: Comparison of our determina-
tion of the 1�� hybrid mass at 0.09 fm from
a 4-by-4 fit to the results of three other
groups, and three resonances the PDG lists
as ‘estabished’[12, 34, 35].

state fit range j2 per dof Q mass [GeV] amplitude 5 [MeV] �44 [keV] comment
�/k 3.097(17) 0.16441(26) 417.5(2.3) 5.836(36) concurrent 2x2 fit
k(2() 6-24 0.88 0.72 3.781(28) 0.1860(78) 428(18) 5.01(42) with only
⌘2 (1%) 3.512(29) 0.0578(75) – – vector ops
Hybrid 1-6 0.9 0.58 4.33(16) 0.086(15) – – 2x2 fit w/only hybrid ops
�/k 2-6 0.81 0.82 3.110(18) 0.1701(27) 431.1(7.2) 6.20(20) concurrent 4x4 fit

Hybrid 4.38(12) 0.065(18) 9(167) 0.002(67) with hybrid and vector ops

Table 3: Fit results for the conventional charmonia and the hybrid state on the fine ensemble. The
⌘2 (1%) meson is the parity partner state. The masses and decay constants from the 2-by-2 fits agree
well with experiment. The 4-by-4 and 2-by-2 masses are consistent, though there is a slight tension
between the the �/k amplitudes (and therefore the decay constants too). The leptonic decay widths
are also shown in the penultimate column. The hybrid leptonic width is small, consistent with zero,
and has a large uncertainty, stemming from the sizeable uncertainty in the amplitude.

where V̂ is the vector current operator. The local vector operator was used so we use the /+
renormalization factor from [36]. As a check we computed the decay constant of the �/k meson
(see [28] for a systematic study of the leptonic decay constants of the �/k meson).

From this we can compute the leptonic width of our hybrid vector charmonium state using

�(+22̄ õ! 4+4�) = 16c
27

U2
QED

5 2
�

"�
, (6)

where UQED is the electromagnetic coupling at the charm quark mass. Our amplitude for the vector
operator into the 1�� hybrid state is very small. From this amplitude we obtain an upper bound of
70 eV. A previous calculation of this leptonic width bounded it from above at 40 eV [35].

6

G. Ray, C. McNeile, 2110.14101

HISQ lattice action with  2+1+1 sea quarks



Charmonium Hybrids  Multiplets H_1 and H_2

H_1 and H_2 corresponds to l=1 and are negative and positive 
parity resp. The mass splitting  between H_1 and H_2 is a result of lambda-doubling

H_3 and H_4 are also calculated 
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Comparison of our prediction to the  
existing lattice data on H1

Bottomonium H1 hybrid spin splittings vs lattice QCD
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Inclusive and semi inclusive hybrids decay to quarkonia   

We are currently calculating all 
 spin conserving and spin violating decays from  

hybrids to charmonia and bottomonia, 
 semiinclusive (quarkonium  

plus X) or inclusive

BOEFT allows to calculate these decays as 
  

EPJ Web of Conferences

the linear term to be equal to the one for heavy quarkonium (V⌃+g (r)) as dictated by the QCD e↵ec-
tive string theory (EST) [12], and the Coulomb term to be related to the one of V⌃+g (r) as dictated by
perturbation theory. Hence, only an additive constant is left as a free parameter, which can in turn be
related to the corresponding constant for V⌃+g (r) through the lattice data. The last constant is fixed by
fitting the heavy quarkonium spectrum. For V⇧u (r) a Cornell-like form does not fit lattice data well at
intermediate distances. Hence, we take a slightly more complicated function for it, we substitute the
Coulomb term by a rational function with five free parameters. At short and long distances we impose
V⇧u (r) � V⌃�u (r) to be compatible with the weak coupling pNRQCD results at NLO [3] and with the
EST results at NLO [12] respectively. The remaining two free parameters are fitted to lattice data.

Using the potentials above as an input we solve numerically (4) and obtain the results displayed
in tables 1 and 2. We also display the results for heavy quarkonium, obtained with a Cornell potential
that fits well the lattice data for ⌃+g of [4].

In table 3 we show possible identifications with XYZ states. According to this table only spin
zero hybrids would have been observed. It is interesting to notice that Y(4008), Y(4360) and Y(4660)
would correspond to the ground state and the lower excitations of the (s/d)1 state. However, the three
states have been observed to decay to vector quarkonium, which violates spin symmetry [13]. This is
also so for Yb(10890). In fact, from the 1�� candidates only for X(4630) no spin symmetry violating
decay has been observed. This motivates the study of mixing with heavy quarkonium in section 4. We
report in the next section on our results for the decay widths to lower lying heavy quarkonium states.

3 Decay

Since we are interested in the lowest lying heavy hybrid states, it is enough for us to consider an
e↵ective theory for energy fluctuations E ⌧ ⇤QCD around those states. The energy gap to the lower
lying heavy quarkonium states is greater than ⇤QCD. Hence the lower lying heavy quarkonium states
can be integrated out, which will give rise to an imaginary potential �V for the heavy hybrid states,
which in turn will produce a decay width for them, �H!S = �2 hH|Im�V |Hi. This is much in the
same way as integrating out hard gluons produces operators with imaginary matching coe�cients in
NRQCD [14]. Furthermore, if we assume that the energy gap �E fulfills �E � ⇤QCD, and that the
process is dominated by short distances, the integration can be done using the weak coupling regime
of pNRQCD [3, 15]

We obtain,

Im�V = �2
3
↵sTF

Nc

X

n

ri|S nihS n|ri (i@t � En)3 , (5)

TF = 1/2, Nc = 3, and ↵s is the QCD strong coupling constant. En is the energy of the n-th heavy
quarkonium state, S n. The calculation is reliable only for those states that fulfill �En � ⇤QCD, for
which we identify,

�(Hm!S n)=
4
3
↵sTF

Nc
hHm|ri|S nihS n|ri|Hmi(�Emn)3 , (6)

where m stands for NLJ , the quantum numbers of the heavy hybrid (Hm), n for N0L0, the quantum
numbers of the heavy quarkonium (S n), and �Emn is the energy di↵erence between them. For consis-
tency,

D
S n|ri|Hm

E
�Emn should also be small, otherwise the multipole expansion built in weak coupling

pNRQCD would not be justified. The structure of the decay width above implies that no heavy hybrid
with L = J decays to heavy quarkonium at this order. This selects X(4160) as the preferred candidate
for the 1p1 state in table 3 since no decay to charmonium has been observed, as opposite to X(4140).
The numerical values of the decay widths are given in table 4. The scale of ↵s is taken at µ = �Emn.
At this order, the decays respect heavy quark spin symmetry, and hence the spin of the heavy quarks

N. B., A. Mohapatra, W.K. Lai, A. Vairo  2022



BOEFT may be used to describe any system made by two heavy quarks 
bound adiabatically with some light degrees of freedom: glue (hybrids) or  

light quarks (tetraquarks, pentaquark) 

Tetraquarks and pentaquarks 

in case of light quarks isospin quantum numbers should be added 
steps go as before: 

identify the symmetries, identify the interpolating operators O_n and define the static energies

Eb and the light-quark and gluon dynamical energy scale ⇤QCD � Eb. This scale
separation has lead to the observation that exotic quarkonia can be studied in a Born-
Oppenheimer picture. The static energies, as well as the other matching coefficients
of the low-energy EFT describing the heavy-quark bound states, can be written in
terms of static Wilson loops which can be computed on the lattice. In the short-
distance regime r . ⇤QCD the relative momentum of the heavy quarks can also be
integrated out perturbatively leading to a short-distance description of the matching
coefficients. In the long-distance regime r � 1/⇤QCD Effective String Theories can
be used to model the long-distance part of the potentials [2, 10–13].

In these proceedings we briefly outline the construction of EFTs for quarkonium
hybrids and tetraquarks and sumarize some of the most recent results.

2 The effective field theory
Exotic quarkonia are characterized by being formed by two distinct components: on
one hand we have the heavy-quark-antiquark pair and on the other gluonic or light-
quark degrees of freedom. The heavy-quark-antiquark pair forms a nonrelativistic
bound state with three characteristic scales, m the heavy quark mass, mv the relative
momentum, with v ⌧ 1 the relative velocity, and mv2 the heavy quark binding energy.
These scales fulfill the hierarchy m � mv � mv2. The light degrees of freedom are
characterized by a typical energy and momentum of order ⇤QCD. This implies that
the typical size of exotic quarkonia is of order 1/⇤QCD. The scaling of the typical
distance of the heavy quark-antiquark pair r ⇠ 1/(mv) depends on the details of
the full inter-quark potential, which has a long-range nonperturbative part and a
short-range Coulomb interaction. In the most general assumption is r . 1/⇤QCD (or
mv & ⇤QCD). We can use the separation of the scales on the system to build EFTs
to describe Exotic quarkonia [1, 2, 14].

NRQCD [15, 16] is obtained by integrating it out the heavy quark mass, m. We
can study the spectrum of states with a heavy-quark and antiquark at leading order
in NRQCD (the static limit). In the static limit the eigenstates are characterized
by quark-antiquark separation, the flavor content of the light degrees of freedom (for
simplicity we will just consider isospin) and the quantum numbers corresponding
to representations of D1h. According to this symmetry, the mass eigenstates are
classified in terms of the angular momentum along the quark-antiquark axis (⇤ =
0, 1, 2 . . . , to which one gives the traditional names ⌃, ⇧, �), CP (g for even or u
for odd), and the reflection properties with respect to a plane that passes through the
quark-antiquark axis (+ for even or - for odd). Only the ⌃ states are not degenerate
with respect to the reflection symmetry.

The specific form of these static eigenstates depends on nonperturbative physics
and are unknown, nevertheless the corresponding energy eigenvalues, the static ener-
gies, can be obtained from large time logarithms of appropriate correlators

E(0)
n (r) = lim

T!1

i

T
loghOn(T, r, R)|On(0, r, R)i , (1)

where n stands for the set of quantum numbers that identify the static eigenstate, R
and r are the center of mass and relative coordinates of the heavy-quark pair and On

is an interpolating operator.
For hybrid and tetraquark states an appropriate interpolating operator reads

On(t, r, R) = �(t, R� r/2)�(t, R� r/2,R)Hn(t, R)�(t, R,R+ r/2) †(t, R+ r/2) ,
(2)
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where n stands for the set of quantum numbers that identify the static eigenstate, R
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is an interpolating operator.
For hybrid and tetraquark states an appropriate interpolating operator reads

On(t, r, R) = �(t, R� r/2)�(t, R� r/2,R)Hn(t, R)�(t, R,R+ r/2) †(t, R+ r/2) ,
(2)

Table 1. Examples of gluonic operators and light-quark operators for quarkonium hybrids
and tetraquarks respectively, q = (u, d) and ⌧a are isospin Pauli matrices.

⇤�
⌘  H H = HaT a(I = 0, I = 1)

⌃+
g 0++ q̄T a( , ⌧ )q

⌃�
u 1+� r̂ ·B q̄ [(r̂ ⇥ �)·, �]T a( , ⌧ )q

⇧u 1+� r̂⇥B q̄ [r̂ · �, �]T a( , ⌧ )q
⌃+ 0

g 1�� r̂ ·E q̄ (r̂ · �)T a( , ⌧ )q
⇧g 1�� r̂⇥E q̄ (r̂ ⇥ �)T a( , ⌧ )q

with Hn(R) a gluonic operator or light-quark operator from table 1,  the Pauli
spinor field that annihilates a quark, � the one that creates an antiquark and � is a
Wilson line.

The correlator in Eq. (1) with the interpolating operator of Eq. (2) corresponds
to a static Wilson loops with the insertion in the spatial sides of the Hn light degree
of freedom operator. It also involves nonperturvative dynamics but it is convenient
quantity to compute on the lattice. The most recent lattice results for hybrid quarko-
nium static energies have been computed in Refs [3–6]. In figure 1 we show the
spectrum corresponding to the operators of table 1. Analogous studies on the lattice
of tetraquark static energies have not been yet performed. One important property

Figure 1. The lowest hybrid static energies [4] and gluelump masses [17] in units of r0 ⇡
0.5 fm. The absolute values have been fixed such that the ground state ⌃+

g static energy
(not displayed) is zero at r0.

of the static energies shown in figure 1, is that they form quasi-degenerate multiplets
in the short-distance region [14, 18]. This can be easily understood as an enlargement
of the symmetry from a cylindrical group, D1h, to an spherical one, O(3)⇥C, in the
r ! 0 limit. The degenerate multiplets of gluonic static energies can also be read from
table 1 corresponding to the static energies interpolated by the same gluonic operator
with different projections on the heay-quark-antiquark axis. The short distance limit
O(3)⇥C representation of the static energies can be read from the second column of
table 1.

needs lattice calculations of  
tetraquarks static energiesTetraquark static potentials

• The direct use of the I = 1 BO effective Lagrangian is limited by the fact that the

potentials have not, even in their static limit, been measured on the lattice.

Hence, the situation is different from the hybrid case, where static hybrid energies

are known since long time.

• Several lattice studies, however, exist, for static potentials relevant for Q̄Q̄qq

tetraquarks. They typically predict a JP = 1+ bound state in I = 0 qqQ̄Q̄ with no

evidence of JP = 0+, 1+ or 2+ for I = 1 qqQ̄Q̄.

◦ Bicudo Cichy Peters Wagenbach Wagner PRD 92 (2015) 014507

Bicudo Cichy Peters Wagner PRD 93 (2016) 034501

[2 flavors, mπ = 340, 480, 650 MeV + chiral extrapolation]

Bicudo Scheunert Wagner PRD 95 (2017) 034502 [spin effects]
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BOEFT for I = 1 tetraquarks

LBOEFT for I=1 =
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where ⌧a are the isospin Pauli matrices. The I = 1 sector Lagrangian is

L(I=1)
BO =

Z
d3Rd3r

h
hZ†
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hZ†
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iDt � V��0(r) + r̂i†�

r2
r

m
r̂i�0

�
Z�0i , (5)

which generates a spectra of tetraquark states. The fields Z field is understood as
depending on t, r and R. We use the notation hi to denote the trace over isospin
indices. The covariant derivative for the I = 1 fields read DµZ = @µ + [�µ, Z] with
�µ =

�
u†@µu+ u@µu†� /2 and u = exp(i⇡ · ⌧/(2F )). The pion fields depend on t and

R.

2.1 Matching and short distance regime

It is interesting to study the short-distance regime in which the inter-quark distance
can be considered r ⌧ 1/⇤QCD. In this case the scale associated to the relative
heavy-quark momentum mv ⇠ 1/r � ⇤QCD can be integrated out perturbatively
leading to an EFT formally identical to weakly-coupled pNRQCD [23, 24]. One can
then in turn integrate out the ⇤QCD modes and match weakly-coupled pNRQCD to
the EFT for hybrids and tetraquarks [1, 14]. This procedure yields a short distance
description of the EFT potentials.

The matching conditions from NRQCD to weaky-coupled pNRQCD to the hybrid
and tetraquark EFT are

On(t, r, R) ⇠= ZHn(r)O
a(t, r, R)Ha

n(t, R) + . . . ⇠= ZXn(r, ⇤QCD)Xn(t, r, R) + . . .
(6)

where Xn stands for  n or Zn, Oa is the color-octet heavy quark-antiquark field. ZHn

and ZXn are normalization factors.
Generically, in the short distance the potentials may be organized as a sum of a

perturbative part, which is typically nonanalytic in r corresponding to the weakly-
coupled pNRQCD potentials, and a nonperturbative part, which is a series in powers
of r. The coefficients of the latter only depend on ⇤QCD and can be expressed in terms
of gluonic and light-quark correlators. The static potential, V (0)

� , can be matched to
the lattice NRQCD static energies and a short distance weak-coupling pNRQCD
description:

E(0)
|�|�CP

(r) = Vo(r) + ⇤ + b�r
2 + · · · = V (0)

� (r) , (7)

where Vo(r) is the octet potential, ⇤ is the gluelump mass [17], and b� is a nonper-
turbative constant.

2.2 Spin-dependent terms for quarkonium hybrids

The potential V��0 can be organized into an expansion in 1/m and a sum of spin-
dependent (SD) and spin-independent parts [22, 25]:

V��0(r) = V (0)
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m2
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EFT for quarkonium hybrids Hybrid spectrum Spin-dependent potential EFT for tetraquarks Summary and outlook

Static energies for I 6= 0 (schematic):

20/29

The BOEFT  contains  all configurations: 
what dominates and where depends on 

the QCD dynamics  

The static energies are defined in BOEFT that  
gives the appropriate set of operators to be used   

and could describe the short distance limit.  
Being nonperturbative objects E(r) should be calculated  

on the lattice (or in QCD vacuum models)

We expect too get  static energy  in presence of qqbar of this type

avoided crossing of the energy levels, mixing  
with open flavour meson-meson configurations

Bruschini, Gonzalez 2021
Jaume Tarrus 2207.09365 



Lattice computation of the tetraquark static energies
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Static potential V(r) for interaction between B and B*

21/17

We assume that B B* eigenstate is decoupled 
from ϒπ and ϒb1 channels (overlaps support that).

Born-Oppenheimer approach: B and B* move in 

V(r)= En(r) – mB - mB* - EBB*
kin (mB*=mB)

We focus on most relevant : s-wave (L=0)
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Binding configuration found on the lattice



We need to calculate several gauge invariant correlators: 
 

To increase the predicitivity of the EFT we need a nonperturbative 
calculation of low energy chomoelectric and chromomagnetic 

correlators

• for X Y Z  states:   static energies  for hybrids and tetraquarks, i.e. generalized Wilson loops,   
time nonlocal correlators of several E and B field (for the spin stricture), three point functions of a magnetic field between 

singletand hybrid (mixing between quarkonium and hybrids), gluelump masses 

 NOTICE that all these objects are not depending on  flavour, they are low energy objects, we need even 
the quenched determinations—> so they are simple 
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 NOTICE that all these objects are not depending on  flavour, they are low energy objects, we need even 
the quenched determinations—> so they are simple 

BUT…..

• they are  noisy

•bad  convergence to continuum



Example of the QCD forceThe force as a Wilson loop with a chromoelectric field

A direct computation of the force that avoids interpolating the static energy and taking

numerically the derivative is possible from the expression of a rectangular Wilson loop,

Wr×T , with a chromoelectric field insertion on a quark line:

F (r) =
d

dr
E0(r) = lim

T→∞

−i
〈Tr{PWr×T r̂ · gE(r, t∗)}〉

〈Tr{PWr×T }〉

An equivalent expression can be written using a Polyakov loop instead of a Wilson loop.

At fixed t∗ for T → ∞, the rhs is independent of t∗.

The force is mass renormalon free and finite after charge renormalization.

◦ Brambilla Pineda Soto Vairo PRD 63 (2001) 014023

Vairo MPLA 31 (2016) 34, 1630039

insertion of a single E 
into a static Wilson loop

 physical object

Lattice analysis of 2111.07916

For a study of concept, we have computed the Wilson loop and Polyakov loop with a

chromoelectric field on three quenched QCD (nf = 0) ensembles.

ensemble β (L/a)3 × T/a r0/a a in fm

A 6.284 203 × 40 8.333 0.060

B 6.451 263 × 50 10.417 0.048

C 6.594 303 × 60 12.500 0.040

◦ TUMQCD coll. 2111.07916



These correlators depending on electric and magnetic field are  better calculated with gradient flow  

•better convergence, less noisy

•  no need of change of scheme, all the calculation regarding that can be done in msbar in continuum
R. Harlander , F. Lange   2201.08618 , A.   1808.09837     

E. Mereghetti,C. Monahan, M. Rizik, A. shindler, P Stoffer   2111.11449     

• requires dedicated perturbative calculations

we plan to go ahead this way to  obtain  the input that are needed for BOEFTs calculations: 
we started  to calculate gluelump masses to reduce the error 

https://arxiv.org/abs/2201.08618
https://arxiv.org/abs/1808.09837
https://arxiv.org/abs/2111.11449
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quarkonium can be used for precision physics/ factorisation allows to systematically studyconfinement

NREFTs and lattice  and open quantum system allows us to describe the nonequilibrium evolution 
quarkonium in the quark gluon plasma  and production processes
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The same picture can be extended to tetraquarks and pentaquarks, once some lattice input  
on relevant correlators will be available. 

BOEFT    allows  to describe hybrids and  calculate multiplets, mixing and decays:  on going work
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obtain many phenomenological information

This picture has the possibility to give a  unified description to exotics and to leave the dynamics 
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Combining BOEFT + open quantum systems one can attempt to study  the X Y Z in heavy ion collisions

BOEFT    allows  to describe hybrids and  calculate multiplets, mixing and decays:  on going work


