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How can we built up  
a multidimensional picture  

of the nucleon ?



Vector:
Parton number

Axial:
Parton helicity

Tensor:
Parton transversity

Charges

 Charges

Depend on
⇤, ⇤0, �: nucleon and quark polarizations
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Light-front coordinates:



~� = 0

FFs

Charges

Elastic Scattering

FFs

Depend on

⇤, ⇤0, � : nucleon and quark polarizations

 Form Factors (FFs)

� : momentum transfer ~�? ~b?
FT

: impact parameter
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~b?

Form Factors: 


0D+2D map
(Fourier transformed)




x =
k+

p+

Depend on

: longitudinal momentum fraction

⇤, ⇤0, � : nucleon and quark polarizations

 Parton Distribution Functions (PDFs)

x FFs

Charges

PDFs

~� = 0
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PDFs

Deep Inelastic Scattering

x =
k+

p+

Depend on

: longitudinal momentum fraction

⇤, ⇤0, � : nucleon and quark polarizations

 Parton Distribution Functions (PDFs)

x FFs

Charges

PDFs

~� = 0
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Parton Distribution 
Functions:1D+0D map 



x FFs

Charges

PDFs

GPDs

~� = 0

 Generalized Parton Distributions (GPDs)

Depend on

: longitudinal momentum fraction

⇤, ⇤0, � : nucleon and quark polarizations

� : momentum transfer ~�? ~b?
FT

: impact parameter

non-diagonal matrix elements
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x FFs

Charges

PDFs

GPDs

~� = 0

Deeply Virtual Compton 
Scattering

GPDs

x+ ⇠ x� ⇠

�
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2P+

 Generalized Parton Distributions (GPDs)

Depend on

: longitudinal momentum fraction

⇤, ⇤0, � : nucleon and quark polarizations

� : momentum transfer ~�? ~b?
FT

: impact parameter

non-diagonal matrix elements
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Generalized Parton 
Distributions

(Fourier transformed)

 1D+2D map 



Key information from GPDs

•Multidimensional picture of the proton in the 1+2D


•Decomposition of Form Factors as function of x


•Sum rule for Angular Momentum 


•Access to Form Factors of Energy Momentum Tensor

 “mechanical” properties of the nucleon



 Recent Review

Editors: M. Anselmino, M. Guidal, P. Rossi

Eur. Phys. J A52 (2016)



A few references on GPDs

•Overviews with full bibliography:

 M. Diehl, Phys. Rep. 388 (2003) 41


K. Goeke, M. Polyakov, M. Vanderhaeghen, Prog. Part. Nucl. Phys. 47 (2001) 401


X. Ji, Ann. Rev. Nucl. Part. Sci. 54 (2004) 413


A.V. Belitsky, A.V. Radyushkin, Phys. Rept. 418 (2005)


S. Boffi, B. Pasquini, Riv. Nuovo Cim. 30 (2007) 387


M. Guidal, H. Moutarde, M. Vanderhaeghen, Rept. Prog. Phys. 76 (2013) 066202


K. Kumericki, S. Liuti, H. Moutarde, Eur. Phys. J. A52 (2016) 157 
       
     



How to access GPDs

N(p) N(p0)
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How to access GPDs

N(p) N(p0)
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factorization for large Q2,  |t|<< Q2 , s
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How to access GPDs

N(p) N(p0)

��⇤(Q2)

factorization for large Q2,  |t|<< Q2 , s

�⇤(Q2)

GPDs

N(p) N(p0)

�

M =[parton Ampl.]⌦ [GPDs]

t

e�
e�

universality: the same GPDs enter a variety of exclusive reactions

N(p) N(p0)

�⇤(Q2)

GPDs

�, �⇤,⇡, ⇢, ⇢⇢, . . .



Leading-Twist GPDs

average fraction of the longitudinal  
momentum carried by partons

skewness parameter: fraction of 
longitudinal momentum transfer

t-channel momentum 
transfer squared

GPDs depend on two momentum fractions         and  !
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Need of a gauge link
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Wilson line definition of GPDs

for convenience, choose light-cone gauge: A+ = 0  in which U = 1   

 exchange of more than 2 partons between hard scattering process (H) and soft amplitude (A)  
is suppressed except for gluons with polarization A+ 
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Partonic interpretation



Evolve in  
ordinary time 

Evolve in  
light-front time 

x+ = t+z 

Instant Form
coordinates

Hamiltonian

P.A.M. Dirac, Rev. Mod. Phys. 21, 392 (1949)

Light-Front Form

                             time 


 
                                space

                             time 


 
                                space
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Good and bad components

• Decompose the four-component fermion field in bad (-) and good (+) components

 + = P+  � = P� with                and

• Projecting the Dirac equation and using the light-cone gauge

 =  + +  �

independent dynamical degree of freedomconstrained field

P� = 1
2�

+��P+ = 1
2�

��+• Properties of projector operators:

P+ + P� = I (P�)2 = P�(P+)2 = P+ P+P� = P�P+ = 0

A+ = 0

R. Jaffe, hep-ph/9602236

i�+D+ + = �~�? · ~D? � +m �
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Light-Cone Dirac Spinor

kR = kx + iky

u(k,� = +1/2) = 1p
23/2k+

0

BB@

p
2k+ +m
kRp

2k+ �m
kR

1

CCA P+u(k, 1/2) = u+(k, 1/2) =
k+
p
2

0

BB@

1
0
1
0

1

CCA

with

kL = kx � ikywith

u(k,� = �1/2) = 1p
23/2k+

0

BB@

�kLp
2k+ +m
kL

�
p
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1

CCA P+u(k,�1/2) = u+(k,�1/2) = k+
p
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Partonic interpretation of GPDs

�[�+](x̄, ⇠, t) = hP 0,⇤0|
R

dz�

4⇡ eix̄P
+z�

 ̄(� z
2 ) �

+  ( z2 )|P,⇤i|z+=0,~z?=0

 ̄(� z
2 ) �

+  ( z2 ) =  †
+(� z

2 ) +(
z
2 )

dq, d†q

bq, b†q

w = (k+,k?, µ)

•Unpolarized GPDs

good components of the quark fields

 +(z�, z?) =
R

dk+dk?
2k+(2⇡)3 ✓(k

+)
P

µ [bq(w)u+(w) exp[�ik+z� + ik? · z?]

+d†q(w)v+(w) exp[ik
+z� � ik? · z?]

⇤

apply momentum conservation

annihilation and creation operator of quark

annihilation and creation operator of antiquark

with



non-diagonal matrix elements of 
momentum-density matrix

 we loose the probabilistic 
interpretation of the PDF


 we gain information on the  
quark-momentum correlation

b, b†

d, d†
quarks
antiquarks

hN, (1� ⇠)P̄+|b†�0 [(x̄� ⇠)P̄+]b�[(x̄+ ⇠)P̄+]|N, (1 + ⇠)p̄+i

q q
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Quark polarization

⇠-odd

(⇤0,⇤) (�0,�)✦ Helicity structure: quarknucleon

U = (++) + (��) Tx = (�+) + (+�) Ty = i[(�+)� (+�)] L = (++)� (��)

<latexit sha1_base64="kw/zQSZvMmfiRq3CrErA8gPAoMg="></latexit>

H =
p

1� ⇠2

✓
H �

⇠
2

1� ⇠2
E

◆

<latexit sha1_base64="+2M7jLR/P4PQkjtWKIyMkJeo3HU="></latexit>

HT =
p

1� ⇠2

 
HT �

~�2
?

2M2

H̃Tp
1� ⇠2

+
⇠ẼTp
1� ⇠2

!

<latexit sha1_base64="bDUeiS2mpXV9dMwCvaZNQt/zOHo="></latexit>

E =
Ep
1� ⇠2

<latexit sha1_base64="gKUr1Y9h31sOk+K6o9MINwJDZog="></latexit>

ET =
2H̃T + ET � ⇠ẼTp

1� ⇠2

<latexit sha1_base64="GRl0dBIKRC2Pf92kHeo5YaLyAIw="></latexit>

H̃ =
p
1� ⇠2

 
H̃�

⇠2p
1� ⇠2

Ẽ

!

<latexit sha1_base64="srkzppI3HlitBz918F4Iyyn7I/8="></latexit>

Ẽ =
⇠Ẽp
1� ⇠2

<latexit sha1_base64="GqMm2E6SKFGk2D086IuKWJOw1fc="></latexit>

ẼT =
ẼT � ⇠ETp

1� ⇠2

<latexit sha1_base64="D2fpg8jUJwV7ENcp6iDn+V8TC1w="></latexit>

H̃T = �
H̃T

2
p

1� ⇠2

<latexit sha1_base64="JkryuS/eEeATy93D93AxTBNGCzk="></latexit>



Light-cone Fock expansion

�i

Fock states Simultaneous eigenstates of

Light-front 
helicity

Momentum

P+ =
PN

i p+i

P? =
PN

i p?i

|P i =  qqq |qqqi +  qqqg |qqqgi +  qqqq̄q|qqqq̄qi + . . .

Brodsky, Pauli, Phys. Rept. 301 (1998) 299

Fixed light-cone time x+=0



Light-front wave functions

Proton state

Probability Amplitude for the N,β Fock state

Eigenstates of parton light-front helicity
Ŝiz ⇤

�1...�N
= �i ⇤

�1...�N

Eigenstates of total OAM

L̂z ⇤
�1...�N

= `z ⇤
�1...�N

gaugeA+ = 0

⇤ =
PN

i=1 �i + `z

|(P+, ~P?),⇤i =
X

N,�

[dx]N [d~k?]N 
⇤
N,�(xi,~k? i)|N,�; (xiP

+, xi
~P? + ~k? i),�ii

<latexit sha1_base64="Mu/LLIxZxfWQjohvSvBU7GZ2tEY="></latexit>

Internal variables: xi =
p+i
P+

<latexit sha1_base64="AzGm1vqgxY8H1RH3Pxgbv171fPQ=">AAACIHicbVDLSgMxFM3UVx1fVZduBosgFspMBetGKLhxWcE+oJ0OmfROG5rJjElGLEM/xY2/4saFIrrTrzF9LGrrgcDhnHOT3OPHjEpl299GZmV1bX0ju2lube/s7uX2D+oySgSBGolYJJo+lsAoh5qiikEzFoBDn0HDH1yP/cYDCEkjfqeGMbgh7nEaUIKVlrxcue1Dj/IU7jkWAg/PRuajR6/agcAkjTsFj47SaqcwMtvAu3MpL5e3i/YE1jJxZiSPZqh6ua92NyJJCFwRhqVsOXas3BQLRQkDfX8iIcZkgHvQ0pTjEKSbThYcWSda6VpBJPThypqo8xMpDqUchr5Ohlj15aI3Fv/zWokKLt2U8jhRwMn0oSBhloqscVtWlwogig01wURQ/VeL9LHuRulOTV2Cs7jyMqmXis55sXRbylcuZnVk0RE6RqfIQWVUQTeoimqIoCf0gt7Qu/FsvBofxuc0mjFmM4foD4yfX6jjo9g=</latexit>

NX

i=1

xi = 1
<latexit sha1_base64="IPCivfUSVKVk4kELkosaelqxQcY=">AAACHXicbVDLSgMxFM3UV62vqks3wSKIizJTRd0IBTeupIJ9QFuHTHqnDc1kxiQjlqE/4sZfceNCERduxL8xbWdRWw8EDuecy809XsSZ0rb9Y2UWFpeWV7KrubX1jc2t/PZOTYWxpFClIQ9lwyMKOBNQ1UxzaEQSSOBxqHv9y5FffwCpWChu9SCCdkC6gvmMEm0kN3/S8qDLRAL3gkhJBkfDXEvFgZuwC2d4d40fXUNyLRCdqYibL9hFeww8T5yUFFCKipv/anVCGgcgNOVEqaZjR7qdEKkZ5WBWxgoiQvukC01DBQlAtZPxdUN8YJQO9kNpntB4rE5PJCRQahB4JhkQ3VOz3kj8z2vG2j9vJ0xEsQZBJ4v8mGMd4lFVuMMkUM0HhhAqmfkrpj0iCdWm0JwpwZk9eZ7USkXnuFi6KRXKp2kdWbSH9tEhctAZKqMrVEFVRNETekFv6N16tl6tD+tzEs1Y6cwu+gPr+xdzBKIU</latexit>

NX

i=1

~ki? = ~0?
<latexit sha1_base64="pY8KO65hR4xlWnREVqGPEry6OM8="></latexit>

Frame Independent



DGLAP 
region

DGLAP 
region

ERBL 
region

interference of probability amplitudes

probability density Diehl, Feldmann, Jakob, Kroll, NPB596, 2001 
Diehl, Hwang, Brodsky, NPB596, 2001  
Boffi, Pasquini, NPB649, 2003


Light-Front Wave Function Overlap Representation

GPDs ⇠
X

N

Z
[d3k]N  

⇤
N (k0N ) N (kN )�(. . . )

<latexit sha1_base64="YUBenYrkgrWoHi0gceEP22UAlYI=">AAACgHicbVFbb9MwFHbCbZRbgUdeLCpENpWSZF07eJoEEjxVRaLbpDiLHOe0sxI7me0gVVF+B/+LN34MEk7bh7HxSZY+f+d+TloVXBvf/+24d+7eu/9g72Hv0eMnT5/1n7841WWtGCxYWZTqPKUaCi5hYbgp4LxSQEVawFmaf+rsZz9AaV7K72ZdQSzoSvIlZ9RYKen/JCmsuGzgSlKl6Pqgbcgma6RWadz4ow/Hk3A8Gfoj35 8GYdCRcDo+HFs/JfCX+WfdtphoLoiuRTLDhEuDo+ziEOdxMiNDTOaaJ7OLAy9/m8z2tz8v72gGhaEeyUqj9zEBmV3rIukPupId8G0S7MgA7TBP+r9sIlYLkIYVVOso8CsTN1QZzgpoe6TWUFGW0xVElkoqQMfNZtQWv7FKhpelss+2v1GvRzRUaL0WqfUU1Fzqm7ZO/J8tqs3yOG64rGoDkm0LLesCmxJ318AZV8BMsbaEMsVtr5hdUkWZsTfr2SUEN0e+TU7DUTAeHX0LByeT3Tr20Cv0GnkoQFN0gr6iOVoghv44A2fovHNd13Pfu8HW1XV2MS/RP3A//gXY9b0T</latexit>

PDFs ⇠
X

N

Z
[d3k]N | N (kN )|2�(. . . )

<latexit sha1_base64="/M0wqtILHeBXG6qyN8x+WgP3zDk=">AAACdnicbZHLbhMxFIY9w62EW4AVQkJWo4oUVZEdoE13lUCIVRQk0lYaT0cez0lqxfYMtgcpms4j8HLseA42LHHSLErLkSx9+s/xueaVks4T8iuKb92+c/fe1v3Og4ePHj/pPn127MraCpiKUpX2NOcOlDQw9dIrOK0scJ0rOMkXH1b+k+9gnSzNV7+sINV8buRMCu6DlHV/sBzm0jTwzXBr+fJN27B11sTO87QhA0IIpXRvBf RgnwQ4PBwN6SjEWY0nHz+5tsXMSc1crbMxZtJ4nBRnb/EizcZsD1+wiZPZuL/IxrsXZ0NWgPK8z4rSu13MwBRXamfd3rpiMHwT6AZ6aGOTrPszJBK1BuOF4s4llFQ+bbj1UihoO6x2UHGx4HNIAhquwaXNesAW7wSlwLPShheaXqtXfzRcO7fUeYjU3J+7676V+D9fUvvZKG2kqWoPRlwWmtUK+xKvboALaUF4tQzAhZWhVyzOueXCh0t1whLo9ZFvwvFwQN8N3n8Z9o72N+vYQi/RNuojig7QEfqMJmiKBPodvYi2o170J34V78SvL0PjaPPnOfrHYvIXbiS63A==</latexit>



Properties of GPDs

• Forward limit: ordinary parton distributions

unpolarized quark distributions

long. polarized quark distributions

x > 0
<latexit sha1_base64="CDe9L74RoM+eJyXue3G4H2BxHBU=">AAACDXicbVA9SwNBEN2LX/H8ilraLEZBLMJdLEwlARvLCOYDkiPs7U2SJXt75+6eGI78ARv/io2FIrb2dv4bN8kVMfHBwOO9GWbm+TFnSjvOj5VbWV1b38hv2lvbO7t7hf2DhooSSaFOIx7Jlk8UcCagrpnm0IolkNDn0PSH1xO/+QBSsUjc6VEMXkj6gvUYJdpI3cJJx4c+EyncCyIlGZ2P7ccrpwMimJO6haJTcqbAy8TNSBFlqHUL350gokkIQlNOlGq7Tqy9lEjNKIex3UkUxIQOSR/ahgoSgvLS6TdjfGqUAPciaUpoPFXnJ1ISKjUKfdMZEj1Qi95E/M9rJ7pX8VIm4kSDoLNFvYRjHeFJNDhgEqjmI0MIlczciumASEK1CdA2IbiLLy+TRrnkXpTKt+VitZLFkUdH6BidIRddoiq6QTVURxQ9oRf0ht6tZ+vV+rA+Z605K5s5RH9gff0Cyyyb+Q==</latexit>

x < 0
<latexit sha1_base64="xUxsldVbsuK0LzzJdjxHkzPG7G8=">AAACDXicbVA9SwNBEN2LX/H8ilraLEZBLMJdLExhEbCxjGA+IDnC3t4kWbK3d+7uieHIH7Dxr9hYKGJrb+e/cZNcERMfDDzem2Fmnh9zprTj/Fi5ldW19Y38pr21vbO7V9g/aKgokRTqNOKRbPlEAWcC6pppDq1YAgl9Dk1/eD3xmw8gFYvEnR7F4IWkL1iPUaKN1C2cdHzoM5HCvSBSktH52H68cjoggjmpWyg6JWcKvEzcjBRRhlq38N0JIpqEIDTlRKm268TaS4nUjHIY251EQUzokPShbaggISgvnX4zxqdGCXAvkqaExlN1fiIloVKj0DedIdEDtehNxP+8dqJ7FS9lIk40CDpb1Es41hGeRIMDJoFqPjKEUMnMrZgOiCRUmwBtE4K7+PIyaZRL7kWpfFsuVitZHHl0hI7RGXLRJaqiG1RDdUTRE3pBb+jderZerQ/rc9aas7KZQ/QH1tcvyASb9w==</latexit>

: quarks : antiquarks

analogous relations for gluons, except for transversity distribution 

eHq(x, ⇠ = 0, t = 0) = �q(x)
<latexit sha1_base64="TugKthKgL00W1w0xZzzz9N3Olfw="></latexit>

H
q(x, ⇠ = 0, t = 0) = q(x)

<latexit sha1_base64="ssR1Hm9bzMSohBIG8JZZ6NYfA2k="></latexit>

H
q
T (x, ⇠ = 0, t = 0) = h1(x)

<latexit sha1_base64="SI+wsr+Wbb+l30o83hV7LaROBGg="></latexit>

 transv. polarized quark distributions

• all the other GPDs do NOT appear in inclusive DIS =)
<latexit sha1_base64="bIBsrxuPsqhgjV3dV1xofUU3XA4=">AAACGnicbVDLSsNAFJ34rPFVdekmWARxUZK6sMuCGxcuKtgHNKFMpjfp0MlMnJkoJfQ73Pgrblwo4k7c+DdOH4vaeuDC4Zx7ufeeMGVUadf9sVZW19Y3Ngtb9vbO7t5+8eCwqUQmCTSIYEK2Q6yAUQ4NTTWDdioBJyGDVji4GvutB5CKCn6nhykECY45jSjB2kjdoueHEFOewz3HUuLh+cj2bwSPJY372iji0faB9+b8brHklt0JnGXizUgJzVDvFr/8niBZAlwThpXqeG6qgxxLTQkDsy9TkGIywDF0DOU4ARXkk9dGzqlRek4kpCmunYk6P5HjRKlhEprOBOu+WvTG4n9eJ9NRNcgpTzMNnEwXRRlztHDGOTk9KoFoNjQEE0nNrQ7pY4mJNmnaJgRv8eVl0qyUvYty5bZSqlVncRTQMTpBZ8hDl6iGrlEdNRBBT+gFvaF369l6tT6sz2nrijWbOUJ/YH3/AqVIodQ=</latexit>

new information 

• They all depend on the renormalisation scale (             )   
with different evolution equations in the DGLAP and ERBL regions 

µ2 = Q2
<latexit sha1_base64="0kCxzE2yrzkQxCNBuKGnR/5UdJ0=">AAACFHicbVBNS8NAEN3Urxq/qh69BIsgCiWJB3sRCl48tmA/oE3LZjNtl242cXcjlNAf4cW/4sWDIl49ePPfuG1zqK0PBh7vzTAzz48Zlcq2f4zc2vrG5lZ+29zZ3ds/KBweNWSUCAJ1ErFItHwsgVEOdUUVg1YsAIc+g6Y/up36zUcQkkb8Xo1j8EI84LRPCVZa6hUuOz4MKE/hgWMh8PhiYnbCpOve1Lqu2QEeLDi9QtEu2TNYq8TJSBFlqPYK350gIkkIXBGGpWw7dqy8FAtFCQO9KZEQYzLCA2hrynEI0ktnT02sM60EVj8SuriyZuriRIpDKcehrztDrIZy2ZuK/3ntRPXLXkp5nCjgZL6onzBLRdY0ISugAohiY00wEVTfapEhFpgonaOpQ3CWX14lDbfkXJXcmluslLM48ugEnaJz5KBrVEF3qIrqiKAn9ILe0LvxbLwaH8bnvDVnZDPH6A+Mr19PDJ5P</latexit>



Properties of GPDs

Z

<latexit sha1_base64="hiFAU11UXDuGpLxTuGgb7ykWh54=">AAACDnicbVBNS8NAEN3Ur1q/oh69BEtBPJSkHvRY8KK3CvYDmlA2m0m7dLOJuxshhP4CL/4VLx4U8erZm//GbZtDbX0w8Hhvhpl5fsKoVLb9Y5TW1jc2t8rblZ3dvf0D8/CoI+NUEGiTmMWi52MJjHJoK6oY9BIBOPIZdP3x9dTvPoKQNOb3KkvAi/CQ05ASrLQ0MGuuD0PKc3jgWAicnU8qLuXKBR4saAOzatftGaxV4hSkig q0Bua3G8QkjYArwrCUfcdOlJdjoShhoHekEhJMxngIfU05jkB6+eydiVXTSmCFsdDFlTVTFydyHEmZRb7ujLAayWVvKv7n9VMVXnk55UmqgJP5ojBlloqtaTZWQAUQxTJNMBFU32qRERaYKJ1gRYfgLL+8SjqNunNRb9w1qs3bIo4yOkGn6Aw56BI10Q1qoTYi6Am9oDf0bjwbr8aH8TlvLRnFzDH6A+PrFy2ZnNU=</latexit>

GPDs FFs

p,⇤
<latexit sha1_base64="SbfWeqvb9GuNkhfCiJGZQ6UO6Pg=">AAACFHicbVDLSsNAFJ3Ud3xFXboJFkFUSlJBXRbcuHChYB/QlHIzua2Dk0mcmQgl9CPc+CtuXCji1oU7/8bpY1FbD1w4nHPvzL0nTDlT2vN+rMLc/MLi0vKKvbq2vrHpbG3XVJJJilWa8EQ2QlDImcCqZppjI5UIccixHt5fDPz6I0rFEnGreym2YugK1mEUtJHazlEQYpeJHB8ESAm9w76dHgdX5oEI7ABFNOG0naJX8oZwZ4k/JkUyxnXb+Q6ihGYxCk05KNX0vVS3cpCaUY59O8gUpkDvoYtNQwXEqFr58Ki+u2+UyO0k0pTQ7lCdnMghVqoXh6YzBn2npr2B+J/XzHTnvJUzkWYaBR191Mm4qxN3kJAbMYlU854hQCUzu7r0DiRQbXK0TQj+9MmzpFYu+Sel8k25WDkdx7FMdskeOSA+OSMVckmuSZVQ8kReyBt5t56tV+vD+hy1FqzxzA75A+vrF8dTnpo=</latexit>

p0,⇤0
<latexit sha1_base64="E9BjreuKPJfpFzD9vK+neIMxv/c=">AAACFnicbVBNS8NAEN3Urxq/qh69BIsooiWpoB4LXjx4qGBVaEqZbKZ16WYTdzdCCP0VXvwrXjwo4lW8+W/ctjn49WDg8d7M7swLEs6Udt1PqzQ1PTM7V563FxaXllcqq2uXKk4lxRaNeSyvA1DImcCWZprjdSIRooDjVTA4GflXdygVi8WFzhLsRNAXrMcoaCN1K/t+gH0mcrwVICVku0M72d7zz8wLIWzbPorwm9etVN2aO4bzl3gFqZICzW7lww9jmkYoNOWgVNtzE93JQWpGOQ5tP1WYAB1AH9uGCohQdfLxWUNnyyih04ulKaGdsfp9IodIqSwKTGcE+kb99kbif1471b3jTs5EkmoUdPJRL+WOjp1RRk7IJFLNM0OASmZ2degNSKDaJGmbELzfJ/8ll/Wad1Crn9erjcMijjLZIJtkh3jkiDTIKWmSFqHknjySZ/JiPVhP1qv1NmktWcXMOvkB6/0LoBKe/A==</latexit>

eix̄P
+z�

dx̄
<latexit sha1_base64="hcMZjQo+wEflA4cIjsgmWKRrVOg=">AAACJXicbVDLSgMxFM3Ud31VXboJFkEUy0xd6EJEcOOyglWh05Y7mds2NJMZk4xYh/6MG3/FjQtFBFf+iuljodUDgcM553JzT5AIro3rfjq5qemZ2bn5hfzi0vLKamFt/UrHqWJYZbGI1U0AGgWXWDXcCLxJFEIUCLwOumcD//oOleaxvDS9BOsRtCVvcQbGSs3CsR9gm8sMbyUoBb3dfh4bGfcDUPSeVhp79KGx36fhSPBRhj+izULRLblD0L/EG5MiGaPSLLz5YczSCKVhArSueW5i6hkow5nAft5PNSbAutDGmqUSItT1bHhln25bJaStWNknDR2qPycyiLTuRYFNRmA6etIbiP95tdS0juoZl0lqULLRolYqqInpoDIacoXMiJ4lwBS3f6WsAwqYscXmbQne5Ml/yVW55B2Uyhfl4unJuI55skm2yA7xyCE5JeekQqqEkUfyTF7Jm/PkvDjvzscomnPGMxvkF5yvb1RIpSE=</latexit>[

<latexit sha1_base64="b6iUt+NDAFhWmrDCzCvwPCUOxAI=">AAACC3icbVBNS8NAEN3Ur1q/oh69hBZBPJSkHvRY8OKxgv2AJJbNdtIu3Wzi7kYIoXcv/hUvHhTx6h/w5r9x2+ZQWx8MPN6bYWZekDAqlW3/GKW19Y3NrfJ2ZWd3b//APDzqyDgVBNokZrHoBVgCoxzaiioGvUQAjgIG3WB8PfW7jyAkjfmdyhLwIzzkNKQEKy31zaoXwJDyHB44FgJn5xO34gEfLAh9s2bX7RmsVeIUpIYKtPrmtzeISRoBV4RhKV3HTpSfY6EoYTCpeKmEBJMxHoKrKccRSD+f/TKxTrUysMJY6OLKmqmLEzmOpMyiQHdGWI3ksjcV//PcVIVXfk55kirgZL4oTJmlYmsajDWgAohimSaYCKpvtcgIC0yUjq+iQ3CWX14lnUbduag3bhu15n0RRxmdoCo6Qw66RE10g1qojQh6Qi/oDb0bz8ar8WF8zltLRjFzjP7A+PoFonGbgA==</latexit>

]
<latexit sha1_base64="AYkFDFc8gQsKXbJaPj56bEqrWKA=">AAACC3icbVBNS8NAEN3Urxq/oh69hBZBPJSkHvRY8OKxgv2AJpbNZtou3Wzi7kYIoXcv/hUvHhTx6h/w5r9x2+ZQWx8MPN6bYWZekDAqleP8GKW19Y3NrfK2ubO7t39gHR61ZZwKAi0Ss1h0AyyBUQ4tRRWDbiIARwGDTjC+nvqdRxCSxvxOZQn4ER5yOqAEKy31rYoXwJDyHB44FgJn5xPf9ICHC0Lfqjo1ZwZ7lbgFqaICzb717YUxSSPgijAsZc91EuXnWChKGExML5WQYDLGQ+hpynEE0s9nv0zsU62E9iAWuriyZ+riRI4jKbMo0J0RViO57E3F/7xeqgZXfk55kirgZL5okDJbxfY0GDukAohimSaYCKpvtckIC0yUjs/UIbjLL6+Sdr3mXtTqt/Vq476Io4xOUAWdIRddoga6QU3UQgQ9oRf0ht6NZ+PV+DA+560lo5g5Rn9gfP0CpZmbgg==</latexit>

=<latexit sha1_base64="yjtyWVxsnp0Z0ck4w/7vNxDopQs=">AAACC3icbVBNS8NAEN3Urxq/oh69hBZBPJSkHvSiFLx4rGA/oA1ls5m0SzebuLsRQujdi3/FiwdFvPoHvPlv3LY5aOuDgcd7M8zM8xNGpXKcb6O0srq2vlHeNLe2d3b3rP2DtoxTQaBFYhaLro8lMMqhpahi0E0E4Mhn0PHH11O/8wBC0pjfqSwBL8JDTkNKsNLSwKr0fRhSnsM9x0Lg7HRiXvaBB7+EgVV1as4M9jJxC1JFBZoD66sfxCSNgCvCsJQ910mUl2OhKGEwMfuphASTMR5CT1OOI5BePvtlYh9rJbDDWOjiyp6pvydyHEmZRb7ujLAayUVvKv7n9VIVXng55UmqgJP5ojBltortaTB2QAUQxTJNMBFU32qTERaYKB2fqUNwF19eJu16zT2r1W/r1cZVEUcZHaEKOkEuOkcNdIOaqIUIekTP6BW9GU/Gi/FufMxbS0Yxc4j+wPj8AWlGm0I=</latexit>

p,⇤
<latexit sha1_base64="SbfWeqvb9GuNkhfCiJGZQ6UO6Pg=">AAACFHicbVDLSsNAFJ3Ud3xFXboJFkFUSlJBXRbcuHChYB/QlHIzua2Dk0mcmQgl9CPc+CtuXCji1oU7/8bpY1FbD1w4nHPvzL0nTDlT2vN+rMLc/MLi0vKKvbq2vrHpbG3XVJJJilWa8EQ2QlDImcCqZppjI5UIccixHt5fDPz6I0rFEnGreym2YugK1mEUtJHazlEQYpeJHB8ESAm9w76dHgdX5oEI7ABFNOG0naJX8oZwZ4k/JkUyxnXb+Q6ihGYxCk05KNX0vVS3cpCaUY59O8gUpkDvoYtNQwXEqFr58Ki+u2+UyO0k0pTQ7lCdnMghVqoXh6YzBn2npr2B+J/XzHTnvJUzkWYaBR191Mm4qxN3kJAbMYlU854hQCUzu7r0DiRQbXK0TQj+9MmzpFYu+Sel8k25WDkdx7FMdskeOSA+OSMVckmuSZVQ8kReyBt5t56tV+vD+hy1FqzxzA75A+vrF8dTnpo=</latexit>
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Z 1

�1
dx̄H

q(x̄, ⇠, t) = F
q
1 (t)
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Z 1

�1
dx̄ eEq(x̄, ⇠, t) = Gq

P (t)
<latexit sha1_base64="YAnLM7AHYLWO2b7DWfqsoQN2ByE="></latexit>

Z 1

�1
dx̄Eq(x̄, ⇠, t) = F q

2 (t)
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Z 1

�1
dx̄ eHq(x̄, ⇠, t) = G

q
A(t)
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Dirac Form Factor

Pauli Form Factor

Axial Form Factor

Pseudoscalar Form Factor
•    independence: Lorentz invariance⇠
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• renormalisation scale independent 

• matrix elements of local operators

can be calculated on the lattice



Impact Parameter Space


! Center of momentum of the partons in the proton

! b⊥: transverse distance between the struck parton and the 
centre of momentum of the hadron

[Burkardt, 2003]

~R?
xi,~bi?

~b? ~R? =

P
i p

+
i
~b?iP

i p
+
i

(i = q, q̄, g)
<latexit sha1_base64="e2Ua4rNK48kG45+YpiV0H61M4qw="></latexit>

Galilei transformation: Transverse boost:

Center of mass: Center of plus momentum:

~p?i ! ~p?i � p+i ~vp+i ! p+i~pi ! ~pi �mi~v

~r⇤ =
P

i mi~riP
i mi

mi ! mi

Isomorphism between Galilei and subgroup of Light-Front operators

~R? =

P
i p

+
i
~b? iP

i p
+
i

<latexit sha1_base64="14VlKEPXeSVBNb83t3YIOT/IjV0="></latexit>



Impact Parameter Space


! Center of momentum of the partons in the proton

! b⊥: transverse distance between the struck parton and the 
centre of momentum of the hadron

[Burkardt, 2003]
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(i = q, q̄, g)
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Impact Parameter Space


! Center of momentum of the partons in the proton

! b⊥: transverse distance between the struck parton and the 
centre of momentum of the hadron

[Burkardt, 2003]

~R?
xi,~bi?

~b? ~R? =

P
i p

+
i
~b?iP

i p
+
i

(i = q, q̄, g)
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 Localized wave packet in the transverse plane polarized in the X direction in IMF

|p+, Sxi ⌘
1p
2

⇣
|p+, ~R? = ~0?, "i+ |p+, ~R? = ~0?, #i

⌘
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Impact Parameter Space


! Center of momentum of the partons in the proton

! b⊥: transverse distance between the struck parton and the 
centre of momentum of the hadron

[Burkardt, 2003]
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~b? ~R? =
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+
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i p
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(i = q, q̄, g)
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 Localized wave packet in the transverse plane polarized in the X direction in IMF

|p+, Sxi ⌘
1p
2

⇣
|p+, ~R? = ~0?, "i+ |p+, ~R? = ~0?, #i

⌘
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 Impact parameter dependent GPD for the ⊥ pol. state 

quark density in proton state ⊥ pol. 

qx(x,~b?) = H
q(x,~b?)�

1

2M

@

@by
E

q(x,~b?)
<latexit sha1_base64="Z3pRcna3b0EXtIGqSosI5Pv6TS8="></latexit>

H
q(x,~b?) =

Z
d
2�?
(2⇡)2

H
q(x, ~�?)e

�i~b?·~�?
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Eq(x,~b?) =

Z
d2�?
(2⇡)2

Eq(x, ~�?)e
�i~b?·~�?
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qx(x,~b?) = hp+, Sx|
Z

dx�

4⇡
eixp

+x�
q̄(�x�

2
,~b?)�

+q(
x�

2
,~b?)|p+, Sxi
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Impact Parameter Space


! Center of momentum of the partons in the proton

! b⊥: transverse distance between the struck parton and the 
centre of momentum of the hadron

[Burkardt, 2003]
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~b? ~R? =

P
i p

+
i
~b?iP
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(i = q, q̄, g)
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 Localized wave packet in the transverse plane polarized in the X direction in IMF

|p+, Sxi ⌘
1p
2

⇣
|p+, ~R? = ~0?, "i+ |p+, ~R? = ~0?, #i

⌘
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❖ Homework: derive the relation between GPDs and IPDs

 Impact parameter dependent GPD for the ⊥ pol. state 

quark density in proton state ⊥ pol. 

qx(x,~b?) = H
q(x,~b?)�
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@

@by
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Eq(x,~b?) =
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Eq(x, ~�?)e
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Charge density of partons in the transverse plane

Infinite-Momentum-Frame Parton charge density in the transverse plane                                                                                                                           

 Number density of quark with longitudinal momentum x and transverse position b⊥

Miller (2007); Burkardt (2007)

proton

+

neutron

-

⇢
q(b?) = eq

Z
d
2�?e

i�?·b?
Z

dxH
q(x, 0,�2

?) =

Z
d
2�?e

i�?·b?F q
1 (�

2
?)



Electromagnetic Form Factors

Transversely polarized proton

⇢T (~b?) = ⇢(~b?) + sin(�b � �s)
R dQ

2⇡
Q2

2M J1(Qb?)F2(Q2)

monopole dipole

neutron

nucleon polarized in the x direction
C. Carlson, and M. Vanderhaeghen, Phys. Rev. Lett. 100 (2008) 032004

proton

+
−

+

bx (fm)
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bx (fm)
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Spatial charge density

No probabilistic/charge 
interpretation

Creation/annihilation of pairs

[Ernst, Sachs, Wali (1960)]

[Sachs (1962)]

Textbook interpretation

GE(Q
2) = F1(Q

2)� Q2

4M2
F2(Q

2)

<latexit sha1_base64="p5BrNay9/iztfJJMnb8RqA94WWg="></latexit>

GM (Q2) = F1(Q
2) + F2(Q

2)

<latexit sha1_base64="RKg3MphWO1dr7CE4CUfqRnpeRB8="></latexit>

Breit frame



Drell-Yan-West frame

✓ Particle number is conserved in Drell-Yan frame �+ = 0
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✓           : Transverse boosts no transverse Lorentz contraction

no sensitivity to longitudinal Lorentz contraction✓  q+ = 0

<latexit sha1_base64="X0HldSgW2qOC+qrAVZekogc/djE=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBhNBEMJuUBRBCHjxGME8JFnD7GQ2GTIzu87MCmHJV3jxoIhXP8ebf+PkcdDEgoaiqpvuriDmTBvX/XYyS8srq2vZ9dzG5tb2Tn53r66jRBFaIxGPVDPAmnImac0ww2kzVhSLgNNGMLge+40nqjSL5J0ZxtQXuCdZyAg2VrovIvT4cHLlFjv5gltyJ0CLxJuRAsxQ7eS/2t2IJIJKQzjWuuW5sfFTrAwjnI5y7UTTGJMB7tGWpRILqv10cvAIHVmli8JI2ZIGTdTfEykWWg9FYDsFNn09743F/7xWYsILP2UyTgyVZLooTDgyERp/j7pMUWL40BJMFLO3ItLHChNjM8rZELz5lxdJvVzyTktnt+VC5XIWRxYO4BCOwYNzqMANVKEGBAQ8wyu8Ocp5cd6dj2lrxpnN7MMfOJ8/TVGOwQ==</latexit>

~q? 6= 0
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probabilistic/charge 
interpretation



Hq(x, 0, t)

eq ̄q(0)�0 q(0)

R
d�
2⇡ e

i�x ̄q(� z
2 )�

+ q(
z
2 ) q(x) q(x, b2?)

Q F1(t)

Operator
Forward 

 matrix element
Non-forward  

matrix element
Position-space 
interpretation

2-dim distribution of charge in the transverse plane

q(x, b2?) 2-dim. “distribution of the PDF” in the transverse plane 

M. Burkardt, Int. J. Mod. Phys. A18 (2003) 173

eq ̄q(0)�+ q(0) ⇢(b2?)
<latexit sha1_base64="nU0Hjf6JiP7CvUbd2NC316EoozA="></latexit>

⇢(b2?)
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The unpolarized GPD H

H(x, 0,~b?) =

Z
d2�? H(x, 0, t) e�i~�?·~b? (t = �~�2

?)

extrapolation from data

Guidal et al., Rep. Prog. Phys. 76 (2013) 066202

steep in t

wide in b⊥  

flat in t

narrow in b⊥  

H
q(x, 0, b?)(fm

�2)



The unpolarized GPD H

H(x, 0,~b?) =

Z
d2�? H(x, 0, t) e�i~�?·~b? (t = �~�2

?)

extrapolation from data

h~b 2
?(x)i =

R
d2~b?~b

2
? H(x, 0, b?)R

d2~b?H(x, 0, b?)

Dupré et al., PRD95(2017)011501

As x      1, the active parton carries all the momentum  
 and represents the centre of momentum 



The unpolarized GPD H



Energy-momentum tensor and GPDS



Energy Density Momentum Density

Energy Flux Momentum Flux

pressure

shear forcesTµ⌫ =

T 00 T 01 T 02 T 03

T 10 T 11 T 12 T 13

T 20 T 21 T 22 T 23

T 30 T 31 T 32 T 33

The Energy-Momentum Tensor

hN(p0)|Tµ⌫
q,g |N(p)i

<latexit sha1_base64="eIxywobOK/O6wcywu1KJFOtD+7I="></latexit>

• Where does the spin of the proton come from?

• What is the origin of the proton mass?

• What are the mechanical properties (pressure, shear forces) inside the proton ?



Canonical Energy Momentum Tensor

If a system has a continuous symmetry property,  
then there are corresponding quantities whose values are conserved in time

Emmy Noether (1882-1935)

Translation invariance Conservation of the canonical EMT T
µ⌫
C (x)

<latexit sha1_base64="yPbQ5XEUT3LyITlfsvIHCL284Y4=">AAACG3icbVDLSgMxFM3UVx1fVZdugkWoLspMURRXhW5cVugLOrVk0ts2NJMZk4xYhv6HG3/FjQtFXAku/BvTx6K2HggczjmXm3v8iDOlHefHSq2srq1vpDftre2d3b3M/kFNhbGkUKUhD2XDJwo4E1DVTHNoRBJI4HOo+4PS2K8/gFQsFBU9jKAVkJ5gXUaJNlI7U/B86DGRwL0gUpLh2cjGlbvEC2JPxKN2Kfd4ansgOnOBdibr5J0J8DJxZySLZii3M19eJ6RxAEJTTpRquk6kWwmRmlEOI9uLFUSEDkgPmoYKEoBqJZPbRvjEKB3cDaV5QuOJOj+RkECpYeCbZEB0Xy16Y/E/rxnr7lUrYSKKNQg6XdSNOdYhHheFO0wC1XxoCKGSmb9i2ieSUG3qtE0J7uLJy6RWyLvn+YvbQrZ4PasjjY7QMcohF12iIrpBZVRFFD2hF/SG3q1n69X6sD6n0ZQ1mzlEf2B9/wIGYqFh</latexit>

Space components: ~JC = ~LC + ~SC

<latexit sha1_base64="IhA01wJTxNBpHZ7EQeFZsBhIIpc=">AAACJXicbZDNSgMxFIUz9b/+VV26CRZBFMpMURRRKHQj4qKirYW2DJn0tg3NZMYkIwxDX8aNr+LGhUUEV76K6TgLtR4IfJx7Lzf3eCFnStv2h5WbmZ2bX1hcyi+vrK6tFzY2GyqIJIU6DXggmx5RwJmAumaaQzOUQHyPw503rE7qdw8gFQvErY5D6PikL1iPUaKN5RbO2h70mUjgXhApSbw/yrcfgOJLt3qewpVbPUjhxq3m2yC6P1rdQtEu2anwNDgZFFGmmlsYt7sBjXwQmnKiVMuxQ91JiNSMcjCrIwUhoUPSh5ZBQXxQnSS9coR3jdPFvUCaJzRO3Z8TCfGVin3PdPpED9Tf2sT8r9aKdO+kkzARRhoE/V7UizjWAZ5EhrtMAtU8NkCoZOavmA6IJFSbYPMmBOfvydPQKJecw9LRdblYOc3iWETbaAftIQcdowq6QDVURxQ9omf0isbWk/VivVnv3605K5vZQr9kfX4BROCkeA==</latexit>

Lµ↵�
C (x) = x↵Tµ�

C (x)� x�Tµ↵
C (x)

<latexit sha1_base64="3wP3lfhJ4UogUub6CyF5w+El5ko="></latexit>

Jµ↵�
C (x) = Lµ↵�

C + Sµ↵�
C

<latexit sha1_base64="u32rm6QgKc7ojAKCBOcaNYVDiQU="></latexit>

J i
C(x) =

1

2
✏ijkJ0jk

C (x)

<latexit sha1_base64="z9YeRPZSn2ok06JO867117Mon2U="></latexit>

Lorentz invariance Conservation of the generalized Angular Momentum (AM) densityJµ↵�
C (x)

<latexit sha1_base64="TIeJuKgfsk7GNIrqpMTcK2R3ugg=">AAACInicbVDLSsNAFJ34rPFVdekmWITqoiSi+FgVuhFXFWwrNLXcTG/bwckkzkzEEvotbvwVNy4UdSX4MU4fC209MHA451zu3BPEnCntul/WzOzc/MJiZsleXlldW89ubFZVlEiKFRrxSF4HoJAzgRXNNMfrWCKEAcdacFsa+LV7lIpF4kr3YmyE0BGszShoIzWzp36AHSZSvBMgJfT2+/bFTeqHiQ887oJxNfSbpfzDnu2jaP3KNbM5t+AO4UwTb0xyZIxyM/vhtyKahCg05aBU3XNj3UhBakY59m0/URgDvYUO1g0VEKJqpMMT+86uUVpOO5LmCe0M1d8TKYRK9cLAJEPQXTXpDcT/vHqi2yeNlIk40SjoaFE74Y6OnEFfTotJpJr3DAEqmfmrQ7sggWrTqm1K8CZPnibVg4J3WDi6PMgVz8Z1ZMg22SF54pFjUiTnpEwqhJJH8kxeyZv1ZL1Y79bnKDpjjWe2yB9Y3z8ZP6SY</latexit>

Orbital AM Spin



Belinfante, Rosenfeld (1940)

is in general neither gauge-invariant nor symmetricTµ⌫
C

<latexit sha1_base64="l+lALyZdFKqumavgscVAoQpCdbg=">AAACF3icbVDLSsNAFJ34rPEVdekmWARxUZKiKK4K3bis0Bc0NUwmt+3QySTOTIQQ+hdu/BU3LhRxqzv/xuljUVsPXDiccy/33hMkjErlOD/Gyura+sZmYcvc3tnd27cODpsyTgWBBolZLNoBlsAoh4aiikE7EYCjgEErGFbHfusRhKQxr6ssgW6E+5z2KMFKS75V8gLoU57DA8dC4Ox8ZNbvcy9KPZ6O/KrpAQ/nTN8qOiVnAnuZuDNSRDPUfOvbC2OSRsAVYVjKjuskqptjoShhMDK9VEKCyRD3oaMpxxHIbj75a2SfaiW0e7HQxZU9UecnchxJmUWB7oywGshFbyz+53VS1bvu5pQnqQJOpot6KbNVbI9DskMqgCiWaYKJoPpWmwywwETpKE0dgrv48jJplkvuRenyrlys3MziKKBjdILOkIuuUAXdohpqIIKe0At6Q+/Gs/FqfBif09YVYzZzhP7A+PoF1D6gUA==</latexit>

Belinfante improved EMT

Tµ⌫
Bel(x) = Tµ⌫

C (x) + @�G
�µ⌫(x)

<latexit sha1_base64="/KY0yraudgmMh6CxLn1DZx19fXE="></latexit>

Jµ↵�
Bel (x) = Jµ↵�

C (x) + @�[x
↵G�µ�(x)� x�G�µ↵(x)]

<latexit sha1_base64="NeNB6V3TR3Dr+06wxidqGwcdJf0="></latexit>

Belinfante generalized AM

with the super-potential

Jµ↵�
Bel (x) = x↵Tµ�

Bel(x)� x�Tµ↵
Bel(x)

<latexit sha1_base64="kxw+JmSOcHOcNr6QMjfxd7sT65s="></latexit>

G�µ⌫(x) =
1

2
[S�µ⌫

C (x)� Sµ⌫�
C (x)� S⌫µ�

C (x)] = �Gµ�⌫(x)

<latexit sha1_base64="o5CRGTkFjPmedSDIBtIi+3K27qE="></latexit>



Canonical                                     Belinfante



T [µ⌫]
C (x) = �@↵S

↵µ⌫(x) 6= 0

<latexit sha1_base64="J+WhPWQBeUZG7XqYGhzt/nCmlic="></latexit>

[µ⌫] = µ⌫ � ⌫µ

<latexit sha1_base64="IkCiWZNWko3jxGjbm+9geomgvV4=">AAACIXicbVDLSgMxFM34rPVVdekmWAQRLDNFsQhCwY3LCvYBM0PJpLdtaCYzJhmhDP0VN/6KGxeKdCf+jGk7i9p64ZLDOedyc08Qc6a0bX9bK6tr6xubua389s7u3n7h4LChokRSqNOIR7IVEAWcCahrpjm0YgkkDDg0g8HdRG8+g1QsEo96GIMfkp5gXUaJNlS7UPEC6DGRwpMgUpLh+SjvemHiicS/nb0Xpg3CHojOnK1dKNole1p4GTgZKKKsau3C2OtENAlBaMqJUq5jx9pPidSMchjlvURBTOiA9MA1UJAQlJ9OLxzhU8N0cDeSpoXGU3Z+IiWhUsMwMM6Q6L5a1Cbkf5qb6G7FT5mIEw2CzhZ1E451hCdx4Q6TQDUfGkCoZOavmPaJJFSbUPMmBGfx5GXQKJecy9LVQ7lYvcniyKFjdILOkIOuURXdoxqqI4pe0Bv6QJ/Wq/VufVnjmXXFymaO0J+yfn4B9gikmg==</latexit>

in general not symmetric

T [µ⌫]
Bel (x) = 0

<latexit sha1_base64="hTrw+x18Hw1E4yeuwYb1WvAcH10="></latexit>

symmetric

Canonical                                     Belinfante



T [µ⌫]
C (x) = �@↵S

↵µ⌫(x) 6= 0

<latexit sha1_base64="J+WhPWQBeUZG7XqYGhzt/nCmlic="></latexit>

[µ⌫] = µ⌫ � ⌫µ

<latexit sha1_base64="IkCiWZNWko3jxGjbm+9geomgvV4=">AAACIXicbVDLSgMxFM34rPVVdekmWAQRLDNFsQhCwY3LCvYBM0PJpLdtaCYzJhmhDP0VN/6KGxeKdCf+jGk7i9p64ZLDOedyc08Qc6a0bX9bK6tr6xubua389s7u3n7h4LChokRSqNOIR7IVEAWcCahrpjm0YgkkDDg0g8HdRG8+g1QsEo96GIMfkp5gXUaJNlS7UPEC6DGRwpMgUpLh+SjvemHiicS/nb0Xpg3CHojOnK1dKNole1p4GTgZKKKsau3C2OtENAlBaMqJUq5jx9pPidSMchjlvURBTOiA9MA1UJAQlJ9OLxzhU8N0cDeSpoXGU3Z+IiWhUsMwMM6Q6L5a1Cbkf5qb6G7FT5mIEw2CzhZ1E451hCdx4Q6TQDUfGkCoZOavmPaJJFSbUPMmBGfx5GXQKJecy9LVQ7lYvcniyKFjdILOkIOuURXdoxqqI4pe0Bv6QJ/Wq/VufVnjmXXFymaO0J+yfn4B9gikmg==</latexit>

in general not symmetric

T [µ⌫]
Bel (x) = 0

<latexit sha1_base64="hTrw+x18Hw1E4yeuwYb1WvAcH10="></latexit>

symmetric

Canonical                                     Belinfante

clear distinction between OAM and spin  
at the density level

Jµ↵�
Bel (x) = x↵Tµ�

Bel(x)� x�Tµ↵
Bel(x)

<latexit sha1_base64="kxw+JmSOcHOcNr6QMjfxd7sT65s="></latexit>

purely OAM density

Jµ↵�
C (x) = Lµ↵�

C (x) + Sµ↵�
C (x)

<latexit sha1_base64="4IghAdKoyKYS+UY0Rx8s2txk3sw="></latexit>

Lµ↵�
C (x) = x↵Tµ�

C (x)� x�Tµ↵
C (x)

<latexit sha1_base64="3wP3lfhJ4UogUub6CyF5w+El5ko="></latexit>



T [µ⌫]
C (x) = �@↵S

↵µ⌫(x) 6= 0

<latexit sha1_base64="J+WhPWQBeUZG7XqYGhzt/nCmlic="></latexit>

[µ⌫] = µ⌫ � ⌫µ

<latexit sha1_base64="IkCiWZNWko3jxGjbm+9geomgvV4=">AAACIXicbVDLSgMxFM34rPVVdekmWAQRLDNFsQhCwY3LCvYBM0PJpLdtaCYzJhmhDP0VN/6KGxeKdCf+jGk7i9p64ZLDOedyc08Qc6a0bX9bK6tr6xubua389s7u3n7h4LChokRSqNOIR7IVEAWcCahrpjm0YgkkDDg0g8HdRG8+g1QsEo96GIMfkp5gXUaJNlS7UPEC6DGRwpMgUpLh+SjvemHiicS/nb0Xpg3CHojOnK1dKNole1p4GTgZKKKsau3C2OtENAlBaMqJUq5jx9pPidSMchjlvURBTOiA9MA1UJAQlJ9OLxzhU8N0cDeSpoXGU3Z+IiWhUsMwMM6Q6L5a1Cbkf5qb6G7FT5mIEw2CzhZ1E451hCdx4Q6TQDUfGkCoZOavmPaJJFSbUPMmBGfx5GXQKJecy9LVQ7lYvcniyKFjdILOkIOuURXdoxqqI4pe0Bv6QJ/Wq/VufVnjmXXFymaO0J+yfn4B9gikmg==</latexit>

in general not symmetric

T [µ⌫]
Bel (x) = 0

<latexit sha1_base64="hTrw+x18Hw1E4yeuwYb1WvAcH10="></latexit>

symmetric

The total charge does not change: 

Z
T 0⌫
C d3x =

Z
T 0⌫
Bel d

3x

<latexit sha1_base64="DpFI5+Cn9SsbJuuwkgfBfQ4geyk="></latexit>

Z
J0↵�
C d3x =

Z
J0↵�
Bel d3x

<latexit sha1_base64="hEAU4mEX7Ao9L4LV92UyIMKDiZc="></latexit>

Canonical                                     Belinfante

clear distinction between OAM and spin  
at the density level

Jµ↵�
Bel (x) = x↵Tµ�

Bel(x)� x�Tµ↵
Bel(x)

<latexit sha1_base64="kxw+JmSOcHOcNr6QMjfxd7sT65s="></latexit>

purely OAM density

Jµ↵�
C (x) = Lµ↵�

C (x) + Sµ↵�
C (x)

<latexit sha1_base64="4IghAdKoyKYS+UY0Rx8s2txk3sw="></latexit>

Lµ↵�
C (x) = x↵Tµ�

C (x)� x�Tµ↵
C (x)

<latexit sha1_base64="3wP3lfhJ4UogUub6CyF5w+El5ko="></latexit>



Kinetic EMT in QCD Ji, 1997

Tµ⌫
kin(x) = Tµ⌫

kin,q(x) + Tµ⌫
kin,g

<latexit sha1_base64="GaAiXgMXmMO7dZ+X/yBpaMVoUAI="></latexit>

1

2
T {µ⌫}
kin,q (x) = Tµ⌫

Bel,q(x)

<latexit sha1_base64="pTKWftg1Fq5ScZ/O74rWw/W5PdQ="></latexit>

S�µ⌫
q (x) =

1

2
✏�µ⌫↵ ̄(x)�↵�5 (x)

<latexit sha1_base64="q1WAlVeWBA0rU3TGhaB6JQQWEWo="></latexit>

1

2
T [µ⌫]
kin,q(x) = �@�S

�µ⌫
q (x)

<latexit sha1_base64="k8XeoK1QFQ8rB8hbrItF7jLHXPs="></latexit>

Tµ⌫
kin,q(x) =

1

2
 ̄(x)�µi

 !
D ⌫ (x)

<latexit sha1_base64="4B8pPzVyOjPUFc5hfPx5aadFio4="></latexit>

Quark contribution:

Kinetic generalized AM

Jµ↵�
kin,q(x) = Lµ↵�

kin,q(x) + Sµ↵�
q (x)

<latexit sha1_base64="1nEybHafp3as1Y/6TCeU9RZ3KTk="></latexit>

Jµ↵�
Bel,q(x) = Jµ↵�

kin,q(x) +
1

2
@�[x

↵S�µ�
q (x)� x�S�µ↵

q (x)]

<latexit sha1_base64="8Acwcsat7wooSoI+nbzBCU8d7r0="></latexit>

equal total charge 

Z
~JBel,q d

3x =

Z
~Jkin,q d

3x

<latexit sha1_base64="8PC7PsXtGwE5M2rpgxg8Q4HngY4="></latexit>

J i =
1

2
✏ijk

Z
d3xJ0jk

<latexit sha1_base64="9sZi8RzXyIiYLPGYsvVhZmFQSt4="></latexit>

Gluon contribution: Tµ⌫
kin,g(x) = Tµ⌫

Bel,g(x)

<latexit sha1_base64="hVR3YKA3A6rSjsZ2KmnZ6KWpAtI="></latexit>

Tµ⌫
kin,g = �2Tr[Fµ�(x)F ⌫

�(x)] +
1

2
gµ⌫ Tr[F ⇢�(x)F⇢�(x)]

<latexit sha1_base64="PnTGbH8MTJYlg+3m3Z3a/qKnL+s="></latexit>

(Dµ = @µ + igAµ)

<latexit sha1_base64="w6OUbCp4I6VXoX0HdxtMI5Xoihs="></latexit>



Form Factors of Energy Momentum Tensor

Nucleon in external classical gravitational field

G couples to energy-momentum tensor  
(simmetric-Belinfante)

(µ, ⌫) ⌘ 1

2
(µ⌫ + ⌫µ)

<latexit sha1_base64="BQp0HE4/8Wiz+d9+6AvcTFt5NJA="></latexit>

P � �

2
<latexit sha1_base64="WegZM61vO0rvT3Ee8CPtbqJkmXw=">AAACHXicbVDLSgMxFM3UV62vqks3g0UQwTJTRV0WdOGygn1Ap5Q76Z02NJMZk4xQhv6IG3/FjQtFXLgR/8b0saitBwKHc85Nco8fc6a04/xYmaXlldW17HpuY3Nreye/u1dTUSIpVmnEI9nwQSFnAquaaY6NWCKEPse6378e+fVHlIpF4l4PYmyF0BUsYBS0kdr5c8/HLhMpPgiQEgYnw1zl1Ask0NS7Qa5hmJaGOQ9FZybSzhecojOGvUjcKSmQKSrt/JfXiWgSotCUg1JN14l1KwWpGeVo7k8UxkD70MWmoQJCVK10vN3QPjJKxw4iaY7Q9lidnUghVGoQ+iYZgu6peW8k/uc1Ex1ctVIm4kSjoJOHgoTbOrJHVdkdJpFqPjAEqGTmrzbtgalGm0JzpgR3fuVFUisV3bNi6a5UKF9M68iSA3JIjolLLkmZ3JIKqRJKnsgLeSPv1rP1an1Yn5NoxprO7JM/sL5/AUCiopg=</latexit>

P +
�

2
<latexit sha1_base64="jYdEuY6ZqY2KFIbo1Hv7tT5LCdM=">AAACHXicbVDLSgMxFM3UV62vqks3g0UQhTJTRV0WdOGygn1Ap5Q76Z02NJMZk4xQhv6IG3/FjQtFXLgR/8b0saitBwKHc85Nco8fc6a04/xYmaXlldW17HpuY3Nreye/u1dTUSIpVmnEI9nwQSFnAquaaY6NWCKEPse6378e+fVHlIpF4l4PYmyF0BUsYBS0kdr5c8/HLhMpPgiQEgYnw1zl1Ask0NS7Qa5hmJaGOQ9FZybSzhecojOGvUjcKSmQKSrt/JfXiWgSotCUg1JN14l1KwWpGeVo7k8UxkD70MWmoQJCVK10vN3QPjJKxw4iaY7Q9lidnUghVGoQ+iYZgu6peW8k/uc1Ex1ctVIm4kSjoJOHgoTbOrJHVdkdJpFqPjAEqGTmrzbtgalGm0JzpgR3fuVFUisV3bNi6a5UKF9M68iSA3JIjolLLkmZ3JIKqRJKnsgLeSPv1rP1an1Yn5NoxprO7JM/sL5/AT1aopY=</latexit>

�
<latexit sha1_base64="gSDal0KQ1W0Y49mPibXQ1tCOGg8=">AAACEXicbVA9SwNBEN3zM8avU0ubwyAEi3AXQS0DWlhGMB+QhDC3mSRL9vbO3T3hOPIXbPwrNhaK2NrZ+W/cJFfExAcDj/dmmJnnR5wp7bo/1srq2vrGZm4rv72zu7dvHxzWVRhLijUa8lA2fVDImcCaZppjM5IIgc+x4Y+uJ37jEaViobjXSYSdAAaC9RkFbaSuXWz7OGAixQcBUkJyNs63b5BryLdR9Obkrl1wS+4UzjLxMlIgGapd+7vdC2kcoNCUg1Itz410JwWpGeVo1sQKI6AjGGDLUAEBqk46/WjsnBql5/RDaUpoZ6rOT6QQKJUEvukMQA/VojcR//Nase5fdVImolijoLNF/Zg7OnQm8Tg9JpFqnhgCVDJzq0OHIIFqE2LehOAtvrxM6uWSd14q35ULlYssjhw5JiekSDxySSrkllRJjVDyRF7IG3m3nq1X68P6nLWuWNnMEfkD6+sXu/ydiQ==</latexit>

G

= ū(P +
�

2
)

⇢
A(t)PµP ⌫/M + (A(t) +B(t))P (µi�⌫)↵ �↵

2M

+D(t)(�µ�⌫ ��2gµ⌫)
1

4M

�
u(P � �

2
)

<latexit sha1_base64="JRpBAVnWEodIARqc6G7i1DvRvqA=">AAADfHiclVLLjtMwFHVTHkN4dWDJgojCKKE0JJmqHZCQBpgFm5GCxDykulM5rpNakzip4yBVln+CT2PHp7BBOG1GKlMWcCVHR+f63nvOjaMipaXwvB8to33j5q3bO3fMu/fuP3jY2X10WuYVx+QE52nOzyNUkpQyciKoSMl5wQnKopScRZcf6/zZV8JLmrMvYlmQSYYSRmOKkdDUdLf1DUYkoUySBUOco+VLZe7tvYMR4rJSdt iDMUdYwiOSCqRkoByYklhAKeFq+Jgn0UR67puDYTAYvvJczxv5gV+DYDTYH6j3tnBUeAGzygovJGSVen3cs/+nuvehbuHoalt3URSWNMnQqpcDUVrMkdoUOW04GRwryGkyFy6E2tNKt2vCxaJCs81v71/FHNU67PWU2tAVYlW/gYGVaF06o206a1G+koMrIVBVdtjf2qgJCZtt/IBpp1sPr8PaBn4DuqCJcNr5Dmc5rjLCBE5RWY59rxATibigOCXKhFVJCoQvUULGGjKUkXIiV6aV9UIzMyvOuT5MWCt2s0KirCyXWaRvZkjMy+u5mvxbblyJ+GAiKSsqQRheD4qr1BK5Vb9Ea0Y5wSJdaoAwp1qrhedI70bo92rqJfjXLW+D08D1993gc9A9fNusYwc8Ac+ADXwwAofgEwjBCcCtn8ZTwzYc41f7ebvX7q+vGq2m5jH4I9rD3yAAE6c=</latexit>

hP +
�

2
|Tµ⌫ |P � �

2
i

= ū(P +
�

2
)

⇢
A(t)�(µP ⌫) +B(t)P (µi�⌫)↵ �↵

2M

+D(t)(�µ�⌫ ��2gµ⌫)
1

4M

�
u(P � �

2
)
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Gordon identity



Momentum Sum Rule
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use the decomposition of EMT  
matrix elements in form factors
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Momentum Sum Rule

•Total system: energy-momentum conservation

•Physical interpretation in terms of:
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Results at physical pion mass at the scale of 2 GeV

dark bars: connected light bars: disconnected contributions (quarks & gluons) 

Alexandrou et al. [Extended Twist Mass Coll.], Phys.Rev.D 101 (2020), 094513


Momentum sum rule from Lattice QCD



Angular Momentum Sum Rule
Consider N in the rest frame Pµ = (M, 0, 0, 0) Sµ = (0, 0, 0, 1)
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o

<latexit sha1_base64="HsGohkvc5smZNnzSmqeLUzePdtU=">AAACEXicbVC7TsMwFHV4lvIKMLJEVEgVQ5WUASZUwcJYJPqQ2qhynJvUquME20GKov4CC7/CwgBCrGxs/A1um6G0HMny0Tn3XvseL2FUKtv+MVZW19Y3Nktb5e2d3b198+CwLeNUEGiRmMWi62EJjHJoKaoYdBMBOPIYdLzRzcTvPIKQNOb3KkvAjXDIaUAJVloamNW+ByHlOTxwLATOzsbl/jUN+/oC7s/JA7Ni1+wprGXiFKSCCjQH5nffj0kaAVeEYSl7jp0oN8dCUcJAz08lJJiMcAg9TTmOQLr5dKOxdaoV3wpioQ9X1lSd78hxJGUWeboywmooF72J+J/XS1Vw6eaUJ6kCTmYPBSmzVGxN4rF8KoAolmmCiaD6rxYZYoGJ0iGWdQjO4srLpF2vOee1+l290rgq4iihY3SCqshBF6iBblETtRBBT+gFvaF349l4NT6Mz1npilH0HKE/ML5+Ab/anZI=</latexit>

= ✏ij3 lim
�!0

(2⇡)3�3(~�)
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<latexit sha1_base64="bQlKWooSTYqrDCvkiilaH2uMdoU="></latexit>



Angular Momentum Sum Rule

= ✏ij3(2⇡)
3�3(0)[A(0) +B(0)]

1

2M

⇥ū(P )(�1

2
){P 0�ji + P j�0i}u(P )

<latexit sha1_base64="9YOgp9aUuOMwbLnp6M3djKQnDJ4="></latexit>

+
<latexit sha1_base64="sKdFAwv7Rje/aUFMhy/GKagGHpw=">AAACDHicbVDLSsNAFJ3UV42vqks3wSKIQknqQldScOOygn1AE8pkctMOnUzizEQIoR/gxl9x40IRt36AO//GaZtFbT0wcDjnXO7c4yeMSmXbP0ZpZXVtfaO8aW5t7+zuVfYP2jJOBYEWiVksuj6WwCiHlqKKQTcRgCOfQccf3Uz8ziMISWN+r7IEvAgPOA0pwUpL/UrV9WFAeQ4PHAuBs7OxeW66wIM5Rafsmj2FtUycglRRgWa/8u0GMUkj4IowLGXPsRPl5VgoShiMTTeVkGAywgPoacpxBNLLp8eMrROtBFYYC/24sqbq/ESOIymzyNfJCKuhXPQm4n9eL1XhlZdTnqQKOJktClNmqdiaNGMFVABRLNMEE0H1Xy0yxAITpfszdQnO4snLpF2vORe1+l292rgu6iijI3SMTpGDLlED3aImaiGCntALekPvxrPxanwYn7NoyShmDtEfGF+/iQ6bRA==</latexit>

+
<latexit sha1_base64="sKdFAwv7Rje/aUFMhy/GKagGHpw=">AAACDHicbVDLSsNAFJ3UV42vqks3wSKIQknqQldScOOygn1AE8pkctMOnUzizEQIoR/gxl9x40IRt36AO//GaZtFbT0wcDjnXO7c4yeMSmXbP0ZpZXVtfaO8aW5t7+zuVfYP2jJOBYEWiVksuj6WwCiHlqKKQTcRgCOfQccf3Uz8ziMISWN+r7IEvAgPOA0pwUpL/UrV9WFAeQ4PHAuBs7OxeW66wIM5Rafsmj2FtUycglRRgWa/8u0GMUkj4IowLGXPsRPl5VgoShiMTTeVkGAywgPoacpxBNLLp8eMrROtBFYYC/24sqbq/ESOIymzyNfJCKuhXPQm4n9eL1XhlZdTnqQKOJktClNmqdiaNGMFVABRLNMEE0H1Xy0yxAITpfszdQnO4snLpF2vORe1+l292rgu6iijI3SMTpGDLlED3aImaiGCntALekPvxrPxanwYn7NoyShmDtEfGF+/iQ6bRA==</latexit>�

<latexit sha1_base64="sfL+/l0GxXYTzqjlXh7OTq+lIDI=">AAACEXicbVA9SwNBEN3zM8avU0ubwyAEi3AXC60koIVlBPMBSQhzm0myZG/v3N0TjiN/wca/YmOhiK2dnf/GTXJFTHww8Hhvhpl5fsSZ0q77Y62srq1vbOa28ts7u3v79sFhXYWxpFijIQ9l0weFnAmsaaY5NiOJEPgcG/7oeuI3HlEqFop7nUTYCWAgWJ9R0Ebq2sW2jwMmUnwQICUkZ+N8+wa5hnwbRW9O7toFt+RO4SwTLyMFkqHatb/bvZDGAQpNOSjV8txId1KQmlGOZk2sMAI6ggG2DBUQoOqk04/GzqlRek4/lKaEdqbq/EQKgVJJ4JvOAPRQLXoT8T+vFev+ZSdlIoo1Cjpb1I+5o0NnEo/TYxKp5okhQCUztzp0CBKoNiHmTQje4svLpF4ueeel8l25ULnK4siRY3JCisQjF6RCbkmV1AglT+SFvJF369l6tT6sz1nripXNHJE/sL5+Ab5knZE=</latexit>

terms independent of �
<latexit sha1_base64="sfL+/l0GxXYTzqjlXh7OTq+lIDI=">AAACEXicbVA9SwNBEN3zM8avU0ubwyAEi3AXC60koIVlBPMBSQhzm0myZG/v3N0TjiN/wca/YmOhiK2dnf/GTXJFTHww8Hhvhpl5fsSZ0q77Y62srq1vbOa28ts7u3v79sFhXYWxpFijIQ9l0weFnAmsaaY5NiOJEPgcG/7oeuI3HlEqFop7nUTYCWAgWJ9R0Ebq2sW2jwMmUnwQICUkZ+N8+wa5hnwbRW9O7toFt+RO4SwTLyMFkqHatb/bvZDGAQpNOSjV8txId1KQmlGOZk2sMAI6ggG2DBUQoOqk04/GzqlRek4/lKaEdqbq/EQKgVJJ4JvOAPRQLXoT8T+vFev+ZSdlIoo1Cjpb1I+5o0NnEo/TYxKp5okhQCUztzp0CBKoNiHmTQje4svLpF4ueeel8l25ULnK4siRY3JCisQjF6RCbkmV1AglT+SFvJF369l6tT6sz1nripXNHJE/sL5+Ab5knZE=</latexit>

terms quadratic in
o

<latexit sha1_base64="HsGohkvc5smZNnzSmqeLUzePdtU=">AAACEXicbVC7TsMwFHV4lvIKMLJEVEgVQ5WUASZUwcJYJPqQ2qhynJvUquME20GKov4CC7/CwgBCrGxs/A1um6G0HMny0Tn3XvseL2FUKtv+MVZW19Y3Nktb5e2d3b198+CwLeNUEGiRmMWi62EJjHJoKaoYdBMBOPIYdLzRzcTvPIKQNOb3KkvAjXDIaUAJVloamNW+ByHlOTxwLATOzsbl/jUN+/oC7s/JA7Ni1+wprGXiFKSCCjQH5nffj0kaAVeEYSl7jp0oN8dCUcJAz08lJJiMcAg9TTmOQLr5dKOxdaoV3wpioQ9X1lSd78hxJGUWeboywmooF72J+J/XS1Vw6eaUJ6kCTmYPBSmzVGxN4rF8KoAolmmCiaD6rxYZYoGJ0iGWdQjO4srLpF2vOee1+l290rgq4iihY3SCqshBF6iBblETtRBBT+gFvaF349l4NT6Mz1npilH0HKE/ML5+Ab/anZI=</latexit>

= ✏ij3 lim
�!0

(2⇡)3�3(~�)
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<latexit sha1_base64="bQlKWooSTYqrDCvkiilaH2uMdoU="></latexit>

M
<latexit sha1_base64="sud/AU3yC6ogwXYJIgui0om/dok=">AAACC3icdZDLSsNAFIYn9VbrrerSzdAiiIuSVERXUnDjRqhgL9CEMpmctkMnkzgzEUro3o2v4saFIm59AXe+jdM2hSr6w8DPd87hzPn9mDOlbfvLyi0tr6yu5dcLG5tb2zvF3b2mihJJoUEjHsm2TxRwJqChmebQjiWQ0OfQ8oeXk3rrHqRikbjVoxi8kPQF6zFKtEHdYsn1oc9ECneCSElGx+PCtQsiWADdYtmunNoTYbtiz01GnIyUUaZ6t/jpBhFNQhCacqJUx7Fj7aVEakY5jAtuoiAmdEj60DFWkBCUl05vGeNDQwLci6R5QuMpXZxISajUKPRNZ0j0QP2uTeBftU6ie+deykScaBB0tqiXcKwjPAkGB0wC1XxkDKGSmb9iOiCSUG3iK5gQ5pfi/02zWnFOKtWbarl2kcWRRweohI6Qg85QDV2hOmogih7QE3pBr9aj9Wy9We+z1pyVzeyjH7I+vgGRCJtc</latexit>

0
<latexit sha1_base64="DsorVvIJnPim2um4Ktd7TiLt5eQ=">AAACC3icdZDLSsNAFIYnXmu9RV26GVoEcVGSiuhKCm5cVrAXaEuZTE7boZNJnJkIIXTvxldx40IRt76AO9/GSZtCFf1h4Oc753Dm/F7EmdKO82UtLa+srq0XNoqbW9s7u/beflOFsaTQoCEPZdsjCjgT0NBMc2hHEkjgcWh546us3roHqVgobnUSQS8gQ8EGjBJtUN8udT0YMpHCnSBSkuRkUnS6IPwF0LfLTuXMyYSdijM3OXFzUka56n37s+uHNA5AaMqJUh3XiXQvJVIzymFS7MYKIkLHZAgdYwUJQPXS6S0TfGSIjwehNE9oPKWLEykJlEoCz3QGRI/U71oG/6p1Yj246KVMRLEGQWeLBjHHOsRZMNhnEqjmiTGESmb+iumISEK1ia9oQphfiv83zWrFPa1Ub6rl2mUeRwEdohI6Ri46RzV0jeqogSh6QE/oBb1aj9az9Wa9z1qXrHzmAP2Q9fENY2GbPw==</latexit>

in rest frame



Angular Momentum Sum Rule

= ✏ij3(2⇡)
3�3(0)[A(0) +B(0)]

1

2M
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<latexit sha1_base64="9YOgp9aUuOMwbLnp6M3djKQnDJ4="></latexit>

+
<latexit sha1_base64="sKdFAwv7Rje/aUFMhy/GKagGHpw=">AAACDHicbVDLSsNAFJ3UV42vqks3wSKIQknqQldScOOygn1AE8pkctMOnUzizEQIoR/gxl9x40IRt36AO//GaZtFbT0wcDjnXO7c4yeMSmXbP0ZpZXVtfaO8aW5t7+zuVfYP2jJOBYEWiVksuj6WwCiHlqKKQTcRgCOfQccf3Uz8ziMISWN+r7IEvAgPOA0pwUpL/UrV9WFAeQ4PHAuBs7OxeW66wIM5Rafsmj2FtUycglRRgWa/8u0GMUkj4IowLGXPsRPl5VgoShiMTTeVkGAywgPoacpxBNLLp8eMrROtBFYYC/24sqbq/ESOIymzyNfJCKuhXPQm4n9eL1XhlZdTnqQKOJktClNmqdiaNGMFVABRLNMEE0H1Xy0yxAITpfszdQnO4snLpF2vORe1+l292rgu6iijI3SMTpGDLlED3aImaiGCntALekPvxrPxanwYn7NoyShmDtEfGF+/iQ6bRA==</latexit>

+
<latexit sha1_base64="sKdFAwv7Rje/aUFMhy/GKagGHpw=">AAACDHicbVDLSsNAFJ3UV42vqks3wSKIQknqQldScOOygn1AE8pkctMOnUzizEQIoR/gxl9x40IRt36AO//GaZtFbT0wcDjnXO7c4yeMSmXbP0ZpZXVtfaO8aW5t7+zuVfYP2jJOBYEWiVksuj6WwCiHlqKKQTcRgCOfQccf3Uz8ziMISWN+r7IEvAgPOA0pwUpL/UrV9WFAeQ4PHAuBs7OxeW66wIM5Rafsmj2FtUycglRRgWa/8u0GMUkj4IowLGXPsRPl5VgoShiMTTeVkGAywgPoacpxBNLLp8eMrROtBFYYC/24sqbq/ESOIymzyNfJCKuhXPQm4n9eL1XhlZdTnqQKOJktClNmqdiaNGMFVABRLNMEE0H1Xy0yxAITpfszdQnO4snLpF2vORe1+l292rgu6iijI3SMTpGDLlED3aImaiGCntALekPvxrPxanwYn7NoyShmDtEfGF+/iQ6bRA==</latexit>�

<latexit sha1_base64="sfL+/l0GxXYTzqjlXh7OTq+lIDI=">AAACEXicbVA9SwNBEN3zM8avU0ubwyAEi3AXC60koIVlBPMBSQhzm0myZG/v3N0TjiN/wca/YmOhiK2dnf/GTXJFTHww8Hhvhpl5fsSZ0q77Y62srq1vbOa28ts7u3v79sFhXYWxpFijIQ9l0weFnAmsaaY5NiOJEPgcG/7oeuI3HlEqFop7nUTYCWAgWJ9R0Ebq2sW2jwMmUnwQICUkZ+N8+wa5hnwbRW9O7toFt+RO4SwTLyMFkqHatb/bvZDGAQpNOSjV8txId1KQmlGOZk2sMAI6ggG2DBUQoOqk04/GzqlRek4/lKaEdqbq/EQKgVJJ4JvOAPRQLXoT8T+vFev+ZSdlIoo1Cjpb1I+5o0NnEo/TYxKp5okhQCUztzp0CBKoNiHmTQje4svLpF4ueeel8l25ULnK4siRY3JCisQjF6RCbkmV1AglT+SFvJF369l6tT6sz1nripXNHJE/sL5+Ab5knZE=</latexit>

terms independent of �
<latexit sha1_base64="sfL+/l0GxXYTzqjlXh7OTq+lIDI=">AAACEXicbVA9SwNBEN3zM8avU0ubwyAEi3AXC60koIVlBPMBSQhzm0myZG/v3N0TjiN/wca/YmOhiK2dnf/GTXJFTHww8Hhvhpl5fsSZ0q77Y62srq1vbOa28ts7u3v79sFhXYWxpFijIQ9l0weFnAmsaaY5NiOJEPgcG/7oeuI3HlEqFop7nUTYCWAgWJ9R0Ebq2sW2jwMmUnwQICUkZ+N8+wa5hnwbRW9O7toFt+RO4SwTLyMFkqHatb/bvZDGAQpNOSjV8txId1KQmlGOZk2sMAI6ggG2DBUQoOqk04/GzqlRek4/lKaEdqbq/EQKgVJJ4JvOAPRQLXoT8T+vFev+ZSdlIoo1Cjpb1I+5o0NnEo/TYxKp5okhQCUztzp0CBKoNiHmTQje4svLpF4ueeel8l25ULnK4siRY3JCisQjF6RCbkmV1AglT+SFvJF369l6tT6sz1nripXNHJE/sL5+Ab5knZE=</latexit>

terms quadratic in
o

<latexit sha1_base64="HsGohkvc5smZNnzSmqeLUzePdtU=">AAACEXicbVC7TsMwFHV4lvIKMLJEVEgVQ5WUASZUwcJYJPqQ2qhynJvUquME20GKov4CC7/CwgBCrGxs/A1um6G0HMny0Tn3XvseL2FUKtv+MVZW19Y3Nktb5e2d3b198+CwLeNUEGiRmMWi62EJjHJoKaoYdBMBOPIYdLzRzcTvPIKQNOb3KkvAjXDIaUAJVloamNW+ByHlOTxwLATOzsbl/jUN+/oC7s/JA7Ni1+wprGXiFKSCCjQH5nffj0kaAVeEYSl7jp0oN8dCUcJAz08lJJiMcAg9TTmOQLr5dKOxdaoV3wpioQ9X1lSd78hxJGUWeboywmooF72J+J/XS1Vw6eaUJ6kCTmYPBSmzVGxN4rF8KoAolmmCiaD6rxYZYoGJ0iGWdQjO4srLpF2vOee1+l290rgq4iihY3SCqshBF6iBblETtRBBT+gFvaF349l4NT6Mz1npilH0HKE/ML5+Ab/anZI=</latexit>

= ✏ij3 lim
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<latexit sha1_base64="bQlKWooSTYqrDCvkiilaH2uMdoU="></latexit>

= (2⇡)3�3(0)[A(0) +B(0)]
1

2M
Mū(P )�12u(P )

<latexit sha1_base64="4TaXKx5wh6dzkUms3P+ytbZrSag="></latexit>

M
<latexit sha1_base64="sud/AU3yC6ogwXYJIgui0om/dok=">AAACC3icdZDLSsNAFIYn9VbrrerSzdAiiIuSVERXUnDjRqhgL9CEMpmctkMnkzgzEUro3o2v4saFIm59AXe+jdM2hSr6w8DPd87hzPn9mDOlbfvLyi0tr6yu5dcLG5tb2zvF3b2mihJJoUEjHsm2TxRwJqChmebQjiWQ0OfQ8oeXk3rrHqRikbjVoxi8kPQF6zFKtEHdYsn1oc9ECneCSElGx+PCtQsiWADdYtmunNoTYbtiz01GnIyUUaZ6t/jpBhFNQhCacqJUx7Fj7aVEakY5jAtuoiAmdEj60DFWkBCUl05vGeNDQwLci6R5QuMpXZxISajUKPRNZ0j0QP2uTeBftU6ie+deykScaBB0tqiXcKwjPAkGB0wC1XxkDKGSmb9iOiCSUG3iK5gQ5pfi/02zWnFOKtWbarl2kcWRRweohI6Qg85QDV2hOmogih7QE3pBr9aj9Wy9We+z1pyVzeyjH7I+vgGRCJtc</latexit>

0
<latexit sha1_base64="DsorVvIJnPim2um4Ktd7TiLt5eQ=">AAACC3icdZDLSsNAFIYnXmu9RV26GVoEcVGSiuhKCm5cVrAXaEuZTE7boZNJnJkIIXTvxldx40IRt76AO9/GSZtCFf1h4Oc753Dm/F7EmdKO82UtLa+srq0XNoqbW9s7u/beflOFsaTQoCEPZdsjCjgT0NBMc2hHEkjgcWh546us3roHqVgobnUSQS8gQ8EGjBJtUN8udT0YMpHCnSBSkuRkUnS6IPwF0LfLTuXMyYSdijM3OXFzUka56n37s+uHNA5AaMqJUh3XiXQvJVIzymFS7MYKIkLHZAgdYwUJQPXS6S0TfGSIjwehNE9oPKWLEykJlEoCz3QGRI/U71oG/6p1Yj246KVMRLEGQWeLBjHHOsRZMNhnEqjmiTGESmb+iumISEK1ia9oQphfiv83zWrFPa1Ub6rl2mUeRwEdohI6Ri46RzV0jeqogSh6QE/oBb1aj9az9Wa9z1qXrHzmAP2Q9fENY2GbPw==</latexit>

in rest frame
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<latexit sha1_base64="9YOgp9aUuOMwbLnp6M3djKQnDJ4="></latexit>

｛2M
<latexit sha1_base64="d7BkXrZCf5YjSDuqEGgYkq40PFU=">AAACDHicdZDLSsNAFIYn9VbrrerSzWARxEVIKqIrKbhxI1SwF2hKmUxO2qGTSZyZCCX0Adz4Km5cKOLWB3Dn2zhtI1TRHwZ+vnMOZ87vJ5wp7TifVmFhcWl5pbhaWlvf2Nwqb+80VZxKCg0a81i2faKAMwENzTSHdiKBRD6Hlj+8mNRbdyAVi8WNHiXQjUhfsJBRog3qlSueD30mMrgVREoyOhqXqlceiGCOmC7HPnEmwo7tfJucuDmpoFz1XvnDC2KaRiA05USpjuskupsRqRnlMC55qYKE0CHpQ8dYQSJQ3Wx6zBgfGBLgMJbmCY2ndH4iI5FSo8g3nRHRA/W7NoF/1TqpDs+6GRNJqkHQ2aIw5VjHeJIMDpgEqvnIGEIlM3/FdEAkodrkVzIhfF+K/zfNqu0e29XraqV2nsdRRHtoHx0iF52iGrpEddRAFN2jR/SMXqwH68l6td5mrQUrn9lFP2S9fwEMNJuY</latexit>

in rest frame

+
<latexit sha1_base64="sKdFAwv7Rje/aUFMhy/GKagGHpw=">AAACDHicbVDLSsNAFJ3UV42vqks3wSKIQknqQldScOOygn1AE8pkctMOnUzizEQIoR/gxl9x40IRt36AO//GaZtFbT0wcDjnXO7c4yeMSmXbP0ZpZXVtfaO8aW5t7+zuVfYP2jJOBYEWiVksuj6WwCiHlqKKQTcRgCOfQccf3Uz8ziMISWN+r7IEvAgPOA0pwUpL/UrV9WFAeQ4PHAuBs7OxeW66wIM5Rafsmj2FtUycglRRgWa/8u0GMUkj4IowLGXPsRPl5VgoShiMTTeVkGAywgPoacpxBNLLp8eMrROtBFYYC/24sqbq/ESOIymzyNfJCKuhXPQm4n9eL1XhlZdTnqQKOJktClNmqdiaNGMFVABRLNMEE0H1Xy0yxAITpfszdQnO4snLpF2vORe1+l292rgu6iijI3SMTpGDLlED3aImaiGCntALekPvxrPxanwYn7NoyShmDtEfGF+/iQ6bRA==</latexit>

+
<latexit sha1_base64="sKdFAwv7Rje/aUFMhy/GKagGHpw=">AAACDHicbVDLSsNAFJ3UV42vqks3wSKIQknqQldScOOygn1AE8pkctMOnUzizEQIoR/gxl9x40IRt36AO//GaZtFbT0wcDjnXO7c4yeMSmXbP0ZpZXVtfaO8aW5t7+zuVfYP2jJOBYEWiVksuj6WwCiHlqKKQTcRgCOfQccf3Uz8ziMISWN+r7IEvAgPOA0pwUpL/UrV9WFAeQ4PHAuBs7OxeW66wIM5Rafsmj2FtUycglRRgWa/8u0GMUkj4IowLGXPsRPl5VgoShiMTTeVkGAywgPoacpxBNLLp8eMrROtBFYYC/24sqbq/ESOIymzyNfJCKuhXPQm4n9eL1XhlZdTnqQKOJktClNmqdiaNGMFVABRLNMEE0H1Xy0yxAITpfszdQnO4snLpF2vORe1+l292rgu6iijI3SMTpGDLlED3aImaiGCntALekPvxrPxanwYn7NoyShmDtEfGF+/iQ6bRA==</latexit>�

<latexit sha1_base64="sfL+/l0GxXYTzqjlXh7OTq+lIDI=">AAACEXicbVA9SwNBEN3zM8avU0ubwyAEi3AXC60koIVlBPMBSQhzm0myZG/v3N0TjiN/wca/YmOhiK2dnf/GTXJFTHww8Hhvhpl5fsSZ0q77Y62srq1vbOa28ts7u3v79sFhXYWxpFijIQ9l0weFnAmsaaY5NiOJEPgcG/7oeuI3HlEqFop7nUTYCWAgWJ9R0Ebq2sW2jwMmUnwQICUkZ+N8+wa5hnwbRW9O7toFt+RO4SwTLyMFkqHatb/bvZDGAQpNOSjV8txId1KQmlGOZk2sMAI6ggG2DBUQoOqk04/GzqlRek4/lKaEdqbq/EQKgVJJ4JvOAPRQLXoT8T+vFev+ZSdlIoo1Cjpb1I+5o0NnEo/TYxKp5okhQCUztzp0CBKoNiHmTQje4svLpF4ueeel8l25ULnK4siRY3JCisQjF6RCbkmV1AglT+SFvJF369l6tT6sz1nripXNHJE/sL5+Ab5knZE=</latexit>

terms independent of �
<latexit sha1_base64="sfL+/l0GxXYTzqjlXh7OTq+lIDI=">AAACEXicbVA9SwNBEN3zM8avU0ubwyAEi3AXC60koIVlBPMBSQhzm0myZG/v3N0TjiN/wca/YmOhiK2dnf/GTXJFTHww8Hhvhpl5fsSZ0q77Y62srq1vbOa28ts7u3v79sFhXYWxpFijIQ9l0weFnAmsaaY5NiOJEPgcG/7oeuI3HlEqFop7nUTYCWAgWJ9R0Ebq2sW2jwMmUnwQICUkZ+N8+wa5hnwbRW9O7toFt+RO4SwTLyMFkqHatb/bvZDGAQpNOSjV8txId1KQmlGOZk2sMAI6ggG2DBUQoOqk04/GzqlRek4/lKaEdqbq/EQKgVJJ4JvOAPRQLXoT8T+vFev+ZSdlIoo1Cjpb1I+5o0NnEo/TYxKp5okhQCUztzp0CBKoNiHmTQje4svLpF4ueeel8l25ULnK4siRY3JCisQjF6RCbkmV1AglT+SFvJF369l6tT6sz1nripXNHJE/sL5+Ab5knZE=</latexit>

terms quadratic in
o

<latexit sha1_base64="HsGohkvc5smZNnzSmqeLUzePdtU=">AAACEXicbVC7TsMwFHV4lvIKMLJEVEgVQ5WUASZUwcJYJPqQ2qhynJvUquME20GKov4CC7/CwgBCrGxs/A1um6G0HMny0Tn3XvseL2FUKtv+MVZW19Y3Nktb5e2d3b198+CwLeNUEGiRmMWi62EJjHJoKaoYdBMBOPIYdLzRzcTvPIKQNOb3KkvAjXDIaUAJVloamNW+ByHlOTxwLATOzsbl/jUN+/oC7s/JA7Ni1+wprGXiFKSCCjQH5nffj0kaAVeEYSl7jp0oN8dCUcJAz08lJJiMcAg9TTmOQLr5dKOxdaoV3wpioQ9X1lSd78hxJGUWeboywmooF72J+J/XS1Vw6eaUJ6kCTmYPBSmzVGxN4rF8KoAolmmCiaD6rxYZYoGJ0iGWdQjO4srLpF2vOee1+l290rgq4iihY3SCqshBF6iBblETtRBBT+gFvaF349l4NT6Mz1npilH0HKE/ML5+Ab/anZI=</latexit>

= ✏ij3 lim
�!0

(2⇡)3�3(~�)

✓
�i

@

@�i

◆

⇥
⇢
[A(t) +B(t)]ū(P +

�

2
)


P (0i�j)↵ �↵

2M

�
u(P � �

2
)

<latexit sha1_base64="bQlKWooSTYqrDCvkiilaH2uMdoU="></latexit>

= (2⇡)3�3(0)[A(0) +B(0)]
1

2M
Mū(P )�12u(P )

<latexit sha1_base64="4TaXKx5wh6dzkUms3P+ytbZrSag="></latexit>

M
<latexit sha1_base64="sud/AU3yC6ogwXYJIgui0om/dok=">AAACC3icdZDLSsNAFIYn9VbrrerSzdAiiIuSVERXUnDjRqhgL9CEMpmctkMnkzgzEUro3o2v4saFIm59AXe+jdM2hSr6w8DPd87hzPn9mDOlbfvLyi0tr6yu5dcLG5tb2zvF3b2mihJJoUEjHsm2TxRwJqChmebQjiWQ0OfQ8oeXk3rrHqRikbjVoxi8kPQF6zFKtEHdYsn1oc9ECneCSElGx+PCtQsiWADdYtmunNoTYbtiz01GnIyUUaZ6t/jpBhFNQhCacqJUx7Fj7aVEakY5jAtuoiAmdEj60DFWkBCUl05vGeNDQwLci6R5QuMpXZxISajUKPRNZ0j0QP2uTeBftU6ie+deykScaBB0tqiXcKwjPAkGB0wC1XxkDKGSmb9iOiCSUG3iK5gQ5pfi/02zWnFOKtWbarl2kcWRRweohI6Qg85QDV2hOmogih7QE3pBr9aj9Wy9We+z1pyVzeyjH7I+vgGRCJtc</latexit>

0
<latexit sha1_base64="DsorVvIJnPim2um4Ktd7TiLt5eQ=">AAACC3icdZDLSsNAFIYnXmu9RV26GVoEcVGSiuhKCm5cVrAXaEuZTE7boZNJnJkIIXTvxldx40IRt76AO9/GSZtCFf1h4Oc753Dm/F7EmdKO82UtLa+srq0XNoqbW9s7u/beflOFsaTQoCEPZdsjCjgT0NBMc2hHEkjgcWh546us3roHqVgobnUSQS8gQ8EGjBJtUN8udT0YMpHCnSBSkuRkUnS6IPwF0LfLTuXMyYSdijM3OXFzUka56n37s+uHNA5AaMqJUh3XiXQvJVIzymFS7MYKIkLHZAgdYwUJQPXS6S0TfGSIjwehNE9oPKWLEykJlEoCz3QGRI/U71oG/6p1Yj246KVMRLEGQWeLBjHHOsRZMNhnEqjmiTGESmb+iumISEK1ia9oQphfiv83zWrFPa1Ub6rl2mUeRwEdohI6Ri46RzV0jeqogSh6QE/oBb1aj9az9Wa9z1qXrHzmAP2Q9fENY2GbPw==</latexit>

in rest frame



Angular Momentum Sum Rule

= ✏ij3(2⇡)
3�3(0)[A(0) +B(0)]

1

2M

⇥ū(P )(�1

2
){P 0�ji + P j�0i}u(P )

<latexit sha1_base64="9YOgp9aUuOMwbLnp6M3djKQnDJ4="></latexit>

｛2M
<latexit sha1_base64="d7BkXrZCf5YjSDuqEGgYkq40PFU=">AAACDHicdZDLSsNAFIYn9VbrrerSzWARxEVIKqIrKbhxI1SwF2hKmUxO2qGTSZyZCCX0Adz4Km5cKOLWB3Dn2zhtI1TRHwZ+vnMOZ87vJ5wp7TifVmFhcWl5pbhaWlvf2Nwqb+80VZxKCg0a81i2faKAMwENzTSHdiKBRD6Hlj+8mNRbdyAVi8WNHiXQjUhfsJBRog3qlSueD30mMrgVREoyOhqXqlceiGCOmC7HPnEmwo7tfJucuDmpoFz1XvnDC2KaRiA05USpjuskupsRqRnlMC55qYKE0CHpQ8dYQSJQ3Wx6zBgfGBLgMJbmCY2ndH4iI5FSo8g3nRHRA/W7NoF/1TqpDs+6GRNJqkHQ2aIw5VjHeJIMDpgEqvnIGEIlM3/FdEAkodrkVzIhfF+K/zfNqu0e29XraqV2nsdRRHtoHx0iF52iGrpEddRAFN2jR/SMXqwH68l6td5mrQUrn9lFP2S9fwEMNJuY</latexit>

in rest frame

+
<latexit sha1_base64="sKdFAwv7Rje/aUFMhy/GKagGHpw=">AAACDHicbVDLSsNAFJ3UV42vqks3wSKIQknqQldScOOygn1AE8pkctMOnUzizEQIoR/gxl9x40IRt36AO//GaZtFbT0wcDjnXO7c4yeMSmXbP0ZpZXVtfaO8aW5t7+zuVfYP2jJOBYEWiVksuj6WwCiHlqKKQTcRgCOfQccf3Uz8ziMISWN+r7IEvAgPOA0pwUpL/UrV9WFAeQ4PHAuBs7OxeW66wIM5Rafsmj2FtUycglRRgWa/8u0GMUkj4IowLGXPsRPl5VgoShiMTTeVkGAywgPoacpxBNLLp8eMrROtBFYYC/24sqbq/ESOIymzyNfJCKuhXPQm4n9eL1XhlZdTnqQKOJktClNmqdiaNGMFVABRLNMEE0H1Xy0yxAITpfszdQnO4snLpF2vORe1+l292rgu6iijI3SMTpGDLlED3aImaiGCntALekPvxrPxanwYn7NoyShmDtEfGF+/iQ6bRA==</latexit>

+
<latexit sha1_base64="sKdFAwv7Rje/aUFMhy/GKagGHpw=">AAACDHicbVDLSsNAFJ3UV42vqks3wSKIQknqQldScOOygn1AE8pkctMOnUzizEQIoR/gxl9x40IRt36AO//GaZtFbT0wcDjnXO7c4yeMSmXbP0ZpZXVtfaO8aW5t7+zuVfYP2jJOBYEWiVksuj6WwCiHlqKKQTcRgCOfQccf3Uz8ziMISWN+r7IEvAgPOA0pwUpL/UrV9WFAeQ4PHAuBs7OxeW66wIM5Rafsmj2FtUycglRRgWa/8u0GMUkj4IowLGXPsRPl5VgoShiMTTeVkGAywgPoacpxBNLLp8eMrROtBFYYC/24sqbq/ESOIymzyNfJCKuhXPQm4n9eL1XhlZdTnqQKOJktClNmqdiaNGMFVABRLNMEE0H1Xy0yxAITpfszdQnO4snLpF2vORe1+l292rgu6iijI3SMTpGDLlED3aImaiGCntALekPvxrPxanwYn7NoyShmDtEfGF+/iQ6bRA==</latexit>�

<latexit sha1_base64="sfL+/l0GxXYTzqjlXh7OTq+lIDI=">AAACEXicbVA9SwNBEN3zM8avU0ubwyAEi3AXC60koIVlBPMBSQhzm0myZG/v3N0TjiN/wca/YmOhiK2dnf/GTXJFTHww8Hhvhpl5fsSZ0q77Y62srq1vbOa28ts7u3v79sFhXYWxpFijIQ9l0weFnAmsaaY5NiOJEPgcG/7oeuI3HlEqFop7nUTYCWAgWJ9R0Ebq2sW2jwMmUnwQICUkZ+N8+wa5hnwbRW9O7toFt+RO4SwTLyMFkqHatb/bvZDGAQpNOSjV8txId1KQmlGOZk2sMAI6ggG2DBUQoOqk04/GzqlRek4/lKaEdqbq/EQKgVJJ4JvOAPRQLXoT8T+vFev+ZSdlIoo1Cjpb1I+5o0NnEo/TYxKp5okhQCUztzp0CBKoNiHmTQje4svLpF4ueeel8l25ULnK4siRY3JCisQjF6RCbkmV1AglT+SFvJF369l6tT6sz1nripXNHJE/sL5+Ab5knZE=</latexit>

terms independent of �
<latexit sha1_base64="sfL+/l0GxXYTzqjlXh7OTq+lIDI=">AAACEXicbVA9SwNBEN3zM8avU0ubwyAEi3AXC60koIVlBPMBSQhzm0myZG/v3N0TjiN/wca/YmOhiK2dnf/GTXJFTHww8Hhvhpl5fsSZ0q77Y62srq1vbOa28ts7u3v79sFhXYWxpFijIQ9l0weFnAmsaaY5NiOJEPgcG/7oeuI3HlEqFop7nUTYCWAgWJ9R0Ebq2sW2jwMmUnwQICUkZ+N8+wa5hnwbRW9O7toFt+RO4SwTLyMFkqHatb/bvZDGAQpNOSjV8txId1KQmlGOZk2sMAI6ggG2DBUQoOqk04/GzqlRek4/lKaEdqbq/EQKgVJJ4JvOAPRQLXoT8T+vFev+ZSdlIoo1Cjpb1I+5o0NnEo/TYxKp5okhQCUztzp0CBKoNiHmTQje4svLpF4ueeel8l25ULnK4siRY3JCisQjF6RCbkmV1AglT+SFvJF369l6tT6sz1nripXNHJE/sL5+Ab5knZE=</latexit>

terms quadratic in
o

<latexit sha1_base64="HsGohkvc5smZNnzSmqeLUzePdtU=">AAACEXicbVC7TsMwFHV4lvIKMLJEVEgVQ5WUASZUwcJYJPqQ2qhynJvUquME20GKov4CC7/CwgBCrGxs/A1um6G0HMny0Tn3XvseL2FUKtv+MVZW19Y3Nktb5e2d3b198+CwLeNUEGiRmMWi62EJjHJoKaoYdBMBOPIYdLzRzcTvPIKQNOb3KkvAjXDIaUAJVloamNW+ByHlOTxwLATOzsbl/jUN+/oC7s/JA7Ni1+wprGXiFKSCCjQH5nffj0kaAVeEYSl7jp0oN8dCUcJAz08lJJiMcAg9TTmOQLr5dKOxdaoV3wpioQ9X1lSd78hxJGUWeboywmooF72J+J/XS1Vw6eaUJ6kCTmYPBSmzVGxN4rF8KoAolmmCiaD6rxYZYoGJ0iGWdQjO4srLpF2vOee1+l290rgq4iihY3SCqshBF6iBblETtRBBT+gFvaF349l4NT6Mz1npilH0HKE/ML5+Ab/anZI=</latexit>

= ✏ij3 lim
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<latexit sha1_base64="bQlKWooSTYqrDCvkiilaH2uMdoU="></latexit>

= (2⇡)3�3(0)[A(0) +B(0)]
1

2M
Mū(P )�12u(P )

<latexit sha1_base64="4TaXKx5wh6dzkUms3P+ytbZrSag="></latexit>

=
1

2
[A(0) +B(0)]hP |P i

<latexit sha1_base64="/d2PvQMbbQFoBaJlS+rmHAgJe+o="></latexit>

M
<latexit sha1_base64="sud/AU3yC6ogwXYJIgui0om/dok=">AAACC3icdZDLSsNAFIYn9VbrrerSzdAiiIuSVERXUnDjRqhgL9CEMpmctkMnkzgzEUro3o2v4saFIm59AXe+jdM2hSr6w8DPd87hzPn9mDOlbfvLyi0tr6yu5dcLG5tb2zvF3b2mihJJoUEjHsm2TxRwJqChmebQjiWQ0OfQ8oeXk3rrHqRikbjVoxi8kPQF6zFKtEHdYsn1oc9ECneCSElGx+PCtQsiWADdYtmunNoTYbtiz01GnIyUUaZ6t/jpBhFNQhCacqJUx7Fj7aVEakY5jAtuoiAmdEj60DFWkBCUl05vGeNDQwLci6R5QuMpXZxISajUKPRNZ0j0QP2uTeBftU6ie+deykScaBB0tqiXcKwjPAkGB0wC1XxkDKGSmb9iOiCSUG3iK5gQ5pfi/02zWnFOKtWbarl2kcWRRweohI6Qg85QDV2hOmogih7QE3pBr9aj9Wy9We+z1pyVzeyjH7I+vgGRCJtc</latexit>

0
<latexit sha1_base64="DsorVvIJnPim2um4Ktd7TiLt5eQ=">AAACC3icdZDLSsNAFIYnXmu9RV26GVoEcVGSiuhKCm5cVrAXaEuZTE7boZNJnJkIIXTvxldx40IRt76AO9/GSZtCFf1h4Oc753Dm/F7EmdKO82UtLa+srq0XNoqbW9s7u/beflOFsaTQoCEPZdsjCjgT0NBMc2hHEkjgcWh546us3roHqVgobnUSQS8gQ8EGjBJtUN8udT0YMpHCnSBSkuRkUnS6IPwF0LfLTuXMyYSdijM3OXFzUka56n37s+uHNA5AaMqJUh3XiXQvJVIzymFS7MYKIkLHZAgdYwUJQPXS6S0TfGSIjwehNE9oPKWLEykJlEoCz3QGRI/U71oG/6p1Yj246KVMRLEGQWeLBjHHOsRZMNhnEqjmiTGESmb+iumISEK1ia9oQphfiv83zWrFPa1Ub6rl2mUeRwEdohI6Ri46RzV0jeqogSh6QE/oBb1aj9az9Wa9z1qXrHzmAP2Q9fENY2GbPw==</latexit>

in rest frame



Angular Momentum Sum Rule

•Total system: angular momentum conservation

•Physical interpretation in terms of quarks & gluons

 momentum conservation

A(0) = 1
<latexit sha1_base64="H8gmoaTP7tQz9QWEtlE+v06/8e0=">AAACEXicbVDLSsNAFJ34rPEVdelmsAjVRUmqoBuh4sZlBfuAtpTJ5KYdOpnEmYlQQn/Bjb/ixoUibt2582+cPha19cCFwzn3cu89fsKZ0q77Yy0tr6yurec27M2t7Z1dZ2+/puJUUqjSmMey4RMFnAmoaqY5NBIJJPI51P3+zcivP4JULBb3epBAOyJdwUJGiTZSxym0fOgykcGDIFKSwenQvi64J1ee3QIRzMgdJ+8W3THwIvGmJI+mqHSc71YQ0zQCoSknSjU9N9HtjEjNKIeh3UoVJIT2SReahgoSgWpn44+G+NgoAQ5jaUpoPFZnJzISKTWIfNMZEd1T895I/M9rpjq8bGdMJKkGQSeLwpRjHeNRPDhgEqjmA0MIlczcimmPSEK1CdE2IXjzLy+SWqnonRVLd6V8+XwaRw4doiNUQB66QGV0iyqoiih6Qi/oDb1bz9ar9WF9TlqXrOnMAfoD6+sXAkiccQ==</latexit>

A(0) +B(0) = 1
<latexit sha1_base64="Lgwf3vqxzm8+O3oW1GeD+7OFTI0="></latexit>

J =
1

2
[A(0) +B(0)]

<latexit sha1_base64="nNxz+Ivqu5MOel+o1SZtUvsVyOQ="></latexit>

Jq,g =
1

2
[Aq,g(0) +Bq,g(0)]

<latexit sha1_base64="GTtbX1dgVlAvsvmiNsPAokFagZM="></latexit>

1

2
= Jq + Jg =

1

2
�⌃+ Lq + Jg

<latexit sha1_base64="54/ikXX5sjdzcuO/Vojulu7UWBM="></latexit>

~Jq =

Z
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2
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#

<latexit sha1_base64="ae4xGKIATE8+wS1xa0hrfAKHktA="></latexit>

~Jg =

Z
d3~x ~x⇥

⇣
~E ⇥ ~B) 

i

<latexit sha1_base64="U3Heg7UaIwE+L1UN8S9ffSQ8uGg="></latexit>

1

2
�⌃

<latexit sha1_base64="QBManNEUVZCs1nR8vzko6cXG5/8="></latexit>

Lq
<latexit sha1_base64="ARrVENCB9YwzfZujxDcdlrld7fM="></latexit>

 gravitomagnetic 
sum rule  

B(0) = 0

<latexit sha1_base64="5nzOLlc7/EJoP8XQXa3HHHMNaMM="></latexit>



Link to generalized parton distributions 

• Polinomiality:

Z
dx xH(x, ⇠, t) = A(t) +D(t) ⇠2

<latexit sha1_base64="S9G0h8coBQHPMyqpoi1IZRjrxK0="></latexit>

Z
dx xE(x, ⇠, t) = B(t)�D(t) ⇠2

<latexit sha1_base64="Uk+KBhAGrqpD7BtfSU0yuXyu6kI="></latexit>



Link to generalized parton distributions 

• Polinomiality:

Z
dx xH(x, ⇠, t) = A(t) +D(t) ⇠2

<latexit sha1_base64="S9G0h8coBQHPMyqpoi1IZRjrxK0="></latexit>

Z
dx xE(x, ⇠, t) = B(t)�D(t) ⇠2

<latexit sha1_base64="Uk+KBhAGrqpD7BtfSU0yuXyu6kI="></latexit>

• Momentum sum rule A
q(0) +A

g(0) = 1 =

Z
dx x(Hq(x, 0, 0) +H

g(x, 0, 0))

<latexit sha1_base64="TqxoQTkhRqVfAdrE7uIoePHmzqI="></latexit>



Link to generalized parton distributions 

• Polinomiality:

Z
dx xH(x, ⇠, t) = A(t) +D(t) ⇠2

<latexit sha1_base64="S9G0h8coBQHPMyqpoi1IZRjrxK0="></latexit>

Z
dx xE(x, ⇠, t) = B(t)�D(t) ⇠2

<latexit sha1_base64="Uk+KBhAGrqpD7BtfSU0yuXyu6kI="></latexit>

• Angular momentum sum rule (Ji’s relation)

J
q,g =

1

2
[Aq,g(0) +B

q,g(0)] =
1

2

Z
dx x (Hq,g(x, ⇠, 0) + E

q,g(x, ⇠, 0))

<latexit sha1_base64="T9Zlo0cXdrxHPboYVcK5fdwrB5E="></latexit>

• Momentum sum rule A
q(0) +A

g(0) = 1 =

Z
dx x(Hq(x, 0, 0) +H

g(x, 0, 0))

<latexit sha1_base64="TqxoQTkhRqVfAdrE7uIoePHmzqI="></latexit>



Link to generalized parton distributions 

• Polinomiality:

Z
dx xH(x, ⇠, t) = A(t) +D(t) ⇠2

<latexit sha1_base64="S9G0h8coBQHPMyqpoi1IZRjrxK0="></latexit>

Z
dx xE(x, ⇠, t) = B(t)�D(t) ⇠2

<latexit sha1_base64="Uk+KBhAGrqpD7BtfSU0yuXyu6kI="></latexit>

• Angular momentum sum rule (Ji’s relation)

J
q,g =

1

2
[Aq,g(0) +B

q,g(0)] =
1

2

Z
dx x (Hq,g(x, ⇠, 0) + E

q,g(x, ⇠, 0))

<latexit sha1_base64="T9Zlo0cXdrxHPboYVcK5fdwrB5E="></latexit>

Bq(0) +Bg(0) = 0 =

Z
dx x(Eq(x, ⇠, 0) + Eg(x, ⇠, 0))

<latexit sha1_base64="cVOqmBPWmtufjqJEAmwH096y5xY="></latexit>

• Gravitomagnetic sum rule

JTOT = Jq + Jg =
1

2
=

1

2
[Aq(0) +Ag(0) +Bq(0) +Bg(0)] =

1

2
[1 +Bq(0) +Bg(0)]

<latexit sha1_base64="9r//VVoyOpfd0iMRYCL9R+gyTO0=">AAACeHicbVFdT9swFHUCbCyDrWyPvFh0CBhSlVQgpklIfLygvoxJLSA1SeW4N8HCcVLbQaqs/Ib9t73th/DCE24pUqG7kuVzz7lX1z43KTlT2vf/Oe7S8sq796sfvI9r658+Nza+XKmikhR6tOCFvEmIAs4E9DTTHG5KCSRPOFwnd+cT/foepGKF6OpxCVFOMsFSRom21KDxJ0wgY8LASBApyfh77XViY0KZ4+6vbl0fd+LRfi fOjsNUEmqC2rTredw/jc2o3vX39k/jbHKdveRn0zx6VRwsyF4IYjg3fdBo+i1/GngRBDPQRLO4HDT+hsOCVjkITTlRqh/4pY4MkZpRDrUXVgpKQu9IBn0LBclBRWZqXI23LTPEaSHtERpP2fkOQ3KlxnliK3Oib9VbbUL+T+tXOv0RGSbKSoOgz4PSimNd4MkW8JBJoJqPLSBUMvtWTG+JNUrbXXnWhODtlxfBVbsVHLQOf7ebJz9ndqyiTbSFdlGAjtAJukCXqIcoenA2nW/OtvPoYnfH3XsudZ1Zz1f0Ktz2E4TcvBY=</latexit>

• Momentum sum rule A
q(0) +A

g(0) = 1 =

Z
dx x(Hq(x, 0, 0) +H

g(x, 0, 0))

<latexit sha1_base64="TqxoQTkhRqVfAdrE7uIoePHmzqI="></latexit>



Link to generalized parton distributions 

not directly accessible at         unpolarized PDF⇠ = 0
<latexit sha1_base64="+qj446TYjVFf2yvEsZaK8kmdtkM=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFhPBKtylUBshYGMZwSRCcoS9zVyyZG/v2N0Tw5EfYWOhiK2/x85/4ya5QhMfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NZxqhi2WCxi9RBQjYJLbBluBD4kCmkUCOwE45uZ33lEpXks780kQT+iQ8lDzqixUqfae+LXbrVfrrg1dw6ySrycVCBHs1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3dKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/IzLJDUo2WJRmApiYjL7nQy4QmbExBLKFLe3EjaiijJjEyrZELzll1dJu17z3Jp3V680LvI4inACp3AOHlxCA26hCS1gMIZneIU3J3FenHfnY9FacPKZY/gD5/MHAwCOpA==</latexit><latexit sha1_base64="+qj446TYjVFf2yvEsZaK8kmdtkM=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFhPBKtylUBshYGMZwSRCcoS9zVyyZG/v2N0Tw5EfYWOhiK2/x85/4ya5QhMfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NZxqhi2WCxi9RBQjYJLbBluBD4kCmkUCOwE45uZ33lEpXks780kQT+iQ8lDzqixUqfae+LXbrVfrrg1dw6ySrycVCBHs1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3dKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/IzLJDUo2WJRmApiYjL7nQy4QmbExBLKFLe3EjaiijJjEyrZELzll1dJu17z3Jp3V680LvI4inACp3AOHlxCA26hCS1gMIZneIU3J3FenHfnY9FacPKZY/gD5/MHAwCOpA==</latexit><latexit sha1_base64="+qj446TYjVFf2yvEsZaK8kmdtkM=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFhPBKtylUBshYGMZwSRCcoS9zVyyZG/v2N0Tw5EfYWOhiK2/x85/4ya5QhMfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NZxqhi2WCxi9RBQjYJLbBluBD4kCmkUCOwE45uZ33lEpXks780kQT+iQ8lDzqixUqfae+LXbrVfrrg1dw6ySrycVCBHs1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3dKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/IzLJDUo2WJRmApiYjL7nQy4QmbExBLKFLe3EjaiijJjEyrZELzll1dJu17z3Jp3V680LvI4inACp3AOHlxCA26hCS1gMIZneIU3J3FenHfnY9FacPKZY/gD5/MHAwCOpA==</latexit><latexit sha1_base64="+qj446TYjVFf2yvEsZaK8kmdtkM=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFhPBKtylUBshYGMZwSRCcoS9zVyyZG/v2N0Tw5EfYWOhiK2/x85/4ya5QhMfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NZxqhi2WCxi9RBQjYJLbBluBD4kCmkUCOwE45uZ33lEpXks780kQT+iQ8lDzqixUqfae+LXbrVfrrg1dw6ySrycVCBHs1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3dKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/IzLJDUo2WJRmApiYjL7nQy4QmbExBLKFLe3EjaiijJjEyrZELzll1dJu17z3Jp3V680LvI4inACp3AOHlxCA26hCS1gMIZneIU3J3FenHfnY9FacPKZY/gD5/MHAwCOpA==</latexit>

(⇠ = � �+

2P+ )

<latexit sha1_base64="geg0NFUO5PZAnEnoDeF9fopbHAY=">AAACB3icbVDLSgMxFM3UV62vUZeCBFuhIpaZoiiCUNCFywr2AZ2xZNJMG5rJDElGLEN3bvwVNy4UcesvuPNvTNtZaOuBezmccy/JPV7EqFSW9W1k5uYXFpeyy7mV1bX1DXNzqy7DWGBSwyELRdNDkjDKSU1RxUgzEgQFHiMNr3858hv3REga8ls1iIgboC6nPsVIaalt7haKzgO9OHJ8gXDiXBGm0N3hMClXdT8otM28VbLGgLPETkkepKi2zS+nE+I4IFxhhqRs2Vak3AQJRTEjw5wTSxIh3Edd0tKUo4BINxnfMYT7WulAPxS6uIJj9fdGggIpB4GnJwOkenLaG4n/ea1Y+WduQnkUK8Lx5CE/ZlCFcBQK7FBBsGIDTRAWVP8V4h7SiSgdXU6HYE+fPEvq5ZJ9XDq5Kecr52kcWbAD9kAR2OAUVMA1qIIawOARPINX8GY8GS/Gu/ExGc0Y6c42+APj8weZJpfX</latexit>

Jq = Lq + Sq

<latexit sha1_base64="SWLntfTN/uf1AZddKBBEGCNrIbo=">AAAB+HicbVDLSsNAFL2pr1ofjbp0E2wFQShJURRBKLgRcVHRPqBNy2Q6aYdOJunMRKihX+LGhSJu/RR3/o3Tx0JbD1w4nHMv997jRYxKZdvfRmppeWV1Lb2e2djc2s6aO7tVGcYCkwoOWSjqHpKEUU4qiipG6pEgKPAYqXn9q7FfeyRC0pA/qGFE3AB1OfUpRkpLbTObv2klg9HlbWtwfN8a5Ntmzi7YE1iLxJmRHMxQbptfzU6I44BwhRmSsuHYkXITJBTFjIwyzViSCOE+6pKGphwFRLrJ5PCRdaiVjuWHQhdX1kT9PZGgQMph4OnOAKmenPfG4n9eI1b+uZtQHsWKcDxd5MfMUqE1TsHqUEGwYkNNEBZU32rhHhIIK51VRofgzL+8SKrFgnNSOL0r5koXszjSsA8HcAQOnEEJrqEMFcAQwzO8wpvxZLwY78bHtDVlzGb24A+Mzx9hy5I9</latexit>

J
q,g(t = 0) = 1

2

R 1
�1 dx x (Hq,g(x, ⇠, 0) + E

q,g(x, ⇠, 0))

<latexit sha1_base64="c+IjQ/gxIKPXrR6Mshti7Ezh50g="></latexit>

Sq = 1
2

R 1
0 dx g1(x)

<latexit sha1_base64="jT+C+etOQJwnZ0H2rpd+fjGcf58=">AAACEHicbVDLSsNAFJ3UV62vqks3g61YQUpSFEUQCm5cVrQPaNowmU7aoZNJnJlIS8gnuPFX3LhQxK1Ld/6N08dCWw9cOJxzL/fe44aMSmWa30ZqYXFpeSW9mllb39jcym7v1GQQCUyqOGCBaLhIEkY5qSqqGGmEgiDfZaTu9q9Gfv2BCEkDfqeGIWn5qMupRzFSWnKyh/nbdnyfXNqeQDi2kriU2JQrx2xbsDOwj2HXsQqDo7yTzZlFcww4T6wpyYEpKk72y+4EOPIJV5ghKZuWGapWjISimJEkY0eShAj3UZc0NeXIJ7IVjx9K4IFWOtALhC6u4Fj9PREjX8qh7+pOH6menPVG4n9eM1LeeSumPIwU4XiyyIsYVAEcpQM7VBCs2FAThAXVt0LcQzoapTPM6BCs2ZfnSa1UtE6KpzelXPliGkca7IF9UAAWOANlcA0qoAoweATP4BW8GU/Gi/FufExaU8Z0Zhf8gfH5Awdim0I=</latexit>

Jg

<latexit sha1_base64="JktVSwQxLGyAi1CY5xvMTxgloM0=">AAAB7HicbVBNSwMxEJ31s9avqkcvwVbwVHaLoicpeBFPFdy20K4lm2bb0CS7JFmhLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXphwpo3rfjsrq2vrG5uFreL2zu7efungsKnjVBHqk5jHqh1iTTmT1DfMcNpOFMUi5LQVjm6mfuuJKs1i+WDGCQ0EHkgWMYKNlfzK3eOg0iuV3ao7A1omXk7KkKPRK311+zFJBZWGcKx1x3MTE2RYGUY4nRS7qaYJJiM8oB1LJRZUB9ns2Ak6tUofRbGyJQ2aqb8nMiy0HovQdgpshnrRm4r/eZ3URFdBxmSSGirJfFGUcmRiNP0c9ZmixPCxJZgoZm9FZIgVJsbmU7QheIsvL5NmreqdVy/ua+X6dR5HAY7hBM7Ag0uowy00wAcCDJ7hFd4c6bw4787HvHXFyWeO4A+czx/PRI4F</latexit>

Lq
z

<latexit sha1_base64="WQLpd689XelDX9MGxRF/zA+HSek=">AAAB7nicbVA9SwNBEJ31M8avqKXNYiJYhbugaCUBGwuLCOYDkjPsbfaSJXt75+6eEI/8CBsLRWz9PXb+GzfJFZr4YODx3gwz8/xYcG0c5xstLa+srq3nNvKbW9s7u4W9/YaOEkVZnUYiUi2faCa4ZHXDjWCtWDES+oI1/eHVxG8+MqV5JO/MKGZeSPqSB5wSY6Vm6eb+oftU6haKTtmZAi8SNyNFyFDrFr46vYgmIZOGCqJ123Vi46VEGU4FG+c7iWYxoUPSZ21LJQmZ9tLpuWN8bJUeDiJlSxo8VX9PpCTUehT6tjMkZqDnvYn4n9dOTHDhpVzGiWGSzhYFicAmwpPfcY8rRo0YWUKo4vZWTAdEEWpsQnkbgjv/8iJpVMruafnstlKsXmZx5OAQjuAEXDiHKlxDDepAYQjP8ApvKEYv6B19zFqXUDZzAH+APn8AeBaO/g==</latexit>

Sq

<latexit sha1_base64="XdcX72u2jSKLrkT1x74pCX+jXzo=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CbaCp7JbFMVTwYvHivYD2rVk02wbmmTXJCuUpT/CiwdFvPp7vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcPmjpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo+up33qiSrNI3ptxTH2BB5KFjGBjpVb57iF9nJR7xZJbcWdAy8TLSAky1HvFr24/Iomg0hCOte54bmz8FCvDCKeTQjfRNMZkhAe0Y6nEgmo/nZ07QSdW6aMwUrakQTP190SKhdZjEdhOgc1QL3pT8T+vk5jw0k+ZjBNDJZkvChOOTISmv6M+U5QYPrYEE8XsrYgMscLE2IQKNgRv8eVl0qxWvLPK+W21VLvK4sjDERzDKXhwATW4gTo0gMAInuEV3pzYeXHenY95a87JZg7hD5zPH7DijyA=</latexit>

• Requires extrapolation at t=0 

• Requires spanning x at fixed values of    (          is the most convenient) 

•                                                                  contribution from surface term 

⇠
<latexit sha1_base64="UO/xpdorVklhlVv2E6Xhc5usDkw=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsajRWJjSUmHpDAhewte7Bhb++yO2ckhN9gY6Extv4gO/+NC1yh4EsmeXlvJjPzwlQKg6777RQ2Nre2d4q7pb39g8Oj8vFJyySZZtxniUx0J6SGS6G4jwIl76Sa0ziUvB2Ob+d++5FrIxL1gJOUBzEdKhEJRtFKfrX3JKr9csWtuQuQdeLlpAI5mv3yV2+QsCzmCpmkxnQ9N8VgSjUKJvms1MsMTykb0yHvWqpozE0wXRw7IxdWGZAo0bYUkoX6e2JKY2MmcWg7Y4ojs+rNxf+8bobRdTAVKs2QK7ZcFGWSYELmn5OB0JyhnFhCmRb2VsJGVFOGNp+SDcFbfXmdtOo1z6159/VK4yaPowhncA6X4MEVNOAOmuADAwHP8ApvjnJenHfnY9lacPKZU/gD5/MHEauOJw==</latexit><latexit sha1_base64="UO/xpdorVklhlVv2E6Xhc5usDkw=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsajRWJjSUmHpDAhewte7Bhb++yO2ckhN9gY6Extv4gO/+NC1yh4EsmeXlvJjPzwlQKg6777RQ2Nre2d4q7pb39g8Oj8vFJyySZZtxniUx0J6SGS6G4jwIl76Sa0ziUvB2Ob+d++5FrIxL1gJOUBzEdKhEJRtFKfrX3JKr9csWtuQuQdeLlpAI5mv3yV2+QsCzmCpmkxnQ9N8VgSjUKJvms1MsMTykb0yHvWqpozE0wXRw7IxdWGZAo0bYUkoX6e2JKY2MmcWg7Y4ojs+rNxf+8bobRdTAVKs2QK7ZcFGWSYELmn5OB0JyhnFhCmRb2VsJGVFOGNp+SDcFbfXmdtOo1z6159/VK4yaPowhncA6X4MEVNOAOmuADAwHP8ApvjnJenHfnY9lacPKZU/gD5/MHEauOJw==</latexit><latexit sha1_base64="UO/xpdorVklhlVv2E6Xhc5usDkw=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsajRWJjSUmHpDAhewte7Bhb++yO2ckhN9gY6Extv4gO/+NC1yh4EsmeXlvJjPzwlQKg6777RQ2Nre2d4q7pb39g8Oj8vFJyySZZtxniUx0J6SGS6G4jwIl76Sa0ziUvB2Ob+d++5FrIxL1gJOUBzEdKhEJRtFKfrX3JKr9csWtuQuQdeLlpAI5mv3yV2+QsCzmCpmkxnQ9N8VgSjUKJvms1MsMTykb0yHvWqpozE0wXRw7IxdWGZAo0bYUkoX6e2JKY2MmcWg7Y4ojs+rNxf+8bobRdTAVKs2QK7ZcFGWSYELmn5OB0JyhnFhCmRb2VsJGVFOGNp+SDcFbfXmdtOo1z6159/VK4yaPowhncA6X4MEVNOAOmuADAwHP8ApvjnJenHfnY9lacPKZU/gD5/MHEauOJw==</latexit><latexit sha1_base64="UO/xpdorVklhlVv2E6Xhc5usDkw=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsajRWJjSUmHpDAhewte7Bhb++yO2ckhN9gY6Extv4gO/+NC1yh4EsmeXlvJjPzwlQKg6777RQ2Nre2d4q7pb39g8Oj8vFJyySZZtxniUx0J6SGS6G4jwIl76Sa0ziUvB2Ob+d++5FrIxL1gJOUBzEdKhEJRtFKfrX3JKr9csWtuQuQdeLlpAI5mv3yV2+QsCzmCpmkxnQ9N8VgSjUKJvms1MsMTykb0yHvWqpozE0wXRw7IxdWGZAo0bYUkoX6e2JKY2MmcWg7Y4ojs+rNxf+8bobRdTAVKs2QK7ZcFGWSYELmn5OB0JyhnFhCmRb2VsJGVFOGNp+SDcFbfXmdtOo1z6159/VK4yaPowhncA6X4MEVNOAOmuADAwHP8ApvjnJenHfnY9lacPKZU/gD5/MHEauOJw==</latexit>

⇠ = 0
<latexit sha1_base64="R5hvZNzTzSxLnTRkAk3G8tP2gLQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oghCwYvHCrYV2lA220m7dLMJuxuxhP4ILx4U8erv8ea/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBaxegioRsEltgw3Ah8ShTQKBHaC8c3M7zyi0jyW92aSoB/RoeQhZ9RYqVPtPfFrt9ovV9yaOwdZJV5OKpCj2S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bnzslZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ISXfsZlkhqUbLEoTAUxMZn9TgZcITNiYgllittbCRtRRZmxCZVsCN7yy6ukXa95bs27q1caV3kcRTiBUzgHDy6gAbfQhBYwGMMzvMKbkzgvzrvzsWgtOPnMMfyB8/kDBDSOqA==</latexit><latexit sha1_base64="R5hvZNzTzSxLnTRkAk3G8tP2gLQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oghCwYvHCrYV2lA220m7dLMJuxuxhP4ILx4U8erv8ea/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBaxegioRsEltgw3Ah8ShTQKBHaC8c3M7zyi0jyW92aSoB/RoeQhZ9RYqVPtPfFrt9ovV9yaOwdZJV5OKpCj2S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bnzslZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ISXfsZlkhqUbLEoTAUxMZn9TgZcITNiYgllittbCRtRRZmxCZVsCN7yy6ukXa95bs27q1caV3kcRTiBUzgHDy6gAbfQhBYwGMMzvMKbkzgvzrvzsWgtOPnMMfyB8/kDBDSOqA==</latexit><latexit sha1_base64="R5hvZNzTzSxLnTRkAk3G8tP2gLQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oghCwYvHCrYV2lA220m7dLMJuxuxhP4ILx4U8erv8ea/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBaxegioRsEltgw3Ah8ShTQKBHaC8c3M7zyi0jyW92aSoB/RoeQhZ9RYqVPtPfFrt9ovV9yaOwdZJV5OKpCj2S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bnzslZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ISXfsZlkhqUbLEoTAUxMZn9TgZcITNiYgllittbCRtRRZmxCZVsCN7yy6ukXa95bs27q1caV3kcRTiBUzgHDy6gAbfQhBYwGMMzvMKbkzgvzrvzsWgtOPnMMfyB8/kDBDSOqA==</latexit><latexit sha1_base64="R5hvZNzTzSxLnTRkAk3G8tP2gLQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oghCwYvHCrYV2lA220m7dLMJuxuxhP4ILx4U8erv8ea/cdvmoK0PBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VQxbLBaxegioRsEltgw3Ah8ShTQKBHaC8c3M7zyi0jyW92aSoB/RoeQhZ9RYqVPtPfFrt9ovV9yaOwdZJV5OKpCj2S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bnzslZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ISXfsZlkhqUbLEoTAUxMZn9TgZcITNiYgllittbCRtRRZmxCZVsCN7yy6ukXa95bs27q1caV3kcRTiBUzgHDy6gAbfQhBYwGMMzvMKbkzgvzrvzsWgtOPnMMfyB8/kDBDSOqA==</latexit>

J
q(x) 6= 1

2x(H
q(x, 0, 0) + E

q(x, 0, 0)

<latexit sha1_base64="H/HJQE5plkEzwjMl9hJ9+UfavWg=">AAACFnicbZDLSsNAFIYn9VbrLerSTbAVWqwlKYriqiBCcVXBXqCpZTKdtEMnkzgzkZbQp3Djq7hxoYhbcefbOG2DaOsPAx//OYcz53cCSoQ0zS8tsbC4tLySXE2trW9sbunbOzXhhxzhKvKpzxsOFJgShquSSIobAcfQcyiuO/2Lcb1+j7kgPruRwwC3PNhlxCUISmW19aPM1e1ddpCzGbZdDlFkjaLiaJAtj928mTdzh5c/mGnrabNgTmTMgxVDGsSqtPVPu+Oj0MNMIgqFaFpmIFsR5JIgikcpOxQ4gKgPu7ipkEEPi1Y0OWtkHCinY7g+V49JY+L+noigJ8TQc1SnB2VPzNbG5n+1Zijds1ZEWBBKzNB0kRtSQ/rGOCOjQzhGkg4VQMSJ+quBelClI1WSKRWCNXvyPNSKBeu4cHJdTJfO4ziSYA/sgyywwCkogTKogCpA4AE8gRfwqj1qz9qb9j5tTWjxzC74I+3jG/KunAc=</latexit>

Ji’s sum rule: 



Ji (kinetic EMT) Sum Rule Jaffe-Manohar (canonical EMT) Sum Rule

• each term is gauge invariant 
Jq
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• frame independent

• it works also for the transverse AM 
in the infinite momentum frame
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•       and       can be obtained  
from moments of GPDs                                                    

•                   are gauge dependent, 
BUT measurable 

• simple partonic interpretation in the IMF 

•             can be obtained from twist-3 GPDs 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Results at physical pion mass at the scale of 2 GeV

Sum rules from lattice QCD

Quark orbital angular momentum Jq � 1

2
�⌃q
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Quark spin

Alexandrou et al. [Extended Twist Mass Coll.], Phys.Rev.D 101 (2020), 094513




Proton spin 
(Q2=10 GeV2)

Status of Spin Sum Rule

u+ ū d+ d̄ s+ s̄ g

spin (%) OAM spin (%) OAM spin (%) OAM spin (%) OAM

81± 1 �43± 1 �11± 2 40± 60 DSSV14

79± 5 �45± 5 12± 8 3± 324 NNPDF
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We are constantly improving the knowledge of the contributions to the spin of the nucleon

However the details on the flavor and sea contributions are still sketchy

Quark Spin Gluon Spin

EIC Yellow Report: arXiv: 2103.05419

Impact of future EIC  
for quark and gluon spin contributions

EIC



Hermes Coll., JHEP 06 (2008) 066JLab Hall A, Phys. Rev. Lett. 99 (2007) 242501

extractions from HERMES 
data using two different 
models

QCDSF: PoS (Lattice 2007) 158

LHPC: PRD77 (2008) 094502

Lattice results

DFJK, EPJC39 (2005) 1

GPDs extracted from form factors

Orbital Angular momentum of the proton 
 from available GPD measurements


Improved accuracy with JLab12 and future EIC measurements! 

J
q,g = 1

2

R 1
�1 dx x (Hq,g(x, ⇠, 0) + E

q,g(x, ⇠, 0))
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Nucleon Structure Properties

em @µJ
µ
em = 0 hN 0|Jµ

em|Ni Q, µ

@µJ
µ
weak = 0 hN 0|Jµ

weak|Niweak gA, gp

@µT
µ⌫
grav = 0 hN 0|Tµ⌫

grav|Nigravity

Qprot = 1.602176487(40)⇥ 10�19 C

µprot = 2.792847356(23)µN

Mprot = 938.272013(23)MeV

gA = 1.2694(28)

gp = 8� 12

J =
1

2

can be accessed from GPDs in hard exclusive reactions

M. Polyakov and P. Schweitzer, Int. J. Mod. Phys. A33 (2018) 1830025 

MN , J,D
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D(t) form factor from data
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neglecting gluon contribution:



D(t) form factor from data

Polyakov and Schweitzer, Int. J. Mod. Phys. A33 (2018) 1830025 

Girod, Elouadrhiri,Burkert, Nature 557 (2018) 7705
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neglecting gluon contribution:



D(t) form factor from data

Polyakov and Schweitzer, Int. J. Mod. Phys. A33 (2018) 1830025 

Girod, Elouadrhiri,Burkert, Nature 557 (2018) 7705
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neglecting gluon contribution:



Necessary to verify model assumptions in the exp extraction

with more data coming  from JLab, COMPASS and the future EIC, EIcC

Kumericki, Nature 570 (2019) 7759; Dutrieux et al, Eur. Phys. J. C81 (2021) 4

CLAS data, with fixed param., 
Girod et al.

CLAS data, with neural networks 
Kumericki

global fit to DVCS data  
with artificial neural networks

X

q

dq1 < 0
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in all model calculations 
for a stable proton



‣accessible in exclusive reactions

‣factorization for large Q2,  |t|<< Q2 , W2

‣depend on 3 variables: x, ⇠, t

Compton Form Factors

How to measure GPDs



DVCS BH
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  BH: calculable in QED with ~1% knowledge of e.m. at low momentum transfer         

 |DVCS|2: bilinear in GPDs  

                        : linear combination of GPDsI(BH ·DVCS)
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Golden channel: deeply virtual Compton scattering
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Filter out interference term 
using cross section dependence on

• beam charge

• azimuth

• beam polarization

• target polarization 
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• Similar decomposition for various polarization states of the target, but different dependence of  
the coefficients on the CFFs 

dominated by leading-twist GPDs                                 

Belitsky, Kirchner, Müller, NPB629, 323 (2001)

DVCS cross section

cDVCS,I
0 , (c, s)I1
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World-data kinematic coverage

Kumericki, Liuti, Moutarde, EPJA52, 157 (2016)



Gluons Sea quarks Valence quarks

Accardi et al., The Electron Ion Collider: the next QCD Frontier, Eur. Phys. J., A52, 2016 

hermes

EIC

Paste, present and future DVCS experiments
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Q2 = 2.36GeV2, xB = 0.37, �t = 0.32GeV2
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Defurne, et al., PRDC 92,  055202 (2015)

A sample of typical results
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Defurne, et al., PRDC 92,  055202 (2015)

keeping only twist-2 contribution

A sample of typical results



Defurne, et al., PRDC 92,  055202 (2015)

unpolarized cross section

helicity dependent cross section

twist-2twist-2 eff. twist-3

twist-2 eff. twist-3

•No Q2 dependence observed

•Limited range in Q2

•Support leading-twist dominance

DVCS cross section: Q2 dependence
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• Domain space of  the unknown functions: 3 dimensions for GPDs           vs 1 dimension for PDF(x, ⇠, t)
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curse of dimensionality: “It is easy to find a coin lost on a 100 meter line, but difficult to find it on a 
football field.”  
Here we could say that we deal with a haystack, 100 m per side!

•Mapping of GPDs will significantly improve with the release of new data of unprecedented 
accuracy (JLab) and data in a larger kinematic domain (EIC)

•Fitting strategies: 

Global fits: use a parametrization of GPD and consider all kinematic bins at the same time

Local fits: take each kinematic bin independently and fit CCF-value at this point 

Artificial neural network: already used for PDF fits. In progress for GPDs.

Extraction of Compton form factors



• Continuous curves: global fits based on double distributions or dispersion relations 

• Two fit methods are compatible: good consistency check!

K. Kumericki, S. Liuti, H. Moutarde, Eur. Phys. J. A52 (2016) 157 

Comparison of different extraction methods



Recent JLab12 results

F. Georges et al. (Hall A Coll.), arXiv:2201.03714 

Exploit energy dependence of cross section to separate              and    contributions I
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First extraction of all four helicity conserving CFFs!

F. Georges et al. (Hall A Coll.), arXiv:2201.03714 

Recent JLab12 results



Timelike Compton scattering
Chatagnon et al. (CLAS12 Coll.), PRL127, 262501(2021)

✓ Test of the universality of GPDs

✓ New promising path towards the extraction of          and then the D-term            ReH
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✓ Further data from JLab12 and future EIC 

photon polarization asymmetry forward-backward asymmetry

ImH
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Impact of EIC on GPD measurements

H - sea H - gluon E - sea

EIC Yellow Report: arXiv: 2103.05419 

sea in 
unp. proton

gluon in 
unp. proton

sea in 
transv. pol  

proton

x = 10�3, Q2 = 4GeV2
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