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Quantum Chromodynamics 

Effective theory of Weak Force

Soft-Collinear Effective Theory

HQET, Non-Relativistic QCD

Applications:  Tcc, X(3872) as hadronic molecules+

Applications:  Quarkonia Production in Jets



Quantum Chromodynamics 
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Running Coupling Constants
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Vacuum Polarization screens bare charge
α(me) = 1/137
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atomic physics 

Heisenberg: q ↔ h̄/r



 Key Difference: gluons colored and self-interact

electrons/positrons - (+,-) charges

photon - neutral

quarks - three colors  (r,g,b)

gluons - 8 colors (e.g.,  r g )

QED QCD



Screening

Anti-Screening

Asymptotic Freedom
(Gross, Politzer, Wilczek; Nobel 2004)

IR - Strong Coupling 

UV perturbation theory valid






Confinement − Colorless Hadrons
Chiral Symmetry Breaking
ΛQCD ∼ 500 MeV



Confinement
Physical Strongly Interacting Particles (hadrons) are Colorless

Mesons - q q Baryons - q q q

Potential Energy between quark and antiquark

lattice QCD simulations

try to pull a quark-antiquark, create more mesons

force between quark and antiquark separated by ~1 fm equivalent to 14 tons!

Vqq̄(r) ≈ −
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Hydrogen atom

Meson (qq + ...)

Hydrogen a two-body system up to small corrections

many-body system: many Fock states contribute



Chiral Symmetry
chirality = helicity (for a massless particle)

!s !s

!p !p
!s · p̂ = −1/2 !s · p̂ = +1/2

q = qL + qR

qL → ULqL qR → URqR

SUL(3) × SUR(3)

Symmetry of LQCD , but not the vacuum
〈0|q̄LqR + q̄RqL|0〉 #= 0

qL
qR

Spontaneous Chiral Symmetry Breaking   



Vacuum: 〈q̄LqR〉 ↔

Excited State: 〈q̄LU
†
L
(x)UR(x)qR〉 ↔

λ = 2π/k

recover vacuum as λ → ∞ (k → 0) E(k) ∝ k

relativity: E(k) =
√

k2 + m2

Spontaneous Symmetry Breaking       Massless Particle→

Goldstone Boson



real world mu, md, ms != 0 pseudo-Goldstone Bosons

Light hadrons of QCD: pions, kaons, and eta’s

m
2

PGB ∝ mq〈0|q̄q|0〉

mπ ∼ 140 MeV mK ∼ 496 MeV mη = 547 MeV

Chiral Symmetry Breaking determines the low lying

degrees of freedom of QCD,  constrains their self-

interactions and interactions with other hadrons



Interactions vanish as k → 0 derivatively coupled

weakly interacting at low energies:

perturbative expansion in 
Q2

Λ2
χ

Λχ = 4πfπ ∼ 1 GeV
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Chiral Perturbation Theory (ChiPT)
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Coupling to nucleons

π π

N N

(within 15%-25%)

Long range nuclear spin-tensor force 
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!q 2 + m2
π

S-wave scattering 
length



Bottom-Up EFTs
isolate relevant degrees of freedom

small expansion parameter (ratio of scales):

Lagrangian is most general consistent w/ 
symmetries of underlying theory, i.e. QCD

Power Counting - count powers of expansion 
parameter in Lagrangian and in Feynman diagrams 

 coefficients in Lagrangian determined by experimental or lattice simulations

Examples: ChPT, effective theory of NN interactions,
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⇡N interactions,
Hadron molecules, e.g., X(3872), Tcc, …

+



QCD Factorization

Drell-Yan

<latexit sha1_base64="eND7+QA1rPwcxWy3fxFLzSvjqZo="></latexit>
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Deep 
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Scattering
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d�̂ calculable in pQCD -
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fi/p universal parton distribution functions
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Deriving  Factorization

DIS
<latexit sha1_base64="B2OwUpPUS4u4m0nkFcdgm1892b0="></latexit>

d� /
Z

d4xeiq·xhp|TJµ(x)J⌫(0)|pi apply Operator Product
Expansion (OPE)

DY All-orders diagrammatic proofs in pQCD  

these can be challenging!

G. T. Bodwin, Phys. Rev. D 31, 2616 (1985) [Erratum-ibid. D 34, 3932 (1985)]

G. T. Bodwin, Phys. Rev. D 31, 2616 (1985) [Erratum-ibid. D 34, 3932 (1985)]

J. C. Collins, D. E. Soper and G. Sterman, Phys. Lett. B 134, 263 (1984)

 J. C. Collins, D. E. Soper and G. Sterman, Nucl. Phys. B 308, 833 (1988)



Operator Product Expansion

 as
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x ! 0

Wilson coefficients obey RGE

Naive dimensional analysis Anomalous dimension



General form of DIS cross section
<latexit sha1_base64="yCNxPB02Mm1RbKy1rp7r55KDVnQ="></latexit>
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Q2 = �q2 = xys

Parton Model
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F1,2(x,Q
2) independent of
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Q2Bjorken scaling:
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F1(x,Q
2)

Callan-Gross relation: 
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F2(x) = 2xF1(x) spin-1/2 quarks

<latexit sha1_base64="mnbojjxYOIGFAWCX+nh+zhyWazY=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARXJWkFHUjFN24bME+oI1lMpm0QyczcWYilpCNv+LGhSJu/Qx3/o3TNgttPXDhcM693HuPHzOqtON8W0vLK6tr64WN4ubW9s6uvbffUiKRmDSxYEJ2fKQIo5w0NdWMdGJJUOQz0vZH1xO//UCkooLf6nFMvAgNOA0pRtpIffvw8bIXSoTTxl0lSyv1Hg6EhvdZ3y45ZWcKuEjcnJRAjnrf/uoFAicR4RozpFTXdWLtpUhqihnJir1EkRjhERqQrqEcRUR56fSBDJ4YJYChkKa4hlP190SKIqXGkW86I6SHat6biP953USHF15KeZxowvFsUZgwqAWcpAEDKgnWbGwIwpKaWyEeIpOHNpkVTQju/MuLpFUpu2flaqNaql3lcRTAETgGp8AF56AGbkAdNAEGGXgGr+DNerJerHfrY9a6ZOUzB+APrM8fPbCWMQ==</latexit>

x =
Q2

2P · q



Reproduce parton model results

Moments of pdf’s are related to local twist-2 operators 

Anomalous dimensions twist-2 operators imply scaling violation

DGLAP evolution equations for structure functions

OPE Analysis of DIS



QCD Evolution - DGLAP Equations

<latexit sha1_base64="U3KgtbA6QEJ+894+kpKihpDecwU=">AAACEXicbZC7SgNBFIZn4y3G26qlzWAQUsVdCWoZsBGrCOYC2WWZnZ3dDJm9zSUQlryCja9iY6GIrZ2db+PkUmjiDwM/3zmHM+f3M0aFtKxvo7S2vrG5Vd6u7Ozu7R+Yh0cdkSqOSRunLOU9HwnCaELakkpGehknKPYZ6frDm2m9OyJc0DR5kOOMuDGKEhpSjKRGnlnLoUNyRUcw9Ir8PJtAJ88VCmD0i0eae2bVqlszwVVjL0wVLNTyzC8nSLGKSSIxQ0L0bSuTboG4pJiRScVRgmQID1FE+tomKCbCLWYXTeCZJgEMU65fIuGM/p4oUCzEOPZ1Z4zkQCzXpvC/Wl/J8NotaJIpSRI8XxQqBmUKp/HAgHKCJRtrgzCn+q8QDxBHWOoQKzoEe/nkVdO5qNuX9cZ9o9q8W8RRBifgFNSADa5AE9yCFmgDDB7BM3gFb8aT8WK8Gx/z1pKxmDkGf2R8/gCviJz4</latexit>

q ⌘ fq/p g ⌘ fg/p



Minimize logs in short-distance cross section 

<latexit sha1_base64="1GttnlwZqw8WRM0HZ/65LlrYbZI="></latexit>

d�(ep ! X) =
X

i

fi/p(µ)⌦ d�̂(i�⇤ ! X)(µ,↵s(µ))
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=
X

i

fi/p(Q)⌦ d�̂(i�⇤ ! X)(Q,↵s(Q))

Cross section is independent of 
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ln

✓
Q2

µ2

◆

<latexit sha1_base64="Ny6OViZYIpvhmMVtcebN8rasRiE=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY8FL+Kpov2AdinZNNuGJtklyQpl6U/w4kERr/4ib/4b03YP2vpg4PHeDDPzwkRwYz3vGxXW1jc2t4rbpZ3dvf2D8uFRy8SppqxJYxHrTkgME1yxpuVWsE6iGZGhYO1wfDPz209MGx6rRztJWCDJUPGIU2Kd9NCTab9c8areHHiV+DmpQI5Gv/zVG8Q0lUxZKogxXd9LbJARbTkVbFrqpYYlhI7JkHUdVUQyE2TzU6f4zCkDHMXalbJ4rv6eyIg0ZiJD1ymJHZllbyb+53VTG10HGVdJapmii0VRKrCN8exvPOCaUSsmjhCqubsV0xHRhFqXTsmF4C+/vEpaF1X/slq7r1Xqd3kcRTiBUzgHH66gDrfQgCZQGMIzvMIbEugFvaOPRWsB5TPH8Afo8wditI3n</latexit>µ



DGLAP tested over a large range of Q2 

Peskin, Schroeder, Intro to QFT, p.592, data from 1994





Summary of Important QCD Concepts

Asymptotic Freedom

Confinement, Chiral Symmetry Breaking

High Energy QCD: Factorization, Evolution

Low Energy: Lattice QCD, Effective Theories



Effective Theory of Weak Interactions - b decay 

b

c

W—

 d

u

b

c

 d

u
<latexit sha1_base64="hT30Z/G1rYHsjEfEla7iNLkzOuk=">AAACJ3icbZDLSsNAFIYn9VbrLerSzWARBGlISlE3StGNywr2Ar2EyXTSDp1JwsxEKCFv48ZXcSOoiC59EydtEW39YeDnO+dw5vxexKhUtv1p5JaWV1bX8uuFjc2t7R1zd68hw1hgUschC0XLQ5IwGpC6ooqRViQI4h4jTW90ndWb90RIGgZ3ahyRLkeDgPoUI6WRa152fIFw4qRJ1CuXuNvsldMLWPqhvFd2mykswSnRTRmrZOzEsizXLNqWPRFcNM7MFMFMNdd86fRDHHMSKMyQlG3HjlQ3QUJRzEha6MSSRAiP0IC0tQ0QJ7KbTO5M4ZEmfeiHQr9AwQn9PZEgLuWYe7qTIzWU87UM/ldrx8o/7yY0iGJFAjxd5McMqhBmocE+FQQrNtYGYUH1XyEeIh2I0tEWdAjO/MmLplG2nFOrclspVq9mceTBATgEx8ABZ6AKbkAN1AEGD+AJvII349F4Nt6Nj2lrzpjN7IM/Mr6+AUScpE4=</latexit>

1

p2 �m2
W

= � 1

m2
W

� p2

m4
W

+ ...



Tree level - reproduces tree level Standard Model 

One loop QCD corrections to effective operators

Evolution equations for Wilson Coefficients



Renormalization group improved Hamiltonian

Resum 
<latexit sha1_base64="BUbnjJg5S/f0zKBmR+6wDzspsdk=">AAACH3icbVDLSgMxFM3UV62vqks3wSLUTZkpRV2KblxWsLbQmQ6ZNNMJJpkhuSOUoX/ixl9x40IRceffmNYu1HoguYdz7iW5J8oEN+C6n05paXllda28XtnY3Nreqe7u3Zo015R1aCpS3YuIYYIr1gEOgvUyzYiMBOtGd5dTv3vPtOGpuoFxxgJJRorHnBKwUlg98YnIEjJQoanLMDrGvlADZW8WQ92PNaGFDLuD5sSWyBZf81ECx2G15jbcGfAi8eakhuZoh9UPf5jSXDIFVBBj+p6bQVAQDZwKNqn4uWEZoXdkxPqWKiKZCYrZfhN8ZJUhjlNtjwI8U39OFEQaM5aR7ZQEEvPXm4r/ef0c4rOg4CrLgSn6/VCcCwwpnoaFh1wzCmJsCaGa279imhAbCthIKzYE7+/Ki+S22fBOGq3rVu38Yh5HGR2gQ1RHHjpF5+gKtVEHUfSAntALenUenWfnzXn/bi0585l99AvO5xedhqK8</latexit>

↵n
s (mb) ln

n

✓
m2

W

m2
b

◆
 to all orders

<latexit sha1_base64="DJKRorJeB/IIbftlcUJyIeEanZA=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUDchKUVdFt24rGAf0IQwmU7aoTOTMDMRSujGX3HjQhG3foY7/8Zpm4W2HrhwOOde7r0nShlV2nW/rdLa+sbmVnm7srO7t39gHx51VJJJTNo4YYnsRUgRRgVpa6oZ6aWSIB4x0o3GtzO/+0ikool40JOUBBwNBY0pRtpIoX3iI5aOUKhqPIwuoK8oh9B16qFddR13DrhKvIJUQYFWaH/5gwRnnAiNGVKq77mpDnIkNcWMTCt+pkiK8BgNSd9QgThRQT5/YArPjTKAcSJNCQ3n6u+JHHGlJjwynRzpkVr2ZuJ/Xj/T8XWQU5Fmmgi8WBRnDOoEztKAAyoJ1mxiCMKSmlshHiGJsDaZVUwI3vLLq6RTd7xLp3HfqDZvijjK4BScgRrwwBVogjvQAm2AwRQ8g1fwZj1ZL9a79bFoLVnFzDH4A+vzBz2NlOI=</latexit>

↵s(mb) ⇠ 0.2
<latexit sha1_base64="b1SGhEt592lDx/nbtgcVQ3oJH1Q=">AAACFnicbVDLSgMxFM34rPVVdekmWIS6sMyUUl0W3bisYB/QGYdMmmlDk5khuSOUoV/hxl9x40IRt+LOvzF9LLT1QHIP59xLck+QCK7Btr+tldW19Y3N3FZ+e2d3b79wcNjScaooa9JYxKoTEM0Ej1gTOAjWSRQjMhCsHQyvJ377gSnN4+gORgnzJOlHPOSUgJH8wjl2Rdw3Fwuh5IaK0Ez67fvK2JTAFFfx/gDOsKu5xDW/ULTL9hR4mThzUkRzNPzCl9uLaSpZBFQQrbuOnYCXEQWcCjbOu6lmCaFD0mddQyMimfay6VpjfGqUHg5jZU4EeKr+nsiI1HokA9MpCQz0ojcR//O6KYSXXsajJAUW0dlDYSowxHiSEe5xxSiIkSGEKm7+iumAmGzAJJk3ITiLKy+TVqXs1MrV22qxfjWPI4eO0QkqIQddoDq6QQ3URBQ9omf0it6sJ+vFerc+Zq0r1nzmCP2B9fkD7I+emg==</latexit>

log

✓
m2

W

m2
b

◆
⇠ 6



Matching and Running

<latexit sha1_base64="m86s2hIF6IPYngbMFYAnCXY21rU=">AAAB8HicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKqBeh6MVjBfsh7VKyabYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmhYngxnreNyqsrK6tbxQ3S1vbO7t75f2DpolTTVmDxiLW7ZAYJrhiDcutYO1EMyJDwVrh6Hbqt56YNjxWD3acsECSgeIRp8Q66bErU3yNZa/VK1e8qjcDXiZ+TiqQo94rf3X7MU0lU5YKYkzH9xIbZERbTgWblLqpYQmhIzJgHUcVkcwE2ezgCT5xSh9HsXalLJ6pvycyIo0Zy9B1SmKHZtGbiv95ndRGV0HGVZJapuh8UZQKbGM8/R73uWbUirEjhGrubsV0SDSh1mVUciH4iy8vk+ZZ1b+ont+fV2o3eRxFOIJjOAUfLqEGd1CHBlCQ8Ayv8IY0ekHv6GPeWkD5zCH8Afr8Ab8oj7s=</latexit>µ = mW

<latexit sha1_base64="sbLXMC4l93EotTXZlbiqJw7Ar4Q=">AAAB8HicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKqBeh6MVjBfsh7VKyabYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmhYngxnreNyqsrK6tbxQ3S1vbO7t75f2DpolTTVmDxiLW7ZAYJrhiDcutYO1EMyJDwVrh6Hbqt56YNjxWD3acsECSgeIRp8Q66bErU3yNZS/slSte1ZsBLxM/JxXIUe+Vv7r9mKaSKUsFMabje4kNMqItp4JNSt3UsITQERmwjqOKSGaCbHbwBJ84pY+jWLtSFs/U3xMZkcaMZeg6JbFDs+hNxf+8TmqjqyDjKkktU3S+KEoFtjGefo/7XDNqxdgRQjV3t2I6JJpQ6zIquRD8xZeXSfOs6l9Uz+/PK7WbPI4iHMExnIIPl1CDO6hDAyhIeIZXeEMavaB39DFvLaB85hD+AH3+AM/Uj8Y=</latexit>µ = mb

<latexit sha1_base64="4gV3yU3puVB6pduW3xsVKlhtsS0=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgqiQi6rLoxoVCRfuAJoTJdNIOnZmEmYlSYj7FjQtF3Pol7vwbp20W2nrgwuGce7n3njBhVGnH+bZKS8srq2vl9crG5tb2jl3dbas4lZi0cMxi2Q2RIowK0tJUM9JNJEE8ZKQTji4nfueBSEVjca/HCfE5GggaUYy0kQK7mnkYMXidB5knOby7yQO75tSdKeAicQtSAwWagf3l9WOcciI0Zkipnusk2s+Q1BQzkle8VJEE4REakJ6hAnGi/Gx6eg4PjdKHUSxNCQ2n6u+JDHGlxjw0nRzpoZr3JuJ/Xi/V0bmfUZGkmgg8WxSlDOoYTnKAfSoJ1mxsCMKSmlshHiKJsDZpVUwI7vzLi6R9XHdP6ye3J7XGRRFHGeyDA3AEXHAGGuAKNEELYPAInsEreLOerBfr3fqYtZasYmYP/IH1+QOqHJOg</latexit>

LSM

<latexit sha1_base64="WTi+OIJXowE1mnOZhpvpTxV7pxE=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCG0siRV0WBXHhooJ9QBPCZDpph85MwsxEKDELf8WNC0Xc+hvu/BunbRbaeuDC4Zx7ufeeMGFUacf5thYWl5ZXVktr5fWNza1te2e3peJUYtLEMYtlJ0SKMCpIU1PNSCeRBPGQkXY4vBr77QciFY3FvR4lxOeoL2hEMdJGCuz9zMOIwds8yDzJYe3kmkhO88CuOFVnAjhP3IJUQIFGYH95vRinnAiNGVKq6zqJ9jMkNcWM5GUvVSRBeIj6pGuoQJwoP5vcn8Mjo/RgFEtTQsOJ+nsiQ1ypEQ9NJ0d6oGa9sfif1011dOFnVCSpJgJPF0UpgzqG4zBgj0qCNRsZgrCk5laIB0girE1kZROCO/vyPGmdVt2zau2uVqlfFnGUwAE4BMfABeegDm5AAzQBBo/gGbyCN+vJerHerY9p64JVzOyBP7A+fwAZtpWG</latexit>

L4�Fermi

RGE

Evolution



Effective Theory Principles for Top-Down construction of EFTs

Degrees of freedom - SM fermions

Power Counting - Dimensional analysis  

Match effective Lagrangian at the high scale  

Symmetries constrain Lagrangian - Lorentz Inv., color

RGE evolution to low scales



Effective Theories of this type for QCD:

Heavy Quark Effective Theory (HQET)

Non-Relativistic QCD (NRQCD) 

Soft-Collinear Effective Theory (SCET) 

Useful for: - realizing emergent symmetries of QCD

e.g. heavy quark spin-flavor symmetry 

- deriving new factorization theorems 

- resummation of large logarithms

<latexit sha1_base64="r0GjlcihsJdsWsHdcj9xagT4G84=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9mVoh6LXjy2YD+gu5Rsmm1Dk+yaZAtl6e/w4kERr/4Yb/4b03YP2vpg4PHeDDPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TRWiLxDxW3RBrypmkLcMMp91EUSxCTjvh+H7udyZUaRbLRzNNaCDwULKIEWysFIh+0zcx8pmMzLRfrrhVdwG0TrycVCBHo1/+8gcxSQWVhnCsdc9zExNkWBlGOJ2V/FTTBJMxHtKepRILqoNscfQMXVhlgKJY2ZIGLdTfExkWWk9FaDsFNiO96s3F/7xeaqLbIGMySQ2VZLkoSjmyf84TQAOmKDF8agkmitlbERlhhYmxOZVsCN7qy+ukfVX1rqu1Zq1Sv8vjKMIZnMMleHADdXiABrSAwBM8wyu8ORPnxXl3PpatBSefOYU/cD5/AKMEkgc=</latexit>mQ ! 1



HQET

<latexit sha1_base64="Crh3CbYrFI34fhogbsuI8wJr6d8=">AAACFXicbVBNS8MwGE7n15xfVY9egkMQlNHKUC/C0IvHDdwHrHWkWbqFJW1J0sko+xNe/CtePCjiVfDmvzHtetDNF0Ienud98z55vIhRqSzr2ygsLa+srhXXSxubW9s75u5eS4axwKSJQxaKjockYTQgTUUVI51IEMQ9Rtre6CbV22MiJA2DOzWJiMvRIKA+xUhpqmeeOhEakOyd5GFIFZmWonuHx/AK8l4DjjN8AkfpXeqZZatiZQUXgZ2DMsir3jO/nH6IY04ChRmSsmtbkXITJBTFTK9yYkkihEfaQlfDAHEi3SRzM4VHmulDPxT6BApm7O+JBHEpJ9zTnRypoZzXUvI/rRsr/9JNaBDFigR4tsiPGVQhTCOCfSoIVmyiAcKCaq8QD5FAWOkg0xDs+S8vgtZZxT6vVBvVcu06j6MIDsAhOAY2uAA1cAvqoAkweATP4BW8GU/Gi/FufMxaC0Y+sw/+lPH5A+UGnfs=</latexit>

pµ = mQv
µ + kµ

<latexit sha1_base64="dER2YnJa8FwhU272ulI/82Fjudk=">AAACE3icbVBLSwMxGMzWV62vVY9egkWoImVXinosevFYwT6gu5ZsmrahSXZJspWy9D948a948aCIVy/e/Dem2z1o60BgmO81mSBiVGnH+bZyS8srq2v59cLG5tb2jr2711BhLDGp45CFshUgRRgVpK6pZqQVSYJ4wEgzGF5P680RkYqG4k6PI+Jz1Be0RzHSRurYJ16E+iTdkzwMqCaTwuje4zH0FOWw5J5Cb0Rw4kyOYccuOmUnBVwkbkaKIEOtY3953RDHnAiNGVKq7TqR9hMkNcXMHPJiRSKEh8ZA21CBOFF+knqZwCOjdGEvlOYJDVP190SCuFJjHphOjvRAzdem4n+1dqx7l35CRRRrIvDsUC9mUIdwGhDsUkmwZmNDEJbUeIV4gCTC2sRYMCG4819eJI2zsntertxWitWrLI48OACHoARccAGq4AbUQB1g8AiewSt4s56sF+vd+pi15qxsZh/8gfX5A3eqnTo=</latexit>

vµ ⇠ (1,~0)

<latexit sha1_base64="brN50OT4+kiI9Y4BKphLZySKgiE="></latexit>

i

/p�mQ
⇡ 1 + /v

2

i

v · k

HQET Lagrangian

<latexit sha1_base64="KmWrOWvzU3pEKClKREuCUfW/GCw=">AAACBXicbVC7TsMwFHV4lvIKMMJgUSExVQmqgLGiDAwMrUQfUhMix3Faq7YT2Q5SFXVh4VdYGECIlX9g429wHwO0HMnS0Tn36PqeMGVUacf5tpaWV1bX1gsbxc2t7Z1de2+/pZJMYtLECUtkJ0SKMCpIU1PNSCeVBPGQkXY4qI399gORiibiTg9T4nPUEzSmGGkjBfbR4N7jGfQU5dC7NbkIBbknOWzUrkeBXXLKzgRwkbgzUgIz1AP7y4sSnHEiNGZIqa7rpNrPkdQUMzIqepkiKcID1CNdQwXiRPn55IoRPDFKBONEmic0nKi/EzniSg15aCY50n01743F/7xupuNLP6cizTQReLoozhjUCRxXAiMqCdZsaAjCkpq/QtxHEmFtiiuaEtz5kxdJ66zsnpcrjUqpejWrowAOwTE4BS64AFVwA+qgCTB4BM/gFbxZT9aL9W59TEeXrFnmAPyB9fkDYzCX3w==</latexit>

kµ ⇠ ⇤QCDin heavy quark rest frame

<latexit sha1_base64="w/ecmHWE7T+xAmyTS5s+V+xWKlU="></latexit>

ū(p)igT aAa
µ�

µu(p+ k) ⇡ h†
vigT

aAa
µv

µhv hv =
1 + /v

2
hv



Integrating out antiparticles
<latexit sha1_base64="kEZ+R9E4p802jovGaLDZT+i+LCY="></latexit>

 (x) = e
�imQv·x [hv(x) +Hv(x)]

1 + /v

2
hv = hv

1� /v

2
Hv = Hv

<latexit sha1_base64="Q6Rpst/4ZdVNURBF6zoiTGzxefw=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XgxpJIUTdC0S5cVrAPaGKYTKbt0EkyzEwKJfQL3Pgrblwo4ta1O//GaZqFth4Y7uGce7lzj88Zlcqyvo3Cyura+kZxs7S1vbO7Z+4ftGWcCExaOGax6PpIEkYj0lJUMdLlgqDQZ6Tjj25mfmdMhKRxdK8mnLghGkS0TzFSWvLMSsNzOBH8wQkTeAUbWT2F46yOHRzECjagZ5atqpUBLhM7J2WQo+mZX04Q4yQkkcIMSdmzLa7cFAlFMSPTkpNIwhEeoQHpaRqhkEg3zc6ZwopWAtiPhX6Rgpn6eyJFoZST0NedIVJDuejNxP+8XqL6l25KI54oEuH5on7CoIrhLBsYUEGwYhNNEBZU/xXiIRIIK51gSYdgL568TNpnVfu8WrurlevXeRxFcASOwQmwwQWog1vQBC2AwSN4Bq/gzXgyXox342PeWjDymUPwB8bnD27DmnQ=</latexit>

Dµ
? = Dµ � vµv ·D

Integrating out Hv , eliminate using equation of motion 
<latexit sha1_base64="eC47BrCz08qsJBsCNf+63y6qvoQ="></latexit>

Le↵ = h̄viv ·Dhv + h̄v i/D?
1

2mQ + 2iv ·Di/D?hv

<latexit sha1_base64="fDOKnJcA6I9/JBQdSssAVn1ioOo="></latexit>

L = h̄viv ·Dhv + h̄vi /D?Hv + H̄vi /D?hv � H̄v(iv ·D + 2mQ)Hv

<latexit sha1_base64="aEU4ykUIYNfN2NJ1RYlRfePyPAM="></latexit>

= h̄viv ·Dhv +
1

2mQ
h̄v(iD?)

2hv +
g

4mQ
h̄v�↵�G

↵�hv + ...



Q
q̄

Heavy quark is static source of color l.d.o.f.  in <latexit sha1_base64="r0GjlcihsJdsWsHdcj9xagT4G84=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9mVoh6LXjy2YD+gu5Rsmm1Dk+yaZAtl6e/w4kERr/4Yb/4b03YP2vpg4PHeDDPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TRWiLxDxW3RBrypmkLcMMp91EUSxCTjvh+H7udyZUaRbLRzNNaCDwULKIEWysFIh+0zcx8pmMzLRfrrhVdwG0TrycVCBHo1/+8gcxSQWVhnCsdc9zExNkWBlGOJ2V/FTTBJMxHtKepRILqoNscfQMXVhlgKJY2ZIGLdTfExkWWk9FaDsFNiO96s3F/7xeaqLbIGMySQ2VZLkoSjmyf84TQAOmKDF8agkmitlbERlhhYmxOZVsCN7qy+ukfVX1rqu1Zq1Sv8vjKMIZnMMleHADdXiABrSAwBM8wyu8ORPnxXl3PpatBSefOYU/cD5/AKMEkgc=</latexit>mQ ! 1

<latexit sha1_base64="vC5g8sDnwi5PCCy4U673FOL44mw=">AAACGnicbVDNS8MwHE39nPOr6tFLcAiCMNox1Isw9OJBYQP3AWspaZpuYUlbklQYZX+HF/8VLx4U8SZe/G9Mtx5080Hg5b3fI/k9P2FUKsv6NpaWV1bX1ksb5c2t7Z1dc2+/I+NUYNLGMYtFz0eSMBqRtqKKkV4iCOI+I11/dJ373QciJI2jezVOiMvRIKIhxUhpyTNt7t3BS8i9FjyFjo9E5tzqdIAm+T0UCGcOmwlZLR+beGbFqlpTwEViF6QCCjQ989MJYpxyEinMkJR920qUmyGhKGZkUnZSSRKER2hA+ppGiBPpZtPVJvBYKwEMY6FPpOBU/Z3IEJdyzH09yZEaynkvF//z+qkKL9yMRkmqSIRnD4UpgyqGeU8woIJgxcaaICyo/ivEQ6T7ULrNsi7Bnl95kXRqVfusWm/VK42roo4SOARH4ATY4Bw0wA1ogjbA4BE8g1fwZjwZL8a78TEbXTKKzAH4A+PrB4kCn2E=</latexit>

mM = mQ + ⇤̄+
�

2mQ

<latexit sha1_base64="EYcBHftVsXjGu+oOxQ+tN/z75vg="></latexit>

m2
D⇤ �m2

D = 0.55GeV2 m2
B⇤ �m2

B = 0.48GeV2

<latexit sha1_base64="lsLo7ZCKlQZEk37VfEIL/4wKlgU="></latexit>

+O

 
⇤3
QCD

m2
Q

!

Brown muck



Heavy meson decay form factors 

Isgur-Wise function
<latexit sha1_base64="bISiaElNclto5+9PGd1SmYHVUJc=">AAACDnicbZDLSsNAFIYn9VbrLerSzWAptlBKIkXdCEU3LivYCzShTCaTdujkwsykWkKfwI2v4saFIm5du/NtnLRZaOuBgY//P4cz53ciRoU0jG8tt7K6tr6R3yxsbe/s7un7B20RxhyTFg5ZyLsOEoTRgLQklYx0I06Q7zDScUbXqd8ZEy5oGNzJSURsHw0C6lGMpJL6esl6oOX7CryEKYxPoIXdUMJxpQqtaiqZyjP7etGoGbOCy2BmUARZNfv6l+WGOPZJIDFDQvRMI5J2grikmJFpwYoFiRAeoQHpKQyQT4SdzM6ZwpJSXOiFXL1Awpn6eyJBvhAT31GdPpJDseil4n9eL5behZ3QIIolCfB8kRczKEOYZgNdygmWbKIAYU7VXyEeIo6wVAkWVAjm4snL0D6tmWe1+m292LjK4siDI3AMysAE56ABbkATtAAGj+AZvII37Ul70d61j3lrTstmDsGf0j5/AKZOmLA=</latexit>

⇠(w) = ⇠(v0 · v), ⇠(1) = 1



D* and D are degenerate in heavy quark limit  

Heavy hadron chiral perturbation theory  (HHChiPt)
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vµ ⇠ (1,~0)

<latexit sha1_base64="CpCyn/uoesNvr0HDRn2EzEDSedE="></latexit>

Hv,a =
1 + /v

2
(/P ⇤

a � �5Pa)



NRQCD

Power counting: 
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E ⇠ mQv
2 p ⇠ mQv

2



n� 2S+1L(1,8)
J

double expansion in ↵s, v

CSM - lowest order in v

color-octet mechanisms

hO
J/ (3S[1]

1 )i ⇠ v3

hO
J/ (3S[8]

1 )i, hOJ/ (1S[8]
0 )i, hOJ/ (3P [8]

J )i ⇠ v7

�(gg ! J/ + X) =
X

n

�(gg ! cc̄(n) + X)hOJ/ (n)i

(Bodwin, Braaten, Lepage)

Non-Relativistic QCD (NRQCD) Factorization Formalism

NRQCD long-distance matrix element (LDME)



Two jet events in e+ e- collisions 

Final state particles: energetic partons collinear to jets, soft radiation

Many scales:
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Q,EJ ,mJ ,  jet substructure 

Soft-Collinear Effective Theory



Soft Collinear Effective Theory (SCET)

Multipole expand QCD fields onto fields w/ definite momentum scaling

�QCD = �n + �n̄ + �us + ...

Decouple fields at level of SCET Lagrangian using BPS field redefinition

Factorization: cross section written in terms of matrix elements of different fields

Match QCD currents onto operators composed of these field

Resummation: SCET RGE for each term in factorization theorem, 
logs minimized at one scale

Glauber Modes: forward scattering of opposite collinear modes, 

factorization violation, often neglected in SCET analyses

I. Z. Rothstein, I. W. Stewart, JHEP 1608 (2016) 025 



Soft Collinear Effective Theory (SCETI)

Q

Q�

Q�2

QQ�2Q�

n

n̄us

Hard

p�

p+

d�[e+e� ! 2 jets] = H ⇥ Jn ⌦ Jn̄ ⌦ S

(p+, p�, p?)

n ⇠ Q(1,�2,�)

n̄ ⇠ Q(�2, 1,�)

us ⇠ Q(�2,�2,�2)



Soft Collinear Effective Theory (SCETII)

Bn
g/p =

X

i

Jgi(z, pT )⌦ fi/p(z)

d�[pp ! H +X]

dp
2
T

= H ⇥ Bn
g/p(pT )⌦T Bn̄

g/p(pT )⌦T S(pT )

Q

Q�

Q�2

QQ�2Q�

n

n̄

Hard

p�

p+

(p+, p�, p?)

n ⇠ Q(1,�2,�)

n̄ ⇠ Q(�2, 1,�)

s ⇠ Q(�,�,�)



What is a Jet?

Collimated shower of energetic final state particles

3 jet  event at DESY 

evidence for gluonJets at CMS



boost invariant distance measures (hadron collider)

p = 1: kT algorithm
p = 0: Cambridge-Aachen
p = -1: anti-kT 

1) calculate dij, diB for all i,j
2) if dij smallest combine i and j, if diB smallest object is a jet and removed
3) repeat until every particle has been assigned to a jet 

sequential clustering algorithms  

cone algorithms  

more commonly used at e+ e- colliders

Jet Algorithms



M. Cacciari, G.P. Salam, G. Soyez, JHEP 0804:063,2008, arXiv:0802.1189



All jets characterized by:  !J
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- light cone momentum R
<latexit sha1_base64="nwn8X8dFDPvYj/plcQ+dT/pNzno=">AAAB3nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY8BL3pLxDwgCXF20psMmX0w0yuEkKsXES8KfpK/4N84eVySWDBQVNXQXe0nShpy3V8ns7G5tb2T3c3t7R8cHuWPT+omTrXAmohVrJs+N6hkhDWSpLCZaOShr7DhD++mfuMFtZFx9ESjBDsh70cykIKTlaqP3XzBLbozsHXiLUgBFqh08z/tXizSECMSihvT8tyEOmOuSQqFk1w7NZhwMeR9HM/Wm7ALK/VYEGv7ImIzdSnHQ2NGoW+TIaeBWfWm4n9eK6XgtjOWUZISRmI+KEgVo5hNu7Ke1ChIjSzhQku7IRMDrrkge5Gcre6tFl0n9VLRuyqWqteF8sPiCFk4g3O4BA9uoAz3UIEaCEB4g0/4cp6dV+fd+ZhHM87izykswfn+A6aRiIw=</latexit>

- jet radius 

can also study jet substructure - functions of jet constituents 

angularities

identified hadrons within jet 

or PT
<latexit sha1_base64="1kgmn4iB+LNWUWOtKSlJBVDUqDU=">AAAB4HicbVDLSgMxFL3xWeur6tJNsAiuykwVdFl047JiX9CWkkkzbWhmMiR3hFK6dyPiRsEv8hf8G9N2Nm09EDicc8K95waJkhY975dsbG5t7+zm9vL7B4dHx4WT04bVqeGizrXSphUwK5SMRR0lKtFKjGBRoEQzGD3M/OaLMFbquIbjRHQjNohlKDlDJz1Xe7VeoeiVvDnoOvEzUoQM1V7hp9PXPI1EjFwxa9u+l2B3wgxKrsQ030mtSBgfsYGYzBec0ksn9WmojXsx0rm6lGORteMocMmI4dCuejPxP6+dYnjXncg4SVHEfDEoTBVFTWdtaV8awVGNHWHcSLch5UNmGEd3k7yr7q8WXSeNcsm/LpWfboqV++wIOTiHC7gCH26hAo9QhTpwGMAbfMIXCcgreScfi+gGyf6cwRLI9x/0lIlK</latexit>

- transverse momentum



S.D. Ellis, et. al., JHEP 11 (2010) 101, arXiv:1001.0014



Applications:  Tcc, X(3872) as hadronic molecules+



Discovered 7/2021: +Tcc doubly charm tetraquark







HHChiPt plus contact terms for S-wave D*D scattering

S. Fleming, R. Hodges, TM, Phys. Rev. D. 104 (2021) 11, 116010, arXiv:2109.02188



T-Matrix for D*D scattering 

Tune interactions to produce pole at +Tcc



Decay Diagrams



Decay rate formulae  
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i⌃i(E)



Predictions for Decay Rate
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I = 0 : g0 = �g1
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I = 1 : g0 = g1

Other Predictions
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d�/dmDD vs. data



NLO Calculation for 
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X(3872) ! D0D̄0⇡0

rescattering effects
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⇡0D0, D̄0D0

L. Dai, F.-K. Guo, TM, Phys. Rev. D. 101 (2020) 5, 054024, arXiv:1912.04317 





Applications:  Quarkonia Production in Jets



Color-Singlet Model (pre-1995)

cc pair produced with same quantum numbers as J/ψ

�(pp! J/ + X) = fg/p ⌦ fg/p

⌦�[gg ! cc̄(3S(1)
1 ) + X] | cc̄(0)|2

Predictive Formalism
calculable in QCD perturbation theory �[gg ! cc̄(3S(1)

1 ) + X]
| cc̄(0)|2 fixed by �[J/ ! `+`�]

Suffers from theoretical inconsistencies when applied to �cJ

�[�cJ ! hadrons] = | 0
cc̄(0)|2 �(cc̄(3P (1)

J )! gg) Not IR Safe



J/ψ production at Tevatron (1996)  

CSM badly underpredicts J/ψ and ψ’ production at large pT

CSM (LO)
CSM 

(Fragmentation)

J/ψ ψ’



n� 2S+1L(1,8)
J

double expansion in ↵s, v

CSM - lowest order in v

color-octet mechanisms

hO
J/ (3S[1]

1 )i ⇠ v3

hO
J/ (3S[8]

1 )i, hOJ/ (1S[8]
0 )i, hOJ/ (3P [8]

J )i ⇠ v7

�(gg ! J/ + X) =
X

n

�(gg ! cc̄(n) + X)hOJ/ (n)i

Bodwin, Braaten, Lepage, PRD 51 (1995) 1125

Non-Relativistic QCD (NRQCD) Factorization Formalism

NRQCD long-distance matrix element (LDME)



fit to 194 data points, 26 data sets e+e�, ��, �p, pp̄, pp! J/ + X

Global Fits with NLO CSM + COM

Butenschoen and Kniehl, PRD 84 (2011) 051501



NLO: CSM + COM Required to Fit Data



extracted LDME satisfy NRQCD v-scaling

Status of NRQCD approach to J/ψ Production

NLO: COM + CSM required for most processes



Polarization of J/ψ at LHCb

LDME from 
Global fits

CSM



Polarization of ϒ(nS) at CMS



simultaneous NLO fit to CMS, ATLAS high pt production, polarization

Chao, et. al. PRL 108, 242004 (2012)

Recent Attempts to Resolve J/ψ Polarization Puzzle



Bodwin, et. al., PRL 113, 022001(2014)

ii) resum logs of pt/mc using DGLAP evolution

i) large pt production at CDF

iii) fit COME to pt spectrum, predict basically no polarization

Recent Attempts to Resolve J/ψ Polarization Puzzle

Extracted COME inconsistent with global fits

hO
J/ (1S(8)

0 )i = 0.099± 0.022 GeV3

hO
J/ (3S(8)

1 )i = 0.011± 0.010 GeV3

hO
J/ (3P (8)

0 )i = 0.011± 0.010 GeV5



Faccioli, et. al. PLB736 (2014) 98

Lourenco, et. al., NPA, in press

Recent Attempts to Resolve J/ψ Polarization Puzzle

argue for 1S0  dominance in both ψ(2S) & ϒ(3S) production (8) 



Fragmenting Jet Functions

jets with identified hadrons

M. Procura, I. Stewart, PRD 81 (2010) 074009

cross sections determined by fragmenting jet function (FJF):

A. Jain, M. Procura, W. Waalewijn, JHEP 1105 (2011) 035
 A. Procura, W. Waalewijn, PRD 85 (2012) 114041

R Jet Energy: E



inclusive hadron production: fragmentation functions

jet cross sections: jet functions

,

d�(E,R) =

Z
d�N tr[HNSN ]

Y

`

J`



cross section for jet w/ identified hadron from jet cross section

relationship to jet function:

d�

dE
=

Z
d�N tr[HNSN ]

Y

`

J`Ji(E,R, µ)

d�

dEdz
=

Z
d�N tr[HNSN ]

Y

`

J` Gh
i (E,R, z, µ)



relationship to fragmentation functions

matching coefficients calculable in perturbation theory 

sum rule for matching coefficients 

scale for



NRQCD fragmentation functions
 Braaten, Yuan, PRD 48 (1993) 4230
 Braaten, Chen,  PRD 54 (1996) 3216

Braaten, Fleming,  PRL 74 (1995) 3327

Perturbatively calculable at the scale 2mc

DGLAP evolution: 2mc to 2E tan(R/2) 



FJF in terms of fragmentation function

For large E,  FJF ~ NRQCD frag. function (at scale 2E 
tan(R/2)) 



(normalization arbitrary)

(gluon)

(c-quark)

NRQCD FF’s (at scale 2mc) 

Evolution to 2E tan(R/2) will soften discrepancies



FJF’s at Fixed Energy vs. z 
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FJF’s at Fixed z vs. Energy 

1S0  dominance predicts negative slope for z vs. E if z > 0.5(8) 

M. Baumgart, A. Leibovich, T.M., I. Z. Rothstein, JHEP 1411 (2014) 003



Recent Observations of Quarkonia within Jets
LHCb collaboration, Phys. Rev. Lett. 118 (2017) no.19, 192001

cuts:  2.5 < ⌘jet < 4.0 pT,jet > 20GeV p(µ) > 5GeV



Jets w/ Heavy Mesons: NLL' vs. Monte Carlo 

(w/ R. Bain, L. Dai,  A. Hornig,  A.Leibovich, Y. Makris) 

jet

B jet

JHEP 1606 (2016) 121 (arXiv:1601.05815)

This result was anticipated in:



Jets in SCET
S.D. Ellis, et.al., JHEP1011(2010) 101

unmeasured jets:

E, R

measured jets:

angularity:

d� = H ⇥ Jq ⌦ Jq̄ ⌦ Jg ⌦ S

d� = H ⇥ Jq ⌦ Jq̄ ⌦ GJ/ 
g ⌦ S



Jets Formula (NLL’)



Jets Formula (NLL’)

RGE evolution



Madgraph + PYTHIA 

Force Madgraph to create J/  from gluon initiated jet

PYTHIA:  parton shower, hadronization



NLL’ vs. Monte Carlo

fixed z, variable ⌧0

good agreement, some discrimination for large z



NLL’ FJF vs. Pythia
R. Bain, L. Dai, A. Hornig, A. K. Leibovich,Y. Makris, T. Mehen JHEP 1606 (2016) 121

�σ(τ�=������ �) �σ(τ�=������ �) �σ(τ�=������ �)

���(�)

��� ��� ��� ��� ��� ��� ��� ���

�

�

�

�

������
����

��� ��� ��� ��� ��� ��� ��� ���

�

�

�

�

��� ��� ��� ��� ��� ��� ��� ���

�

�

�

�

�

���(�)

��� ��� ��� ��� ��� ��� ��� ���

�

�

�

�

�

�

�

������
����

��� ��� ��� ��� ��� ��� ��� ���

�

�

�

�

�

�

�

��� ��� ��� ��� ��� ��� ��� ���

�

�

�

�

�

��(�)

��� ��� ��� ��� ��� ��� ��� ���
�

�

�

�

�

�

�

�

������
����

��� ��� ��� ��� ��� ��� ��� ���
�

�

�

�

�

��� ��� ��� ��� ��� ��� ��� ���
�

�

�

�

�

�

e+e- qqg
jet w/ J/ψ 

⌧0 = s/!2
ECM = 250GeV
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Pythia z distributions much harder than NLL’ calculations

Gluon fragments

J/ψ

2*Pqq splittings

Explaining difference between NLL’ vs Pythia

PYTHIA’s model for showering color-octet cc pairs: 

Gluon fragments

Physical picture of analytical calculation



Reggie Bain - Jets w/ Quarkonia 89

Madgraph 5

shower gluon with PYTHIA down to scale ~2mc, no hadronization 

e+e� ! b b̄ g

 convolve final state gluon distribution w/ NRQCD FFs

Arbitrary gluon 
fragments

PYTHIA + Convolution

Gluon Fragmentation Improved PYTHIA (GFIP)
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NLL’, PYTHIA, and GFIP



GFIP and Recent LHCb Observations
R. Bain, L. Dai, A. K. Leibovich, Y. Makris, T. Mehen, PRL 119 (2017) 3, 032002, arXiv:1702.5525

  generate events with hard c-quark , gluons

evolve shower to scale ~2mc

 2<η<4.5       
R=0.5         

pT,JET < 20 GeV
pµ < 5 GeV

LHCb: pp collisions                    cuts: 
p
s = 13TeV



convolve w/ NRQCD FF for c quarks, gluons ~2mc  

Use following three sets of LDMEs

LHCb data is normalized  so

compare 0.1 < z < 0.9

X

i

�z

✓
d�

�

◆

i

= �z

Butenschoen and Kniehl, PRD 84 (2011) 051501 global fits to world’s data 

Chao, et. al. PRL 108, 242004 (2012)
Bodwin, et. al., PRL 113, 022001(2014)

fits to high pT hadron collider data



FJF and Recent LHCb Observations

combine FJFs with hard events generated by Madgraph

NRQCD FFs evolved from 2mc to jet energy scale using DGLAP

factorization theorem with tree level hard function,
trivial soft function, no NLL’ resummation

FJF is only term in factorization dependent on z(J/𝜓)   



Results

z(J/ )

FJFs, GFIP consistent 

LDME from fits high pT agree with LHCb



Results

z(J/ )

LDME from global fits:
 poorer agreement with LHCb, better than PYTHIA



Future Measurements

polarization of J/ψ in jets  
Z.-B. Kang, .J.-W. Qiu, F. Ringer, H. Xing, H. Zhang, PRL 119 (2017)  032001 

absolute cross sections

alternative jet definitions, e.g., soft drop

pT dependent FJFs



Transverse Momentum Dependent FJFs 
R. Bain, Y. Makris, TM, JHEP 1611 (2016) 144 

R Jet Energy: E

jets with identified hadron:  hadron z, pT are both measured

phT

transverse momentum measured w/ rspt. to jet axis

jet axis ~ parton initiating jet if out of jet radiation is ultrasoft 

! � phT � ⇤ � ⇤QCD
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Application to Quarkonium Production 
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ln(f(x)) = g(x;C0, C1) s.t. g(x = 0) = C0

g2(x) = C0 exp(�C1x)

Application to Quarkonium Production 



Conclusions

LHCb data on              well-described by FJF, GFIP
improvement over default PYTHIA, consistent w/ NLL’ calculations

LDME extracted from high pT slightly preferred

z(J/ )

 measuring quarkonia within jets and using jet observables 
should provide insights into quarkonia production 

If 1S0  mechanism dominates high pT  production
FJF should have negative slope for z(E), for z > 0.5 

(8)

TMD FJFs:           discriminate between NRQCD mechanisms phT , ✓
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