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“Experiments with spin have killed more theories than any other 
single physical parameter” 

Elliot Leader, Spin in Particle Physics, Cambridge U. Press (2001) 

“Polarization data has often been the graveyard of fashionable 
theories. If theorists had their way they might well ban such 
measurements altogether out of self- protection” 

J. D. Bjorken, Proc. Adv. Research Workshop on QCD Hadronic Processes, St. Croix, Virgin 
Islands (1987). 



WHY SPIN?
Spin plays a critical role in 

determining the basic 
structure of fundamental 

interactions 

Spin is a fundamental 
degree of freedom 
originated from the 

space-time symmetry 

Spin provides a unique opportunity 
to probe the inner structure of a 
composite system (such as the 

proton) and hence to test our ability 
to understand the working of non-

perturbative QCD 

Test of a theory is not 
complete without a full 

exploration of spin-dependent 
decays and scatterings

3Xiangdong Ji, DIS08



SINGLE SPIN ASYMMETRIES
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Consider polarized proton - proton collisions

Count pions going to the right or to the left with respect to the 
spin direction

Midterm Review, Part I: Overview – Jianwei Qiu
 28


Challenge: the Sivers Effect

  Single Transverse Spin Asymmetry:


sp Left 

Right 

Theory (1978):

AN / ↵s

mq

pT
! 0

Kane, Pumplin, Repko, PRL, 1978!

Experiment (40 yrs)

AN As large as 40%


Sivers Effect:


"  Spin direction of colliding hadron

"  Motion direction of its confined partons


Quantum Correlation between


QCD:  Sign Change from SIDIS to Drell-Yan


D. Sivers, PRD41 (1990)83
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QCD had a very simple 
prediction

Kane, Pumplin, Repko (1978)
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Experiment proved this 
prediction wrong

Fermilab experiment E704 (1991)p
s ' 19 (GeV)
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CHALLENGE OF QCD: UNDERSTANDING SPIN ASYMMETRIES



Asymmetry survives with growing collision energy
RHIC: STAR, BRAHMS, PHENIX
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4 THE CONFINED MOTION OF PARTONS IN NU-
CLEONS  

 
A natural next step in the investigation of nu-

cleon structure is an expansion of our current 
picture of the nucleon by imaging the proton in 
both momentum and impact parameter space. 
From TMD parton distributions we can obtain an 
“image” of the proton in transverse as well as in 
longitudinal momentum space (2+1 dimensions).  
At the same time we need to further our under-
standing of color interactions and how they man-
ifest themselves in different processes. This has 
attracted renewed interest, both experimentally 

and theoretically, in transverse single spin 
asymmetries (SSA) in hadronic processes at high 
energies, which have a more than 30 year history. 
Measurements at RHIC have extended the obser-
vations from the fixed-target energy range to the 
collider regime, up to and including the highest 
center-of-mass energies to date in polarized p+p 
collisions. Figure 4-1 summarizes the measured 
asymmetries from different RHIC experiments as 
function of Feynman-x (xF ~ x1-x2). 

 

 
Figure 4-1: Transverse single spin asymmetry measurements for charged and neutral pions at different center-of-mass 
energies as function of Feynman-x. 
 

The surprisingly large asymmetries seen are 
nearly independent of  over a very wide 
range. To understand the observed SSAs one has 
to go beyond the conventional leading twist col-
linear parton picture in the hard processes. Two 
theoretical formalisms have been proposed to 
explain sizable SSAs in the QCD framework: 
These are transverse momentum dependent par-
ton distributions and fragmentation functions, 
such as the Sivers and Collins functions dis-
cussed below, and transverse-momentum inte-
grated (collinear) quark-gluon-quark correlations, 
which are twist-3 distributions in the initial state 
proton or in the fragmentation process. For many 
spin asymmetries, several of these functions can 
contribute and need to be disentangled to under-
stand the experimental observations in detail, in 
particular the dependence on pT measured in the 
final state.  The functions express a spin depend-
ence either in the initial state (such as the Sivers 

distribution or its Twist-3 analog, the Efremov-
Teryaev-Qui-Sterman (ETQS) function [21]) or 
in the final state (via the fragmentation of a po-
larized quarks, such as the Collins function). 

The Sivers function, , describes the corre-
lation of the parton transverse momentum with 
the transverse spin of the nucleon. A non-
vanishing  means that the transverse parton 
momentum distribution is azimuthally asymmet-
ric, with the nucleon spin providing a preferred 
transverse direction. The Sivers function, , is 
correlated with the ETQS functions, Tq,F, through 
the following relation: 
!!,! !, ! = − !!!! !! !

! !!!!! !, !!! |!"#"! [Eq. 4-1].  
In this sense, a measurement constraining the 

ETQS function indirectly also constrains the Siv-
ers function.  We will use this connection repeat-
edly in the following. 

s

f1T
⊥

f1T
⊥

f1T
⊥

“The RHIC SPIN Program: Achievements and Future Opportunities”, Aschenauer et al (15)

CHALLENGE OF QCD: UNDERSTANDING SPIN ASYMMETRIES
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FAILURE  
OF QCD?



BETTER  
UNDERSTANDING OF QCD!

QCD
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STRUCTURE OF THE NUCLEON



QCD FACTORIZATION IS THE KEY!
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p

h 
h
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e
P

k

Factorization Probe Structure Power corrections

k

We need a probe to “see” quarks and gluons

+O

✓
M2

Q2

◆
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HADRON’S PARTONIC STRUCTURE
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Collinear Parton Distribution Functions

P
k

fq/P (x)
longitudinal

Probability density to find a quark with a momentum fraction x

Hard probe resolves the particle nature of partons, but is not 
sensitive to hadron’s structure at ~fm distances.

xP



12see, e.g., C. Lorcé, B. Pasquini, M. Vanderhaeghen, JHEP 1105 (11)

Wigner distributions  
(Fourier transform of GTMDs = 
Generalized Transverse 
Momentum Distributions)

Transverse Momentum Dependent
Distributions TMDs  

Fourier transform  
of Generalized Parton Distributions
                          (GPDs)

PDFs Fourier transform  
of Form Factors

kT

xP
bT

kT

xP xP
bT

xP
bT



LIGHT FRONT COORDINATES
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Light front coordinates

Light front coordinates are a di↵erent foliation of spacetime.

x
± =

t ± zp
2

x? = (x, y) ⌧ = x
+ = time

t

z

t + z = 0

t � z = 0

Minkowski coordinates

x+x�

x+ � x� = 0

x+ + x� = 0

Light front coordinates

A. Freese (UW) EMT densities May 10, 2022 7 / 34
Minkowski coordinates Light front coordinates
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x± =
t± zp

2



INTERPRETATION OF DEEPLY VIRTUAL SCATTERING
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The proton moves almost
along + direction from  in time−∞

The active quark interacts with
the virtual photon and moves 
almost along — direction

Interpretation
of the process

The active quark and remnants 
fragment and produce hadrons 
that can be detected in experiment



INTERPRETATION OF DEEPLY VIRTUAL SCATTERING
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The proton moves almost
along + direction from  in time−∞

The active quark interacts with
the virtual photon

Interpretation
of the bilocal 
matrix element

The proton recombines in a 
proton with active quark shifted 
along — direction and moves
to  in time+∞
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kT

xP
bT

¯̃ (k?, z
�) =

Z
d2z?e

�iz?k?  ̄(z?, z
�)

<latexit sha1_base64="jpapfayA3yPtHgJzMdXc6URgBE4="></latexit><latexit sha1_base64="jpapfayA3yPtHgJzMdXc6URgBE4="></latexit><latexit sha1_base64="jpapfayA3yPtHgJzMdXc6URgBE4="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="wMKnyJS5AxzpnnLy2T9pknSBREQ="></latexit><latexit sha1_base64="wMKnyJS5AxzpnnLy2T9pknSBREQ="></latexit><latexit sha1_base64="6iepEgebLss/eQpL+77h7H9bo/g="></latexit><latexit sha1_base64="jpapfayA3yPtHgJzMdXc6URgBE4="></latexit><latexit sha1_base64="jpapfayA3yPtHgJzMdXc6URgBE4="></latexit><latexit sha1_base64="jpapfayA3yPtHgJzMdXc6URgBE4="></latexit><latexit sha1_base64="jpapfayA3yPtHgJzMdXc6URgBE4="></latexit><latexit sha1_base64="jpapfayA3yPtHgJzMdXc6URgBE4="></latexit><latexit sha1_base64="jpapfayA3yPtHgJzMdXc6URgBE4="></latexit>

Bilocal matrix element of quark fields

¯̃ (k?) ̃(l?) =

Z
d2z?d

2y?e
�i(z?k?�y?l?) ̄(z?) (y?)
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z?k? � y?l? =
1

2
(z? � y?)(k? + l?) +

1

2
(z? + y?)(k? � l?)
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The ‘average’ transverse momentum is Fourier conjugate to position difference (TMD)

The momentum transfer is Fourier conjugate to ‘average’ position (GPD)

3. Complete gauge invariant decomposition

The recent controversy mentioned in the introduction was centered around whether one can con-
struct a gauge invariant alternative to the Jaffe-Manohar decomposition [5–7, 15, 16]. I will not go
through the many discussions and confusions that took place, but simply show the final result in
terms of the angular momentum tensor. One can add a different surface term than in (5) and obtain

Mµνλquark-spin = −1
2
εµνλσψ̄γ5γσψ , (8)

Mµνλquark-orbit = ψ̄γµ(xνiDλ
pure − xλiDν

pure)ψ , (9)

Mµνλgluon-spin = Fµλa Aνaphys − Fµνa Aλa
phys , (10)

Mµνλgluon-orbit = −Fµαa
(
xν(Dλ

pureAphys
α )a − xλ(Dν

pureAphys
α )a

)
, (11)

where

Aµphys(x) = −
∫

dy−K(y− − x−)WxyF+µ(y−, (x)Wyx , (12)

and Dµpure ≡ Dµ − igAµphys. In (12),Wxy is the lightlike Wilson line from y− to x− and K(y−) is either
1
2ε(y

−), θ(y−) or −θ(−y−). In the light-cone gauge, Aµphys reduces to Aµ. It is important that the same
Aµphys is consistently used in (9)–(11). One can readily check that each of these terms is separately
gauge invariant. Note that (12) is my definition of Aµphys. Other people have proposed different choices
but they are not relevant to high energy experiment. (They do not feature the experimentally measured
∆G.) Although not obvious, (12) is in fact equivalent to the Bashinsky-Jaffe prescription [12]. My
representation in terms of the field strength tensor as in (12) is more manifestly gauge invariant and
convenient for further investigations (see below).

Taking the matrix elements of (8)–(11) with (12), I obtain (1), but now all the terms are gauge
invariant and well-defined. I shall refer to this as the complete decomposition.

4. Orbital angular momentum

In order to explain the difference between the canonical OAM Lq
can and the kinetic one Lq, I find

it instructive to use the Wigner distribution

W(x,(k,(b) =
∫

dz−d(z
2(2π)3

∫
d(∆

(2π)2 eixP+z−−i(k·(z〈P′S |ψ̄((b −(z/2)γ+ψ((b +(z/2)|PS 〉 . (13)

where ∆ = P′ − P. The gluon Wigner distribution can be similarly defined. Since the Wigner dis-
tribution carries information of both transverse momentum (k and impact parameter (b, it is natural to
define an OAM via [17]

Lz =

∫
dxd2(bd2(k((b × (k)zW(x,(b,(k) . (14)

Then the question is “Which OAM is this, canonical or kinetic?” In order to answer this question,
one has to carefully define the Wigner distribution (13). To ensure gauge invariance, a Wilson line
from (b−(z/2 to (b+(z/2 is needed. A natural choice from the viewpoint of parton physics is the staple-
shaped Wilson line that goes to light-cone infinity z− = ±∞ and then comes back. If one does this,
one obtains the canonical OAM Lq

can [8]. On the other hand, if one uses a straight Wilson line from

3■■■

010001-3JPS Conf. Proc. , 010001 (2017)13

Proceedings of the 14th International Conference on Meson-Nucleon Physics and the Structure of the Nucleon (MENU2016)
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DVCS SIDIS

ensures hard scale, pointlike interaction

momentum transfer can be varied 
independently 

Connection to 3D structure 

Drell-Yan frame

ensures hard scale, pointlike interaction

final hadron transverse momentum
can be varied independently 

Connection to 3D structure

     is the transverse separation of parton fields
 in configuration space 

P P 0

Q2

�

Q2
PhT

k?
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(a) (b)

(c) (d)

Figure 17. Tomographic scan of the nucleon via the momentum space quark density function
⇢1;q h"(x,kT ,ST , µ) defined in Eq. (4.7) at x = 0.1 and µ = 2 GeV. Panel (a) is for u quarks, panel
(b) is for d quark, panel (c) is for ū quark, and panel (d) is for s quark. The variation of color in the plot
is due to variation of replicas and illustrates the uncertainty of the extraction. The nucleon polarization
vector is along ŷ-direction. White cross indicates the position of the origin (0, 0) in order to highlight the
shift of the distributions along x̂-direction due to the Sivers function.

polarization, we introduce the momentum space quark density function

⇢1;q h"(x,kT ,ST , µ) = f1;q h(x, kT ; µ, µ
2) �

kTx

M
f
?
1T ;q h(x, kT ; µ, µ

2), (4.7)

where kT is a two-dimensional vector (kTx, kTy). This function reflects the TMD density of un-
polarized quark q in the spin-1/2 hadron totally polarized in ŷ-direction, ST = (Sx, Sy), where
Sx = 0, Sy = 1, compare to Eq. (4.2). In Fig. 17 we plot ⇢ at x = 0.1 and µ = 2 GeV. To present
the uncertainty in unpolarized and Sivers function, we randomly select one replica for each point of
a figure. Thus, the color fluctuation roughly reflects the uncertainty band of our extraction. The
presented pictures have a shift of the maximum in kTx, which is the influence of Sivers function that
introduces a dipole modulation of the momentum space quark densities. This shift corresponds to
the correlation of the Orbital Angular Momentum (OAM) of quarks and the nucleon’s spin. One
can see from Fig. 17 that u quark has a negative correlation and d quark has a positive correlation.
Without OAM of quarks, such a correlation and the Sivers function are zero, and thus we can

– 27 –
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f(x,~kT ) =

Z
d2~bT
(2⇡)2

ei
~kT ·~bT f̃(x,~bT )
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Fig. 24. x-dependence of 〈b2⊥〉 for quarks in the proton. The
data points correspond to the results obtained in this work
for B(x), as displayed in Fig. 21. They have been multiplied
by the correction factor B0

−/B in the x-range of the data, as
obtained from the black curve in Fig. 23. The total model un-
certainty originating from the red band for B(x) in Fig. 22,
and from the conversion of B0

− to B (using the black solid
curves in Fig. 23) is shown by the red band. The narrow purple
band shows the empirical result using the logarithmic ansatz
for B0

−(x) of Eqs. (36, 37) with the parameter aB0
−

determined

from the proton Dirac radius.

uncertainties associated to these assumptions are included
in our systematic error bars.

At this stage, we don’t carry out such study for the
axial charge radius because of the quite large error bars
that we obtained for H̃Im (Fig. 20), which make it dif-
ficult to extract a precise t-slope. Qualitatively, we can
nevertheless say that the t-slope is apparently quite flat
for H̃Im. This leads us to say that the axial charge of
the nucleon seems to be very concentrated, at least more
than the electric charge, in the core of the nucleon at the
currently probed ξ values.

Finally, we also provide a sketch of the information
which can be extracted from the CFF HRe of Eq. (2). For
this purpose we analyze this CFF using a fixed-t once-
subtracted dispersion relation, which can be written as:

HRe(ξ, t) = −∆(t) + P

∫ 1

0
dxH+(x, x, t)C

+(x, ξ),(38)

where ∆(t) is the subtraction constant, which is directly
related to the D-term form factor, see Ref. [9] for details.
One notices that the dispersive term, corresponding to
the second term on the rhs of Eq. (38), is in principle
calculable provided one has empirical information on the
CFF HIm over the whole x-range.

Fig. 25. Top panel: three-dimensional representation of the
function of Eq. (33) fitted to the data of Fig. 24, showing the
x-dependence of the proton’s transverse charge radius. Bottom
panel: artistic illustration of the corresponding rising quark
density and transverse extent as a function of x.

To illustrate the power of the dispersion relation, we
show an analysis in Fig. 26 showing the CFFs HIm (top
panels) and the CFFs HRe for three values of −t for which
CLAS data exist. We also show in the top panels two DD
GPD parameterizations which give a good description of
the CFF HRe data in the ξ-range of the CLAS data, but
differ in the ξ > 0.3 region, where no data exist at present.
The GPD parameterization we use exactly satisfies a sub-
tracted dispersion relation, and for the purpose of illus-
tration we set the a-priori-unknown subtraction constant
∆(t) equal to zero. The corresponding dispersive results
(second term of Eq. (38)) are shown on the bottom panel
of Fig. 26. We notice the importance of a large cover-
age in x when performing the dispersion integral, because
although the two GPD parameterizations are practically
coinciding for HIm in the ξ-range of the data, they show
a difference for HRe in the same ξ-range, which is due to
their differences in the large ξ region for HIm. We com-
pare our dispersive results for HRe with the direct extrac-
tion of the CFF HRe as performed in this work. Although
the current error bars on the direct extraction of HRe are
large due to systematics, we can observe that apart from
the lowest bin in −t, the trend of the ξ dependence which
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Many TMDs and GPDs cannot exist without OAM.

Examples: TMD Sivers function        and GPD E 
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Our understanding of the nucleon evolves:

Nucleon emerges as a strongly interacting, 

relativistic bound state of quarks and gluons

Nucleon 

Polarization

Quark 

Polarization

kT

xP
bTQuark TMDs

�[�+]
q h(x, b) = f1(x, b) + i✏µ⌫T bµs⌫Mf?1 (x, b)
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• There are eight TMD 
distributions in leading twist 

• TMD distributions provide a 
more detailed picture of the 
many body parton structure of 
the hadron 

• Interplay with the transverse 
momentum

Helicity

Sivers

Transversity

T

Kozinian-Mulders, 
“worm” gear

Kozinian-Mulders,“worm” gear

Unpolarized Boer-Mulders

Pretzelosity

TMDs GPDs

Quark TMDs

�[�+]
q h(x, b) = f1(x, b) + i✏µ⌫T bµs⌫Mf?1 (x, b)
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• There are eight TMD 
distributions in leading twist 

• TMD distributions provide a 
more detailed picture of the 
many body parton structure of 
the hadron 

• Interplay with the transverse 
momentum
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P
k

One large scale (Q) sensitive to particle nature of quark and 
gluons
One small scale (kT) sensitive to how QCD bounds partons and to 
the detailed structure at ~fm distances.

Transverse Momentum Dependent functions

fq/P (x, kT )

longitudinal & transverse

To study the physics of confined motion of quarks and gluons inside of 
the proton one needs a new type “hard probe” with two scales.

kT

xP
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TMDs are defined in terms of light-from correlator:
Cammarota, Gamberg, Kang, Miller, Pitonyak, Prokudin, Rogers, Sato Phys.Rev.D 102 (2020) 5, 05400 (2020)

where � = 2MNx/Q signals the twist-3 character of F cos�S

LT
(x, z). Notice that F

sin�S

UT
(x, z)

has no DIS counterpart due to time-reversal symmetry of strong interactions, and terms
suppressed by 1/Q2 are consequently neglected throughout this work including the twist-4
DIS structure function FL(x).

2.2 TMDs, FFs and structure functions

TMDs are defined in terms of light-front correlators
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where the Wilson lines W(0,1)W(1, ⇠) refer to the SIDIS process [37]. For a generic four-
vector a

µ we define the light-cone coordinates a
µ = (a+, a�, a?) with a

± = (a0 ± a
3)/

p
2.

The light-cone direction is singled out by the virtual-photon momentum and transverse
vectors like k? are perpendicular to it. In the virtual-photon–nucleon center-of-mass frame,
the nucleon and the partons inside it move in the (+)–lightcone direction, while the struck
quark and the produced hadron move in the (�)–light-cone direction. In the nucleon rest
frame the polarization vector is given by S = (0,ST , SL) with S

2
T
+ S

2
L
= 1.

The 8 leading-twist TMDs [3] are projected out from the correlator (2.10) as follows
(blue: T-even TMDs, red: T-odd TMDs; all TMDs depend on x, k?, renormalization scale
and carry a flavor index which we do not indicate for brevity):
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and the 16 subleading-twist TMDs [2, 5] are given by
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Individual twist- 2 functions are obtained using appropriate projectors:

where � = 2MNx/Q signals the twist-3 character of F cos�S

LT
(x, z). Notice that F

sin�S

UT
(x, z)

has no DIS counterpart due to time-reversal symmetry of strong interactions, and terms
suppressed by 1/Q2 are consequently neglected throughout this work including the twist-4
DIS structure function FL(x).

2.2 TMDs, FFs and structure functions
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where the Wilson lines W(0,1)W(1, ⇠) refer to the SIDIS process [37]. For a generic four-
vector a

µ we define the light-cone coordinates a
µ = (a+, a�, a?) with a

± = (a0 ± a
3)/
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The light-cone direction is singled out by the virtual-photon momentum and transverse
vectors like k? are perpendicular to it. In the virtual-photon–nucleon center-of-mass frame,
the nucleon and the partons inside it move in the (+)–lightcone direction, while the struck
quark and the produced hadron move in the (�)–light-cone direction. In the nucleon rest
frame the polarization vector is given by S = (0,ST , SL) with S
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and carry a flavor index which we do not indicate for brevity):
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wherewhere jk ⌘ (kj?k
k

?�
1
2 k

2
?�

jk). The indices j, k, l refer to the plane transverse with respect
to the light cone, ✏ij ⌘ ✏

�+ij and ✏
0123 = +1. Dirac structures not listed in (2.11a–2.11i)

are twist-4 [4]. Integrating out transverse momenta in the correlator (2.10) leads to the
“usual” PDFs known from collinear kinematics [17, 38], namely at twist-2 level

1

2
Tr


�
+ �(x)

�
= f1 , (2.12a)

1

2
Tr


�
+
�5 �(x)

�
= SL g1 , (2.12b)

1

2
Tr


i�

j+
�5 �(x)

�
= S

j

T
h1 , (2.12c)

and at twist-3 level

1

2
Tr


1 �(x)

�
=

MN

P+
e , (2.12d)

1

2
Tr


�
j
�5 �(x)

�
=

MN

P+
S
j

T
gT , (2.12e)

1

2
Tr


i�

+�
�5 �(x)

�
=

MN

P+
SL hL . (2.12f)

Other structures drop out either due to explicit k?–dependence, or due to the sum rules [5]
Z

d
2
k? f

a

T (x, k
2
?) =

Z
d
2
k? e

a

L(x, k
2
?) =

Z
d
2
k? h

a(x, k2?) = 0 (2.13)

imposed by time reversal constraints.
Fragmentation functions are defined through the following correlator [11] (where P?

denotes the transverse momentum of the produced hadrons acquired during the fragmen-
tation process with respect to the quark):

�(z,P?)ij =
X

X

Z
d⇠

+
d
2
⇠?

2z(2⇡)3
e
ip⇠

h0|W(1,⇠) i(⇠) |h,Xi hh,X| ̄j(0)W(0,1)|0i

�����
⇠
�=0

p
�=P

�
h
/z

p?=�P?/z

.

(2.14)
In this work we will consider only unpolarized final-state hadrons. If the produced hadron
moves fast in the (�) light-cone direction, the twist-2 FFs are projected out as

1

2
Tr[���(z,P?)] = D1 , (2.15a)

1

2
Tr[i�j��5�(z,P?)] = ✏

jk
P

k

?
zmh

H
?
1 , (2.15b)

and at twist-3 level

1

2
Tr


1 �(z,P?)

�
=

mh

P
�
h

E , (2.15c)
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blue: T-even TMDs, red: T-odd TMDs

Subscript “1” means twist-2 functions, “T/L” stand for transverse/longitudinal 
polarization of the nucleon. Upper-script  is used when there is a non- 
contracted index in .

⊥
ki

⊥

unpolarized quarks, f

longitudinally polarized quarks, g

transversely polarized quarks, h
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qT � QSmall scale Large scale

Semi-Inclusive DIS

electron 
p

h 

Drell-Yan Dihadron in e+e-

p p

h1 

h2 h
h1

h2e-

e- e-e+

� � fq/P (x, kT )fq/P (x, kT )

µ+

µ�

Q, qT

The confined motion (kT dependence) is encoded in TMDs

Collins, Soper (1983) 
Collins (2011)

Collins, Soper, Sterman (1985) 
Ji, Ma, Yuan (2004) 

Collins (2011)Meng, Olness, Soper (1992) 
Ji, Ma, Yuan (2005) 

Idilbi, Ji, Ma, Yuan (2004)  
Collins (2011)
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What factorization is appropriate in this case?

qT ' Q
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Challenge: the Sivers Effect

  Single Transverse Spin Asymmetry:


sp Left 

Right 

Theory (1978):

AN / ↵s

mq

pT
! 0

Kane, Pumplin, Repko, PRL, 1978!

Experiment (40 yrs)

AN As large as 40%


Sivers Effect:


"  Spin direction of colliding hadron

"  Motion direction of its confined partons


Quantum Correlation between


QCD:  Sign Change from SIDIS to Drell-Yan


D. Sivers, PRD41 (1990)83


Proton-proton scattering does not have two distinct scales

COLLINEAR TWIST-3 FACTORIZATION
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Multi-parton correlations (twist-3 functions) contribute to the 
cross section and are dominant for asymmetries in PP 
scattering

Qiu, Sterman (1991)

qT ' Q
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Multi-parton correlations (twist-3 functions) contribute to the 
cross section and are dominant for asymmetries in PP 
scattering

qT ' Q
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P, S

xP

(a) (b)

P, S

xP + kT

(c)

x1P

P, S

xP

Fig. 1. Feynman diagrams for (a) intrinsic, (b) kinematical, and (c) dynamical twist-3 PDFs.

We mention that various names, notations, and definitions for collinear twist-3 func-
tions are used in the literature, and we will follow those of Ref. 38. Note that certain
subsets of these correlators are also discussed in Refs. 19–23,27,29,30,32–37,39.

The full list of twist-3 functions (in the quark sector) is given in Table 1 for
both PDFs and FFs, categorized in terms of hadron polarization (U = unpolar-
ized, L = longitudinal, T = transverse). As seen in the table, we can organize the
functions into three groups: intrinsic, kinematical, and dynamical.38 First, the in-
trinsic functions are twist-3 Dirac projections of collinear quark-quark correlators
(see Figs. 1(a), 2(a)). Next, the kinematical functions are first (kT or p?) moments
of transverse momentum dependent (TMD) functions (see Figs. 1(b), 2(b)), defined
as

f
(1)(x) =

Z
d
2
kT

~k
2
T

2M2
f(x, k2

T
) , (3)

D
(1)(z) = z

2

Z
d
2
p?

~p
2
?

2M2
h

D(z, z2p2?) . (4)

Finally, the dynamical functions are quark-gluon-quark correlators (see Figs. 1(c),
2(c)), where the gluon field can either be written in terms of the field strength
tensor Fµ⌫ (so-called F-type functions) or the covariant derivative Dµ (so-called D-
type functions). We only list the F-type functions since the D-type can be written
in terms of them (see Appendix B.1). Note that both the intrinsic and kinematical
twist-3 functions depend on a single momentum fraction (x or z), whereas the
dynamical correlators depend of two (x, x1 or z, z1). We also mention that, while
the dynamical PDFs are purely real, the dynamical FFs are complex (due to the
lack of a time-reversal constraint), and we indicate their real and imaginary parts
by < and = superscripts, respectively. The wealth of functions shown in Table 1
demonstrates the rich structure inside of hadrons, which, as we will see, can be
probed through various transverse spin observables.
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Transverse spin observables within collinear factorization 5

Ph/z

Ph, Sh

(a) (b)

Ph, Sh

Ph/z + p?

(c)

Ph/z

Ph, Sh

Ph/z1

Fig. 2. Feynman diagrams for (a) intrinsic, (b) kinematical, and (c) dynamical twist-3 FFs.

3. AN in proton-proton collisions

3.1. p"p ! ⇡X

We consider SSAs in the single-inclusive production of pions from proton-proton
collision,

p(P, SP ) + p(P 0) ! ⇡(Ph) +X , (5)

where we have indicated the momenta and polarizations of the particles. We also
define the Mandelstam variables S, T, U as

S = (P + P
0)2 , T = (P � Ph)

2
, U = (P 0 � Ph)

2
. (6)

In this case, all three terms in Eq. (2) enter into the analysis. Specifically, one
receives twist-3 contributions from (a) the transversely polarized proton, (b) the
unpolarized proton, and (c) the (unpolarized) final-state pion. As we discussed in
Sec. 2, all of these pieces involve 2-parton and 3-parton correlation functions.

For (a), there are two types of terms that arise, a so-called soft-gluon pole (SGP)
term and a soft-fermion pole (SFP) term. These are so named because, since SSAs
are a näıve time-reversal odd (T-odd) e↵ect, one must pick up a pole in the hard
scattering. This pole causes the momentum fraction of either a gluon or quark in
the multi-parton correlator to vanish, which leads, respectively, to a SGP or SFP.
The SGP term was calculated in Refs. 19, 21 for qgq correlators and Ref. 36 for
tri-gluon (ggg) ones, while the SFP term was computed in Ref. 27.

For many years it was thought that the qgq SGP function FFT (x, x), called the
Qiu-Sterman (QS) function,g was the dominant source of AN in this reaction.19,21

gThere are several notations use in the literature for the QS function, e.g., TF (x, x) and GF (x, x).

quark distribution twist-3 function quark fragmentation twist-3 function
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• Triple-parton correlation (qqg) Qiiu-Sterman function:   

hard scattering + single-scattering correction
• Intermediate state can produce imaginary phase  

necessary for single-spin asymmetries
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TMDs and collinear PDFs and FFs are related via Operator 
Product Expansion in CSS formalism

Collins, Soper, Sterman (1985)

TMD and collinear twist-3 (CT3) formalisms are “unified” in 
intermediate region of qT

Ji, Qiu, Vogelsang, Yuan (2006)

TMD and twist-3 (CT3) functions are related by integral relations
Boer, Mulders, Pijlman (2003)

Qiu-Sterman matrix element The first kT moment of Sivers function

2

tities. One such relation is [64]

⇡FFT (x, x) =

Z
d
2~kT

k
2
T

2M2
f

?
1T

(x, k
2
T
) ⌘ f

?(1)
1T

(x) , (1)

where FFT (x, x) is the Qiu-Sterman CT3 matrix element,
and f

?(1)
1T

(x) is the first moment of the TMD Sivers func-
tion f

?
1T

(x, k
2
T
) [65, 66]. The dependence of this relation

on the energy scale is under further investigation since
TMDs and CT3 functions have different divergences that
make their evolution principally different. As mentioned,
here we use parton model identities and do not address
their validity beyond leading order [60–63]. We also em-
ploy a Gaussian parametrization for the transverse mo-
mentum dependence of all TMDs. This assumes that
most of the transverse momentum dependence is non-
perturbative and is thus related to intrinsic properties of
the colliding hadrons rather than to hard gluon radiation.

A central focus of TMD asymmetries has been on
the Sivers and Collins SSAs in SIDIS, A

sin(�h��S)
UT

⌘
A

Siv
SIDIS [67–72] and A

sin(�h+�S)
UT

⌘ A
Col
SIDIS [68–71, 73];

Sivers SSA in DY, A
Siv
DY, for W

±
/Z production ⌘

A
W/Z

N
[74] and for µ

+
µ

� production⌘A
sin �S

T,µ+µ� [75]; and
Collins SSA in SIA, A

Col
SIA [76–80]. The relevant TMDs

probed by these processes [35–40] are the transversity
TMD h1(x, k

2
T
) [81], the Sivers function f

?
1T

(x, k
2
T
) [65,

66], and Collins function H
?
1 (z, z

2
p
2
?) [82]. Each of

them can be written in terms of a collinear counter-
part using the OPE. The function h1(x, k

2
T
) is related

to the collinear (twist-2) transversity function h1(x) [83];
f

?
1T

(x, k
2
T
) to the Qiu-Sterman function FFT (x, x) [60];

and H
?
1 (z, z

2
p
2
?) to its first p?-moment [84],

H
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1 (z) ⌘ z

2

Z
d
2
~p?

p
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2M
2
h

H
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1 (z, z

2
p
2
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where Mh is the hadron mass and p? the parton trans-
verse momentum.

The same set of functions, h1(x), FFT (x, x), H
?(1)
1 (z),

that arise in the OPE of TMDs are also the non-
perturbative objects that drive the collinear SSA A

h

N
in

p
"
p ! h X [26, 28, 30–32]. In fact, in the CT3 frame-

work, the main cause of A
h

N
can be explained by the

coupling of h1(x) to H
?(1)
1 (z) and another multi-parton

correlator H̃(z) [56, 57]. The latter generates the PhT -
integrated SIDIS A

sin �S

UT
asymmetry by coupling with

h1(x) [38].
One can therefore argue that SSAs have a common

origin, namely, multi-parton correlations. We present,
for the first time, a phenomenological verification of this
assertion by simultaneously fitting A

Siv
SIDIS, A

Col
SIDIS, A

Siv
DY,

A
Col
SIA, and A

h

N
, and extracting the non-perturbative func-

tions h1(x), FFT (x, x), and H
?(1)
1 (z), along with the rel-

evant transverse momentum widths. (Ultimately, H̃(z)

was set to zero in our analysis, as will be explained in the
Methodology section.)

We further claim that such an analysis exhibits univer-
sal properties for the underlying partonic functions and
therefore operates as a consistency test on the validity
of the theoretical framework itself. In particular, a set
of necessary conditions for a universality test is as fol-
lows: 1) The system must be over-constrained. That is,
the number of equations relating partonic functions to
observables must be larger than the total number of par-
tonic functions. 2) Each function must appear at least
twice in such equations. 3) There must be reasonable
kinematical coverage between observables. These condi-
tions are satisfied in the present analysis, as summarized
in Table I. There is also considerable kinematical overlap
in x, z, and Q

2 between the observables. SIDIS covers a
region x . 0.3, 0.2 . z . 0.6, and 2 . Q

2 . 40 GeV
2.

SIA data has 0.2 . z . 0.8 and Q
2 ⇡ 13 GeV

2 or
110 GeV

2. For DY data, 0.1 . x . 0.35 and Q
2 ⇡

30 GeV
2 or (80 GeV)

2. Lastly, A
h

N
integrates from xmin

to 1 and zmin to 1, where 0.2 . (xmin, zmin) . 0.7, with
1 . Q

2 . 13 GeV
2.

Methodology. In order to perform our global analy-
sis, we must postulate a functional form for the non-
perturbative functions. Since we use the parton model re-
lations between CT3 and TMD functions, for the TMDs
we will employ a simple Gaussian parametrization for the
transverse momentum dependence. This is a standard
approach within the literature – see, e.g., Refs. [85–87].
The dependence of the TMDs on the parton longitudi-
nal momentum fraction is constructed from the collinear
functions that arise in the OPE.

This type of parametrization does not have the com-
plete features of TMD evolution, in particular the broad-
ening of the transverse momentum widths. However,
it was shown in Refs. [88, 89] that utilizing such a
parametrization gives results that are compatible with
full TMD evolution [84, 90–93]. In addition, asymme-
tries are ratios of cross sections where evolution effects
tend to cancel out [93].

For the unpolarized and transversity TMDs we have

f
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T
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) , (3)

where the generic function f
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iq
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hk2
T
iq
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#
. (4)

Using the relation ⇡FFT (x, x) = f
?(1)
1T

(x) [64], the Sivers
function reads

f
? q

1T
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2
T
) =

2M
2

hk2
T
iq
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⇡FFT (x, x) Gq

f
?
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2
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) . (5)

The transverse momentum widths hk2
T
iq

f
are in general

flavor dependent, and can be functions of x, although
here we assume there is no x dependence.
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Collins effect TMD fit

Anselmino, Boglione, Murgia (1999)Anselmino, Murgia (1998)

Sivers effect TMD fit
Figure 1: Fit of the data on AN for the process p↑p → πX [4], as obtained in Ref. [7],
assuming that only Sivers effect is active; the upper, middle, and lower sets of data and
curves refer respectively to π+, π0, and π−.
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Figure 2: Fit of the data on AN for the process p↑p → πX [4], as obtained in Ref. [3],
assuming that only Collins effect is active; the upper, middle, and lower sets of data and
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Fig. 2. – Left panel: The Collins contribution to AN(π0), compared with STAR data at two
fixed pion rapidities [12]. The shaded band is the statistical error band generated starting from
the 7-parameter optimal fit in the grid procedure. Right panel: same but this time with the
statistical error band generated starting from the scan procedure with 11 free parameters.

To fully assess the role of the Collins effect in AN for π0 at large xF for the STAR
kinematics, we then perform several further tests. Firstly we consider explicitly each of
the curves from the scan, isolating the set leading to the largest AN in the large xF region
and then evaluate the corresponding statistical error band. Our result is presented in
Fig. 2, left panel. Again, it appears that the Collins effect alone cannot account for the
large xF data. Secondly we repeat our scan procedure by starting from a preliminary
reference fit with 13 free parameters (i.e. allowing for a much larger flavour dependence),

NT
u , NT

d , αu, αd, βu, βd, N
C
fav, N

C
unf , γfav, γunf , δfav, δunf , Mh .(8)

We generate again the scan band with βu,d fixed (via 11 parameter fits) and then compute
the statistical error band of the “optimal” set in the scan (see Fig. 2, right panel). Also
in this case we cannot describe the full amount of the π0 STAR data.

Finally, if applied to the E704 results, the scan band, almost sufficient for the neutral
pion SSA, misses completely the AN data for charged pions at large xF .

Summarizing, based on SIDIS and e+e− data, the Collins effect alone seems to be
able to reproduce the available data on pion SSAs, only in the region xF ≤ 0.3. Above
that, the Collins effect is not sufficient and additional mechanisms are required, like, for
instance, the Sivers effect. A phenomenological study along this line is underway.
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– Orbital motion. Most TMDs would vanish in the ab-
sence of parton orbital angular momentum, and thus
enable us to quantify the amount of orbital motion.

– Spin-orbit correlations. Most TMDs and related ob-
servables are due to couplings of the transverse mo-
mentum of quarks with the spin of the nucleon (or
the quark). Spin-orbit correlations in QCD, akin to
those in hydrogen atoms and topological insulators,
can therefore be studied.

– Gauge invariance and universality. The origin of some
TMDs and related spin asymmetries, at the partonic
level, depend on fundamental properties of QCD, such
as its color gauge invariance. This leads to clear differ-
ences between TMDs in different processes, which can
be experimentally tested.

The “simplest” TMD is the unpolarized function
fq
1 (x, kT ), which describes, in a fast moving nucleon,

the probability of finding a quark carrying the longitu-
dinal momentum fraction x of the nucleon momentum,
and a transverse momentum kT = |kT |. It is related to
the collinear (“integrated”) PDF by

∫
d2kT fq

1 (x, kT ) =
fq
1 (x). In addition to fq

1 (x, kT ), there are two other TMDs:
gq
1L(x, kT ) and hq

1(x, kT ), whose integrals correspond to
the collinear PDFs: the longitudinal polarized structure
function discussed in the previous section and the quark
transversity distribution. The latter is related to the ten-
sor charge of the nucleon. These three distributions can
be regarded as a simple transverse-momentum extension
of the associated integrated quark distributions. More im-
portantly, the power and rich possibilities of the TMD
approach arise from the simple fact that kT is a vector,
which allows for various correlations with the other vectors
involved: the nucleon momentum P , the nucleon spin S,
and the parton spin (say a quark, sq). Accordingly, there
are eight independent TMD quark distributions as shown
in fig. 16. Apart from the straightforward extension of the
normal PDFs to the TMDs, there are five TMD quark
distributions, which are sensitive to the direction of kT ,
and will vanish with a simple kT integral.

Because of the correlations between the quark trans-
verse momentum and the nucleon spin, the TMDs natu-
rally provide important information on the dynamics of
partons in the transverse plane in momentum space, as
compared to the GPDs which describe the dynamics of
partons in the transverse plane in position space. Mea-
surements of the TMD quark distributions provide infor-
mation about the correlation between the quark orbital
angular momentum and the nucleon/quark spin because
they require wave function components with nonzero or-
bital angular momentum. Combining the wealth of infor-
mation from all of these functions could thus be invalu-
able for disentangling spin-orbit correlations in the nu-
cleon wave function, and providing important information
about the quark orbital angular momentum. One partic-
ular example is the quark Sivers function f⊥q

1T which de-
scribes the transverse-momentum distribution correlated
with the transverse polarization vector of the nucleon.
As a result, the quark distribution will be azimuthally
asymmetric in the transverse-momentum space in a trans-

Fig. 17. The density in the transverse-momentum plane for
unpolarized quarks with x = 0.1 in a nucleon polarized along
the ŷ direction. The anisotropy due to the proton polarization
is described by the Sivers function, for which the model of [79]
is used. The deep red (blue) indicates large negative (positive)
values for the Sivers function.

versely polarized nucleon. Figure 17 demonstrates the de-
formations of the up and down quark distributions. There
is strong evidence of the Sivers effect in the DIS experi-
ments observed by the HERMES, COMPASS, and JLab
Hall A collaborations [80–82]. An important aspect of the
Sivers functions that has been revealed theoretically in last
few years is the process dependence and the color gauge
invariance [83–86]. Together with the Boer-Mulders func-
tion, they are denoted as naive time-reversal odd (T -odd)
functions. In SIDIS, where a leading hadron is detected
in coincidence with the scattered lepton, the quark Sivers
function arises due to the exchange of (infinitely many)
gluons between the active struck quark and the remnants
of the target, which is referred to as final-state interaction
effects in DIS. On the other hand, for the Drell-Yan lep-
ton pair production process, it is due to the initial-state
interaction effects. As a consequence, the quark Sivers and
Boer-Mulders functions differ by a sign in these two pro-
cesses. This non-universality is a fundamental prediction
from the gauge invariance of QCD [84]. The experimental
check of this sign change is currently one of the outstand-
ing topics in hadronic physics, and Sivers functions from
the Drell-Yan process can be measured at RHIC.

2.3.2 Opportunities for measurements of TMDs at the EIC

To study the transverse-momentum–dependent parton
distributions in high-energy hadronic processes, an addi-
tional hard momentum scale is essential, besides the trans-
verse momentum, for proper interpretation of results. This
hard momentum scale needs to be much larger than the
transverse momentum. At the EIC, DIS processes natu-
rally provide a hard momentum scale: Q, the virtuality
of the photon. More importantly, the wide range of Q2

values presents a unique opportunity to systematically in-
vestigate the strong interaction dynamics associated with
the TMDs. Although there has been tremendous progress
in understanding TMDs, without a new lepton-hadron col-
lider, many aspects of TMDs will remain unexplored —or
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The tensor charge of the nucleon is one of its fundamental charges and is important 
for BSM studies (beta decay, EDM).  Processes sensitive to TMDs can play an 

important role in these efforts (Courtoy, et al. (2015); Yamanaka, et al. (2017), Liu, 
et al. (2018),…).  Lattice QCD has also calculated the tensor charges with great 
precision (Gupta, et al. (2018); Hasan, et al. (2019), Alexandrou, et. (2019),…).
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(a) (b)

(c) (d)

Figure 17. Tomographic scan of the nucleon via the momentum space quark density function
⇢1;q h"(x,kT ,ST , µ) defined in Eq. (4.7) at x = 0.1 and µ = 2 GeV. Panel (a) is for u quarks, panel
(b) is for d quark, panel (c) is for ū quark, and panel (d) is for s quark. The variation of color in the plot
is due to variation of replicas and illustrates the uncertainty of the extraction. The nucleon polarization
vector is along ŷ-direction. White cross indicates the position of the origin (0, 0) in order to highlight the
shift of the distributions along x̂-direction due to the Sivers function.

polarization, we introduce the momentum space quark density function

⇢1;q h"(x,kT ,ST , µ) = f1;q h(x, kT ; µ, µ
2) �

kTx

M
f
?
1T ;q h(x, kT ; µ, µ

2), (4.7)

where kT is a two-dimensional vector (kTx, kTy). This function reflects the TMD density of un-
polarized quark q in the spin-1/2 hadron totally polarized in ŷ-direction, ST = (Sx, Sy), where
Sx = 0, Sy = 1, compare to Eq. (4.2). In Fig. 17 we plot ⇢ at x = 0.1 and µ = 2 GeV. To present
the uncertainty in unpolarized and Sivers function, we randomly select one replica for each point of
a figure. Thus, the color fluctuation roughly reflects the uncertainty band of our extraction. The
presented pictures have a shift of the maximum in kTx, which is the influence of Sivers function that
introduces a dipole modulation of the momentum space quark densities. This shift corresponds to
the correlation of the Orbital Angular Momentum (OAM) of quarks and the nucleon’s spin. One
can see from Fig. 17 that u quark has a negative correlation and d quark has a positive correlation.
Without OAM of quarks, such a correlation and the Sivers function are zero, and thus we can
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TRANSVERSE SPIN ASYMMETRIES
Transverse Single Spin Asymmetries (SSAs) have been observed in a variety of processes
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2ĥ · ~pa? ĥ · ~pb? � ~pa? · ~pb?
MaMb

H
?
1 H̄

?
1

#



32

TRANSVERSE SPIN ASYMMETRIES
Transverse Single Spin Asymmetries (SSAs) have been observed in a variety of processes
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Challenge: the Sivers Effect
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QCD:  Sign Change from SIDIS to Drell-Yan
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AN in pp scattering is related to 
collinear twist-3 (CT3) factorization

d��(ST ) ⇠ HQS ⌦ f1 ⌦ FFT ⌦D1 + HF ⌦ f1 ⌦ h1 ⌦
⇣
H

?(1)
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quark-gluon-quark correlator
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3

Observable Reactions Non-Perturbative Function(s) �2
/Npts. Exp. Refs.

A
Siv
SIDIS e + (p, d)" ! e + (⇡+

,⇡
�
,⇡

0) + X f
?
1T (x, k2

T ) 150.0/126 = 1.19 [67, 68, 70]
A

Col
SIDIS e + (p, d)" ! e + (⇡+

,⇡
�
,⇡

0) + X h1(x, k
2
T ), H?

1 (z, z2
p
2
?) 111.3/126 = 0.88 [68, 70, 73]

A
Col
SIA e

+ + e
� ! ⇡

+
⇡

�(UC,UL) + X H
?
1 (z, z2

p
2
?) 154.5/176 = 0.88 [76–79]

A
Siv
DY ⇡

�+ p
" ! µ

+
µ

� + X f
?
1T (x, k2

T ) 5.96/12 = 0.50 [75]
A

Siv
DY p

" + p ! (W+
,W

�
, Z) + X f

?
1T (x, k2

T ) 31.8/17 = 1.87 [74]
A

h
N p

" + p ! (⇡+
,⇡

�
,⇡

0) + X h1(x), FFT (x, x) = 1
⇡ f

?(1)
1T (x), H?(1)

1 (z) 66.5/60 = 1.11 [7, 9, 10, 13]

TABLE I. Summary of the SSAs analyzed in our global fit. There are a total of 18 observables when one accounts for the
various initial and final states. This includes the “unlike-charged” (UC) and “unlike-like” (UL) pion combinations for A

Col
SIA.

For f
?
1T , h1 we have up and down quarks, while for H

?
1 we have favored and unfavored fragmentation. This gives a total of 6

non-perturbative functions. We also include �
2
/Npts. for each observable in our fit, where Npts. is the number of data points.

For the TMD FFs, the unpolarized function is
parametrized as

D
h/q

1 (z, z
2
p
2
?) = D

h/q

1 (z) Gh/q

D1
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?) , (6)

while the Collins FF reads
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?) , (7)

where we have explicitly written its z dependence in
terms of its first moment H

?(1)
1 h/q

(z) [84]. For f
q

1 (x) and
D

q

1(z) we use the leading order CJ15 [94] and DSS [95]
functions. The pion PDFs are taken from Ref. [96].

Note Eqs. (3), (5), (7) make clear that the underlying
non-perturbative functions, h1(x), FFT (x, x), H

?(1)
1 (z),

that drive the (TMD) SSAs A
Siv
SIDIS, A

Col
SIDIS, A

Siv
DY, and

A
Col
SIA, are the same collinear functions that enter the SSA

A
h

N
(along with H̃(z)). We generically parametrize these

collinear functions as

F
q
(x)=

Nq x
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bq (1 + �q x
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(8)
where F

q
= h

q

1, ⇡F
q

FT
, H

?(1)
1 h/q

(with x ! z for the Collins
function), and B is the Euler beta function. In the
course of our analysis, we found that H̃(z) was consistent
with zero within error bands. Moreover, if one considers
the relative error of the moment F

(1) ⌘
R 1
0 dx xF (x) of

the various functions in our fit, h1(x), ⇡FFT (x, x), and
H

?(1)
1 (z) all have �F

(1)
/F

(1) . 1.5, whereas for H̃(z),
�F

(1)
/F

(1) � 1.5. This indicates that there is no signifi-
cant signal for H̃(z) from A

h

N
data alone, and the func-

tion simply emerges as noise in our fit. Therefore, data
on the aforementioned (PhT -integrated) A

sin �S

UT
asymme-

try in SIDIS is needed to properly constrain H̃(z). For
now, we set H̃(z) to zero, which is consistent with pre-
liminary data from HERMES [97] and COMPASS [98]
showing a small A

sin �S

UT
.

For the collinear PDFs h
q

1(x) and ⇡F
q

FT
(x, x), we only

allow q = u, d and set anti-quark functions to zero. For
both functions we also set bu = bd. For the collinear
FF H

?(1)
1 h/q

(z), we allow for favored (fav) and unfavored

(unf) parameters. We also found that the set of pa-
rameters {�, ↵, �} is needed only for H

?(1)
1 h/q

(z), due to
the fact that the data for A

Col
SIA has a different shape at

smaller versus larger z. Since those data (and the ones
for A

Col
SIDIS) are at z & 0.2, we set ↵fav = ↵unf = 0,

similar to what has been done in fits of unpolarized
collinear FFs [95]. This gives us a total of 20 param-
eters for the collinear functions. There are also 4 pa-
rameters for the transverse momentum widths associated
with h1, f

?
1T

, and H
?
1 : hk2

T
iu

f
?
1T

= hk2
T
id

f
?
1T

⌘ hk2
T
i
f

?
1T

;

hk2
T
iu

h1
= hk2

T
id

h1
⌘ hk2

T
ih1 ; hp2

?ifav

H
?
1

and hp2
?iunf

H
?
1

.
We simultaneously extract unpolarized TMD widths

by including HERMES pion and kaon multiplicities [99]
in our fit, which involves 6 more parameters associated
with the valence and sea unpolarized PDF widths, and fa-
vored and unfavored unpolarized FF widths for pions and
for kaons: hk2

T
ival

f1
, hk2

T
isea

f1
, hp2

?ifav

D
{⇡,K}
1

, hp2
?iunf

D
{⇡,K}
1

. The
pion PDF widths are taken to be the same as those for
the proton. We include normalization parameters for each
data set that vary within the quoted experimental nor-
malization uncertainties. This results in an additional 77
“nuisance” parameters.

We use Bayesian inference in order to sample the pos-
terior distribution for all parameters. Due to the large
dimensionality of the parameter space, we use the multi-
step strategy in the Monte Carlo framework developed
in Ref. [100]. Our partonic distributions are inferred
from about 1000 Monte Carlo samples drawn from the
Bayesian posterior distribution.

We also implement a DGLAP-type evolution of
the collinear functions analogous to Ref. [101], where
a double-logarithmic Q

2-dependent term is explicitly
added to the parameters. Note that the transverse mo-
mentum widths do not vary with Q

2. We leave a more
rigorous treatment of the complete TMD and CT3 evo-
lution for future work.
Phenomenological Results. Using the above method-
ology, we fit SSA data from HERMES [67, 73], COM-
PASS [68, 70, 75], Belle [76], BaBar [77, 78], BESIII [79],
BRAHMS [9], and STAR [7, 10, 13, 74]. For A

Siv
SIDIS,

A
Col
SIDIS, A

Col
SIA, and A

h

N
, we focus on pion production data,

while for A
Siv
DY we use both the µ

+
µ

� pair production data

18 observables and 6 non-perturbative functions (Sivers up/down; 
transversity up/down; Collins favored/unfavored)

Broad kinematical coverage to test universality
The analysis is performed at parton level leading order, gaussian model is 
used for TMDs, and DGLAP-type evolution is implemented  

Jefferson Lab Angular Momentum Collaboration  
https://www.jlab.org/theory/jam

h1(x), FFT (x, x),H
?(1)
1 (z), H̃(z)
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3

Observable Reactions NP Function(s) Npts. �2
Exp. Refs.

A
Siv
SIDIS e + (p, d)" ! (⇡+

,⇡
�) + X f

?
1T 88 ... [67, 68]

A
Col
SIDIS e + (p, d)" ! (⇡+

,⇡
�
,⇡

0) + X h1, H
?
1 126 ... [68–70]

A
Col
SIA e

+ + e
� ! ⇡

+
⇡
�(UC,UL) + X H

?
1 176 ... [71–74]

A
Siv
DY ⇡

� + p
" ! µ

+
µ
� + X f

?
1T 12 ... [75]

A
Siv
DY p

" + p ! (W+
,W

�
, Z) + X f

?
1T 17 ... [76]

AN p
" + p ! (⇡+

,⇡
�
,⇡

0) + X h1, FFT (= 1
⇡ f

?(1)
1T ), H?(1)

1 , H̃ 60 ... [7, 9, 10, 13]

TABLE I. Summary of the SSAs analyzed in our global fit. There are in total 18 observables when one accounts for the various
initial and final states. This includes the “unlike-charged” (UC) and “unlike-like” (UL) combiniations for A

Col
SIA. For f

?
1T , h1 we

have functions for u and d quarks, while for H
?
1 , H̃ we have functions for favored and unfavored fragmentation. This gives a

total of 8 non-perturbative (NP) functions. We also include the total number of data points Npts. and �
2 for each observable.

order to test universality. SIDIS (after certain data cuts)
covers a region x . 0.6, 0.2 . z . 0.6, and 2 . Q

2 .
40 GeV2. SIA data has 0.2 . z . 0.8 and Q

2 ⇡ 13 GeV2

or 110 GeV2. For DY data, 0.1 . x . 0.35 and Q
2 ⇡

30 GeV2 or (80 GeV)2. Lastly, AN integrates from xmin

to 1 and zmin to 1, where 0.2 . (xmin, zmin) . 0.7, with
1 . Q

2 . 13 GeV2. So within this restricted range we
can strictly test universality.
Methodology. In order to perform our global analysis
of SSAs, we must postulate a functional form for the non-
perturbative functions. Since we do not want to over-
complicate our analysis, and owing to the fact that we
use the lowest order relations between CT3 and TMD
functions, for the TMDs we will employ a Gaussian for
the transverse momentum dependence and only use a
DGLAP-type evolution in Q

2 for the collinear factors.
This is a standard approach within the literature – see,
e.g., Refs. [77–79]. The dependence of the TMDs on the
parton longitudinal momentum fraction is constructed
from the collinear functions that arise in the OPE.

The type of parameterization just outlined does not
have the complete features of TMD evolution, in partic-
ular the broadening of the widths of the TMDs. However,
it was shown that analyses [80, 81] utilizing this param-
eterization are compatible with results using full TMD
evolution [62, 82–84]. In addition, asymmetries are ra-
tios of cross sections and in such ratios evolution effects
may mostly cancel out [84].

For the unpolarized and transversity TMDs we have

f
q(x, kT ) = f

q(x) Gq

f
(k2

T
) , (1)

where the generic function f
q = f

q

1 or h
q

1, and

Gq

f
(k2

T
) =

1

⇡hk2
T
iq

f

exp

"
� k

2
T

hk2
T
iq

f

#
. (2)

The Sivers function reads

f
? q

1T
(x, kT ) =

2M
2

hk2
T
iq

f
?
1T

⇡FFT (x, x) Gq

f
?
1T

(k2
T
) , (3)

where we have used the fact that ⇡FFT (x, x) =

f
?(1)
1T

(x) [56]. The transverse widths hk2
T
iq

f
are in general

flavor dependent, and can be functions of x, although
here we assume there is no x dependence.

For the TMD FFs, the unpolarized function is param-
eterized as

D
h/q

1 (z, p
2
?) = D

h/q

1 (z) Gh/q

D1
(p2

?) , (4)

while the Collins FF reads

H
?h/q

1 (z, zp?) =
2z

2
M

2
h

hp2
?ih/q

H
?
1

H
?(1)
1 h/q

(z) Gh/q

H
?
1

(z2
p
2
?) , (5)

where we have explicitly written its z dependence in
terms of its first moment H

?(1)
1 h/q

(z) [62]. The p
2
? depen-

dence of the functions Gh/q

D1
and Gh/q

H
?
1

is in analogy with
(2), with the width hp2

?ih/q likewise independent of z. For
f

q

1 (x) and D
q

1(z) we use the leading order CJ15 [85] and
DSS [86] functions, respectively. The pion PDFs (needed
for the DY data from COMPASS) are taken from [CITE].

Note Eqs. (1), (3), (5) make fully manifest that the
underlying non-perturbative objects, h1(x), FFT (x, x),
H

?(1)
1 (z), that drive the (TMD) SSAs A

Siv
SIDIS, A

Col
SIDIS,

A
Siv
DY, and A

Col
SIA, are the same collinear functions that en-

ter the (twist-3) SSA AN (along with H̃(z)). We generi-
cally parameterize these collinear functions as

F
q(x) =

Nq x
aq (1 � x)bq (1 + �q x

↵q (1 � x)�q )

B[aq+2, bq+1] + �qB[aq+↵q+2, bq+�q+1]
,

(6)
where F

q = h
q

1, F
q

FT
, H

?(1)
1 h/q

, H̃
h/q (with x ! z for the

latter two functions).
For the collinear PDFs h

q

1(x) and F
q

FT
(x, x), we only

allow q = u, d and set anti-quark functions to zero. For
both functions we also set bu = bd. For the collinear
FFs H

?(1)
1 h/q

(z) and H̃
h/q(z), we allow for favored (fav)

⇡
+
/u = ⇡

+
/d̄ and unfavored (unf) ⇡

+
/d = ⇡

+
/ū =

⇡
+
/s = ⇡

+
/s̄ parameters and use charge conjugation to

fix the ⇡
�

/q parameters. The ⇡
0 FFs are set to be the

average of the ⇡
+ and ⇡

� functions.
In the course of our analysis, we found that H̃(z) was

consistent with zero within error bands. Moreover, the
relative error was over 200% (or much larger in some re-
gions of z), indicating that the extracted function was
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The relevant set of TMD functions to extract

transversity

Sivers function

Collins function

Gf (k
2
T ) =

1

⇡hk2T if
e
� k2

T
hk2

T
if
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f?
1T (x, kT ) =

2M2

hk2T if?
1T

⇡FFT (x, x)Gf?
1T
(k2T )
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H
?
1 (z, zpT ) =

2z2M2

hp2
T
i
H

?
1

H
?(1)
1 (z)G

H
?
1
(z2p2

T
)
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Transversity
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Sivers 

h1(x)

<latexit sha1_base64="Srm9hUoZnG+hNes/Ngchl+VnGjk=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquLOix6MVjBfsB7VKyabaNzSZLkhXL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHLS1TRWiTSC5VJ8SaciZo0zDDaSdRFMchp+1wfDPz249UaSbFvZkkNIjxULCIEWys1Br1verTeb9ccWvuHGiVeDmpQI5Gv/zVG0iSxlQYwrHWXc9NTJBhZRjhdFrqpZommIzxkHYtFTimOsjm107RmVUGKJLKljBorv6eyHCs9SQObWeMzUgvezPxP6+bmugqyJhIUkMFWSyKUo6MRLPX0YApSgyfWIKJYvZWREZYYWJsQCUbgrf88ippXdQ8v+bf+ZX6dR5HEU7gFKrgwSXU4RYa0AQCD/AMr/DmSOfFeXc+Fq0FJ585hj9wPn8AmLeOfg==</latexit>

H
?(1)
1 (z)

<latexit sha1_base64="+JKpJ3Fss+4i6ZrRfrMfi7IroZU=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovQbkoiBV0W3XRZwT6gjWEynbRDJ5NhZiLWkF9x40IRt/6IO//GaZuFth64cDjnXu69JxCMKu0431ZhY3Nre6e4W9rbPzg8so/LXRUnEpMOjlks+wFShFFOOppqRvpCEhQFjPSC6c3c7z0QqWjM7/RMEC9CY05DipE2km+XW757nw4FkQJW3VpWfar5dsWpOwvAdeLmpAJytH37aziKcRIRrjFDSg1cR2gvRVJTzEhWGiaKCISnaEwGhnIUEeWli9szeG6UEQxjaYpruFB/T6QoUmoWBaYzQnqiVr25+J83SHR45aWUi0QTjpeLwoRBHcN5EHBEJcGazQxBWFJzK8QTJBHWJq6SCcFdfXmddC/qbqPeuG1Umtd5HEVwCs5AFbjgEjRBC7RBB2DwCJ7BK3izMuvFerc+lq0FK585AX9gff4A7nqTFA==</latexit>

f?(1)
1T (x)

<latexit sha1_base64="0B+x8VuNAYJ7Ts0a/yvCJ0uRR2g=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1iEdlMSKeiy6MZlhb6gjWEynbRDJ5NhZiKWEPBX3LhQxK3f4c6/cdpmoa0HLhzOuZd77wkEo0o7zrdVWFvf2Nwqbpd2dvf2D+zDo46KE4lJG8cslr0AKcIoJ21NNSM9IQmKAka6weRm5ncfiFQ05i09FcSL0IjTkGKkjeTbJ6Gfuq3sPh0IIgWsuNWs8lj17bJTc+aAq8TNSRnkaPr212AY4yQiXGOGlOq7jtBeiqSmmJGsNEgUEQhP0Ij0DeUoIspL5+dn8NwoQxjG0hTXcK7+nkhRpNQ0CkxnhPRYLXsz8T+vn+jwykspF4kmHC8WhQmDOoazLOCQSoI1mxqCsKTmVojHSCKsTWIlE4K7/PIq6VzU3HqtflcvN67zOIrgFJyBCnDBJWiAW9AEbYBBCp7BK3iznqwX6936WLQWrHzmGPyB9fkDmaKUmg==</latexit>

4

0.2 0.4 0.6 0.8 x
0.0

0.2

0.4

x
h

1
(x

) u

0.2 0.4 0.6 0.8 x

0.0

�0.1

�0.2 d

0.2 0.4 0.6 x

0.00

�0.02

�0.04

x
f

�
(1

)
1
T

(x
)

u

JAM20

0.2 0.4 0.6 x0.00

0.02

0.04

d

Echevarria et al ‘14

Anselmino et al ‘17

0.4 0.6 0.8 z

0.1

0.2

0.3

z
H

�
(1

)
1

(z
)

fav

Anselmino et al ‘13

Anselmino et al ‘15

Kang et al ‘15

0.4 0.6 0.8 z

0.0

�0.4

unf

Radici, Bacchetta ‘18

Benel et al ‘19

D�Alesio et al ‘20

FIG. 1. The extracted functions h1(x), f
?(1)
1T (x), and

H
?(1)
1 (z) at Q

2 = 4 GeV2 from our (JAM20) global analy-
sis (red solid curves with 1-� CL error bands). The functions
from other groups [84, 87–89, 92, 102–104] are also shown.

from COMPASS and the weak gauge boson production
data from STAR. For A

Col
SIA we have only included the so-

called A0 asymmetry since this observable has a TMD
factorization theorem. We only include A

⇡

N
data with

PhT > 1 GeV in order to stay within the regime where
the CT3 formalism is applicable. Similarly, we do not
include low-energy SSA data from JLab due to concerns
about the pion production mechanism at relatively low
energies [105–107]. The standard cuts [108] of 0.2 < z <

0.6, Q
2

> 1.63 GeV
2
, and 0.2 < PhT < 0.9 GeV have

been applied to all SIDIS data sets, giving us a total of
517 SSA data points in the fit along with 807 HERMES
multiplicity [99] data points.

The extracted functions [109] and their comparison
to other groups are shown in Fig. 1. We obtain a
good agreement between theory and experiment, as illus-
trated in Figs. 2–4. Specifically we find (�

2
/Npts.)SSA =

520/517 = 1.01 for SSA data alone, and �
2
/Npts. =

1373/1324 = 1.04 for all data, including HERMES mul-
tiplicities.

FIG. 2. Theory compared to experiment for A
Col
SIA.

FIG. 3. Theory compared to experiment for A
Col/Siv
SIDIS .

FIG. 4. Theory compared to experiment for A
⇡
N and A

Siv
DY.

Figure 5 gives our extracted tensor charges of the nu-
cleon. The individual flavor charges �q ⌘

R 1
0 dx [h

q

1(x) �
h

q̄

1(x)] are shown along with the isovector combination
gT ⌘ �u � �d. We compare our results to those from lat-
tice computations at the physical point [110–112], other
phenomenological extractions [84, 87, 102–104, 113, 114],
and a calculation using Dyson-Schwinger equations [115].
One clearly notices the strong impact of including more
SSA data sets in our fit, which highlights the importance
of carrying out a simultaneous extraction of partonic
functions in a global analysis. In going from SIDIS !
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from COMPASS and the weak gauge boson production
data from STAR. For A
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SIA we have only included the so-

called A0 asymmetry since this observable has a TMD
factorization theorem. We only include A
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data with

PhT > 1 GeV in order to stay within the regime where
the CT3 formalism is applicable. Similarly, we do not
include low-energy SSA data from JLab due to concerns
about the pion production mechanism at relatively low
energies [105–107]. The standard cuts [108] of 0.2 < z <

0.6, Q
2

> 1.63 GeV
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, and 0.2 < PhT < 0.9 GeV have

been applied to all SIDIS data sets, giving us a total of
517 SSA data points in the fit along with 807 HERMES
multiplicity [99] data points.

The extracted functions [109] and their comparison
to other groups are shown in Fig. 1. We obtain a
good agreement between theory and experiment, as illus-
trated in Figs. 2–4. Specifically we find (�
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520/517 = 1.01 for SSA data alone, and �
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Figure 5 gives our extracted tensor charges of the nu-
cleon. The individual flavor charges �q ⌘

R 1
0 dx [h

q

1(x) �
h

q̄

1(x)] are shown along with the isovector combination
gT ⌘ �u � �d. We compare our results to those from lat-
tice computations at the physical point [110–112], other
phenomenological extractions [84, 87, 102–104, 113, 114],
and a calculation using Dyson-Schwinger equations [115].
One clearly notices the strong impact of including more
SSA data sets in our fit, which highlights the importance
of carrying out a simultaneous extraction of partonic
functions in a global analysis. In going from SIDIS !
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FIG. 1. The extracted functions h1(x), f
?(1)
1T (x), and

H
?(1)
1 (z) at Q

2 = 4 GeV2 from our (JAM20) global analy-
sis (red solid curves with 1-� CL error bands). The functions
from other groups [84, 87–89, 92, 102–104] are also shown.

from COMPASS and the weak gauge boson production
data from STAR. For A

Col
SIA we have only included the so-

called A0 asymmetry since this observable has a TMD
factorization theorem. We only include A

⇡

N
data with

PhT > 1 GeV in order to stay within the regime where
the CT3 formalism is applicable. Similarly, we do not
include low-energy SSA data from JLab due to concerns
about the pion production mechanism at relatively low
energies [105–107]. The standard cuts [108] of 0.2 < z <

0.6, Q
2

> 1.63 GeV
2
, and 0.2 < PhT < 0.9 GeV have

been applied to all SIDIS data sets, giving us a total of
517 SSA data points in the fit along with 807 HERMES
multiplicity [99] data points.

The extracted functions [109] and their comparison
to other groups are shown in Fig. 1. We obtain a
good agreement between theory and experiment, as illus-
trated in Figs. 2–4. Specifically we find (�

2
/Npts.)SSA =

520/517 = 1.01 for SSA data alone, and �
2
/Npts. =

1373/1324 = 1.04 for all data, including HERMES mul-
tiplicities.
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FIG. 2. Theory compared to experiment for A
Col
SIA.

FIG. 3. Theory compared to experiment for A
Col/Siv
SIDIS .

FIG. 4. Theory compared to experiment for A
⇡
N and A

Siv
DY.

Figure 5 gives our extracted tensor charges of the nu-
cleon. The individual flavor charges �q ⌘

R 1
0 dx [h

q

1(x) �
h

q̄

1(x)] are shown along with the isovector combination
gT ⌘ �u � �d. We compare our results to those from lat-
tice computations at the physical point [110–112], other
phenomenological extractions [84, 87, 102–104, 113, 114],
and a calculation using Dyson-Schwinger equations [115].
One clearly notices the strong impact of including more
SSA data sets in our fit, which highlights the importance
of carrying out a simultaneous extraction of partonic
functions in a global analysis. In going from SIDIS !

Cammarota, Gamberg, Kang, Miller, Pitonyak, Prokudin, Rogers, Sato Phys.Rev.D 102 (2020) 5, 05400 (2020)
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FIG. 1. The extracted functions h1(x), f
?(1)
1T (x), and

H
?(1)
1 (z) at Q

2 = 4 GeV2 from our (JAM20) global analy-
sis (red solid curves with 1-� CL error bands). The functions
from other groups [84, 87–89, 92, 102–104] are also shown.

from COMPASS and the weak gauge boson production
data from STAR. For A

Col
SIA we have only included the so-

called A0 asymmetry since this observable has a TMD
factorization theorem. We only include A

⇡

N
data with

PhT > 1 GeV in order to stay within the regime where
the CT3 formalism is applicable. Similarly, we do not
include low-energy SSA data from JLab due to concerns
about the pion production mechanism at relatively low
energies [105–107]. The standard cuts [108] of 0.2 < z <

0.6, Q
2

> 1.63 GeV
2
, and 0.2 < PhT < 0.9 GeV have

been applied to all SIDIS data sets, giving us a total of
517 SSA data points in the fit along with 807 HERMES
multiplicity [99] data points.

The extracted functions [109] and their comparison
to other groups are shown in Fig. 1. We obtain a
good agreement between theory and experiment, as illus-
trated in Figs. 2–4. Specifically we find (�

2
/Npts.)SSA =

520/517 = 1.01 for SSA data alone, and �
2
/Npts. =

1373/1324 = 1.04 for all data, including HERMES mul-
tiplicities.

FIG. 2. Theory compared to experiment for A
Col
SIA.

FIG. 3. Theory compared to experiment for A
Col/Siv
SIDIS .
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FIG. 4. Theory compared to experiment for A
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N and A
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Figure 5 gives our extracted tensor charges of the nu-
cleon. The individual flavor charges �q ⌘

R 1
0 dx [h

q

1(x) �
h

q̄

1(x)] are shown along with the isovector combination
gT ⌘ �u � �d. We compare our results to those from lat-
tice computations at the physical point [110–112], other
phenomenological extractions [84, 87, 102–104, 113, 114],
and a calculation using Dyson-Schwinger equations [115].
One clearly notices the strong impact of including more
SSA data sets in our fit, which highlights the importance
of carrying out a simultaneous extraction of partonic
functions in a global analysis. In going from SIDIS !

Cammarota, Gamberg, Kang, Miller, Pitonyak, Prokudin, Rogers, Sato Phys.Rev.D 102 (2020) 5, 05400 (2020)
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FIG. 1. The extracted functions h1(x), f
?(1)
1T (x), and

H
?(1)
1 (z) at Q

2 = 4 GeV2 from our (JAM20) global analy-
sis (red solid curves with 1-� CL error bands). The functions
from other groups [84, 87–89, 92, 102–104] are also shown.

from COMPASS and the weak gauge boson production
data from STAR. For A

Col
SIA we have only included the so-

called A0 asymmetry since this observable has a TMD
factorization theorem. We only include A

⇡

N
data with

PhT > 1 GeV in order to stay within the regime where
the CT3 formalism is applicable. Similarly, we do not
include low-energy SSA data from JLab due to concerns
about the pion production mechanism at relatively low
energies [105–107]. The standard cuts [108] of 0.2 < z <

0.6, Q
2

> 1.63 GeV
2
, and 0.2 < PhT < 0.9 GeV have

been applied to all SIDIS data sets, giving us a total of
517 SSA data points in the fit along with 807 HERMES
multiplicity [99] data points.

The extracted functions [109] and their comparison
to other groups are shown in Fig. 1. We obtain a
good agreement between theory and experiment, as illus-
trated in Figs. 2–4. Specifically we find (�

2
/Npts.)SSA =

520/517 = 1.01 for SSA data alone, and �
2
/Npts. =

1373/1324 = 1.04 for all data, including HERMES mul-
tiplicities.

FIG. 2. Theory compared to experiment for A
Col
SIA.

FIG. 3. Theory compared to experiment for A
Col/Siv
SIDIS .
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⇡
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Figure 5 gives our extracted tensor charges of the nu-
cleon. The individual flavor charges �q ⌘

R 1
0 dx [h

q

1(x) �
h

q̄

1(x)] are shown along with the isovector combination
gT ⌘ �u � �d. We compare our results to those from lat-
tice computations at the physical point [110–112], other
phenomenological extractions [84, 87, 102–104, 113, 114],
and a calculation using Dyson-Schwinger equations [115].
One clearly notices the strong impact of including more
SSA data sets in our fit, which highlights the importance
of carrying out a simultaneous extraction of partonic
functions in a global analysis. In going from SIDIS !

Cammarota, Gamberg, Kang, Miller, Pitonyak, Prokudin, Rogers, Sato Phys.Rev.D 102 (2020) 5, 05400 (2020)
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Isovector tensor charge gT = 𝜹u-𝜹d
gT = 0.87   0.11 compatible with lattice results 

    𝜹u and 𝜹d Q2=4 GeV2

   𝜹u= 0.72     0.19

   𝜹d= -0.15    0.16

Tensor charge  from up and down quarks
 is constrained and compatible with lattice 
 results 

±

±
±

Cammarota, Gamberg, Kang, Miller, Pitonyak, Prokudin, Rogers, Sato Phys.Rev.D 102 (2020) 5, 05400 (2020)

We now perform our simultaneous QCD global analysis
of the SSA data summarized in Table I. The standard cuts
of 0.2 < z < 0.6; Q2 > 1.63 GeV2, and 0.2 < PhT <
0.9 GeV have been applied to all SIDIS datasets [97],
and PhT > 1 GeV has been applied to all Aπ

N datasets
[83,84], giving us a total of 517 SSA data points in the fit

along with 807 HERMES multiplicity [116] data points.
The extracted functions [118] and their comparison to other
groups are shown in Fig. 2. We obtain a good agreement
between theory and experiment, as one sees in Figs. 3–5.
Specifically, we find ðχ2=Npts:ÞSSA ¼ 520=517 ¼ 1.01 for
SSA data alone, and χ2=Npts: ¼ 1373=1324 ¼ 1.04 for all
data, including HERMES multiplicities.
Figure 6 displays our extracted tensor charges of the

nucleon. The individual flavor charges δq≡ R
1
0 dx½h

q
1ðxÞ −

hq̄1ðxÞ% are shown along with the isovector combination
gT ≡ δu − δd. We compare our results to those from lattice
QCD computations at the physical point [121–123], other
phenomenological extractions [82,95,115,119,120,124,125],
and a calculation using Dyson-Schwinger equations [126].
From Fig. 6, the strong impact of including more SSA
datasets is clear, highlighting the importance of carrying
out a simultaneous extraction of partonic functions in
a global analysis. In going from SIDIS → ðSIDISþ SIAÞ →
GLOBAL (where GLOBAL in particular includes Aπ

N), we
find gT ¼ 1.4ð6Þ → 0.87ð25Þ → 0.87ð11Þ. This is the most
precise phenomenological determination of gT to date. All of
the inferred tensor charges (δu, δd, and gT) are in excellent
agreement with lattice QCD data. As can be seen from Fig. 6,
includingAπ

N is crucial to achieve the agreement between our
results δu ¼ 0.72ð19Þ; δd ¼ −0.15ð16Þ and those from lat-
tice QCD.

V. CONCLUSIONS

In this paper, we have performed the first simultaneous
QCD global analysis of the available SSA data in SIDIS,
DY, eþe− annihilation, and proton-proton collisions. The
predictive power exhibited by the results of the combined
analysis indicates SSAs have a common origin. Namely,
they are due to the intrinsic quantum-mechanical interfer-
ence from multiparton states. Our findings imply that the
effects are predominantly nonperturbative and intrinsic to
hadronic wave functions. Also, the extracted up and down
quark tensor charges are in excellent agreement with
lattice QCD.

FIG. 4. Theory compared to experiment for ACol=Siv
SIDIS .

FIG. 5. Theory compared to experiment for Aπ
N and ASiv

DY.

FIG. 6. The tensor charges δu, δd, and gT . Our (JAM20) results
at Q2 ¼ 4 GeV2 along with others from phenomenology (black),
lattice QCD (purple), and Dyson-Schwinger (cyan).
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➤ Collins and Sivers  (3D binned) SIDIS data from HERMES (2020)
             
➤                  (x and z projections only) from HERMES (2020)

➤ All other data sets are the same as in JAM20, except for the new HERMES 
data that supersedes previous sets

➤ 19 observables and 8 non-perturbative functions (Sivers up/down; 
transversity up/down; Collins fav/unf,      fav/unf)

➤ Lattice data on gT at the physical pion mass from Alexandrou, et al. (2020)

➤ Imposing the Soffer bound on transversity
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Fig. 4. Distributions of the tensor charges for uv (upper panel) and dv (lower panel) 
at Q 2 = 4 GeV2. The tensor charges are calculated using the extracted transversity 
distributions of Fig. 1, integrated over the full range 0 ≤ x ≤ 1. Labels “using SB” 
and “no SB” have the same meaning as in Fig. 1.

0.9 ! gT ! 1.1, and with very tiny errors, for instance 0.926(32)
from a recent study in Ref. [50]. It is then interesting to explore the 
impact of the results presented in Section 2 on the phenomenolog-
ical estimates of the tensor charges.

By integrating the two couples of extracted transversity func-
tions of Fig. 1, we calculate for every MC set the corresponding 
tensor charges, δuv and δdv , and thus the corresponding isovector 
tensor charge, gT . The corresponding central values and errors are 
again computed according to Eqs. (11) and (12).

To begin with, we can check the effect of relaxing the hypoth-
esis |N T

q | ≤ 1 on the tensor charge distributions. Fig. 4 shows the 
distribution of δuv (upper panel) and δdv (lower panel) calculated 
at Q 2 = 4 GeV2, the usual energy scale adopted to compare ten-
sor charges calculated on the basis of phenomenological analyses 
and lattice QCD estimates. The labels “using SB” and “no SB” have 
the same meaning as in Fig. 1. As one could expect, when relaxing 
the initial constraint, the δuv distribution does not change much, 
thus reflecting the very small difference observed in the extracted 
huv

1 in Fig. 1. At variance with this, the δdv distribution dramati-
cally changes, reflecting once more what has been observed for the 
fitted dv transversity function in Fig. 1.

For the individual quark distributions, we find that both δuv
and δdv are different from lattice computations, 0.716(28) and 
−0.210(11) respectively found in Ref. [50], see Table 1. Although 
these results do not ease the tension between phenomenological 
and lattice QCD estimates of δuv and δdv , they actually have an 
effect on the isovector tensor charge estimates.

Fig. 5 shows the distribution of gT values at Q 2 = 4 GeV2 for 
the “using SB” and “no SB” case. In relaxing the initial constraint 
on the N T

q parameters, the gT distribution broadens. This broaden-
ing is due to the changes in the δdv distribution, and mitigates the 
existing tension between phenomenological calculation and lattice 

Table 1
Summary of the results at Q 2 = 4 GeV2 for the tensor charges and the isovector 
tensor charge calculations, under the “using SB” and the “no SB” hypotheses. Expec-
tation values and standard deviations are calculated using Eq. (11) and the square 
root of Eq. (12). The quoted errors are at 2σ .

δuv δdv gT

Q 2 = 4 GeV2

using SB 0.42 ± 0.09 −0.15 ± 0.11 0.57 ± 0.13
no SB 0.40 ± 0.09 −0.29 ± 0.22 0.69 ± 0.21

Fig. 5. Distributions of the isovector tensor charge, gT , at Q 2 = 4 GeV2. The calcula-
tion is performed using the extracted transversity distributions of Fig. 1, integrated 
over the full range 0 ≤ x ≤ 1. Labels “using SB” and “no SB” have the same meaning 
as in Fig. 1.

QCD estimates. Indeed, the peak of the “no SB” gT distribution 
moves toward the range of lattice gT estimates, and its tail over-
laps with the lattice QCD range, 0.9 ! gT ! 1.1. In this sense, by 
relaxing the initial request of automatic fulfillment of the Soffer 
bound, the phenomenological analysis is able to explore portion of 
the parameter space that are less in tension with gT estimates on 
the lattice.

A summary of the results for the tensor charges, δuv and δdv , 
and for the isovector tensor charge, gT calculated at Q 2 = 4 GeV2, 
is presented in Table 1. Expectation values and standard deviations 
are calculated using Eq. (11) and the square root of Eq. (12). The 
quoted errors are at 2σ .

A word of caution and some comments are in order. There are 
in fact some aspects to be stressed, that would help in enlighten 
the current knowledge on transversity and on tensor charges.

As already mentioned, the covered x range in the phenomeno-
logical extractions is quite limited, namely 0.035 ! x ! 0.29. This 
means that, when calculating δq and gT , most of the computa-
tion is given by an extrapolation based on the adopted model and 
outside this x range. In this respect, loosening some initial con-
straints can help in reducing the effect of such extrapolation, but 
also lead to different results and, in turn, different interpretation. 
Furthermore, we have to stress that lattice calculations are also 
based on some specific assumptions such as choice of the action, 
lattice spacing, etc, and that are performed considering matrix el-
ements over the full x range. Therefore, the comparison between 
phenomenological and lattice results should be done prudently.

We also notice that a similar analysis has been performed by 
including lattice data on gT directly into the fit procedure [6]. The 
two transversity parametrizations used here and by Lin et al. are 
quite similar, but the fit of Ref. [6] was performed with differ-
ent sets of fit parameters and different choices for the collinear 
PDFs and FFs. Moreover, in order to impose the SB, we parametrize 
the transversity proportional to the SB itself, while Ref. [6] used a 
generic x-dependent form. Nonetheless, the results presented in 
Fig. 3 of Ref. [6] are compatible with ours. Notice that in Ref. [6]

Recent phenomenology indicates 
substantial influence of imposing 
the Soffer bounds  

U. D’Alesio, C. Flore, A. Prokudin 
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Compatible with signs to the model calculation
and previous phenomenology 

Z. Lu and I. Schmidt Phys.Lett.B 747 (2015)
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Phys.Rev.D 89 (2014) 11, 111501
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FIG. 1. Fit results for Aπ0

N (data from [35–37]) and Aπ±

N (data
from [38]) for the SV1 input. The dashed line (dotted line in
the case of π−) means Ĥ"

FU switched off.

(i = u+ ū, ū) is defined as

Ii =
Ni(K1,fav + γiK2,fav)

B[2 + αi,βi + 1] + γiB[2 + αi,βi + δi + 1]
,

with K1,fav = B[α′
fav + αi + 1,β′

fav + βi] , (7)

K2,fav = B[α′
fav + αi + 1,β′

fav + βi + δi] ,

and B[a, b] the Euler β-function. The parameters Ni,
αi, βi, γi, and δi come from D FFs at the initial scale
and are given in Table III of [42]. Note that Dπ+/u in

Ref. [42] differs from Dπ+/d̄. Jfav in (6) is similarly de-
fined as Jfav ≡ Ju+ū−Jū, where Ji (i = u+ ū, ū) follows
from Ii through α′

fav → (αfav + 4), β′
fav → (βfav + 1).

The factor 1/(2IfavJfav) in (6) is convenient and implies
∫ 1
0 dz z Hπ+/u

(3) (z) = Nfav at the initial scale, where H(3)

represents the entire second term on the r.h.s. of (5).

For the disfavored FFs Ĥπ+/(d,ū),"
FU we make an ansatz in

full analogy to (6), introducing the additional parameters
Ndis, αdis, α′

dis, βdis, β′
dis. (Idis and Jdis are calculated

using Dπ+/d = Dπ+/ū from [42].) The π− FFs are then
fixed through charge conjugation, and the π0 FFs are
given by the average of the FFs for π+ and π−. The FFs
Hπ/q are computed by means of (5). All parton correla-
tion functions are evaluated at the scale Ph⊥ with leading
order evolution of the collinear functions.
Using the MINUIT package we fit the fragmentation

contribution to data for Aπ0

N [35–37] and Aπ±

N [38]. To fa-

cilitate the fit we only keep 7 parameters in Ĥπ+/q,"
FU free.
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FIG. 2. Results for the FFs Hπ+/q and H̃π+/q
FU (defined in

the text) for the SV1 input. Also shown is Hπ+/q without
the contribution from Ĥ"

FU (dashed line).
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We also allow the β-parameters βT
u = βT

d of the transver-
sity to vary within the error range given in [33]. All
integrations are done using the Gauss-Legendre method
with 250 steps. For the SV1 input the result of our 8-
parameter fit is shown in Tab. I. Note that the values for
β′
fav = β′

dis and βfav are at their lower limits, which we
introduce to guarantee a finite integration upon z1 in (3)
and a proper behavior of AN at large xF , respectively.
For the SV2 input the values of the fit parameters are
similar, with an equally successful fit (χ2/d.o.f. = 1.10).

TABLE I. Fit parameters for SV1 input.

χ2/d.o.f. = 1.03

Nfav = −0.0338 Ndis = 0.216

αfav = α′
fav = −0.198 βfav = 0.0

β′
fav = β′

dis = −0.180 αdis = α′
dis = 3.99

βdis = 3.34 βT
u = βT

d = 1.10

The very good description of AN is also reflected
by Fig. 1. We emphasize that such a positive out-
come is non-trivial if one keeps in mind the constraint
in (5) and the need to simultaneously fit data for Aπ0

N

and Aπ±

N . Results for the FFs Hπ+/q and H̃π+/q
FU ≡

∫∞

z
dz1
z2
1

1
1
z
− 1

z1

1
ξ Ĥ

π+/q,"
FU (z, z1) are displayed in Fig. 2. In

either case the favored and disfavored FFs have opposite
signs. This is like for H⊥

1 where such reversed signs are
actually “preferred” by the Schäfer-Teryaev (ST) sum

rule
∑

h

∑

Sh

∫ 1
0 dz zMhĤh/q(z) = 0 [47]. Note that the

ST sum rule, in combination with (5), implies a con-
straint on a certain linear combination of Hh/q and (an

fav

unf
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fav + βi] , (7)

K2,fav = B[α′
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fav + βi + δi] ,

and B[a, b] the Euler β-function. The parameters Ni,
αi, βi, γi, and δi come from D FFs at the initial scale
and are given in Table III of [42]. Note that Dπ+/u in

Ref. [42] differs from Dπ+/d̄. Jfav in (6) is similarly de-
fined as Jfav ≡ Ju+ū−Jū, where Ji (i = u+ ū, ū) follows
from Ii through α′

fav → (αfav + 4), β′
fav → (βfav + 1).

The factor 1/(2IfavJfav) in (6) is convenient and implies
∫ 1
0 dz z Hπ+/u

(3) (z) = Nfav at the initial scale, where H(3)

represents the entire second term on the r.h.s. of (5).

For the disfavored FFs Ĥπ+/(d,ū),"
FU we make an ansatz in

full analogy to (6), introducing the additional parameters
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dis. (Idis and Jdis are calculated

using Dπ+/d = Dπ+/ū from [42].) The π− FFs are then
fixed through charge conjugation, and the π0 FFs are
given by the average of the FFs for π+ and π−. The FFs
Hπ/q are computed by means of (5). All parton correla-
tion functions are evaluated at the scale Ph⊥ with leading
order evolution of the collinear functions.
Using the MINUIT package we fit the fragmentation
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We also allow the β-parameters βT
u = βT

d of the transver-
sity to vary within the error range given in [33]. All
integrations are done using the Gauss-Legendre method
with 250 steps. For the SV1 input the result of our 8-
parameter fit is shown in Tab. I. Note that the values for
β′
fav = β′

dis and βfav are at their lower limits, which we
introduce to guarantee a finite integration upon z1 in (3)
and a proper behavior of AN at large xF , respectively.
For the SV2 input the values of the fit parameters are
similar, with an equally successful fit (χ2/d.o.f. = 1.10).

TABLE I. Fit parameters for SV1 input.

χ2/d.o.f. = 1.03

Nfav = −0.0338 Ndis = 0.216

αfav = α′
fav = −0.198 βfav = 0.0

β′
fav = β′

dis = −0.180 αdis = α′
dis = 3.99

βdis = 3.34 βT
u = βT

d = 1.10

The very good description of AN is also reflected
by Fig. 1. We emphasize that such a positive out-
come is non-trivial if one keeps in mind the constraint
in (5) and the need to simultaneously fit data for Aπ0

N

and Aπ±

N . Results for the FFs Hπ+/q and H̃π+/q
FU ≡

∫∞

z
dz1
z2
1

1
1
z
− 1

z1

1
ξ Ĥ

π+/q,"
FU (z, z1) are displayed in Fig. 2. In

either case the favored and disfavored FFs have opposite
signs. This is like for H⊥

1 where such reversed signs are
actually “preferred” by the Schäfer-Teryaev (ST) sum

rule
∑

h

∑

Sh

∫ 1
0 dz zMhĤh/q(z) = 0 [47]. Note that the
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JAM22: Gamberg, Malda, Miller, 
Pitonyak, Prokudin, Sato, 

arXiv:2205.00999

Extracted Collins FFs are compatible within the errors with JAM20, e+e- data constrains 
those functions well.

      behaves similar to the Collins function (favored and unfavored roughly equal in 
magnitude but opposite in sign) - expected since both are derived from the same 
underlying quark-gluon-quark FF

! Comments on the non-perturbative functions:

• Transversity becomes much more tightly constrained by now imposing the 
SB and including the lattice gT data point, in particular the latter

• Collins and Sivers functions remain basically the same from JAM3D-20+

• behaves similar to the Collins function (favored and unfavored 
roughly equal in magnitude but opposite in sign) - expected since both are 
derived from the same underlying quark-gluon-quark FF
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The raw lattice data for Egerer, et al. and Alexandrou, et al. are compatible, but
the former uses pseudo-PDFs and the latter quasi-PDFs

The behavior at large x for the up quark in Alexandrou, et al. is due to
systematics in the reconstruction of the x dependence in the quasi-PDF approach

We find good agreement with lattice calculations of transversity

Now that the lattice gT data point is included in JAM3D-22, the uncertainties in the 
phenomenological extraction of transversity are compatible with lattice
     

! Comments on comparison to other lattice calculations of transversity:

• The raw lattice data for Egerer, et al. and Alexandrou, et al. are compatible, but 
the former uses pseudo-PDFs and the latter quasi-PDFs 

• The behavior at large x for the up quark in Alexandrou, et al. is due to 
systematics in the reconstruction of the x dependence in the quasi-PDF approach

• We find good agreement with lattice calculations of transversity

• Now that the lattice gT data point is included in JAM3D-22, the uncertainties in 
the phenomenological extraction of transversity are compatible with lattice

D. Pitonyak

24
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JAM22: Gamberg, Malda, Miller, 
Pitonyak, Prokudin, Sato, 

arXiv:2205.00999

Extracted Sivers functions are compatible within the errors with JAM20, the increase in 
magnitude and the error is due to the new HERMES 3D data.

D. Pitonyak

18

JAM3D-20+
Replace the Sivers effect and Collins effect HERMES data from JAM20 with their 

superseding 3D-binned version. No other constraints/data are added yet.

! Only the Sivers function changes size and shape but the relative uncertainty 
remains the same
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The tension with diFF method, Radici, Bacchetta (2018) 
becomes more pronounced: is it due to the data, theory, 
methodology? Both methods should be scrutinized.

    𝜹u and 𝜹d Q2=4 GeV2

   𝜹u= 0.74     0.11

   𝜹d= -0.15    0.12

   gT=  0.89    0.06

Tensor charge  from up and down quarks
and gT = 𝜹u-𝜹d are well constrained and 
compatible with both lattice results and the 
Soffer bound 

±
±

JAM22: Gamberg, Malda, Miller, 
Pitonyak, Prokudin, Sato, 

arXiv:2205.00999

±

D. Pitonyak

23

! The tensor charge extractions are more precise from including the lattice gT
data point

! Note that because of the SB, one initially finds more tension with lattice, but 
this does not imply phenomenology and lattice are incompatible – one can 
only fully answer this by including lattice data in the analysis

! Once the the lattice gT data point is included, we find the non-perturbative 
functions can accommodate it along with the experimental data



➤ High luminosity: (~1033 - 1034 cm−2 s−1) (~1000 times 
that of HERA)

➤ Variable CM energy: 20 — 100 GeV upgradable to 140 
GeV

➤ Highly polarized ~70% electron and ~70% nucleon 
beams

➤ Ion beams from deuterons to heavy nuclei such as 
gold, lead, or uranium

➤ Possibility of more than one interaction region (none of 
the major facilities operates with one detector only - 
important for discovery potential)
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White Paper (2012)
Accardi et al, arXiv:1212:1701 
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Figure 2: Left: The range in x vs. Q2, accessible with an EIC in polarized e+p collisions compared to past
(CERN, DESY, SLAC) and existing (JLAB) facilities as well as to polarized p+p collisions at RHIC. Two di↵er-
ent energy ranges from 22–63 GeV (hatched) and from 45–141 GeV (beige) are indicated. Right: The kinematic
acceptance in x vs. Q2 of completed lepton-nucleus(DIS) and Drell-Yan (DY) experiments, as well as JLAB-12
(all fixed target) compared to the EIC acceptance in two energy ranges, 15–40 GeV (hatched) and from 32–90
GeV (beige).

DIS for a range of EIC energies in e+p collisions
(with and without polarized protons) is shown in
Fig. 2 (left). The kinematic reach in e+A colli-
sions is shown in Fig. 2 (right). For e+p the two
energy ranges depicted are, i) a high energy range
of center-of-mass range of

p
s = 45-141 GeV, and

ii) a lower energy range of
p
s = 22-63 GeV. In

e+A collisions o↵ heavy nuclei, the correspond-
ing low energy center-of-mass range is

p
s = 15-40

GeV and the higher energy range is
p
s = 32-90

GeV. Diagonal lines on the plot represent lines of
constant “inelasticity” y. In the rest frame of the
proton (or nucleus), the inelasticity is the ratio of
the energy carried by the virtual photon divided
by the energy of the incoming electron. Figure 2
(left) also shows the x-Q2 values for which data are
available from fixed target DIS polarized e+p ex-
periments as well as from polarized p+p collisions
at RHIC. Correspondingly, Fig. 2 (right) shows the
x-Q2 values for which data are available from fixed
target e+A collisions. In both cases, for Q2 > 1
GeV2, there are no data below x ⇠ 5 ·10�3. Alter-
nately, for Q2 = 1 GeV2, the kinematic reach of
the EIC would exceed extant world data by nearly
two orders of magnitude for polarized e+p scatter-
ing and a factor of 50 for e+A collisions. Thus,
a region that is currently terra incognita for the
extraction of gluon distributions and for the study

of gluon saturation will become available for pre-
cision measurements at the EIC.

1 10 210

1−10

1

10

Q2 (GeV2)

xg
(x

,Q
2 )

CTEQ14 NNLO

x = 0.1

x = 10-2

x = 10-3
x = 10-4

no DIS data 
for given x

Figure 3: Proton PDFs of gluons as functions of Q2 for
various x values as derived by the CTEQ collaboration
in NNLO [6].The bands indicate the uncertainties in
our knowledge of gluon PDFs. They are colored in the
range where the relevant DIS data (HERA) is available.

Even though gluons, unlike quarks, do not
couple directly to electromagnetic probes, we can
learn about their properties from “scaling vio-
lations”. These in particular describe changes
in quark distributions with Q2 and Bjorken x.
The evolution of gluon distributions with Q2 ex-
tracted from these scaling violations is described

7

the high statistical precision, it will be critical to
constrain experimental systematic uncertainties
to below a few percent [19].

Figure 12 uses simulated data to clearly
demonstrate the EIC’s impact on the knowledge
of the integral of the proton’s quark and gluon
spin contributions for 10�6 < x < 10�3 versus the
contribution to the orbital angular momentum for

the range 10�3 < x < 1. A dramatic shrinkage
of the uncertainties in the parton helicities is seen
with the largest energy reach. The underlying rea-
son for this rapid shrinkage can be traced to the
very unstable behavior of g1(x,Q2) due to the lack
of data at small x shown in Fig. 10. Data obtained
in the small x region constrain this behavior.

3.2 Spatial Imaging of Quarks and Gluons

The parton structure of the proton changes
significantly across the QCD landscape sketched
in Fig. 1 of Section 2.2. We illustrate schemati-
cally in Fig. 13 how varying x from high values
(x ⇠ 1) to low values (x ⇠ 10�4) at a given res-
olution scale Q2 of a few GeV2 reveals the com-
plex many-body structure of quarks and gluons in-
side the proton. The structure revealed by dialing
down in x changes from the valence quark domi-
nated regime, to a regime where the proton’s con-
stituents are gluons and sea quark-antiquark pairs
generated through QCD radiation, and finally at
small x to an intrinsically nonlinear regime where
the gluon density is so large that the gluons radi-
ate and recombine at the same rate.

10-2 10-1 1

Valence Quark
Regime

Radiation Dominated 
Regime

Non-Linear Dynamics
Regime

10-310-4
x

Figure 13: The development of the internal quark and
gluon structure of the proton going from high to low
x. Decreasing x corresponds to increasing the center-
of-mass energy.

High luminosities at the EIC, combined with
a large kinematic reach, open up a unique oppor-
tunity to go far beyond our present largely one
dimensional picture of the proton. It will enable
parton “femtoscopy” by correlating information
on parton contributions to the proton’s spin with
their transverse momentum and spatial distribu-
tions inside the proton. Such three dimensional

images have the potential to radically impact our
understanding of the confining dynamics of quarks
and gluons in QCD. This is because one will be
able to probe, with fine resolution Q2, parton dy-
namics as a function of impact parameter in the
proton, out to length scales where their interac-
tions are no longer weakly coupled but become
increasingly strongly coupled generating the phe-
nomena of chiral symmetry breaking and confine-
ment.

The three dimensional parton structure of
hadrons is uncovered in DIS by measurements of
exclusive final states, wherein the proton remains
intact after scattering o↵ the lepton probe. The
transverse position of the scattered quark or gluon
is obtained by performing a Fourier transform of
the di↵erential cross-section d�/dt, where t is the
squared momentum transfer between the incom-
ing proton and the scattered proton. Examples
of exclusive processes are deeply virtual Compton
scattering (DVCS) and the exclusive production
of vector mesons. These are illustrated in Fig. 14.

The nonperturbative quantities that encode
such spatial tomographic information are often
referred to as Generalized Parton Distributions
(GPDs) and are defined at a nonperturbative fac-
torization scale that separates the nonperturba-
tive information encoded from perturbative dy-
namics at short distances. Powerful renormaliza-
tion group arguments, analogous to those of the
DGLAP equations for the one dimension parton
distributions, can be employed to understand how
the three dimensional dynamics encoded in the
GPDs changes as this factorization scale is var-
ied [22,23].

GPDs provide important insight into the three

15
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Assumed accumulated luminosities of 
10 fb-1, 70% polarization, 
conservatively accounted for detector 
smearing and acceptance effects

SoLID at JLab covers a 
complimentary region at higher x and 
lower Q2 with much greater 
luminosity – important to explore the 
effect of multiple measurements in 
different kinematic regions

L. Gamberg, Z. Kang, D. Pitonyak, A. Prokudin, N. Sato Phys.Lett.B 816 (2021)
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Table 1
Summary of the data used in our analysis, including the number of points (Npts.) in each reaction. (Top) EIC pseudo-data for the Collins effect in SIDIS for different polarized 
beam types, CM energies, and final states. (Bottom) Data used in the original JAM20 global analysis of SSAs.

EIC Pseudo-data

Observable Reactions CM Energy (
√

S) Npts.

Collins (SIDIS) e + p↑ → e + π± + X

141 GeV
756 (π+)

744 (π−)

63 GeV
634 (π+)

619 (π−)

45 GeV
537 (π+)

556 (π−)

29 GeV
464 (π+)

453 (π−)

Collins (SIDIS) e + 3He↑ → e + π± + X

85 GeV
647 (π+)

650 (π−)

63 GeV
622 (π+)

621 (π−)

29 GeV
461 (π+)

459 (π−)

Total EIC Npts. 8223

JAM20 [13]

Observable Reactions Experimental Refs. Npts.

Sivers (SIDIS) e + (p,d)↑ → e + π±/π0 + X [24,27,47] 126
Sivers (DY) π−+ p↑ → µ++ µ− + X [50] 12
Sivers (DY) p↑ + p → W ±/Z + X [48] 17

Collins (SIDIS) e + (p,d)↑ → e + π±/π0 + X [24,25,27] 126
Collins (SIA) e+ + e− → π++ π− + X [30–33] 176

AN p↑ + p → π±/π0 + X [51–54] 60

Total JAM20 Npts. 517

Note that %pT is the transverse momentum of the produced hadron 
with respect to the fragmenting parton. We allow for favored and 
unfavored Collins functions.

The Gaussian transverse momentum parameterizations (2), (3)
of JAM20 do not have the complete features of TMD evolu-
tion [9,36,78–80] and instead assume most of the transverse mo-
mentum is non-perturbative and thus related to intrinsic proper-
ties of the colliding hadrons rather than to hard gluon radiation. 
The JAM20 analysis also implemented a DGLAP-type evolution for 
the collinear twist-3 functions analogous to Ref. [81], where a 
double-logarithmic Q 2-dependent term is explicitly added to the 
parameters. Such collinear twist-3 functions arise from the opera-
tor product expansion (OPE) of certain transverse-spin dependent 
TMDs (e.g., H⊥(1)

1 (z) enters the OPE of the Collins TMD FF [9]). For 
the collinear twist-2 PDFs and FFs (e.g., f1(x), h1(x), and D1(z)), 
the standard leading order DGLAP evolution was used. The fact 
that current data on SSAs can be described with a simple Gaus-
sian ansatz highlights the need for the tremendous Q 2 lever arm 
of the EIC. The ability to span several decades in Q 2 will help con-
strain the exact nature of TMD evolution and study the interplay 
between TMD and collinear approaches.

Our study was conducted using replicas from the JAM20 analy-
sis as priors in a fit of all the data in Table 1 (8740 total points). 
The results for the impact on the up and down transversity PDF 
h1(x) as well as the Collins function first moment H⊥(1)

1 (z) are 
shown in the top panel of Fig. 1. One clearly sees a drastic reduc-
tion in the transversity uncertainty band once EIC data is included 
compared to the original JAM20 results. Even the uncertainties for 

Fig. 1. (Top) Plot of the transversity function for up and down quarks as well as 
the favored and unfavored Collins function first moment from the JAM20 global 
analysis [13] (light red band with the dashed red line for the central value) as well 
as a re-fit that includes EIC Collins effect pion production pseudo-data for a proton 
beam only (cyan band with the dot-dashed cyan line for the central value) and 
for both proton and 3He beams together (blue band with the solid blue line for 
the central value). (Bottom) Individual flavor tensor charges δu, δd as well as the 
isovector charge gT for the same scenarios. Also shown are the results from two 
recent lattice QCD calculations [18,21] (purple). All results are at Q 2 = 4 GeV2 with 
error bands at 1-σ CL.
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Fig. 5. (Top) The ratio of the error of transversity to its central value for u, d, and u −d as a function of x at Q 2 = 4 GeV2 for JAM20 (red dashed line), JAM20+EIC pseudo-data 
(blue dash-dotted line), JAM20+SoLID pseudo-data (green dotted line), and JAM20+EIC+SoLID pseudo-data (gold solid line). (Bottom) The ratio of the error of the first moment 
of the Collins FF to its central value as a function of z for favored and unfavored Collins FF.

Fig. 6. Individual flavor tensor charges δu, δd as well as the isovector charge gT for 
the same scenarios as Fig. 5.

extraction of the tensor charges for both EIC and SoLID mea-
surements. However, the 68% CL regions for the individual flavor 
charges do not overlap. Thus, the precision of the extracted ten-
sor charges may not correspond to the same high accuracy of the 
result once there are measurements (actual data) from multiple 
facilities. The reason is an incomplete kinematical region of the 
experiments and the unavoidable parametrization bias of our ex-
traction. The parametrization bias may be tamed partly by utilizing 
more flexible parameterizations, such as neural nets. The kinemat-
ical coverage of the experiments, on the other hand, is defined by 
the experimental setup, and it is difficult (if not impossible) to 
have one experiment cover the whole kinematical region needed 
for the most accurate extraction. In addition, using data from only 
one experiment may bias the extractions, as the systematic errors 
are quite difficult to account for in an unbiased way. Therefore, 
multiple experimental measurements covering the largest possible 
kinematical region are needed to achieve a precise and simulta-
neously accurate extraction of the tensor charge. SoLID will offer 
needed complementary measurements to the EIC in order to test 
that a consistent picture emerges across multiple experiments on 
the extracted value of the tensor charge. Only when a bulk of ex-

periments give consistent central values for quantities of interest, 
like the tensor charge, can one claim to have accurate results.

5. Conclusion

In this letter, we have studied the impact on the tensor charge 
from EIC pseudo-data of the SIDIS Collins effect using the results 
of the JAM20 global analysis of SSAs [13]. Both transversely po-
larized proton and 3He beams are considered across multiple CM 
energies for charged pions in the final state. We find that the EIC 
will drastically reduce the uncertainty in both the individual fla-
vor tensor charges δu, δd as well as their isovector combination 
gT . The 3He data is especially crucial for a precise determination 
of the down quark transversity TMD PDF and for up and down fla-
vor separation. Consequently, the EIC, from the combined data in 
measurements at five different energy settings with transversely 
polarized proton and 3He beams, will allow for phenomenologi-
cal extractions of the tensor charges to be as precise as the cur-
rent lattice QCD calculations. This will ultimately show whether 
a tension exists between experimental and lattice data. In addi-
tion, we performed a similar study on SoLID pseudo-data of the 
SIDIS Collins effect to be measured in a complementary kinemat-
ical region to the EIC and found that the proposed experiment at 
Jefferson Lab will also significantly decrease the uncertainty in the 
tensor charge. The combined fit that included both EIC and SoLID 
pseudo-data provides the best constraint on transversity and the 
tensor charges, with the results for the latter more precise than 
current lattice calculations. We emphasize that a precise measure-
ment cannot always guarantee a very accurate extraction of the 
distributions, and multiple experiments, such as EIC and SoLID, 
should be performed in a wide kinematical region in order to min-
imize bias and expose any potential tensions between data sets. In 
order to minimize the bias from the global QCD fit procedure, one 
may ultimately combine the data from different ways of accessing 
transversity, such as SIDIS single hadron and the di-hadron mea-
surements. Given that the tensor charge is a fundamental charge of 
the nucleon and connected to searches for BSM physics [14,16,17], 
future precision measurements from the EIC and Jefferson Lab sen-
sitive to transversity are of utmost importance and necessary to 
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JAM20: Cammarota, Gamberg, Kang, Miller, 
Pitonyak, Prokudin, Rogers, Sato, Phys.Rev.D 102 (2020)

EIC data will allow to have gT 
extraction at the precision at 
the level of lattice QCD 
calculations  
 

JLab 12 data will allow to 
have complementary 
information on tensor charge 
to test the consistency of the 
extraction and expand the 
kinematical region
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Shown for the first time that transverse spin asymmetries in 
a variety of processes SIDIS, Drell-Yan, e+e-, and proton 
proton scattering have the same origin: (multi) parton 
correlation functions
Extracted a universal set of non perturbative functions 
responsible for spin asymmetries
Shown consistency of phenomenological results with lattice 
QCD in extraction of isovector tensor charge and individual 
contributions from up and down quark

https://github.com/JeffersonLab/jam3dlib
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Individual srtarling Murmuration of starlings

The slide courtesy of Darius Torchinsky
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Chapter 1

Overview: Science, Machine and
Deliverables of the EIC

1.1 Scientific Highlights

1.1.1 Nucleon Spin and its 3D Structure and Tomography

Several decades of experiments on deep inelastic scattering (DIS) of electron or muon beams
o↵ nucleons have taught us about how quarks and gluons (collectively called partons) share
the momentum of a fast-moving nucleon. They have not, however, resolved the question of
how partons share the nucleon’s spin and build up other nucleon intrinsic properties, such
as its mass and magnetic moment. The earlier studies were limited to providing the lon-
gitudinal momentum distribution of quarks and gluons, a one-dimensional view of nucleon
structure. The EIC is designed to yield much greater insight into the nucleon structure
(Fig. 1.1, from left to right), by facilitating multi-dimensional maps of the distributions of
partons in space, momentum (including momentum components transverse to the nucleon
momentum), spin, and flavor.

Figure 1.1: Evolution of our understanding of nucleon spin structure. Left: In the 1980s,
a nucleon’s spin was naively explained by the alignment of the spins of its constituent quarks.
Right: In the current picture, valence quarks, sea quarks and gluons, and their possible orbital
motion are expected to contribute to overall nucleon spin.

1

1980’ - the spin of the nucleon
 is due to the valence quarks

Modern concept: valence quarks, sea quarks, 
and gluons together with orbital angular 
momentum are contributing
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Cammarota, Gamberg, Kang, Miller, Pitonyak, Prokudin, Rogers, Sato (2020)

The relevant set of TMD functions to extract

transversity
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the mean and uncertainties of the original exper-
imental data values. Each pseudodata point ~Di is
computed as

~Di ¼ Di þ Riαi; ð29Þ

where for each experiment Di and αi are as in
Eq. (25), and Ri is a randomly generated number
from a normal distribution of unit width. A
different pseudodata set is generated for each fit
in any given iteration in the IMC procedure.

(iii) Partition of pseudodata sets for cross-validation
To account for possible overfitting, the cross-

validation method is incorporated. Each experimen-
tal pseudodata set is randomly divided 50%=50%
into “training” and “validation” sets. However, data
from any experiment with fewer than 10 points are
not partitioned and are entirely included in the
training set.

(iv) χ2 minimization and posterior selection
The χ2 minimization procedure is performed

with the training pseudodata set using the Levem-
berg-Marquardt lmdiff algorithm [45]. For every
shift in the parameters during the minimization

procedure, the χ2 values for both training and
validation are computed and stored along with their
respective parameter values, until the best fit for
the training set is found. For each pseudodata set, the
parameter vector that minimizes the χ2 of the
validation is then selected as a posterior.

(v) Convergence criterion
The iterative approach of the IMC is similar to the

strategy adopted in the MCVEGAS integration [46].
There, one constructs iteratively a grid over the
parameter space such that most of the sampling is
confined to regions where the integrand contributes
the most, a procedure known as “importance sam-
pling.” Once the grid is prepared, a large amount of
samples is generated until statistical convergence of
the integral is achieved.
In Ref. [11] the convergence of the MC ensemble

fakg was estimated using the χ2 distribution. While
such an estimate can give some insight about the
convergence of the posteriors, it is somewhat indi-
rect as it does not involve the parameters explicitly.
In the present analysis, we instead estimate the
convergence of the eigenvalues of the covariance
matrix computed from the posterior distributions. To
do this we construct a measure given by

V ¼
Y

i

ffiffiffiffiffiffi
Wi

p
; ð30Þ

where Wi are the eigenvalues of the covariance
matrix. The quantity V can be interpreted in terms of
the hypervolume in the parameter space that enc-
loses the posteriors, and is analogous to the ensem-
ble of the most populated grid cells in a given
iteration of the VEGAS algorithm [46]. The IMC
procedure is then iterated starting from step 1, until
the volume remains unchanged.

(vi) Generation of the Monte Carlo FF ensemble
When the posteriors volume has reached conver-

gence, a large number of fits is performed until
the mean and expectation values of the FFs con-
verge. The goodness of fit is then evaluated by
calculating the overall single χ2 values per experi-
ment according to

χ2ðeÞ ¼
X

i

"
DðeÞ

i − E½TðeÞ
i &=E½NðeÞ

i &
αðeÞi

#2

; ð31Þ

where E½TðeÞ
i & and E½NðeÞ

i & are the expectation values
of the theory calculation and fitted point-to-point
normalization factors over the Monte Carlo poste-
riors, respectively [see Eq. (27)]. This allows a direct
comparison with the original unmodified data.

Finally, note that while the FF parametrization adopted here
is not intrinsically more flexible than in other global

FIG. 1. Workflow of the iterative Monte Carlo fitting strategy.
In the upper diagram (red lines) an iteration begins at the prior
sampler and a given number of fits are performed, generating an
ensemble of posteriors. After the initial iteration, with a flat
sampler, the generated posteriors are used to construct a multi-
variate Gaussian sampler for the next iteration. The lower
diagram (with blue lines) summarizes the workflow that trans-
forms a given prior into a final posterior.
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➤ Bayesian inference is used

 

➤ Iterative Monte Carlo is then used to perform 
the fit

➤ Large parameter space is sampled

➤ Data is partitioned in validation and training 
sets

➤ Training set is fitted via chi-square  
minimization

➤ Posteriors are used to feed the next iterations

E[O] =

Z
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TMD AND LATTICE

First JAM analysis of SIDIS data including lattice QCD constraints on gT
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Any analysis based on a single fit would have given a wrong result on gT

Analysis of probability density distribution of results used in JAM is crucial
in obtaining correct results
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ALICE FIXED TARGET
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https://indico.cern.ch/event/755856/

7

Possible target locations and acceptance

Target z = 0

Target z = -2.75 m

Target z = -4.7 m

LHCb, target z = 0

TPC Muon det.

The acceptances of the TPC calculated 
assuming reduced track length (1/3 of the full 
radial track length), which results in |η|<1.5 in 
a collider mode.

Possible fixed-target positioning



JAM FITTING METHODOLOGY

65

➤ Jefferson Lab Angular Momentum Collaboration has developed a robust 
fitting methodology based on Bayesian statistical methods and machine 
learning algorithms

➤ Such methodology may prove crucial and essential for our future 
endeavors in studies of the structure of the nucleon and beyond.  

➤ Expectation value and variance estimates:

➤  Bayes’ theorem defines probability density P as

E[O] =

Z
dnaP(~a|data)O(~a)
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TMDs are parametrized with gaussian kT dependence (no 
widening with Q2) and x-,z- dependent collinear functions evolved 
in Q2

Evolution in collinear functions are done by Q2 parametrization 
using Duke, Owned method Phys. Rev. D 30, 49 (1984)

N0 +N1 log
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Success is achieved with Gaussian shapes for the transverse 
momentum dependence further implies that the effects are 
dominantly non-perturbative and intrinsic to the hadron 
wavefunctions. 
 



TREATMENT OF EVOLUTION

67

Results of this approach are consistent with resummation for 
asymmetries

Kang, Prokudin, Ringer, Yuan (2017)
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Results of this approach are consistent with resummation for 
asymmetries

Kang, Prokudin, Ringer, Yuan (2017)
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NLL TMD evolution Gaussian Torino model
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– Orbital motion. Most TMDs would vanish in the ab-
sence of parton orbital angular momentum, and thus
enable us to quantify the amount of orbital motion.

– Spin-orbit correlations. Most TMDs and related ob-
servables are due to couplings of the transverse mo-
mentum of quarks with the spin of the nucleon (or
the quark). Spin-orbit correlations in QCD, akin to
those in hydrogen atoms and topological insulators,
can therefore be studied.

– Gauge invariance and universality. The origin of some
TMDs and related spin asymmetries, at the partonic
level, depend on fundamental properties of QCD, such
as its color gauge invariance. This leads to clear differ-
ences between TMDs in different processes, which can
be experimentally tested.

The “simplest” TMD is the unpolarized function
fq
1 (x, kT ), which describes, in a fast moving nucleon,

the probability of finding a quark carrying the longitu-
dinal momentum fraction x of the nucleon momentum,
and a transverse momentum kT = |kT |. It is related to
the collinear (“integrated”) PDF by

∫
d2kT fq

1 (x, kT ) =
fq
1 (x). In addition to fq

1 (x, kT ), there are two other TMDs:
gq
1L(x, kT ) and hq

1(x, kT ), whose integrals correspond to
the collinear PDFs: the longitudinal polarized structure
function discussed in the previous section and the quark
transversity distribution. The latter is related to the ten-
sor charge of the nucleon. These three distributions can
be regarded as a simple transverse-momentum extension
of the associated integrated quark distributions. More im-
portantly, the power and rich possibilities of the TMD
approach arise from the simple fact that kT is a vector,
which allows for various correlations with the other vectors
involved: the nucleon momentum P , the nucleon spin S,
and the parton spin (say a quark, sq). Accordingly, there
are eight independent TMD quark distributions as shown
in fig. 16. Apart from the straightforward extension of the
normal PDFs to the TMDs, there are five TMD quark
distributions, which are sensitive to the direction of kT ,
and will vanish with a simple kT integral.

Because of the correlations between the quark trans-
verse momentum and the nucleon spin, the TMDs natu-
rally provide important information on the dynamics of
partons in the transverse plane in momentum space, as
compared to the GPDs which describe the dynamics of
partons in the transverse plane in position space. Mea-
surements of the TMD quark distributions provide infor-
mation about the correlation between the quark orbital
angular momentum and the nucleon/quark spin because
they require wave function components with nonzero or-
bital angular momentum. Combining the wealth of infor-
mation from all of these functions could thus be invalu-
able for disentangling spin-orbit correlations in the nu-
cleon wave function, and providing important information
about the quark orbital angular momentum. One partic-
ular example is the quark Sivers function f⊥q

1T which de-
scribes the transverse-momentum distribution correlated
with the transverse polarization vector of the nucleon.
As a result, the quark distribution will be azimuthally
asymmetric in the transverse-momentum space in a trans-

Fig. 17. The density in the transverse-momentum plane for
unpolarized quarks with x = 0.1 in a nucleon polarized along
the ŷ direction. The anisotropy due to the proton polarization
is described by the Sivers function, for which the model of [79]
is used. The deep red (blue) indicates large negative (positive)
values for the Sivers function.

versely polarized nucleon. Figure 17 demonstrates the de-
formations of the up and down quark distributions. There
is strong evidence of the Sivers effect in the DIS experi-
ments observed by the HERMES, COMPASS, and JLab
Hall A collaborations [80–82]. An important aspect of the
Sivers functions that has been revealed theoretically in last
few years is the process dependence and the color gauge
invariance [83–86]. Together with the Boer-Mulders func-
tion, they are denoted as naive time-reversal odd (T -odd)
functions. In SIDIS, where a leading hadron is detected
in coincidence with the scattered lepton, the quark Sivers
function arises due to the exchange of (infinitely many)
gluons between the active struck quark and the remnants
of the target, which is referred to as final-state interaction
effects in DIS. On the other hand, for the Drell-Yan lep-
ton pair production process, it is due to the initial-state
interaction effects. As a consequence, the quark Sivers and
Boer-Mulders functions differ by a sign in these two pro-
cesses. This non-universality is a fundamental prediction
from the gauge invariance of QCD [84]. The experimental
check of this sign change is currently one of the outstand-
ing topics in hadronic physics, and Sivers functions from
the Drell-Yan process can be measured at RHIC.

2.3.2 Opportunities for measurements of TMDs at the EIC

To study the transverse-momentum–dependent parton
distributions in high-energy hadronic processes, an addi-
tional hard momentum scale is essential, besides the trans-
verse momentum, for proper interpretation of results. This
hard momentum scale needs to be much larger than the
transverse momentum. At the EIC, DIS processes natu-
rally provide a hard momentum scale: Q, the virtuality
of the photon. More importantly, the wide range of Q2

values presents a unique opportunity to systematically in-
vestigate the strong interaction dynamics associated with
the TMDs. Although there has been tremendous progress
in understanding TMDs, without a new lepton-hadron col-
lider, many aspects of TMDs will remain unexplored —or
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Sivers function

➤ Describes unpolarized quarks inside of 
transversely polarized nucleon 

➤ Encodes the correlation of orbital motion 
with the spin

POLARIZED TMD FUNCTIONS

➤ Sign change of Sivers function is 
fundamental consequence of QCD 

Brodsky, Hwang, Schmidt (2002), Collins (2002)
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FIG. 2. The density distribution ⇢ap" of an unpolarized quark with flavor a in a proton polarized along the +y direction and
moving towards the reader, as a function of (kx, ky) at Q2 = 4 GeV2. Left panels for the up quark, right panels for the down
quark. Upper panels for results at x = 0.1, lower panels at x = 0.01. For each panel, lower ancillary plots represent the 68%
uncertainty band of the distribution at ky = 0 (where the effect of the distortion due to the Sivers function is maximal) while
left ancillary plots at kx = 0 (where the distribution is the same as for an unpolarized proton). Results in the contour plots
and the solid lines in the projections correspond to replica 105.

induced distortion is positive along the +x direction for
the up quark (left panels), and opposite for the down
quark (right panels).

At x = 0.1 the distortion due to the Sivers effect is
evident, since we are close to the maximum value of the
function shown in Fig. 1. The distortion is opposite for
up and down quarks, reflecting the opposite sign of the
Sivers function. It is more pronounced for down quarks,
because the Sivers function is larger and at the same time
the unpolarized TMD is smaller. At lower values of x, the
distortion disappears. These plots suggest that a virtual
photon hitting a transversely polarized proton effectively
“sees” more up quarks to its right and more down quarks
to its left in momentum space. The peak positions are ap-
proximately (kx)max ⇡ 0.1 GeV for up quarks and �0.15
GeV for down quarks. To have a feeling of the order of
magnitude of this distortion, we can estimate the expres-
sion eq/(kx)max ⇡ 2 ⇥ 10�34C ⇥ m ⇡ 0.6 ⇥ 10�4 debye,

which is about 3 ⇥ 10�5 times the electric dipole of a
water molecule.

The existence of this distortion requires two ingredi-
ents. First of all, the wavefunction describing quarks
inside the proton must have a component with nonvan-
ishing angular momentum. Secondly, effects due to final
state interactions should be present [36], which in Feyn-
man gauge can be described as the exchange of Coulomb
gluons between the quark and the rest of the proton [37].
In simplified models [38], it is possible to separate these
two ingredients and obtain an estimate of the angular
momentum carried by each quark [39]. It turns out that
up quarks give almost 50% contribution to the proton’s
spin, while all other quarks and antiquarks give less than
10% [14]. We will leave this model-dependent study to
a future publication. A model-independent estimate of
quark angular momentum requires the determination of
parton distributions that depend simultaneously on mo-

A. Bacchetta, F. Delcarro, C. Pisano, M. Radici (2020)
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(a) (b)

(c) (d)

Figure 17. Tomographic scan of the nucleon via the momentum space quark density function
⇢1;q h"(x,kT ,ST , µ) defined in Eq. (4.7) at x = 0.1 and µ = 2 GeV. Panel (a) is for u quarks, panel
(b) is for d quark, panel (c) is for ū quark, and panel (d) is for s quark. The variation of color in the plot
is due to variation of replicas and illustrates the uncertainty of the extraction. The nucleon polarization
vector is along ŷ-direction. White cross indicates the position of the origin (0, 0) in order to highlight the
shift of the distributions along x̂-direction due to the Sivers function.

polarization, we introduce the momentum space quark density function

⇢1;q h"(x,kT ,ST , µ) = f1;q h(x, kT ; µ, µ
2) �

kTx

M
f
?
1T ;q h(x, kT ; µ, µ

2), (4.7)

where kT is a two-dimensional vector (kTx, kTy). This function reflects the TMD density of un-
polarized quark q in the spin-1/2 hadron totally polarized in ŷ-direction, ST = (Sx, Sy), where
Sx = 0, Sy = 1, compare to Eq. (4.2). In Fig. 17 we plot ⇢ at x = 0.1 and µ = 2 GeV. To present
the uncertainty in unpolarized and Sivers function, we randomly select one replica for each point of
a figure. Thus, the color fluctuation roughly reflects the uncertainty band of our extraction. The
presented pictures have a shift of the maximum in kTx, which is the influence of Sivers function that
introduces a dipole modulation of the momentum space quark densities. This shift corresponds to
the correlation of the Orbital Angular Momentum (OAM) of quarks and the nucleon’s spin. One
can see from Fig. 17 that u quark has a negative correlation and d quark has a positive correlation.
Without OAM of quarks, such a correlation and the Sivers function are zero, and thus we can
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FIG. 2. The density distribution ⇢ap" of an unpolarized quark with flavor a in a proton polarized along the +y direction and
moving towards the reader, as a function of (kx, ky) at Q2 = 4 GeV2. Left panels for the up quark, right panels for the down
quark. Upper panels for results at x = 0.1, lower panels at x = 0.01. For each panel, lower ancillary plots represent the 68%
uncertainty band of the distribution at ky = 0 (where the effect of the distortion due to the Sivers function is maximal) while
left ancillary plots at kx = 0 (where the distribution is the same as for an unpolarized proton). Results in the contour plots
and the solid lines in the projections correspond to replica 105.

induced distortion is positive along the +x direction for
the up quark (left panels), and opposite for the down
quark (right panels).

At x = 0.1 the distortion due to the Sivers effect is
evident, since we are close to the maximum value of the
function shown in Fig. 1. The distortion is opposite for
up and down quarks, reflecting the opposite sign of the
Sivers function. It is more pronounced for down quarks,
because the Sivers function is larger and at the same time
the unpolarized TMD is smaller. At lower values of x, the
distortion disappears. These plots suggest that a virtual
photon hitting a transversely polarized proton effectively
“sees” more up quarks to its right and more down quarks
to its left in momentum space. The peak positions are ap-
proximately (kx)max ⇡ 0.1 GeV for up quarks and �0.15
GeV for down quarks. To have a feeling of the order of
magnitude of this distortion, we can estimate the expres-
sion eq/(kx)max ⇡ 2 ⇥ 10�34C ⇥ m ⇡ 0.6 ⇥ 10�4 debye,

which is about 3 ⇥ 10�5 times the electric dipole of a
water molecule.

The existence of this distortion requires two ingredi-
ents. First of all, the wavefunction describing quarks
inside the proton must have a component with nonvan-
ishing angular momentum. Secondly, effects due to final
state interactions should be present [36], which in Feyn-
man gauge can be described as the exchange of Coulomb
gluons between the quark and the rest of the proton [37].
In simplified models [38], it is possible to separate these
two ingredients and obtain an estimate of the angular
momentum carried by each quark [39]. It turns out that
up quarks give almost 50% contribution to the proton’s
spin, while all other quarks and antiquarks give less than
10% [14]. We will leave this model-dependent study to
a future publication. A model-independent estimate of
quark angular momentum requires the determination of
parton distributions that depend simultaneously on mo-

The shift in the transverse plane is generated by the Sivers function and GPD E that 
cannot exist without OAM
The opposite signs of the shift is consistent with lattice QCD findings on the opposite 
signs of the OAM for u and d quarks

one (5.10) and a distortion in y direction that is governed by the strength of GPD E,

q*(x,~b,Q2) = q(x,~b,Q2)� 1
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Before we present the resulting parton densities (5.10) from the combined GPD model

fit to HERA and EIC pseudo data, let us shortly discuss the peculiarities in the uncertainty

estimation. The uncertainty of the resulting parton densities is, besides the propagated

experimental uncertainties, also dictated by the possible uncertainties caused by extrap-

olations from the accessible kinematical region, namely, (i) extrapolation of the skewness

parameter dependence ⌘ = x to ⌘ = 0, discussed above, (ii) extrapolation of t-dependence

from the experimental minimal �t value �t1 to �t = 0, as well as (iii) from maximal acces-

sible value �t2 to �t = 1. These rather intricate extrapolations are fortunately governed

by the boundary condition,

q(x,Q2) = H(x, ⌘ = 0, t = 0,Q2) =

ZZ 1

�1
d2~b q(x,~b,Q2), (5.12)

arising from the reduction of GPD H in the kinematical forward limit to the standard

unpolarized PDF q. Hence, the normalization of the (integrated) parton density (5.10)

is also entirely determined by the PDF normalization. To simplify our study, we restrict

ourselves to Q2 = 4GeV2, where in our model the t- and skewness dependencies factorize,

as discussed above and exemplified also by the agreement of the e↵ective slope parameters

in the ⌘ = x and ⌘ = 0 case, see thick solid curves on the left and right panels on Fig. 16.

A model analysis studying the challenges of extrapolation in �t beyond the exper-

imentally accessible range has been presented for the di↵erential cross section in [153]

and we essentially agree with the conclusion that with an EIC imaging is feasible for

0.1 fm . b . 1.5 fm (or even in a wider range). Let us add some mathematical insight and

let us point out methods to increase the quality of the extrapolations. With our model

hypothesis the t-dependence of the zero-skewness GPD is essentially constrained by the

EIC pseudo data in the region 0.03GeV2  �t  1.5GeV2.

The uncertainty of the extrapolation into the region [0,�t1) is associated with the

contribution

�1q(x,~b,Q2) =
1

4⇡

Z |t1|

0
d|t| J0

⇣
b
p
|t|
⌘
H(x, ⌘ = 0, t,Q2) , (5.13)

from which one can easily obtain estimates. Although q(x,Q2) = H(x, ⌘ = 0, t,Q2) at t = 0

is very well known, which makes this an interpolation problem rather then an extrapolation
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dipole form to ⇠ 40%. To reach the 10% accuracy level, one must increase �t2 ⇠ 8GeV2,

which requires a big Q2 value to ensure the validity of DVCS kinematics. Fortunately, the

error, e.g., for 0.1 fm  b, gets already on the 10% level for �t2 ⇠ 3.5GeV2. Under these

circumstances, one may rely on extrapolation techniques, e.g., based on conformal mapping

or Padé approximation, to minimize the uncertainty. Note also that the uncertainty of

extrapolation into the {�t2,1] region may be also associated with a relative uncertainty

that grows fast with increasing b. In the following the uncertainty is calculated according to

(5.17) and estimate numerically by assuming two alternative hypotheses, namely, that the

t-dependence falls o↵ exponentially or with 1/t2, where for a given b value always the larger

uncertainty is taken. For simplicity we will neglect the uncertainty from the extrapolation

(interpolation) into the region {�t1, 0], which is entirely justified for b  1 fm and as it

would be hardly visible in the visualization of the parton densities for b  1.5 fm. Finally,

the uncertainty from the extrapolation into the large �t region was added in quadrature

to the one propagated from the (pseudo) data.
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Figure 17. Parton densities at x = 0.001 and Q2 = 4GeV2 versus impact parameter b were

obtained from a combined least-squares fit to the HERA collider and EIC pseudo data: relative

densities (lower row) and their values at bx = 0 for the unpolarized sea quark parton densities of

a unpolarized proton (left), a transversely polarized proton (middle), and the unpolarized gluon

parton density of a unpolarized proton (right), its value is rescaled by a factor 0.19.

In the left and right columns on Fig. 17 the sea quark and gluon parton densities (5.10)

at x = 10�3 and Q2 = 4GeV2 are shown as a relative density plot versus by and bx (lower

panels) and for bx = 0 as function of by (upper panels). Note, the gluon density is rescaled
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R. L. Jaffe and A. Manohar, Nucl. Phys. B337, 509 (1990)

The nucleon is a composite system. The spin is carried by its constituents: quarks, anti-
quarks and gluons and the angular momentum generated by their motion.
The nucleon at rest has spin 1/2, however its decomposition in terms of spin and orbital 
contributions associated with quarks and gluons is not unique.
There are two types of decompositions of the proton spin operator: kinetic (also known 
as mechanical) and canonical. These two types differ by how the OAM operator is split 
into the quark and gluon contributions. They share the same quark spin operator.

Kinetic family is related to Generalized Parton Distributions, while canonical in light 
cone gauge is related to collinear helicity distribution functions

C. Lorcé, B. Pasquini, X. Xiong and F. Yuan, Phys. Rev. D 85, (2012)

E. Leader and C. Lorce, Phys.Rept. 541, 163 (2014)

27

Kinetic family

Ji

Wakamatsu

Canonical family

Jaffe-Manohar

Chen et al.

...

...

Belinfante

FIG. 2. The Wakamatsu classification of proton spin decompositions into two families. See text for more details.

Disadvantages

• Although gauge-invariant, the Wakamatsu decomposition (just like the Chen et al. decomposition) makes the
Coulomb gauge special, which seems to contradict the spirit of gauge invariance;

• The individual contributions Le
Wak and LγWak, seen as operators, do not satisfy the generic equal-time commu-

tation relations [J i, Jj ] = iεijkJk defining angular momentum operators in a quantum theory. Only the spin
operators Se

Wak and SγWak, and the total OAM operator Le
Wak + LγWak can be considered as quantum angular

momentum operators;

• Contrary to the spin operators Se
Wak and SγWak, the OAM operators Le

Wak and LγWak are not generators of
rotations;

• As in the Chen et al. decomposition, the “physical” photon field is a non-local expression in terms of A.

6. A classification of the different decompositions

Apart from the Belinfante decompostion, all the other decompositions presented above share a common piece,
namely the electron spin contribution Se

JM = Se
Ji = Se

Chen = Se
Wak. They then just differ in the way the rest of the

total angular momentum is shared between the electron OAM and the photon angular momentum.
As summarized by Wakamatsu [39], all these decompositions can be sorted into two families14, see Fig. 2:

• The kinetic family (Wakamatsu’s family I), where the potential angular momentum is attributed to the photon.
The Belinfante, Ji and Wakamatsu decompositions are members of the kinetic family.

• The canonical family (Wakamatsu’s family II), where the potential angular momentum is attributed to the
electron. The Jaffe-Manohar and Chen et al. decompositions are members of the canonical family.

Since the potential angular momentum contribution is likely non-vanishing, decompositions belonging to different
families are expected to be physically inequivalent. While the difference is small in non-relativistic systems like the
atom [27, 41, 80], it becomes significant for relativistic systems like the proton [44, 78].
The potential angular momentum is itself a gauge-invariant quantity. Therefore, the splitting of the gauge potential

into pure-gauge and physical terms allows one to decompose the proton spin into five gauge-invariant contributions,
instead of the expected four. Based on this observation, Leader [50] criticized Wakamatsu’s classification arguing
that one could in fact consider an infinite number of families by attributing a fraction α of the potential term to the
electrons and the remaining fraction (1−α) to the photons. Note however that only the values α = 0, 1 are natural as
they simply correspond to the kinetic and canonical OAM, respectively. Leader favors the canonical version because
the operators, at least at equal time, generate the expected rotations of the relevant fields, and this seems a reasonable
property to demand for an angular momentum operator.

14 Wakamatsu did not consider the Belinfante decomposition in his classification. We have added it for completeness.
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When the proton or the neutron are polarized, quarks and gluons are polarized as well. 
Helicity distribution functions: number of quarks/gluons with spin parallel to the nucleon 
momentum minus the number of quarks/gluons with the spin opposite to the nucleon 
momentum

The relevant spin decomposition is by Jaffe and Manohar
R. L. Jaffe and A. Manohar, Nucl. Phys. B337, 509 (1990)
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➤ Wigner distributions have information on both position and motion  
 

➤ The most intuitive definition of OAM involves Wigner functions

➤ The gauge link makes this definition gauge invariant and the two choices:  
 
Straight link - kinetic OAM, Ji: 
 
Stapple-like link - canonical OAM, Jaffe-Manohar:

➤ The difference between the two                     is related to the torque force experienced 
by the struck quark and generated by the final state interactions

➤ How to fully access Wigner distributions in experiments is still to be explored

kT

xP
bT

C. Lorcé, B. Pasquini, X. Xiong and F. Yuan, Phys. Rev. D 85, (2012)
C. Lorcé, B. Pasquini, Phys. Rev. D 84, (2011)   

3. Complete gauge invariant decomposition

The recent controversy mentioned in the introduction was centered around whether one can con-
struct a gauge invariant alternative to the Jaffe-Manohar decomposition [5–7, 15, 16]. I will not go
through the many discussions and confusions that took place, but simply show the final result in
terms of the angular momentum tensor. One can add a different surface term than in (5) and obtain

Mµνλquark-spin = −1
2
εµνλσψ̄γ5γσψ , (8)

Mµνλquark-orbit = ψ̄γµ(xνiDλ
pure − xλiDν

pure)ψ , (9)

Mµνλgluon-spin = Fµλa Aνaphys − Fµνa Aλa
phys , (10)

Mµνλgluon-orbit = −Fµαa
(
xν(Dλ

pureAphys
α )a − xλ(Dν

pureAphys
α )a

)
, (11)

where

Aµphys(x) = −
∫

dy−K(y− − x−)WxyF+µ(y−, (x)Wyx , (12)

and Dµpure ≡ Dµ − igAµphys. In (12),Wxy is the lightlike Wilson line from y− to x− and K(y−) is either
1
2ε(y

−), θ(y−) or −θ(−y−). In the light-cone gauge, Aµphys reduces to Aµ. It is important that the same
Aµphys is consistently used in (9)–(11). One can readily check that each of these terms is separately
gauge invariant. Note that (12) is my definition of Aµphys. Other people have proposed different choices
but they are not relevant to high energy experiment. (They do not feature the experimentally measured
∆G.) Although not obvious, (12) is in fact equivalent to the Bashinsky-Jaffe prescription [12]. My
representation in terms of the field strength tensor as in (12) is more manifestly gauge invariant and
convenient for further investigations (see below).

Taking the matrix elements of (8)–(11) with (12), I obtain (1), but now all the terms are gauge
invariant and well-defined. I shall refer to this as the complete decomposition.

4. Orbital angular momentum

In order to explain the difference between the canonical OAM Lq
can and the kinetic one Lq, I find

it instructive to use the Wigner distribution

W(x,(k,(b) =
∫

dz−d(z
2(2π)3

∫
d(∆

(2π)2 eixP+z−−i(k·(z〈P′S |ψ̄((b −(z/2)γ+ψ((b +(z/2)|PS 〉 . (13)

where ∆ = P′ − P. The gluon Wigner distribution can be similarly defined. Since the Wigner dis-
tribution carries information of both transverse momentum (k and impact parameter (b, it is natural to
define an OAM via [17]

Lz =

∫
dxd2(bd2(k((b × (k)zW(x,(b,(k) . (14)

Then the question is “Which OAM is this, canonical or kinetic?” In order to answer this question,
one has to carefully define the Wigner distribution (13). To ensure gauge invariance, a Wilson line
from (b−(z/2 to (b+(z/2 is needed. A natural choice from the viewpoint of parton physics is the staple-
shaped Wilson line that goes to light-cone infinity z− = ±∞ and then comes back. If one does this,
one obtains the canonical OAM Lq

can [8]. On the other hand, if one uses a straight Wilson line from

3■■■
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GPDs
FT
�! q(x,b?) ’3d imaging’

? polarization )? deformation

simultaneous info about ? position & long.
momentum

,! Ji sum rule for Jq

L
q
JM � L

q
Ji = change in OAM as quark leaves

nucleon (due to torque from FSI)

d2: ? force on quarks in DIS

,! sign and magnitude of d2
X. Ji, X. Xiong and F. Yuan, Phys. Rev. D 88, no. 1, (2013) 
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where Mh is the pion mass, and h1(x) is the standard twist-2 transversity PDF. The functions H
?(1)
1 (z), H(z), and

Ĥ
=

FU
(z, z1) are, respectively, the kinematical, intrinsic, and dynamical unpolarized twist-3 FFs discussed in Section 1.

The hard factors associated with them are represented by S
i with the corresponding subscript, and they can be found

in Appendix A of Ref. [22].6 Note that H
?(1)
1 (z) is the first p?-moment of the Collins function,

H
?(1),q
1 (z) ⌘ z

2
Z

d
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~p 2
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2M
2
h

H
?,q
1 (z, z2~p 2

?) . (10)

These collinear twist-3 FFs are related to each other through an EOMR [17, 22, 23, 66–68],

H
q(z) = �2z H

?(1),q
1 (z) + 2z
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1

z

dz1

z
2
1

1
1
z
�

1
z1

Ĥ
q,=
FU

(z, z1) . (11)

It is important to mention that there is a similar EOMR involving TMD FFs [68, 69],

H
q(z, z2~p 2
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z~p 2
?

M
2
h

H
?,q
1 (z, z2~p 2

?) + H̃
q(z, z2~p 2

?) , (12)

where H(z, z2~p 2
?) is the TMD version of H(z), H

?

1 (z, z2~p 2
?) is the usual TMD Collins function, and H̃(z, z2~p 2

?) is a
twist-3 qgq TMD FF. Upon integration over ~p?, we find7

H
q(z) = �2z H

?(1),q
1 (z) + H̃

q(z) . (13)

Therefore, comparing Eqs. (11) and (13) one can make the identification8 (using the variable substitution y = z/z1)

H̃
q(z) = 2z

Z 1

0
dy

1
1 � y

Ĥ
q,=
FU

(z, z/y) . (14)

That is, the r.h.s. of Eq. (14) is actually a TMD FF integrated over ~p?. We will revisit this observation below.
Another set of formulae relating the intrinsic, kinematical, and dynamical functions are LIRs [10, 26, 72–74].

For twist-3 FFs, these expressions were derived for the first time in Ref. [26] using identities among non-local op-
erators and taking into account constraints from Lorentz invariance. For our purposes, we focus on the one relating
H
?(1)
1 (z), H(z), and Ĥ

=

FU
(z, z1) [26]:
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We now employ both the EOMR (11) and LIR (15) to re-express the fragmentation contribution to AN in Eq. (9) in
terms of the kinematical function H

?(1)
1 (z) and the the dynamical correlator Ĥ

=

FU
(z, z1) (via H̃(z)),
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#
S̃

i

H

9>>=
>>; , (16)

where we have used the identity (14) for the last term in brackets. The hard factors are given by

S̃
i

H
?

1
⌘

S
i

H
?

1
� S

i

HFU

�x0 t̂ � xû
and S̃

i

H
⌘

S
i

H
� S

i

HFU

�x0 t̂ � xû
, (17)

6Note that in Ref. [22], Ĥ(z) ⌘ H
?(1)
1 (z).

7Note that D(z) = z
2
R

d
2~p?D(z, z2~p 2

?
) for a generic FF.

8This connection was made previously in Ref. [70], where H(z, z2~p 2
?

) and H̃(z, z2~p 2
?

) were calculated in a spectator model, and in Ref. [71] in
the context of the asymmetry A

sin �S

UT
in SIDIS.
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which explicitly read
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1
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� 1
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ŝ
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t̂2û
, S̃
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1
N2

c
� 1
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1
N2

c

ŝ � û

2t̂û
+

(ŝ � û)(t̂2
� 2t̂û � 2û

2)
2t̂3û

, (18)
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ŝ

t̂2 , S̃
qq
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!qq

0
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t̂3 �

ŝû

t̂3 , (19)

S̃
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ŝ(t̂ � 3û)
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+
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ŝû
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�

1
Nc

1
t̂
, S̃

q̄q!qq̄

H
=

N
2
c
+ 1

N
3
c
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S̃
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1
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qq̄
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!qq̄

0

H
=

1
N2

c

ŝ(t̂ � 2ŝ)
t̂3 +

ŝ
2

t̂3 . (23)

Note that the factor 1/(�x
0
t̂ � xû) in Eq. (17) is cancelled in each of the above expressions (18)–(23). Such a simplifi-

cation also occurred for AN in ` p
"
! ⇡ X after using the LIR (15) [26] and appears to be a non-trivial cross-check of

the result. We also mention that one can obtain the channels involving anti-quark fragmentation by charge conjugating
the above partonic processes ab! cd. The hard parts are the same as the ones above, i.e., S̃

āb̄!c̄d̄ = S̃
ab!cd.

At this point, we emphasize again that H̃(z) in Eq. (16) is the twist-3 qgq TMD FF H̃(z, z2~p 2
?) integrated over ~p?.

Thus, we stress that one could obtain some information on Ĥ
=

FU
(z, z1) (via H̃(z) or H̃(z, z2~p 2

?)) through transverse spin
observables within the collinear twist-3 and/or TMD factorization formalisms. For example, the processes p

"
p! ⇡X

and ` p
"
! ⇡ X depend on H̃(z). On the other hand, at small-qT , where q is the momentum of the virtual photon, the

unintegrated correlator H̃(z, z2~p 2
?) enters (along with several other terms) the asymmetries A

sin �S

UT
, A

cos �h

UU
, A

sin �h

UL
, and

A
sin(2�h��S )
UT

in SIDIS [68] as well as the analogous ones in e
+
e
�
! ha hb X [69]. At the same time, a measurement of

A
sin �S

UT
in SIDIS integrated over PhT is sensitive to a single term9 that couples H̃(z) to the transversity PDF h1(x) [68].10

We want to reiterate once more that Ĥ
=

FU
(z, z1) (via H̃(z) or H̃(z, z2~p 2

?)) does show up in several di↵erent observables
that can provide more information on this function in the future. In the next section, we perform an analysis of the
TSSA for p

"
p! ⇡X and comment on what constraints on H̃(z) it can provide.

3. Phenomenology

We now give our numerical estimate for AN . Using Eqs. (4), (6), (16), we are able to express, respectively, the
numerator and denominator of AN in Eq. (2) as

d��(S T ) =
2PhT↵2

S

S

X

i

X

a,b,c

Z 1
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dz
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Z 1
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dx
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f
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1 (x
0)

Mh h

a

1(x)H⇡/c,i(x, x0, z) +
M

û
F

a,i(x, x0, z) D
⇡/c
1 (z)

�
,

(24)
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dz
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Z 1
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dx

x

1
x0

1
xS + U/z

f
a

1 (x) f
b

1 (x
0) D

⇡/c
1 (z) S

i

U
, (25)

where zmin = �(T + U)/S , xmin = �(U/z)/(T/z + S ), and x
0 = �(xT/z)/(xS + U/z). In Eq. (24) the quantities

H
⇡/c,i(x, x0, z) and F a,i(x, x0, z) are

H
⇡/c,i(x, x0, z) =

2
666664H
?(1),⇡/c
1 (z) � z

dH
?(1),⇡/c
1 (z)

dz

3
777775 S̃

i

H
?

1
+

"
�2H

?(1),⇡/c
1 (z) +

1
z

H̃
⇡/c(z)

#
S̃

i

H
, (26)

9In e
+

e
�
! ha hb X there is an additional term coupling DT (za) to D1(zb), whereas in SIDIS the analogous term coupling fT (x) to D1(z)

vanishes due to time-reversal invariance.
10This corresponds to a leading-order (LO) computation for this asymmetry within the usual collinear twist-3 factorization formalism [75]. At

next-to-leading order (NLO), typically a more complicated structure will appear that likely contains more terms [23].
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Figure 2: (a) STAR Collaboration data on AN for ⇡0 as function of xF at hyi = 3.7 for positive xF . The two error bands correspond to the theoretical
uncertainty from H

?(1)
1 (z) (the narrow band) and h1(x) (the wide band). (b) Predictions for AN in ⇡± production as function of xF at hyi = 3.7

for positive xF using Eq. (16) (along with the approximation (28)). The error bands correspond to the theoretical uncertainty from both h1(x) and
H
?(1)
1 (z).

In Fig. 1, we show the result of our calculation compared with the BRAHMS charged pion and STAR neutral pion
data for AN as a function of xF [33, 35, 36, 39]. The error bands for AN in those plots are based on the uncertainties
in h1(x) and H

?(1)
1 (z) from the fit in Ref. [82]. In the large-xF (i.e., large-x and large-z) region these functions are not

well-constrained, and consequently, one obtains large errors due to these inputs. We see that, although the theoretical
calculations undershoot or overshoot AN in some places, the central curves do a reasonable job in describing the data.
We are especially encouraged by these plots given that the contribution from H̃(z) still needs to be included. This
clearly demonstrates that this function must be nonzero. Through this computation, we now have a constraint on H̃(z)
and leave a fit of this function to AN data for future work. We emphasize again that the unintegrated version of this
correlator also enters multiple asymmetries in SIDIS and e

+
e
�
! ha hb X, while H̃(z) itself can be directly measured

in A
sin �S

UT
in SIDIS integrated over PhT .

Moreover, since FFT (x, x) and H
?(1)
1 (z), h1(x) enter the TMD evolution equations for the Sivers and Collins asym-

metries, respectively, in SIDIS and e
+
e
�
! ha hb X, one can eventually perform a global analysis that includes all

these observables along with AN in proton-proton and lepton-nucleon collisions (where FFT (x, x), H̃(z), H
?(1)
1 (z),

h1(x) all enter). This would better constrain the large-xF behavior of these functions and greatly reduce the error
bands in our plots since we have data from RHIC in this region. We found that the uncertainty in h1(x) in this regime
is what dominates the error over that from H

?(1)
1 (z), see Fig. 2(a). Thus, it is evident that the AN data would allow us to

drastically improve the extraction of transversity. Also, future measurements at JLab12 can improve the situation in
the large-x region [93]. In order to demonstrate the powerful capability of RHIC future measurements [2], we present
our predictions for AN in ⇡± production at 500 GeV in Fig. 2(b). One can clearly see that large-xF measurements of
AN will reduce the uncertainty of the large-x behavior of transversity and, together with other data sets, allow us to
explore the missing contribution from H̃(z). In addition, we also give our result for AN as a function of PhT in Fig. 3
compared with the STAR data from Ref. [94]. One can see that our calculations exhibit a flat behavior, similar to
that shown in Ref. [59]. The reason is that in the forward region, where t̂ becomes very small, the qg ! qg channel
dominates, and the hard function S

qg!qg

H
?

1
/ 1/t̂3 compensates the twist-3 (PhT )�1 fall o↵ of the asymmetry. Again, one

has to keep in mind that there is still a term missing, H̃(z) from our analysis, which needs to be fit to data as has been
emphasized above. It is also important to emphasize that the experimental data has a very large uncertainty which
prevents an unambiguous identification of the PhT -dependence. These open issues can only be addressed by future
experimental measurements and theoretical work.

We end this section with a brief comment about the fragmentation contribution to AN in p
"
A! ⇡0

X. Recently, a
calculation of this term was carried out in Ref. [95] that included gluon saturation e↵ects in the unpolarized nucleus.
The authors found that the first two terms in braces in Eq. (9) are proportional to A

�1/3 (see also [96]), while the third
term is proportional to A

0. Since in Ref. [59] one finds that this third term is negligible (see Fig. 3 of Ref. [59]), the
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