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Jet Substructure!
Primordial fluctuations

What cosmic history gave rise to primordial fluctuations?
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Jet Substructure: Searches

Z0

Primordial fluctuationsW
hat cosmic history gave rise to primordial fluctuations?
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• Jet Substructure uses the internal structure of jets to provide
qualitatively new ways to study physics at the LHC.
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• Its introduction in 2008 by Butterworth, Davison, Rubin and Salam,
along with anti-kT by Cacciari, Soyez, Salam reinvigorated the study
of jets in QCD.
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Changing the Perspective
• This changes the problem from studying the production of jets

(S-matrix elements) to studying the statistical properties of energy
flux within jets.

Primordial fluctuations

What cosmic history gave rise to primordial fluctuations?
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Patrick Komiske – The Hidden Geometry of Particle Collisions

Back to Explicit Geometry – Events as Distributions of Energy

8

[PTK, Metodiev, Thaler, JHEP 2019; PTK, Metodiev, Thaler, JHEP 2020]
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• Requires the development of a new set of theoretical tools and new
ways of thinking about jets.
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Four-Jet Production at the Large Hadron Collider at Next-to-Leading Order in QCD

Z. Berna, G. Dianab, L. J. Dixonc, F. Febres Corderod, S. Höchec,

D. A. Kosowerb, H. Itaa,e, D. Mâıtref,g and K. Ozerena

aDepartment of Physics and Astronomy, UCLA, Los Angeles, CA 90095-1547, USA
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We present the cross sections for production of up to four jets at the Large Hadron Collider,
at next-to-leading order in the QCD coupling. We use the BlackHat library in conjunction with
SHERPA and a recently developed algorithm for assembling primitive amplitudes into color-dressed
amplitudes. We adopt the cuts used by ATLAS in their study of multi-jet events in pp collisions
at

√
s = 7 TeV. We include estimates of nonperturbative corrections and compare to ATLAS data.

We store intermediate results in a framework that allows the inexpensive computation of additional
results for different choices of scale or parton distributions.

PACS numbers: 12.38.-t, 12.38.Bx, 13.87.-a, 14.70.Hp

Pure-jet events are abundant at the Large Hadron Col-
lider (LHC), providing a window onto new strongly inter-
acting physics [1]. The wealth of data being accumulated
by the LHC experiments motivates comparisons with pre-
cise theoretical predictions from first principles, based on
a perturbative expansion in quantum chromodynamics
(QCD) within the QCD-improved parton model. The
leading order (LO) contribution in the QCD coupling,
αs, does not suffice for quantitatively precise predictions,
which require at least next-to-leading-order (NLO) accu-
racy in the QCD coupling.

The ATLAS [2] and CMS [3] collaborations have re-
cently measured multijet cross sections in pp collisions at
7 TeV. In this Letter, we provide NLO QCD predictions
for the production of up to four jets, and compare them to
ATLAS data. Our study agrees with the earlier two- and
three-jet studies performed by ATLAS collaboration [2]
using NLOJET++ [4]; the four-jet computation is new.

NLO QCD predictions of jet production at hadron col-
liders have a 20-year history, going back to the original
computations of single-jet inclusive and two-jet produc-
tion [5, 6]. These were followed by results for three-jet
production [4, 7]. A longstanding bottleneck to obtain-
ing NLO predictions for a larger number of jets at hadron
colliders, the evaluation of the one-loop (virtual) correc-
tions, has been broken by on-shell methods [8–10], whose
efficiency scales well as the number of external legs in-
creases. Recent years have witnessed calculations with
up to five final-state objects [11], among many other new
processes [12–14].

g

g g

g

g

g

Q̄′
Q′

qq

Q̄ Q̄

FIG. 1: Sample diagrams for the six-parton one-loop ampli-
tudes for gg → gggg and qQ̄ → qQ′Q̄′Q̄.

We illustrate the virtual contributions to four-jet pro-
duction in fig. 1. To evaluate them we have made a num-
ber of significant improvements to the BlackHat pack-
age [15]. In particular, assembly of the color-summed
cross sections for subprocesses from primitive ampli-
tudes [16] has been automated [17], and the recomputa-
tion needed upon detection of numerical instabilities has
been reduced [18]. The pure-glue contributions dominate
the total cross section, yet would be the most complex
to compute in a traditional Feynman–diagram approach
because of their high tensor rank. We include all subpro-
cesses and the full color dependence in QCD in all terms.
We treat the five light-flavor quarks as massless and drop
the small (percent-level) effects of top quark loops.

We use AMEGIC++ [19], part of SHERPA [20],
to evaluate the remaining NLO ingredients: the
real-emission amplitudes and the dipole-subtraction
terms used to cancel their infrared divergences [21].
AMEGIC++ was cross-checked with the COMIX pack-
age [22]. The phase-space integrator exploits QCD an-
tenna structures [23, 24].

S-Matrix

Energy Flux
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Insights from Conformal Field Theory

[Hofman, Maldacena]
[Korchemsky, Sterman]
[Ore, Sterman]

Primordial fluctuations

W
hat cosmic history gave rise to primordial fluctuations?
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Primordial fluctuations

What cosmic history gave rise to primordial fluctuations?
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One of the simplest observables from the theoretical perspective is the Energy-Energy

Correlator (EEC), defined as [2, 3]
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Here Ei and Ej are the energies of final-state partons i and j in the center-of-mass frame,

and their angular separation is �ij . d� is the product of the squared matrix element and the

phase-space measure. The EEC can also be defined in terms of correlation function of ANEC

operators [4–7]

E(~n) =

1Z

0

dt lim
r!1

r2niT0i(t, r~n) , (1.2)

where it is given by

d�

dz
=

hOE(~n1)E(~n2)O†i
hOO†i , (1.3)

for some source operator O. This provides a connection between event shape observables and

correlation functions of ANEC operators allowing the study of event shapes to profit from

recent developments in the study of ANEC operators, and conversely, the EEC provide a

concrete situation for studying the behavior of ANEC operators.

There has recently been significant progress in the understanding of the EEC from a

number of di↵erent directions. For generic angles, the EEC has been computed at next-to-

leading order (NLO) in QCD [8, 9] for both an e+e� source, and Higgs decaying to gluons,

and up to NNLO in N = 4 SYM [7, 10]. It has also been computed numerically in QCD at

NNLO [11, 12].

There has also been progress in understanding the singularities of the EEC, which occur as

z ! 0 (the collinear limit) and z ! 1 (the back-to-back limit). In the back-to-back limit, the

EEC exhibits Sudakov double logarithms, whose all orders logarithmic structure is described

by a factorization formula [13, 14]. In the z ! 0 limit, which will be studied in this paper,

the EEC exhibits single collinear logarithms, originally studied at leading logarithmic order

in [15–19]. Formulas describing the behavior of the EEC in the collinear limit were recently

derived in [20] for a generic field theory, and in [21–24] for the particular case of a CFT. This

limit is of theoretical interest for studying the OPE structure of non-local operators, and of

phenomenological interest as a jet substructure observable.

The two-point correlator is particularly simple since it depends on a single variable, z.

Indeed, in a conformal field theory (CFT), its behavior in the collinear limit is fixed to be a

power law

⌃(z) =
1

2
C(↵s) z�

N=4
J (↵s) , (1.4)
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E(~n) = lim
r→∞

r2
∞∫
0

dtniT0i(t, r~n)

〈Ψ|E(n̂1) · · · E(n̂k)|Ψ〉

• Calorimeter cells can be given a field theoretic definition in terms of
light-ray operators.

• From the perspective of QFT, jet substructure is the study of
correlation functions of energy flow operators.
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Energy Correlators

• Correlation functions of energy flow operators take an interesting
intermediate position between amplitudes and correlation functions.

Bootstrapping the simplest correlator in planar N = 4 SYM at all loops

Frank Coronado1,2,3

1Perimeter Institute for Theoretical Physics, Waterloo, ON N2L 2Y5, Canada
2Department of Physics & Astronomy, University of Waterloo, Waterloo, ON N2L 3G1, Canada

3ICTP South American Institute for Fundamental Research, São Paulo, SP Brazil 01440-070

We present the full form of a four-point correlation function of large BPS operators in planar
N = 4 Super Yang-Mills to any loop order. We do this by following a bootstrap philosophy based
on three simple axioms pertaining to (i) the space of functions arising at each loop order, (ii) the
behaviour in the OPE in a double-trace dominated channel and (iii) the behaviour under a double
null limit. We discuss how these bootstrap axioms are in turn strongly motivated by empirical
observations up to nine loops unveiled through integrability methods in our previous work [9] on
this simplest correlation function.

I. INTRODUCTION

Integrability methods have shaped a new path for the
explicit evaluation of correlators of local operators in pla-
nar N = 4 SYM [1–5] and also non-planar [6–8], specially
for four-point functions of large protected single-trace op-
erators. In [9] we used integrability-based methods to
find the loop corrections to the polarized four-point func-
tion we named as the simplest. This correlator consists
of four external protected operators with R-charge po-
larizations chosen as shown in figure 1. In the limit of
long operators1 (K � 1), we argued this four-point func-
tion admits a factorization into the tree level part which
carries all the dependence on the external scaling dimen-
sion K and the loop corrections which are given by the
squared of the function O (the octagon)

hO1O2O3O4i =


1

x2
12x

2
13x

2
24x

2
34

�K
2

⇥ O2(z, z̄) (1)

where the cross ratios are defined in terms of the space-
time positions as:

zz̄ = u =
x2

12x
2
34

x2
13x

2
24

and (1�z)(1�z̄) = v =
x2

14x
2
23

x2
13x

2
24

In this paper we present some of the analytic properties
of the octagon O which follow from the explicit nine-loop
results in [9]. These properties include a restriction on
the space of functions that appear at any loop order and
the remarkable simplicity of the octagon in two di↵erent
kinematical limits: the OPE limit (z ! 1, z̄ ! 1) and
the double light-cone limit (z ! 0, z̄ ! 1).

We also state that these three analytic properties can
be used to uniquely define the octagon and with that

1 The rank of the gauge group Nc ! 1 is the largest parameter
followed by K. Then the planar correlator is expanded in powers
of the ’t Hooft coupling g2.

O1(0) O2(z)

O3(1) O4(1)

•
•

•

P
 in

•
•

•
P

 out

FIG. 1. The simplest four-point function with external opera-

tors O1(0, 0) = Tr(Z
K
2 X̄

K
2 )+cyclic permutations, O2(z, z̄) =

Tr(XK ), O3(1, 1) = Tr(Z̄K) and O4(1,1) = Tr(Z
K
2 X̄

K
2 )+

cyclic permutations. The Wick contractions form a perime-
ter with four bridges of width K

2
. According to Hexagonal-

izaiton [3] in the limit K � 1 the loop corrections are ob-
tained by summing over 2D intermediate multiparticle states
 in and  out on mirror cuts 1-4 and 2-3 respectively, with
both sums evaluating to O. Alternatively the octagon O rep-
resents the resummation of planar Feynman diagrams draw
inside(outside) the perimeter.

also the simplest correlator (1). We show how to solve
this bootstrap problem by first introducing a Steinmann
basis of Ladders which resolve two of the aforementioned
analytic properties. Then using the third property to
completely fix the coe�cients in an Ansatz constructed
with the Steinmann basis.

This bootstrap approach reproduces the explicit re-
sults obtained from perturbation theory and integrabil-
ity and allows us to easily extend them to arbitrary loop
order. We accompany this letter with an ancillary file
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Primordial fluctuations

What cosmic history gave rise to primordial fluctuations?
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The two-point correlator is particularly simple since it depends on a single variable, z.

Indeed, in a conformal field theory (CFT), its behavior in the collinear limit is fixed to be a
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• Despite their physical importance, much less explored.
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Conformal Colliders Meet the LHC

Primordial fluctuations

What cosmic history gave rise to primordial fluctuations?
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• Progress in the understanding of lightray operators allows the
calculation and measurement of the shapes and scalings of multipoint
correlators, inside high energy jets at the LHC.
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• Scaling Behavior in Jet Substructure

• Non-Gaussianities in Energy Flux

• Resolving the Scales of the QGP
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Scaling Behavior in Jet Substructure

Primordial fluctuations

What cosmic history gave rise to primordial fluctuations?
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for some source operator O. This provides a connection between event shape observables and
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recent developments in the study of ANEC operators, and conversely, the EEC provide a

concrete situation for studying the behavior of ANEC operators.
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derived in [20] for a generic field theory, and in [21–24] for the particular case of a CFT. This

limit is of theoretical interest for studying the OPE structure of non-local operators, and of
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z ! 0 (the collinear limit) and z ! 1 (the back-to-back limit). In the back-to-back limit, the

EEC exhibits Sudakov double logarithms, whose all orders logarithmic structure is described
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The OPE Limit of Lightray Operators

• Energy flow operators admit an OPE!

• Jet Substructure is the study of the OPE limit of lightray operators.

Primordial fluctuations

W
hat cosmic history gave rise to primordial fluctuations?
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for some source operator O. This provides a connection between event shape observables and

correlation functions of ANEC operators allowing the study of event shapes to profit from

recent developments in the study of ANEC operators, and conversely, the EEC provide a

concrete situation for studying the behavior of ANEC operators.

There has recently been significant progress in the understanding of the EEC from a

number of di↵erent directions. For generic angles, the EEC has been computed at next-to-

leading order (NLO) in QCD [8, 9] for both an e+e� source, and Higgs decaying to gluons,

and up to NNLO in N = 4 SYM [7, 10]. It has also been computed numerically in QCD at

NNLO [11, 12].

There has also been progress in understanding the singularities of the EEC, which occur as

z ! 0 (the collinear limit) and z ! 1 (the back-to-back limit). In the back-to-back limit, the

EEC exhibits Sudakov double logarithms, whose all orders logarithmic structure is described

by a factorization formula [13, 14]. In the z ! 0 limit, which will be studied in this paper,

the EEC exhibits single collinear logarithms, originally studied at leading logarithmic order

in [15–19]. Formulas describing the behavior of the EEC in the collinear limit were recently

derived in [20] for a generic field theory, and in [21–24] for the particular case of a CFT. This

limit is of theoretical interest for studying the OPE structure of non-local operators, and of

phenomenological interest as a jet substructure observable.

The two-point correlator is particularly simple since it depends on a single variable, z.

Indeed, in a conformal field theory (CFT), its behavior in the collinear limit is fixed to be a

power law

⌃(z) =
1

2
C(↵s) z�

N=4
J (↵s) , (1.4)

– 2 –

• Allows a completely new approach to jet substructure as the study of
the symmetry and OPE structure of these operators.

[Hofman, Maldacena]
[Chang, Kologlu, Kravchuk, Simmons Duffin, Zhiboedov]
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Theory-Experiment Gap

• OPE scaling is the most basic prediction of QFT for jet substructure.
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• Shockingly, still true as of 2022...
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Reason I: Sociology

• The classic approach to studying jets is to use “jet shapes”, which are
resolution variables about an underlying S-matrix element. e.g.
“thrust” by Farhi in 1977.

• Goal of jet substructure is to study structure of energy flow, NOT
underlying S-matrix element, but historical prejudice very strong...

• Jet shapes are not correlation functions.

T = max
~n

P
i |~n · ~pi|

Q

<latexit sha1_base64="KlVLYrCZzdFklacvNdvTRSfgYxQ="></latexit>
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Reason II: LEP Energies

• (Un)Fortunately, QCD is not a conformal theory.

• At energy scales of LEP,
hadronization has a large impact:
• Large corrections to structure of energy flow.
• Jets consist of a small ∼ 5 number of particles.
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Figure 2: Data and Monte Carlo predictions obtained with the HM setup at
parton and hadron level. Reweighting was applied.
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Move to the LHC...
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CMS Open Data

• Provided by Jesse Thaler and Patrick Komiske.

• Ideal for rapid testing of new theory ideas!
=⇒ Can then be done more carefully by professionals.

• CMS has released a sample of high quality data for public use.
=⇒ Perfect for jet studies.

• Packaged in “MIT Open Data”:
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The Lightray OPE

• In CFTs, the lightray OPE is a convergent, and rigorous expansion.

I +

One of the simplest observables from the theoretical perspective is the Energy-Energy

Correlator (EEC), defined as [2, 3]

d�

dz
=
X

i,j

Z
d�

EiEj

Q2
�

✓
z � 1 � cos�ij

2

◆
. (1.1)

Here Ei and Ej are the energies of final-state partons i and j in the center-of-mass frame,

and their angular separation is �ij . d� is the product of the squared matrix element and the

phase-space measure. The EEC can also be defined in terms of correlation function of ANEC

operators [4–7]

E(~n) =

1Z

0

dt lim
r!1

r2niT0i(t, r~n) , (1.2)

where it is given by

d�

dz
=

hOE(~n1)E(~n2)O†i
hOO†i , (1.3)

for some source operator O. This provides a connection between event shape observables and

correlation functions of ANEC operators allowing the study of event shapes to profit from

recent developments in the study of ANEC operators, and conversely, the EEC provide a

concrete situation for studying the behavior of ANEC operators.

There has recently been significant progress in the understanding of the EEC from a

number of di↵erent directions. For generic angles, the EEC has been computed at next-to-

leading order (NLO) in QCD [8, 9] for both an e+e� source, and Higgs decaying to gluons,

and up to NNLO in N = 4 SYM [7, 10]. It has also been computed numerically in QCD at

NNLO [11, 12].

There has also been progress in understanding the singularities of the EEC, which occur as

z ! 0 (the collinear limit) and z ! 1 (the back-to-back limit). In the back-to-back limit, the

EEC exhibits Sudakov double logarithms, whose all orders logarithmic structure is described

by a factorization formula [13, 14]. In the z ! 0 limit, which will be studied in this paper,

the EEC exhibits single collinear logarithms, originally studied at leading logarithmic order

in [15–19]. Formulas describing the behavior of the EEC in the collinear limit were recently

derived in [20] for a generic field theory, and in [21–24] for the particular case of a CFT. This

limit is of theoretical interest for studying the OPE structure of non-local operators, and of

phenomenological interest as a jet substructure observable.

The two-point correlator is particularly simple since it depends on a single variable, z.

Indeed, in a conformal field theory (CFT), its behavior in the collinear limit is fixed to be a

power law

⌃(z) =
1

2
C(↵s) z�

N=4
J (↵s) , (1.4)
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E(n̂1)E(n̂2) =
∑
ciθ

τi−4Oi(n̂1)

• To describe the leading scaling at the LHC, we can restrict to the
leading term in the OPE =⇒ twist-2 light ray operators.

• To understand what we can hope to see at the LHC, must look at the
structure of these operators.

[Hofman, Maldacena; Chang, Kologlu, Kravchuk, Simmons Duffin, Zhiboedov]
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The Leading Twist Lightray OPE

Leading Power in QCD
twist-2 operators 

O[J]
q =

1

2J
 ̄�+(iD+)J�1 
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transverse 
spin-0 

transverse 
spin-2 

• The twist-2 operators in QCD are characterized by a spin-J and a
transverse spin j = 0, 2.

• These can be light-transformed to obtain a vector of twist-2 lightray
operators parametrized by spin-J:

• The anomalous dimensions of these operators,

determines the leading behavior of jet substructure.

d

d lnµ2
~O[J ](n̂1) = γ̂(J)~O[J ](n̂1)

[Hofman, Maldacena]
[Chen, IM, Zhu]

[Kravchuk, Simmons Duffin]

Brookhaven Seminar September 8, 2022 18 / 50



Explicit Structure

• The OPE coefficients can be expressed in terms of a matrix, Ĉφ(J),
whose entries are analytic functions of J :

• Perhaps surprisingly, these play a crucial role: OPE coefficients onto
polarized operators are suppressed, and proportional to (CA − nf ).

E(n̂1)E(n̂2) = − 1

2π

2

θ2
~J
[
Ĉφ(2)− Ĉφ(3)

]
~O[3](n̂1) + · · · ,

~O[J ](n̂1)E(n̂2) = − 1

2π

2

θ2

[
Ĉφ(J)− Ĉφ(J + 1)

]
~O[J+1](n̂1) + · · ·

[Chen, IM, Zhu]
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Factorization Theorem at the LHC

Primordial fluctuations
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hat cosmic history gave rise to primordial fluctuations?
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• Can derive a factorization theorem in the LHC environment extending
the proofs of Collins-Soper-Sterman for inclusive fragmentation:

dΣ

dpT dη d{ζ} =
∑

i

Hi (pT /z, η, µ)

⊗
∫ 1

0
dxxN Jij(z, x, pTR,µ) J

[N ]
j ({ζ}, x, µ) .

[Lee, Mecaj, Moult]
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The OPE Limit in Data

• The E(n̂1)E(n̂2) OPE inside high-energy jets!
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• Beautiful illustration of the universality of the OPE limit in QFT!

• Universality allows calculations in the complicated LHC environment.

[Lee, Mecaj, Moult]
[Dixon, Moult, Zhu]
[Komiske, Moult, Thaler, Zhu]
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Higher Point Scaling
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• The light-ray OPE predicts that the N -point correlators develop an
anomalous scaling that depends on N .

〈E1E2···EJ−1〉
〈E1E2〉 ∼ 〈O[J]〉

〈O[3]〉

• Directly probes the spectrum of (twist-2) lightray operators in QCD.
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The Spectrum of a Jet
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〈E1E2···EJ−1〉
〈E1E2〉 ∼ 〈O[J]〉

〈O[3]〉

• Measurements of asymptotic energy flux directly extract the spectrum
of (twist-2) lightray operators in QCD at the quantum level!

• A never before observed feature of QFT, accessible due to the high
energies and remarkable detectors of the LHC.

[Lee, Mecaj, Moult]
[Chen, Moult, Zhang, Zhu]
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The Confinement Transition

Therefore, QCD is asymptotically free: the coupling constant decreases with the scale

Higher-order computations (up to four loops) do not change this behavior: QCD becomes a free theory in the 
asymptotic limit

Running of the QCD coupling has been verified in a wide variety of experiments, from low to high energy

Particle Data Group 2013

Juan Rojo                                                                                                           University of Oxford, 05/05/2014

The result that the QCD coupling 
becomes large at low scales hints 
towards confinement, which is 
however a purely perturbative 
phenomenon

• Jets exhibit a transition from weakly coupled quarks and gluons to
freely propagating hadrons.

• Can it be directly imaged?
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The Confinement Transition
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Free Hadron Transition Quarks/Gluons

Charged-Hadron EEC

• Distinct scalings associated with interacting quarks and gluons and
free hadrons clearly visible!

• Precision measurements of the confinement transition possible.

• https://www.youtube.com/watch?v=ORwDv1KTB5U

Brookhaven Seminar September 8, 2022 25 / 50



Non-Gaussianities in Energy Flux

[Chen, Moult, Thaler, Zhu]
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Non-Gaussianities

• Higher-point correlators probe more detailed aspects of interactions.

• e.g. Non-Gaussianities allow one to distinguish models of inflation.

• Three-point function, 〈ζ~k1ζ~k2ζ~k3〉, first computed by Maldacena.
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I +

One of the simplest observables from the theoretical perspective is the Energy-Energy

Correlator (EEC), defined as [2, 3]

d�

dz
=
X

i,j

Z
d�

EiEj

Q2
�

✓
z � 1 � cos�ij

2

◆
. (1.1)

Here Ei and Ej are the energies of final-state partons i and j in the center-of-mass frame,

and their angular separation is �ij . d� is the product of the squared matrix element and the

phase-space measure. The EEC can also be defined in terms of correlation function of ANEC

operators [4–7]

E(~n) =

1Z

0

dt lim
r!1

r2niT0i(t, r~n) , (1.2)

where it is given by

d�

dz
=

hOE(~n1)E(~n2)O†i
hOO†i , (1.3)

for some source operator O. This provides a connection between event shape observables and

correlation functions of ANEC operators allowing the study of event shapes to profit from

recent developments in the study of ANEC operators, and conversely, the EEC provide a

concrete situation for studying the behavior of ANEC operators.

There has recently been significant progress in the understanding of the EEC from a

number of di↵erent directions. For generic angles, the EEC has been computed at next-to-

leading order (NLO) in QCD [8, 9] for both an e+e� source, and Higgs decaying to gluons,

and up to NNLO in N = 4 SYM [7, 10]. It has also been computed numerically in QCD at

NNLO [11, 12].

There has also been progress in understanding the singularities of the EEC, which occur as

z ! 0 (the collinear limit) and z ! 1 (the back-to-back limit). In the back-to-back limit, the

EEC exhibits Sudakov double logarithms, whose all orders logarithmic structure is described

by a factorization formula [13, 14]. In the z ! 0 limit, which will be studied in this paper,

the EEC exhibits single collinear logarithms, originally studied at leading logarithmic order

in [15–19]. Formulas describing the behavior of the EEC in the collinear limit were recently

derived in [20] for a generic field theory, and in [21–24] for the particular case of a CFT. This

limit is of theoretical interest for studying the OPE structure of non-local operators, and of

phenomenological interest as a jet substructure observable.

The two-point correlator is particularly simple since it depends on a single variable, z.

Indeed, in a conformal field theory (CFT), its behavior in the collinear limit is fixed to be a

power law

⌃(z) =
1

2
C(↵s) z�

N=4
J (↵s) , (1.4)
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(a) The shape of B+++
3 for ↵ = 1, p = 1. (b) The shape of B++�

3 for ↵ = 1, p = 1.

(c) The shape of B+++
3 for ↵ = 1, p = 2. (d) The shape of B++�

3 for ↵ = 1, p = 2.

(e) The shape of B+++
3 for ↵ = 3, p = 3. (f) The shape of B++�

3 for ↵ = 3, p = 3.

Figure 5: Shapes of each of the three tree-level, contact parity-odd bispectra consistent with the MLT.

48

• Can we compute higher-point functions of energy flux?

[Cabass, Pajer, Stefanysyzn, Supel]
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Multipoint Correlators
• The only explicit results for correlators with N > 2 are the remarkable

strong coupling results of Hofman and Maldacena:

• The wealth of techniques developed to compute perturbative
scattering amplitudes can be applied to multi-point correlators at
weak coupling.

the correction by demanding that the integral over one of the angles gives the total energy.

The dots in (4.9) denote higher order terms in the 1/
√
λ expansion.

In this derivation we have assumed that the state we are considering has no oscillators

excited along the three transverse AdS directions. In the case of the superstring we can

still have a massless mode with indices in the transverse AdS directions since those can

be accounted for by fermion zero modes on the string worldsheet in light cone gauge. The

result (4.9) is very general and holds for any theory with a ten dimensional weakly coupled

dual with an AdS5 factor if we replace 1/λ → α′2/R4
AdS , under the assumption that we

are creating a ten dimensional massless closed string with the external operator.

4.3. Corrections to the n point function

We now consider the n point function ⟨E(n⃗1) · · · E(n⃗n)⟩. We have seen that the gravity

result is just a constant. Let us compute the stringy corrections. The leading deviation

can be computed by expanding the full expression (4.4) up to quadratic order in products

of ki.kj. The resulting correction is basically the same as the one contributing to the

two point function (4.9). In order to see something new we can go to cubic order in the

products ki.kj. In the end this gives us a correction to the n point function which looks

like

⟨E(n⃗1) · · · E(n⃗n)⟩ =
( q

4π

)n

⎡
⎣1 +

∑

i<j

6π2

λ
[(n⃗i.n⃗j)

2 − 1

3
]+

+
β

λ3/2
[
∑

i<j<k

(n⃗i.n⃗j)(n⃗j.n⃗k)(n⃗i.n⃗k) + · · ·] + o(λ−2)

⎤
⎦

(4.10)

where β is a numerical coefficient16 and the dots denote terms that are necessary to ensure

that the integral over each of the angles gives zero as well as a term that corrects the

coefficient of the (n⃗in⃗j)
2 term by an order λ−3/2 amount.

Thus, we find that for a strongly coupled field theory the energy distribution is uniform

with small fluctuations which have an amplitude of order 1/
√
λ. In other words, δE/E ∼

1√
λ
. The two point function of these fluctuations is given by the first non-constant term

in (4.10). One might have thought that these flucutuations would be gaussian. However,

we find that the three point function of the fluctuations is of order λ−3/2. Thus, when we

16 β = −1728
∫ 2π

0

dσ1dσ2

(2π)2
log[2 sin σ1

2
] log[2 sin σ2

2
] log[2| sin (σ1−σ2)

2
|] ∼ 518 ± 5.
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Perturbative Calculation

• To compute in perturbation theory, one integrates over the energy
fraction of particles, with the angles of observed particles fixed.

• At lowest order in perturbation theory, one has:∫
dω1dω2dω3 δ(1− ω1 − ω2 − ω3) (ω1ω2ω3) P1→3

• Consider for illustration a simple Mandelstam invariant in the splitting
function P1→3 ⊃ 1

s123
.

• One obtains integrals of the form:∫
dω1dω2dω3δ(1− ω1 − ω2 − ω3)

ω1ω2ω3

ω1ω2z212 + ω1ω3z213 + ω2ω3z223

• This is immediately recognized as a Feynman parameter integral,
where the |zij |2 are the dual coordinates:

xµi − x
µ
i+1 = pµi , x

2
ij = (xi − xj)2 = (pi + · · · pj−1)2 ,
x2ij ↔ |zij |2
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Perturbative Calculation

• This is recognized as a dual Feynman loop integral, where the |zij |2
are the dual coordinates:

xµi − x
µ
i+1 = pµi , x

2
ij = (xi − xj)2 = (pi + · · · pj−1)2 ,
x2ij ↔ |zij |2

• Structure of such integrals well understood.
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Multi-point Correlators at Weak Coupling

• Turn out to have an elegant perturbative structure. e.g. in N = 4

Primordial fluctuations

W
hat cosmic history gave rise to primordial fluctuations?
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perspective later in this paper. To manifest this factorization, we introduce the maximal

length xL as a scaling variable, and a complex cross-ratio variable z to describe the shape.

If we order the sides, {x1, x2, x3}, of the triangle formed by the correlator as xS  xM  xL

then zz̄ = xM/xL, (1 � z)(1 � z̄) = xS/xL. The result for the three-point energy correlator

can then be written as

1

�tot

d3⌃i

dxL dRez dImz
= 8 ⇥ 1

⇡

⇣↵s

4⇡

⌘2 16

xL
Gi(z) , (2.3)

where the factor 8 comes from normalizing to Q/2. The function Gi(z) describes the depen-

dence on the cross-ratio variable, and depends both on the underlying theory, as well as the

particle type initiating the jet, e.g. quark or gluon for the case of QCD. The function Gi(z)

was computed for quark and gluon jets in QCD, and in N = 4 SYM in [30]. For example, in

N = 4 SYM, the result takes the compact form1

GN=4(z) =
1 + u + v

2uv
(1 + ⇣2) �

1 + v

2uv
log(u) � 1 + u

2uv
log(v)

� (1 + u + v)(@u + @v)�(z) +
(1 + u2 + v2)

2uv
�(z) +

(z � z̄)2(u + v + u2 + v2 + u2v + uv2)

4u2v2
�(z)

+
(u � 1)(u + 1)

2uv2
D+

2 (z) +
(v � 1)(v + 1)

2u2v
D+

2 (1 � z) +
(u � v)(u + v)

2uv
D+

2

✓
z

z � 1

◆
, (2.4)

where u = zz̄, v = (1 � z)(1 � z̄),

�(z) =
2

z � z̄

✓
Li2(z) � Li2(z̄) +

1

2
(log(1 � z) � log(1 � z̄)) log(zz̄)

◆
, (2.5)

is the standard box function, and

D+
2 (z) = Li2(1 � |z|2) +

1

2
log(|1 � z|2) log(|z|2) , (2.6)

is a weight two function even under z $ z̄. The results for quark and gluon jets in QCD are

slightly longer, but can expressed in terms of the same class of functions.

In this parametrization, the squeezed/OPE limit corresponds to z ! 0 or equivalently

z ! 1. Despite the simplicity of the final result, these limits are quite rich, and provide much

information on the structure of the energy correlators.

Before proceeding, we note that relating 1
�tot

d⌃i
dxL dRez dImz to the fully di↵erential collinear

triple energy correlation hE(~n1)E(~n2)E(~n3)i requires several changes of variables that intro-

duce numerical factors that we record here for completeness. First, 1
�tot

d⌃i
dxL dRez dImz is defined

by integrating out the overall rotation around the jet axis, which introduces a factor of 2⇡

since hE(~n1)E(~n2)E(~n3)i is rotationally invariant when the collinear source is unpolarized.

Second, Z2 symmetry z $ 1 � z contributes another factor of 2. For concreteness, suppose

1Here we have slightly simplified the result as compared to its form in [30], by replacing higher powers of

(z � z̄) in denominators with derivatives acting on �(z), using identities inspired by [14].
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is the standard box function, and
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is a weight two function even under z $ z̄. The results for quark and gluon jets in QCD are

slightly longer, but can expressed in terms of the same class of functions.

In this parametrization, the squeezed/OPE limit corresponds to z ! 0 or equivalently

z ! 1. Despite the simplicity of the final result, these limits are quite rich, and provide much

information on the structure of the energy correlators.

Before proceeding, we note that relating 1
�tot

d⌃i
dxL dRez dImz to the fully di↵erential collinear

triple energy correlation hE(~n1)E(~n2)E(~n3)i requires several changes of variables that intro-

duce numerical factors that we record here for completeness. First, 1
�tot

d⌃i
dxL dRez dImz is defined

by integrating out the overall rotation around the jet axis, which introduces a factor of 2⇡

since hE(~n1)E(~n2)E(~n3)i is rotationally invariant when the collinear source is unpolarized.

Second, Z2 symmetry z $ 1 � z contributes another factor of 2. For concreteness, suppose

1Here we have slightly simplified the result as compared to its form in [30], by replacing higher powers of

(z � z̄) in denominators with derivatives acting on �(z), using identities inspired by [14].
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• Here Φ and D+
2 are polylogarithmic functions

• Real world QCD involves more complicated polynomials, but is
otherwise similar.
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Shape Dependence of Non-Gaussianity in Data

• Can directly study non-gaussianities inside high energy jets.

• Illustrates theoretical control over multi-point correlations!
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Shape Dependence of Non-Gaussianity in Data

• Enhancement in squeezed limit/ general behavior analogous to that
of cosmological correlators.

Time

Quantum Vacuum Classical
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<latexit sha1_base64="wq8ePnOQwI0PljImuWzxaj2yVd0=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBDiJewGQcFLwIvHCOaByRJmJ73JkNnZZaZXjCF/4cWDIl79G2/+jZNkD5pY0FBUddPdFSRSGHTdb2dldW19YzO3ld/e2d3bLxwcNkycag51HstYtwJmQAoFdRQooZVoYFEgoRkMr6d+8wG0EbG6w1ECfsT6SoSCM7TSfecJkJUeu5WzbqHolt0Z6DLxMlIkGWrdwlenF/M0AoVcMmPanpugP2YaBZcwyXdSAwnjQ9aHtqWKRWD88eziCT21So+GsbalkM7U3xNjFhkzigLbGTEcmEVvKv7ntVMML/2xUEmKoPh8UZhKijGdvk97QgNHObKEcS3srZQPmGYcbUh5G4K3+PIyaVTKnlv2bs+L1assjhw5JiekRDxyQarkhtRInXCiyDN5JW+OcV6cd+dj3rriZDNH5A+czx+48JBB</latexit><latexit sha1_base64="wq8ePnOQwI0PljImuWzxaj2yVd0=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBDiJewGQcFLwIvHCOaByRJmJ73JkNnZZaZXjCF/4cWDIl79G2/+jZNkD5pY0FBUddPdFSRSGHTdb2dldW19YzO3ld/e2d3bLxwcNkycag51HstYtwJmQAoFdRQooZVoYFEgoRkMr6d+8wG0EbG6w1ECfsT6SoSCM7TSfecJkJUeu5WzbqHolt0Z6DLxMlIkGWrdwlenF/M0AoVcMmPanpugP2YaBZcwyXdSAwnjQ9aHtqWKRWD88eziCT21So+GsbalkM7U3xNjFhkzigLbGTEcmEVvKv7ntVMML/2xUEmKoPh8UZhKijGdvk97QgNHObKEcS3srZQPmGYcbUh5G4K3+PIyaVTKnlv2bs+L1assjhw5JiekRDxyQarkhtRInXCiyDN5JW+OcV6cd+dj3rriZDNH5A+czx+48JBB</latexit><latexit sha1_base64="wq8ePnOQwI0PljImuWzxaj2yVd0=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBDiJewGQcFLwIvHCOaByRJmJ73JkNnZZaZXjCF/4cWDIl79G2/+jZNkD5pY0FBUddPdFSRSGHTdb2dldW19YzO3ld/e2d3bLxwcNkycag51HstYtwJmQAoFdRQooZVoYFEgoRkMr6d+8wG0EbG6w1ECfsT6SoSCM7TSfecJkJUeu5WzbqHolt0Z6DLxMlIkGWrdwlenF/M0AoVcMmPanpugP2YaBZcwyXdSAwnjQ9aHtqWKRWD88eziCT21So+GsbalkM7U3xNjFhkzigLbGTEcmEVvKv7ntVMML/2xUEmKoPh8UZhKijGdvk97QgNHObKEcS3srZQPmGYcbUh5G4K3+PIyaVTKnlv2bs+L1assjhw5JiekRDxyQarkhtRInXCiyDN5JW+OcV6cd+dj3rriZDNH5A+czx+48JBB</latexit><latexit sha1_base64="wq8ePnOQwI0PljImuWzxaj2yVd0=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBDiJewGQcFLwIvHCOaByRJmJ73JkNnZZaZXjCF/4cWDIl79G2/+jZNkD5pY0FBUddPdFSRSGHTdb2dldW19YzO3ld/e2d3bLxwcNkycag51HstYtwJmQAoFdRQooZVoYFEgoRkMr6d+8wG0EbG6w1ECfsT6SoSCM7TSfecJkJUeu5WzbqHolt0Z6DLxMlIkGWrdwlenF/M0AoVcMmPanpugP2YaBZcwyXdSAwnjQ9aHtqWKRWD88eziCT21So+GsbalkM7U3xNjFhkzigLbGTEcmEVvKv7ntVMML/2xUEmKoPh8UZhKijGdvk97QgNHObKEcS3srZQPmGYcbUh5G4K3+PIyaVTKnlv2bs+L1assjhw5JiekRDxyQarkhtRInXCiyDN5JW+OcV6cd+dj3rriZDNH5A+czx+48JBB</latexit>

⇣(x3)
<latexit sha1_base64="fFohW2JCPo6xnIYI5X3PggLY2LU=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyqoOAl4MVjBPPAJITZSW8yZHZ2mZkV45K/8OJBEa/+jTf/xkmyB00saCiquunu8mPBtXHdb2dpeWV1bT23kd/c2t7ZLezt13WUKIY1FolINX2qUXCJNcONwGaskIa+wIY/vJ74jQdUmkfyzoxi7IS0L3nAGTVWum8/oaGlx+7ZSbdQdMvuFGSReBkpQoZqt/DV7kUsCVEaJqjWLc+NTSelynAmcJxvJxpjyoa0jy1LJQ1Rd9LpxWNybJUeCSJlSxoyVX9PpDTUehT6tjOkZqDnvYn4n9dKTHDZSbmME4OSzRYFiSAmIpP3SY8rZEaMLKFMcXsrYQOqKDM2pLwNwZt/eZHUT8ueW/Zuz4uVqyyOHBzCEZTAgwuowA1UoQYMJDzDK7w52nlx3p2PWeuSk80cwB84nz+6dZBC</latexit><latexit sha1_base64="fFohW2JCPo6xnIYI5X3PggLY2LU=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyqoOAl4MVjBPPAJITZSW8yZHZ2mZkV45K/8OJBEa/+jTf/xkmyB00saCiquunu8mPBtXHdb2dpeWV1bT23kd/c2t7ZLezt13WUKIY1FolINX2qUXCJNcONwGaskIa+wIY/vJ74jQdUmkfyzoxi7IS0L3nAGTVWum8/oaGlx+7ZSbdQdMvuFGSReBkpQoZqt/DV7kUsCVEaJqjWLc+NTSelynAmcJxvJxpjyoa0jy1LJQ1Rd9LpxWNybJUeCSJlSxoyVX9PpDTUehT6tjOkZqDnvYn4n9dKTHDZSbmME4OSzRYFiSAmIpP3SY8rZEaMLKFMcXsrYQOqKDM2pLwNwZt/eZHUT8ueW/Zuz4uVqyyOHBzCEZTAgwuowA1UoQYMJDzDK7w52nlx3p2PWeuSk80cwB84nz+6dZBC</latexit><latexit sha1_base64="fFohW2JCPo6xnIYI5X3PggLY2LU=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyqoOAl4MVjBPPAJITZSW8yZHZ2mZkV45K/8OJBEa/+jTf/xkmyB00saCiquunu8mPBtXHdb2dpeWV1bT23kd/c2t7ZLezt13WUKIY1FolINX2qUXCJNcONwGaskIa+wIY/vJ74jQdUmkfyzoxi7IS0L3nAGTVWum8/oaGlx+7ZSbdQdMvuFGSReBkpQoZqt/DV7kUsCVEaJqjWLc+NTSelynAmcJxvJxpjyoa0jy1LJQ1Rd9LpxWNybJUeCSJlSxoyVX9PpDTUehT6tjOkZqDnvYn4n9dKTHDZSbmME4OSzRYFiSAmIpP3SY8rZEaMLKFMcXsrYQOqKDM2pLwNwZt/eZHUT8ueW/Zuz4uVqyyOHBzCEZTAgwuowA1UoQYMJDzDK7w52nlx3p2PWeuSk80cwB84nz+6dZBC</latexit><latexit sha1_base64="fFohW2JCPo6xnIYI5X3PggLY2LU=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyqoOAl4MVjBPPAJITZSW8yZHZ2mZkV45K/8OJBEa/+jTf/xkmyB00saCiquunu8mPBtXHdb2dpeWV1bT23kd/c2t7ZLezt13WUKIY1FolINX2qUXCJNcONwGaskIa+wIY/vJ74jQdUmkfyzoxi7IS0L3nAGTVWum8/oaGlx+7ZSbdQdMvuFGSReBkpQoZqt/DV7kUsCVEaJqjWLc+NTSelynAmcJxvJxpjyoa0jy1LJQ1Rd9LpxWNybJUeCSJlSxoyVX9PpDTUehT6tjOkZqDnvYn4n9dKTHDZSbmME4OSzRYFiSAmIpP3SY8rZEaMLKFMcXsrYQOqKDM2pLwNwZt/eZHUT8ueW/Zuz4uVqyyOHBzCEZTAgwuowA1UoQYMJDzDK7w52nlx3p2PWeuSk80cwB84nz+6dZBC</latexit>

Figure 1: Late-time observations measure correlations of the adiabatic density fluctuation, ⇣(x, ⌧),

produced from non-linear time evolution in the early universe. The particle’s propagation is

illustrated by the solid lines, while the dashed line represents the absence of the corresponding

mode at late times. Left: Quantum-vacuum fluctuations arise as the correlated production of

three particles due to non-linear e↵ects. This process would violate energy conservation in flat

space, and thus produces no poles at physical momenta [31]. Right: Classical fluctuations only

arise in a state containing physical particles, as local variations in the particle density, e.g. [25–30].

The non-linear evolution that leads to net particle creation also allows for decays (or annihilation).

These processes appear as poles at physical momenta.

our intuition in flat space. On the other hand, long-range correlations — as those featured in the

vacuum state — may be produced without the associated poles if locality is violated. We will

illustrate the role of local causal evolution in an illuminating example.

Our analysis is also motivated by the practical issue of simulating a universe with non-Gaussian

initial conditions. Typically, generating initial conditions with non-local correlations from a

Gaussian map requires high-dimensional integration [32–34]. If these initial conditions were

generated by local classical evolution instead, one could simply produce them via a Gaussian

map evolved in time, and potentially speed up the simulations.1 However, as we show here,

such a procedure — or any local evolution for that matter — will not accurately reproduce the

non-Gaussian probability distribution obtained from quantum fluctuations. This result may also

have some deeper relevance in quantum versus classical computing.

2 Cosmic Quantumness

We are interested in comparing the predictions of quantum and classical physics for the statistics

of the initial density perturbations, assuming that the non-Gaussianity is produced from local

non-linear evolution, namely it is not present in the initial state.

1We thank Uroš Seljak for first raising this point.

3

[Green, Porto]
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Multi-Point Correlators in Data

• Why is this so neat (at least to me)? This is an honest to goodness
correlation function living on the celestial sphere!

• It has all the nice theoretical properties one could want, but in the
real physical observable!

• e.g. amplitudes are beautiful, jet cross section at LHC ugly.

• One simple example to highlight this structure: Celestial Block
decomposition

Casimir Equation
on the celestial sphere

Lµ⌫(z1, z2) ⌘
X

i=1,2

✓
zµ
i

@

@zi⌫
� z⌫i

@

@ziµ

◆

<latexit sha1_base64="X9BMFQfBesug7ggEs11DIrFWfCk="></latexit>

�
<latexit sha1_base64="e4bKK2XKnC+B4jvOqfpmel+Vfas=">AAACYXicbVFbSwJBGB23m9rN7NGXIQl6CNm1oB6jCHo0SBNUZHb2W52cvTDfrCiL/6HX+mc990cadR/a7IOBw/mu54wbS4Hatr8K1tb2zu5esVTePzg8Oq6cVDsYJYpDm0cyUl2XIUgRQlsLLaEbK2CBK+HVnTws869TUCii8EXPYxgEbBQKX3CmDdXpeyA1G1bqdsNeBd0ETgbqJIvW8KTw2PcingQQai4ZYs+xYz1ImdKCS1iU+wlCzPiEjaBnYMgCwEG6OndBzw3jUT9S5oWartjfHSkLEOeBayoDpsf4N7ck/8v1Eu3fDlIRxomGkK8X+YmkOqJL7dQTCriWcwMYV8LcSvmYKca1cSi3ZTlboY85JWk8nqPgebLnTUWMK4GXFKejDM0cJxM9W6vODULj2Ri8hTHe+WvzJug0G85Vo/l8Xb+7z76gSGrkjFwQh9yQO/JEWqRNOHkj7+SDfBa+rZJVsarrUquQ9ZySXFi1Hw9WunE=</latexit>

celestial dimension
j

<latexit sha1_base64="A6DgoAlox9Z1qDp3L0LYeliCLe4=">AAACXHicbVHLSgMxFE3HqrVarQpu3ASL4ELKTBV0WRTBpYJ9QC0lk7nTxmYe5GaKZegXuNWPc+O3mLazcFovBA7nPs+JG0uB2ra/C9ZGcXNru7RT3t2r7B9UD4/aGCWKQ4tHMlJdlyFIEUJLCy2hGytggSuh447v5/nOBBSKKHzR0xj6ARuGwhecaUM9vw2qNbtuL4KuAycDNZLF0+Cw8PDqRTwJINRcMsSeY8e6nzKlBZcwK78mCDHjYzaEnoEhCwD76eLSGT03jEf9SJkXarpg/3akLECcBq6pDJge4WpuTv6X6yXav+2nIowTDSFfLvITSXVE57KpJxRwLacGMK6EuZXyEVOMa2NObst8tkIfc0rSeDRFwfNkz5uIGBcCLylOhhl6d5xM9PtSdW4QGs9G4M2M8c6qzeug3ag7V/XG83WteZd9QYmckjNyQRxyQ5rkkTyRFuEEyAf5JF+FH6to7VqVZalVyHqOSS6sk19mSLhD</latexit>

transverse spin

[Dolan, Osborn, 2003]

Finding a good basis that respects symmetry.

G(z1, z2, z3, n̄) =
1

(z1 · z2)3
1

(z3 · n̄)4

✓
z1 · z3

z1 · n̄

◆
g(z, z̄)

<latexit sha1_base64="kILqhs21E+63TMKyDIn/FrruSeo="></latexit>

???

Symmetry:  Lorentz Group

Representation labels:
~n · ~K

<latexit sha1_base64="VqTjT8OEo5SbJN34hS5ijldllA8=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgqiRV0GXRjeCmgn1AE8pkMmmHTiZhZlIoISs3/oobF4q49Rvc+TdO0iy09cDAmXPu5d57vJhRqSzr26isrK6tb1Q3a1vbO7t75v5BV0aJwKSDIxaJvockYZSTjqKKkX4sCAo9Rnre5Cb3e1MiJI34g5rFxA3RiNOAYqS0NDSPnSnBKc8c7EcKFh8nRGrsBeldlg3NutWwCsBlYpekDkq0h+aX40c4CQlXmCEpB7YVKzdFQlHMSFZzEklihCdoRAaachQS6abFGRk81YoPg0joxxUs1N8dKQqlnIWersxXlIteLv7nDRIVXLkp5XGiCMfzQUHCoIpgngn0qSBYsZkmCAuqd4V4jATCSidX0yHYiycvk26zYZ83mvcX9dZ1GUcVHIETcAZscAla4Ba0QQdg8AiewSt4M56MF+Pd+JiXVoyy5xD8gfH5Azi5mZo=</latexit>

~n · ~J
<latexit sha1_base64="DtzlJ/L0Yg75wrGtXITkjNbTfRI=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgqiRV0GXRjbiqYB/QhDKZTNqhk0mYmRRKyMqNv+LGhSJu/QZ3/o2TNAttPTBw5px7ufceL2ZUKsv6Niorq2vrG9XN2tb2zu6euX/QlVEiMOngiEWi7yFJGOWko6hipB8LgkKPkZ43ucn93pQISSP+oGYxcUM04jSgGCktDc1jZ0pwyjMH+5GCxccJkRp7QXqXZUOzbjWsAnCZ2CWpgxLtofnl+BFOQsIVZkjKgW3Fyk2RUBQzktWcRJIY4QkakYGmHIVEumlxRgZPteLDIBL6cQUL9XdHikIpZ6GnK/MV5aKXi/95g0QFV25KeZwowvF8UJAwqCKYZwJ9KghWbKYJwoLqXSEeI4Gw0snVdAj24snLpNts2OeN5v1FvXVdxlEFR+AEnAEbXIIWuAVt0AEYPIJn8ArejCfjxXg3PualFaPsOQR/YHz+ADczmZk=</latexit>

Quadratic Casimir:
1

2
Mµ⌫M

µ⌫

<latexit sha1_base64="cZEAAWtLU9Hfdt751NGCrlb2CTU="></latexit>

Rotation Group SO(3)
<latexit sha1_base64="OenDof3HgGTyxeuGeV3XCFYJnCg=">AAAB8HicbVBNTwIxEJ3FL8Qv1KOXRmKCF7ILJnokevEmRgENbEi3dKGh7W7argnZ8Cu8eNAYr/4cb/4bC+xBwZdM8vLeTGbmBTFn2rjut5NbWV1b38hvFra2d3b3ivsHLR0litAmiXikHgKsKWeSNg0znD7EimIRcNoORldTv/1ElWaRvDfjmPoCDyQLGcHGSo9dJdDdTbl22iuW3Io7A1omXkZKkKHRK351+xFJBJWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LJRZU++ns4Ak6sUofhZGyJQ2aqb8nUiy0HovAdgpshnrRm4r/eZ3EhBd+ymScGCrJfFGYcGQiNP0e9ZmixPCxJZgoZm9FZIgVJsZmVLAheIsvL5NWteLVKtXbs1L9MosjD0dwDGXw4BzqcA0NaAIBAc/wCm+Ocl6cd+dj3ppzsplD+APn8wcwto9Z</latexit>

f(✓,�) =
X

`,m

f`,m Y`,m(✓,�)

<latexit sha1_base64="I7j8mLAAIzJrKPH5pgUiaVHsmtY=">AAACKnicbVDLSgMxFM34rPVVdekmWAQFKTMqKIhQdeNSwfqgM5RMescGk5khuSOUod/jxl9x04VS3PohpnXwfSBwcs49JPeEqRQGXXfgjI1PTE5Nl2bKs3PzC4uVpeVLk2SaQ4MnMtHXITMgRQwNFCjhOtXAVCjhKrw7GfpX96CNSOIL7KYQKHYbi0hwhlZqVY6iDR87gGzLTzti89A3mWrlPki5pXo0+qL+wc3n5UekVam6NXcE+pd4BamSAmetSt9vJzxTECOXzJim56YY5Eyj4BJ6ZT8zkDJ+x26haWnMFJggH63ao+tWadMo0fbESEfq90TOlDFdFdpJxbBjfntD8T+vmWG0H+QiTjOEmH88FGWSYkKHvdG20MBRdi1hXAv7V8o7TDOOtt2yLcH7vfJfcrld83Zq2+e71fpxUUeJrJI1skE8skfq5JSckQbh5IE8kWfy4jw6fWfgvH6MjjlFZoX8gPP2Dru9ptY=</latexit>

Origin of Spherical Harmonics

Cartan subalgebra basis:

Casimir operator: L2
1 + L2

2 + L2
3

<latexit sha1_base64="EZ9xwaFRkF9EGfep8V/EHud8y68=">AAACFXicbVDLSsNAFJ34rPUVdelmsAiCUpJU0GXRjQsXFewD2jRMppN26GQSZiZCCf0JN/6KGxeKuBXc+TdO2iz68MDAuefcy9x7/JhRqSzr11hZXVvf2CxsFbd3dvf2zYPDhowSgUkdRywSLR9JwigndUUVI61YEBT6jDT94W3mN5+IkDTij2oUEzdEfU4DipHSkmdedEKkBn6Q3o89u+ucz5TOfFnpOp5ZssrWBHCZ2DkpgRw1z/zp9CKchIQrzJCUbduKlZsioShmZFzsJJLECA9Rn7Q15Sgk0k0nV43hqVZ6MIiEflzBiTo7kaJQylHo685sS7noZeJ/XjtRwbWbUh4ninA8/ShIGFQRzCKCPSoIVmykCcKC6l0hHiCBsNJBFnUI9uLJy6ThlO1K2Xm4LFVv8jgK4BicgDNggytQBXegBuoAg2fwCt7Bh/FivBmfxte0dcXIZ47AHIzvP2vxnlY=</latexit>

L3
<latexit sha1_base64="1RrmpMGzOrjo/wsvJbppPKrbcH8=">AAAB83icbVBNSwMxFHxbv2r9qnr0EiyCp7LbCnosevHgoYKthe5Ssmm2Dc0mS5IVytK/4cWDIl79M978N2bbPWjrQGCYeY83mTDhTBvX/XZKa+sbm1vl7crO7t7+QfXwqKtlqgjtEMml6oVYU84E7RhmOO0liuI45PQxnNzk/uMTVZpJ8WCmCQ1iPBIsYgQbK/l+jM04jLK72aA5qNbcujsHWiVeQWpQoD2ofvlDSdKYCkM41rrvuYkJMqwMI5zOKn6qaYLJBI9o31KBY6qDbJ55hs6sMkSRVPYJg+bq740Mx1pP49BO5hn1speL/3n91ERXQcZEkhoqyOJQlHJkJMoLQEOmKDF8agkmitmsiIyxwsTYmiq2BG/5y6uk26h7zXrj/qLWui7qKMMJnMI5eHAJLbiFNnSAQALP8ApvTuq8OO/Ox2K05BQ7x/AHzucP63ORmg==</latexit>

Eigenvalue:

Solutions:

Differential operator form:
1

sin ✓

@

@✓
sin ✓

@

@✓
+

1

sin2 ✓

@2

@�2
<latexit sha1_base64="4udFOjS/ViWh+Fn2tmpW25bqXf8="></latexit>

Y`,m(✓,�)
<latexit sha1_base64="sjS3+b/1eAJhhMflaOOzFDHSB2k=">AAACAHicbVDLSgNBEJyNrxhfqx48eFkMQoQQdqOgx6AXjxHMQ7IhzE46yZDZBzO9Qlj24q948aCIVz/Dm3/jJNmDJhY0FFXddHd5keAKbfvbyK2srq1v5DcLW9s7u3vm/kFThbFk0GChCGXbowoED6CBHAW0IwnU9wS0vPHN1G89glQ8DO5xEkHXp8OADzijqKWeefTQS1wQouynJRdHgLTsRiN+1jOLdsWewVomTkaKJEO9Z365/ZDFPgTIBFWq49gRdhMqkTMBacGNFUSUjekQOpoG1AfVTWYPpNapVvrWIJS6ArRm6u+JhPpKTXxPd/oUR2rRm4r/eZ0YB1fdhAdRjBCw+aJBLCwMrWkaVp9LYCgmmlAmub7VYiMqKUOdWUGH4Cy+vEya1YpzXqneXRRr11kceXJMTkiJOOSS1MgtqZMGYSQlz+SVvBlPxovxbnzMW3NGNnNI/sD4/AH+n5YD</latexit>

�`(` + 1)
<latexit sha1_base64="LNxKQgqbu8w2l5qxwA5K3zvfZpw=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMQEcNuFPQY9OIxgnlAsoTZSW8yZPbhzGwghHyHFw+KePVjvPk3ziZ70GhBN0VVN9NTXiy40rb9ZeVWVtfWN/Kbha3tnd294v5BU0WJZNhgkYhk26MKBQ+xobkW2I4l0sAT2PJGt6nfGqNUPAof9CRGN6CDkPucUW0k97yLQpTTduac9oolu2LPQf4SJyMlyFDvFT+7/YglAYaaCapUx7Fj7U6p1JwJnBW6icKYshEdYMfQkAao3On86Bk5MUqf+JE0FWoyV39uTGmg1CTwzGRA9VAte6n4n9dJtH/tTnkYJxpDtnjITwTREUkTIH0ukWkxMYQyyc2thA2ppEybnAomBGf5y39Js1pxLirV+8tS7SaLIw9HcAxlcOAKanAHdWgAg0d4ghd4tcbWs/VmvS9Gc1a2cwi/YH18AyllkQw=</latexit>

Label
<̀latexit sha1_base64="3GQWqpO7cQAS3xPKV+Ids7+Coq4=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YA2lM120i7d3YTdjVBC/4IXD4p49Q9589+YtDlo64OBx3szzMwLYsGNdd1vZ219Y3Nru7RT3t3bPzisHB23TZRohi0WiUh3A2pQcIUty63AbqyRykBgJ5jc5X7nCbXhkXq00xh9SUeKh5xRm0t9FGJQqbo1dw6ySryCVKFAc1D56g8jlkhUlglqTM9zY+unVFvOBM7K/cRgTNmEjrCXUUUlGj+d3zoj55kyJGGks1KWzNXfEymVxkxlkHVKasdm2cvF/7xeYsMbP+UqTiwqtlgUJoLYiOSPkyHXyKyYZoQyzbNbCRtTTZnN4ilnIXjLL6+Sdr3mXdbqD1fVxm0RRwlO4QwuwINraMA9NKEFDMbwDK/w5kjnxXl3Phata04xcwJ/4Hz+AA60jj8=</latexit>

is the eigenvalue of L3
<latexit sha1_base64="1RrmpMGzOrjo/wsvJbppPKrbcH8=">AAAB83icbVBNSwMxFHxbv2r9qnr0EiyCp7LbCnosevHgoYKthe5Ssmm2Dc0mS5IVytK/4cWDIl79M978N2bbPWjrQGCYeY83mTDhTBvX/XZKa+sbm1vl7crO7t7+QfXwqKtlqgjtEMml6oVYU84E7RhmOO0liuI45PQxnNzk/uMTVZpJ8WCmCQ1iPBIsYgQbK/l+jM04jLK72aA5qNbcujsHWiVeQWpQoD2ofvlDSdKYCkM41rrvuYkJMqwMI5zOKn6qaYLJBI9o31KBY6qDbJ55hs6sMkSRVPYJg+bq740Mx1pP49BO5hn1speL/3n91ERXQcZEkhoqyOJQlHJkJMoLQEOmKDF8agkmitmsiIyxwsTYmiq2BG/5y6uk26h7zXrj/qLWui7qKMMJnMI5eHAJLbiFNnSAQALP8ApvTuq8OO/Ox2K05BQ7x/AHzucP63ORmg==</latexit>

the solution is annihilated by  L1 + iL2
<latexit sha1_base64="rgOQslzjGLr+Zz8dDMnhXse+IKA=">AAACA3icbVDLSsNAFL3xWesr6k43g0UQhJJUQZdFNy5cVLAPaEOZTCft0MkkzEyEEgpu/BU3LhRx60+482+ctFnU1gMDZ865l3vv8WPOlHacH2tpeWV1bb2wUdzc2t7Ztff2GypKJKF1EvFItnysKGeC1jXTnLZiSXHoc9r0hzeZ33ykUrFIPOhRTL0Q9wULGMHaSF37sBNiPfCD9G7cdc/YzK/StUtO2ZkALRI3JyXIUeva351eRJKQCk04VqrtOrH2Uiw1I5yOi51E0RiTIe7TtqECh1R56eSGMToxSg8FkTRPaDRRZztSHCo1Cn1Tme2o5r1M/M9rJzq48lIm4kRTQaaDgoQjHaEsENRjkhLNR4ZgIpnZFZEBlphoE1vRhODOn7xIGpWye16u3F+Uqtd5HAU4gmM4BRcuoQq3UIM6EHiCF3iDd+vZerU+rM9p6ZKV9xzAH1hfv7JZl4w=</latexit>

when

�
�
�(� � 2) + j2

�
<latexit sha1_base64="ac6J4sSOTAtcr/y9sOGBusFfFxA=">AAACC3icbVDLTgJBEJzFF+IL9ehlAzGBGMgumuiR6MUjJvJIWCSzQy+MzD4y02tCCHcv/ooXDxrj1R/w5t84wB4UrKTTlaruzHS5keAKLevbSK2srq1vpDczW9s7u3vZ/YOGCmPJoM5CEcqWSxUIHkAdOQpoRRKo7wpousOrqd98AKl4GNziKIKOT/sB9zijqKVuNldyBHhYcHogkCatVCme3N9VHMn7Ayx2s3mrbM1gLhM7IXmSoNbNfjm9kMU+BMgEVaptWxF2xlQiZwImGSdWEFE2pH1oaxpQH1RnPLtlYh5rpWd6odQVoDlTf2+Mqa/UyHf1pE9xoBa9qfif147Ru+iMeRDFCAGbP+TFwsTQnAZj9rgEhmKkCWWS67+abEAlZajjy+gQ7MWTl0mjUrZPy5Wbs3z1MokjTY5IjhSITc5JlVyTGqkTRh7JM3klb8aT8WK8Gx/z0ZSR7BySPzA+fwDTDJmj</latexit>

eigenvalue

12

Casimir Equation: acting Casimir operator on z1, z2
<latexit sha1_base64="ytVhu9E6EeNKH/5cdbz3S4RtCUY=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBQym7VdBj0YvHCvZD2mXJptk2NMkuSVZoS3+FFw+KePXnePPfmLZ70NYHA4/3ZpiZFyacaeO6305ubX1jcyu/XdjZ3ds/KB4eNXWcKkIbJOaxaodYU84kbRhmOG0nimIRctoKh7czv/VElWaxfDCjhPoC9yWLGMHGSo/jwCt3y+OgGhRLbsWdA60SLyMlyFAPil/dXkxSQaUhHGvd8dzE+BOsDCOcTgvdVNMEkyHu046lEguq/cn84Ck6s0oPRbGyJQ2aq78nJlhoPRKh7RTYDPSyNxP/8zqpia79CZNJaqgki0VRypGJ0ex71GOKEsNHlmCimL0VkQFWmBibUcGG4C2/vEqa1Yp3UaneX5ZqN1kceTiBUzgHD66gBndQhwYQEPAMr/DmKOfFeXc+Fq05J5s5hj9wPn8AnaCPoQ==</latexit>

Lµ⌫(z1, z2)Lµ⌫(z1, z2)G�,j = �(�(� � 2) + j2)G�,j
<latexit sha1_base64="fzbc/MgCK7NP+08gAf20oUkfHjE="></latexit>

Conformal Blocks
on the celestial sphere

z1
<latexit sha1_base64="WisF78HUTUO85PiKDP4rI5hquy0="></latexit>

z2
<latexit sha1_base64="0AfE0nadZpCkbtwxsvBuWwP2CFQ="></latexit>

z3
<latexit sha1_base64="OyqqC1pqki3GiI8H32nZ6GuAJBM="></latexit>

n̄
<latexit sha1_base64="8R0wlOsv01OZJXSVY1OfUuLs1es="></latexit>

�, j
<latexit sha1_base64="eiKh+eeWKdw8vdIvy1rmUbzxvv8="></latexit>
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Solutions (2D Conformal Blocks):

g�,j(z, z̄) =
1

1 + �j,0
(k��j(z)k�+j(z̄) + k�+j(z)k��j(z̄))

<latexit sha1_base64="zdLBZCafkrjgEQx3uqUWiOFna8c="></latexit>

[Dolan, Osborn, 2003]

k�(x) ⌘ x�/2
2F1

✓
�

2
+ a,

�

2
+ b,�, x

◆

<latexit sha1_base64="AltypG04wjAIN6Tv80Ih7DoFnsk="></latexit>

In our case, a = 0, b = − 1[Notations]

�z3z̄ 2F1 (3, 2, 6, z)
<latexit sha1_base64="yhD3TXSJWDMKVt9isx0MBEZiTVw="></latexit>

Previous example:

Decomposition: g(z, z̄) =
X

�,j

c�,jg�,j(z, z̄)

<latexit sha1_base64="w8qWNgGywlcmAMLJcQnAUZfKSdk=">AAACKHicbZDLSsNAFIYnXmu9RV26CRahQilJFXQjFt24rGAv0IQwmUzSsZMLMxOhDXkcN76KGxFFuvVJnLZZxNYfBj7+cw5nzu/ElHCh6xNlZXVtfWOztFXe3tnd21cPDjs8ShjCbRTRiPUcyDElIW4LIijuxQzDwKG46wzvpvXuM2acROGjGMXYCqAfEo8gKKRlqzd+dVwzHcjScXZ2bfIksFPTxVTA2lOGCuwXuDBiqxW9rs+kLYORQwXkatnqh+lGKAlwKBCFnPcNPRZWCpkgiOKsbCYcxxANoY/7EkMYYG6ls0Mz7VQ6ruZFTL5QaDO3OJHCgPNR4MjOAIoBX6xNzf9q/UR4V1ZKwjgROETzRV5CNRFp09Q0lzCMBB1JgIgR+VcNDSCDSMhsyzIEY/HkZeg06sZ5vfFwUWne5nGUwDE4AVVggEvQBPegBdoAgRfwBj7Bl/KqvCvfymTeuqLkM0fgj5SfXwktpzE=</latexit>

set � = 4, j = 2
<latexit sha1_base64="Fhjart3qgeRgHvqoVIi0zrDwkpQ="></latexit>

k6(z) = z3
2F1(3, 2, 6, z)

<latexit sha1_base64="zU1WbUa3myKb7//G00ADmyo9Wsg="></latexit>

k2(z̄) = z̄
<latexit sha1_base64="tS8UfYm8gmGkr7rWmlgDYxyAlBE="></latexit>

z1
<latexit sha1_base64="WisF78HUTUO85PiKDP4rI5hquy0="></latexit>

z2
<latexit sha1_base64="0AfE0nadZpCkbtwxsvBuWwP2CFQ="></latexit>

z3
<latexit sha1_base64="OyqqC1pqki3GiI8H32nZ6GuAJBM="></latexit>

n̄
<latexit sha1_base64="8R0wlOsv01OZJXSVY1OfUuLs1es="></latexit>

� = 4, j = 2
<latexit sha1_base64="RErbJRwITZwORJpfhE/l+rfkEb8="></latexit>

Fµ+
a (iD+)F ⌫+

a ✏�,µ✏�,⌫
<latexit sha1_base64="TXsPJwds6o54QyRhQ2vk0/0VN6A="></latexit>

Contributing Operator

twist-2, transverse spin-2 
gluonic operator

Conformal Blocks
on the celestial sphere

z1
<latexit sha1_base64="WisF78HUTUO85PiKDP4rI5hquy0="></latexit>

z2
<latexit sha1_base64="0AfE0nadZpCkbtwxsvBuWwP2CFQ="></latexit>

z3
<latexit sha1_base64="OyqqC1pqki3GiI8H32nZ6GuAJBM="></latexit>

n̄
<latexit sha1_base64="8R0wlOsv01OZJXSVY1OfUuLs1es="></latexit>

�, j
<latexit sha1_base64="eiKh+eeWKdw8vdIvy1rmUbzxvv8="></latexit>
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Solutions (2D Conformal Blocks):

g�,j(z, z̄) =
1

1 + �j,0
(k��j(z)k�+j(z̄) + k�+j(z)k��j(z̄))

<latexit sha1_base64="zdLBZCafkrjgEQx3uqUWiOFna8c="></latexit>

[Dolan, Osborn, 2003]

k�(x) ⌘ x�/2
2F1

✓
�

2
+ a,

�

2
+ b,�, x

◆

<latexit sha1_base64="AltypG04wjAIN6Tv80Ih7DoFnsk="></latexit>

In our case, a = 0, b = − 1[Notations]

�z3z̄ 2F1 (3, 2, 6, z)
<latexit sha1_base64="yhD3TXSJWDMKVt9isx0MBEZiTVw="></latexit>

Previous example:

Decomposition: g(z, z̄) =
X

�,j

c�,jg�,j(z, z̄)

<latexit sha1_base64="w8qWNgGywlcmAMLJcQnAUZfKSdk=">AAACKHicbZDLSsNAFIYnXmu9RV26CRahQilJFXQjFt24rGAv0IQwmUzSsZMLMxOhDXkcN76KGxFFuvVJnLZZxNYfBj7+cw5nzu/ElHCh6xNlZXVtfWOztFXe3tnd21cPDjs8ShjCbRTRiPUcyDElIW4LIijuxQzDwKG46wzvpvXuM2acROGjGMXYCqAfEo8gKKRlqzd+dVwzHcjScXZ2bfIksFPTxVTA2lOGCuwXuDBiqxW9rs+kLYORQwXkatnqh+lGKAlwKBCFnPcNPRZWCpkgiOKsbCYcxxANoY/7EkMYYG6ls0Mz7VQ6ruZFTL5QaDO3OJHCgPNR4MjOAIoBX6xNzf9q/UR4V1ZKwjgROETzRV5CNRFp09Q0lzCMBB1JgIgR+VcNDSCDSMhsyzIEY/HkZeg06sZ5vfFwUWne5nGUwDE4AVVggEvQBPegBdoAgRfwBj7Bl/KqvCvfymTeuqLkM0fgj5SfXwktpzE=</latexit>

set � = 4, j = 2
<latexit sha1_base64="Fhjart3qgeRgHvqoVIi0zrDwkpQ="></latexit>

k6(z) = z3
2F1(3, 2, 6, z)

<latexit sha1_base64="zU1WbUa3myKb7//G00ADmyo9Wsg="></latexit>

k2(z̄) = z̄
<latexit sha1_base64="tS8UfYm8gmGkr7rWmlgDYxyAlBE="></latexit>

z1
<latexit sha1_base64="WisF78HUTUO85PiKDP4rI5hquy0="></latexit>

z2
<latexit sha1_base64="0AfE0nadZpCkbtwxsvBuWwP2CFQ="></latexit>

z3
<latexit sha1_base64="OyqqC1pqki3GiI8H32nZ6GuAJBM="></latexit>

n̄
<latexit sha1_base64="8R0wlOsv01OZJXSVY1OfUuLs1es="></latexit>

� = 4, j = 2
<latexit sha1_base64="RErbJRwITZwORJpfhE/l+rfkEb8="></latexit>

Fµ+
a (iD+)F ⌫+

a ✏�,µ✏�,⌫
<latexit sha1_base64="TXsPJwds6o54QyRhQ2vk0/0VN6A="></latexit>

Contributing Operator

twist-2, transverse spin-2 
gluonic operator

Conformal Blocks
on the celestial sphere

z1
<latexit sha1_base64="WisF78HUTUO85PiKDP4rI5hquy0="></latexit>

z2
<latexit sha1_base64="0AfE0nadZpCkbtwxsvBuWwP2CFQ="></latexit>

z3
<latexit sha1_base64="OyqqC1pqki3GiI8H32nZ6GuAJBM="></latexit>

n̄
<latexit sha1_base64="8R0wlOsv01OZJXSVY1OfUuLs1es="></latexit>

�, j
<latexit sha1_base64="eiKh+eeWKdw8vdIvy1rmUbzxvv8="></latexit>
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Solutions (2D Conformal Blocks):

g�,j(z, z̄) =
1

1 + �j,0
(k��j(z)k�+j(z̄) + k�+j(z)k��j(z̄))

<latexit sha1_base64="zdLBZCafkrjgEQx3uqUWiOFna8c=">AAAC43icbVHLattAFB2przR9OekyXQw1BRs7RpMW2k0htBS6TKFOApYRo9GVNPHowczIxBm07aa70m0/rP/Qj+jIVoqV9MLAuee+5p4bloIr7Xm/HffO3Xv3H+w83H30+MnTZ729/VNVVJLBlBWikOchVSB4DlPNtYDzUgLNQgFn4eJjEz9bglS8yL/qVQnzjCY5jzmj2lJB71sSGD8Coen4oh5cjf2QSnNVD9/7saTMkNqQ0SYemIuxV9e+gFgPFtdVh03V8J87su51i1GH3Uo63EryJU9SPQx6f W/irQ3fBqQFfdTaSbDnfPKjglUZ5JoJqtSMeKWeGyo1ZwLqXb9SUFK2oAnMLMxpBmpu1oLV+JVlIhwX0r5c4zW7XWFoptQqC21mRnWqbsYa8n+xWaXjd3PD87LSkLPNoLgSWBe4UR9HXALTYmUBZZLbv2KWUqu0tjfqTGl6SxWrziamTFeKsy45i5a8VOsFx1gtkxZdEtIufbnZutNIWc1SiGorPLkp821wejQhrydHX970jz+0J9hBB+glGiCC3qJj9BmdoCli6I+z7xw4L1xwv7s/3J+bVNdpa56jjrm//gLhSetc</latexit>

[Dolan, Osborn, 2003]

k�(x) ⌘ x�/2
2F1

✓
�

2
+ a,

�

2
+ b,�, x

◆

<latexit sha1_base64="AltypG04wjAIN6Tv80Ih7DoFnsk="></latexit>

In our case, a = 0, b = − 1[Notations]

�z3z̄ 2F1 (3, 2, 6, z)
<latexit sha1_base64="yhD3TXSJWDMKVt9isx0MBEZiTVw="></latexit>

Previous example:

Decomposition: g(z, z̄) =
X

�,j

c�,jg�,j(z, z̄)

<latexit sha1_base64="w8qWNgGywlcmAMLJcQnAUZfKSdk=">AAACKHicbZDLSsNAFIYnXmu9RV26CRahQilJFXQjFt24rGAv0IQwmUzSsZMLMxOhDXkcN76KGxFFuvVJnLZZxNYfBj7+cw5nzu/ElHCh6xNlZXVtfWOztFXe3tnd21cPDjs8ShjCbRTRiPUcyDElIW4LIijuxQzDwKG46wzvpvXuM2acROGjGMXYCqAfEo8gKKRlqzd+dVwzHcjScXZ2bfIksFPTxVTA2lOGCuwXuDBiqxW9rs+kLYORQwXkatnqh+lGKAlwKBCFnPcNPRZWCpkgiOKsbCYcxxANoY/7EkMYYG6ls0Mz7VQ6ruZFTL5QaDO3OJHCgPNR4MjOAIoBX6xNzf9q/UR4V1ZKwjgROETzRV5CNRFp09Q0lzCMBB1JgIgR+VcNDSCDSMhsyzIEY/HkZeg06sZ5vfFwUWne5nGUwDE4AVVggEvQBPegBdoAgRfwBj7Bl/KqvCvfymTeuqLkM0fgj5SfXwktpzE=</latexit>

set � = 4, j = 2
<latexit sha1_base64="Fhjart3qgeRgHvqoVIi0zrDwkpQ="></latexit>

k6(z) = z3
2F1(3, 2, 6, z)

<latexit sha1_base64="zU1WbUa3myKb7//G00ADmyo9Wsg="></latexit>

k2(z̄) = z̄
<latexit sha1_base64="tS8UfYm8gmGkr7rWmlgDYxyAlBE="></latexit>

z1
<latexit sha1_base64="WisF78HUTUO85PiKDP4rI5hquy0="></latexit>

z2
<latexit sha1_base64="0AfE0nadZpCkbtwxsvBuWwP2CFQ="></latexit>

z3
<latexit sha1_base64="OyqqC1pqki3GiI8H32nZ6GuAJBM="></latexit>

n̄
<latexit sha1_base64="8R0wlOsv01OZJXSVY1OfUuLs1es="></latexit>

� = 4, j = 2
<latexit sha1_base64="RErbJRwITZwORJpfhE/l+rfkEb8="></latexit>

Fµ+
a (iD+)F ⌫+

a ✏�,µ✏�,⌫
<latexit sha1_base64="TXsPJwds6o54QyRhQ2vk0/0VN6A="></latexit>

Contributing Operator

twist-2, transverse spin-2 
gluonic operator

• Exactly analogous to decomposition of 2→ 2 scattering into partial
waves with SO(3) quantum numbers.
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Celestial Blocks

• Are derived by studying the action of the Lorentz group on the
celestial sphere:

• In the “jet substructure” limit, reduces to living in the plane
transverse to the jet:

Celestial Sphere and Celestial Block

~n
<latexit sha1_base64="Q0I0atOybR3tY4l8lbnrswo3hWA="></latexit>

~n
<latexit sha1_base64="Q0I0atOybR3tY4l8lbnrswo3hWA="></latexit>

Light-ray operators are local on the celestial sphere.
It has long been realized that the Lorentz group is equivalent to the 
conformal group on the celestial sphere.
Can we use CFT techniques to study energy correlators? power corrections? 

For 2-point EEC, [Kologlu, Kravchuk, Simmons-Duffin, Zhiboedov, 2019] had used 
this fact to give rigorous light-ray OPE and organize it into “celestial blocks”.

sum all descendants like conformal blocks

But this does not realize conformal symmetry on the celestial sphere because 
the sources live inside Minkowski space. hO0(�q)|E(~n1)E(~n2) . . .|O(q)i

<latexit sha1_base64="eTgBBu+uQsUkIVrepb+XTWEGSGs="></latexit>

8

~n · ~K
<latexit sha1_base64="VqTjT8OEo5SbJN34hS5ijldllA8=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgqiRV0GXRjeCmgn1AE8pkMmmHTiZhZlIoISs3/oobF4q49Rvc+TdO0iy09cDAmXPu5d57vJhRqSzr26isrK6tb1Q3a1vbO7t75v5BV0aJwKSDIxaJvockYZSTjqKKkX4sCAo9Rnre5Cb3e1MiJI34g5rFxA3RiNOAYqS0NDSPnSnBKc8c7EcKFh8nRGrsBeldlg3NutWwCsBlYpekDkq0h+aX40c4CQlXmCEpB7YVKzdFQlHMSFZzEklihCdoRAaachQS6abFGRk81YoPg0joxxUs1N8dKQqlnIWersxXlIteLv7nDRIVXLkp5XGiCMfzQUHCoIpgngn0qSBYsZkmCAuqd4V4jATCSidX0yHYiycvk26zYZ83mvcX9dZ1GUcVHIETcAZscAla4Ba0QQdg8AiewSt4M56MF+Pd+JiXVoyy5xD8gfH5Azi5mZo=</latexit>

boost along ~n
<latexit sha1_base64="t6ITXccc2sAODe40a/SS0U1+aps=">AAACTXicbVDLSsNAFJ3UR2t9tbp0M1gEF1ISFXRZdOOygn1AGspkMmmHTiZhZhIaQj/CrX6Uaz/EnYiTNAvbemDgcO69c+85bsSoVKb5aVS2tnd2q7W9+v7B4dFxo3nSl2EsMOnhkIVi6CJJGOWkp6hiZBgJggKXkYE7e8zrg4QISUP+otKIOAGacOpTjJSWBqOE4Iwvxo2W2TYLwE1ilaQFSnTHTcMceSGOA8IVZkhK2zIj5WRIKIoZWdRHsSQRwjM0IbamHAVEOllx7wJeaMWDfij04woW6t+JDAVSpoGrOwOkpnK9lov/1exY+fdORnkUK8LxcpEfM6hCmJuHHhUEK5ZqgrCg+laIp0ggrHREK1vyv4X05YqTLJqmkuJV0fYSGsnC4BWUyaRkc8sqTc+XrnXG1nqim6R/3bZu2tfPt63OQ5l2DZyBc3AJLHAHOuAJdEEPYDADr+ANvBsfxpfxbfwsWytGOXMKVlCp/gLGI7U5</latexit>

dilation w.r.t. ~n<latexit sha1_base64="t6ITXccc2sAODe40a/SS0U1+aps=">AAACTXicbVDLSsNAFJ3UR2t9tbp0M1gEF1ISFXRZdOOygn1AGspkMmmHTiZhZhIaQj/CrX6Uaz/EnYiTNAvbemDgcO69c+85bsSoVKb5aVS2tnd2q7W9+v7B4dFxo3nSl2EsMOnhkIVi6CJJGOWkp6hiZBgJggKXkYE7e8zrg4QISUP+otKIOAGacOpTjJSWBqOE4Iwvxo2W2TYLwE1ilaQFSnTHTcMceSGOA8IVZkhK2zIj5WRIKIoZWdRHsSQRwjM0IbamHAVEOllx7wJeaMWDfij04woW6t+JDAVSpoGrOwOkpnK9lov/1exY+fdORnkUK8LxcpEfM6hCmJuHHhUEK5ZqgrCg+laIp0ggrHREK1vyv4X05YqTLJqmkuJV0fYSGsnC4BWUyaRkc8sqTc+XrnXG1nqim6R/3bZu2tfPt63OQ5l2DZyBc3AJLHAHOuAJdEEPYDADr+ANvBsfxpfxbfwsWytGOXMKVlCp/gLGI7U5</latexit>

2 S2
<latexit sha1_base64="HLE+DHiE5jD/S4Hl19nT4KUmgno=">AAACTXicbVDLSsNAFJ3UR2t9tbp0M1gEF1KSKuiy6MZlRfuANJbJdNIOnUzCzKQ0hH6EW/0o136IOxEnaRamemDgcO69c+85bsioVKb5YZQ2Nre2y5Wd6u7e/sFhrX7Uk0EkMOnigAVi4CJJGOWkq6hiZBAKgnyXkb47u0vr/TkRkgb8ScUhcXw04dSjGCkt9YeUw8fn1qjWMJtmBviXWDlpgBydUd0wh+MARz7hCjMkpW2ZoXISJBTFjCyrw0iSEOEZmhBbU458Ip0ku3cJz7Qyhl4g9OMKZurviQT5Usa+qzt9pKZyvZaK/9XsSHk3TkJ5GCnC8WqRFzGoApiah2MqCFYs1gRhQfWtEE+RQFjpiApb0r+F9GTBSRJOY0lxUbTHcxrKzOAFlPNJzhaWlZterFzrjK31RP+SXqtpXTZbD1eN9m2edgWcgFNwDixwDdrgHnRAF2AwAy/gFbwZ78an8WV8r1pLRj5zDAoolX8AR7C0bw==</latexit>

celestial 
dimension�

<latexit sha1_base64="JQcAzWaAuoYAXQfxggm9zL/KhUk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRV0GPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9SImkPTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJq1b1L6q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/AJLajyA=</latexit> ~n · ~J
<latexit sha1_base64="DtzlJ/L0Yg75wrGtXITkjNbTfRI=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgqiRV0GXRjbiqYB/QhDKZTNqhk0mYmRRKyMqNv+LGhSJu/QZ3/o2TNAttPTBw5px7ufceL2ZUKsv6Niorq2vrG9XN2tb2zu6euX/QlVEiMOngiEWi7yFJGOWko6hipB8LgkKPkZ43ucn93pQISSP+oGYxcUM04jSgGCktDc1jZ0pwyjMH+5GCxccJkRp7QXqXZUOzbjWsAnCZ2CWpgxLtofnl+BFOQsIVZkjKgW3Fyk2RUBQzktWcRJIY4QkakYGmHIVEumlxRgZPteLDIBL6cQUL9XdHikIpZ6GnK/MV5aKXi/95g0QFV25KeZwowvF8UJAwqCKYZwJ9KghWbKYJwoLqXSEeI4Gw0snVdAj24snLpNts2OeN5v1FvXVdxlEFR+AEnAEbXIIWuAVt0AEYPIJn8ArejCfjxXg3PualFaPsOQR/YHz+ADczmZk=</latexit>

rotation w.r.t.~n<latexit sha1_base64="t6ITXccc2sAODe40a/SS0U1+aps=">AAACTXicbVDLSsNAFJ3UR2t9tbp0M1gEF1ISFXRZdOOygn1AGspkMmmHTiZhZhIaQj/CrX6Uaz/EnYiTNAvbemDgcO69c+85bsSoVKb5aVS2tnd2q7W9+v7B4dFxo3nSl2EsMOnhkIVi6CJJGOWkp6hiZBgJggKXkYE7e8zrg4QISUP+otKIOAGacOpTjJSWBqOE4Iwvxo2W2TYLwE1ilaQFSnTHTcMceSGOA8IVZkhK2zIj5WRIKIoZWdRHsSQRwjM0IbamHAVEOllx7wJeaMWDfij04woW6t+JDAVSpoGrOwOkpnK9lov/1exY+fdORnkUK8LxcpEfM6hCmJuHHhUEK5ZqgrCg+laIp0ggrHREK1vyv4X05YqTLJqmkuJV0fYSGsnC4BWUyaRkc8sqTc+XrnXG1nqim6R/3bZu2tfPt63OQ5l2DZyBc3AJLHAHOuAJdEEPYDADr+ANvBsfxpfxbfwsWytGOXMKVlCp/gLGI7U5</latexit>

2 S2
<latexit sha1_base64="HLE+DHiE5jD/S4Hl19nT4KUmgno=">AAACTXicbVDLSsNAFJ3UR2t9tbp0M1gEF1KSKuiy6MZlRfuANJbJdNIOnUzCzKQ0hH6EW/0o136IOxEnaRamemDgcO69c+85bsioVKb5YZQ2Nre2y5Wd6u7e/sFhrX7Uk0EkMOnigAVi4CJJGOWkq6hiZBAKgnyXkb47u0vr/TkRkgb8ScUhcXw04dSjGCkt9YeUw8fn1qjWMJtmBviXWDlpgBydUd0wh+MARz7hCjMkpW2ZoXISJBTFjCyrw0iSEOEZmhBbU458Ip0ku3cJz7Qyhl4g9OMKZurviQT5Usa+qzt9pKZyvZaK/9XsSHk3TkJ5GCnC8WqRFzGoApiah2MqCFYs1gRhQfWtEE+RQFjpiApb0r+F9GTBSRJOY0lxUbTHcxrKzOAFlPNJzhaWlZterFzrjK31RP+SXqtpXTZbD1eN9m2edgWcgFNwDixwDdrgHnRAF2AwAy/gFbwZ78an8WV8r1pLRj5zDAoolX8AR7C0bw==</latexit>

rotation along ~n
<latexit sha1_base64="t6ITXccc2sAODe40a/SS0U1+aps=">AAACTXicbVDLSsNAFJ3UR2t9tbp0M1gEF1ISFXRZdOOygn1AGspkMmmHTiZhZhIaQj/CrX6Uaz/EnYiTNAvbemDgcO69c+85bsSoVKb5aVS2tnd2q7W9+v7B4dFxo3nSl2EsMOnhkIVi6CJJGOWkp6hiZBgJggKXkYE7e8zrg4QISUP+otKIOAGacOpTjJSWBqOE4Iwvxo2W2TYLwE1ilaQFSnTHTcMceSGOA8IVZkhK2zIj5WRIKIoZWdRHsSQRwjM0IbamHAVEOllx7wJeaMWDfij04woW6t+JDAVSpoGrOwOkpnK9lov/1exY+fdORnkUK8LxcpEfM6hCmJuHHhUEK5ZqgrCg+laIp0ggrHREK1vyv4X05YqTLJqmkuJV0fYSGsnC4BWUyaRkc8sqTc+XrnXG1nqim6R/3bZu2tfPt63OQ5l2DZyBc3AJLHAHOuAJdEEPYDADr+ANvBsfxpfxbfwsWytGOXMKVlCp/gLGI7U5</latexit>

transverse 
spin j

<latexit sha1_base64="sezUAcifLCsPU4ANWRbU4nmBeg4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLA7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAXj+7nfekKleSwfzSRBP6IDyUPOqLFSfdQrltyyuwBZJ15GSpCh1it+dfsxSyOUhgmqdcdzE+NPqTKcCZwVuqnGhLIxHWDHUkkj1P50ceiMXFilT8JY2ZKGLNTfE1MaaT2JAtsZUTPUq95c/M/rpCa89adcJqlByZaLwlQQE5P516TPFTIjJpZQpri9lbAhVZQZm03BhuCtvrxOmpWyd1Wu1K9L1bssjjycwTlcggc3UIUHqEEDGCA8wyu8OSPnxXl3PpatOSebOYU/cD5/ANJPjPI=</latexit>
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Casimir Differential Equations

• Celestial blocks derived by solving Casimir differential equations

Casimir Equation
on the celestial sphere

Lµ⌫(z1, z2) ⌘
X

i=1,2

✓
zµ
i

@

@zi⌫
� z⌫i

@

@ziµ

◆

<latexit sha1_base64="X9BMFQfBesug7ggEs11DIrFWfCk="></latexit>

�
<latexit sha1_base64="e4bKK2XKnC+B4jvOqfpmel+Vfas=">AAACYXicbVFbSwJBGB23m9rN7NGXIQl6CNm1oB6jCHo0SBNUZHb2W52cvTDfrCiL/6HX+mc990cadR/a7IOBw/mu54wbS4Hatr8K1tb2zu5esVTePzg8Oq6cVDsYJYpDm0cyUl2XIUgRQlsLLaEbK2CBK+HVnTws869TUCii8EXPYxgEbBQKX3CmDdXpeyA1G1bqdsNeBd0ETgbqJIvW8KTw2PcingQQai4ZYs+xYz1ImdKCS1iU+wlCzPiEjaBnYMgCwEG6OndBzw3jUT9S5oWartjfHSkLEOeBayoDpsf4N7ck/8v1Eu3fDlIRxomGkK8X+YmkOqJL7dQTCriWcwMYV8LcSvmYKca1cSi3ZTlboY85JWk8nqPgebLnTUWMK4GXFKejDM0cJxM9W6vODULj2Ri8hTHe+WvzJug0G85Vo/l8Xb+7z76gSGrkjFwQh9yQO/JEWqRNOHkj7+SDfBa+rZJVsarrUquQ9ZySXFi1Hw9WunE=</latexit>

celestial dimension
j

<latexit sha1_base64="A6DgoAlox9Z1qDp3L0LYeliCLe4=">AAACXHicbVHLSgMxFE3HqrVarQpu3ASL4ELKTBV0WRTBpYJ9QC0lk7nTxmYe5GaKZegXuNWPc+O3mLazcFovBA7nPs+JG0uB2ra/C9ZGcXNru7RT3t2r7B9UD4/aGCWKQ4tHMlJdlyFIEUJLCy2hGytggSuh447v5/nOBBSKKHzR0xj6ARuGwhecaUM9vw2qNbtuL4KuAycDNZLF0+Cw8PDqRTwJINRcMsSeY8e6nzKlBZcwK78mCDHjYzaEnoEhCwD76eLSGT03jEf9SJkXarpg/3akLECcBq6pDJge4WpuTv6X6yXav+2nIowTDSFfLvITSXVE57KpJxRwLacGMK6EuZXyEVOMa2NObst8tkIfc0rSeDRFwfNkz5uIGBcCLylOhhl6d5xM9PtSdW4QGs9G4M2M8c6qzeug3ag7V/XG83WteZd9QYmckjNyQRxyQ5rkkTyRFuEEyAf5JF+FH6to7VqVZalVyHqOSS6sk19mSLhD</latexit>

transverse spin

[Dolan, Osborn, 2003]

Finding a good basis that respects symmetry.

G(z1, z2, z3, n̄) =
1

(z1 · z2)3
1

(z3 · n̄)4

✓
z1 · z3

z1 · n̄

◆
g(z, z̄)

<latexit sha1_base64="kILqhs21E+63TMKyDIn/FrruSeo="></latexit>

???

Symmetry:  Lorentz Group

Representation labels:
~n · ~K

<latexit sha1_base64="VqTjT8OEo5SbJN34hS5ijldllA8=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgqiRV0GXRjeCmgn1AE8pkMmmHTiZhZlIoISs3/oobF4q49Rvc+TdO0iy09cDAmXPu5d57vJhRqSzr26isrK6tb1Q3a1vbO7t75v5BV0aJwKSDIxaJvockYZSTjqKKkX4sCAo9Rnre5Cb3e1MiJI34g5rFxA3RiNOAYqS0NDSPnSnBKc8c7EcKFh8nRGrsBeldlg3NutWwCsBlYpekDkq0h+aX40c4CQlXmCEpB7YVKzdFQlHMSFZzEklihCdoRAaachQS6abFGRk81YoPg0joxxUs1N8dKQqlnIWersxXlIteLv7nDRIVXLkp5XGiCMfzQUHCoIpgngn0qSBYsZkmCAuqd4V4jATCSidX0yHYiycvk26zYZ83mvcX9dZ1GUcVHIETcAZscAla4Ba0QQdg8AiewSt4M56MF+Pd+JiXVoyy5xD8gfH5Azi5mZo=</latexit>

~n · ~J
<latexit sha1_base64="DtzlJ/L0Yg75wrGtXITkjNbTfRI=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgqiRV0GXRjbiqYB/QhDKZTNqhk0mYmRRKyMqNv+LGhSJu/QZ3/o2TNAttPTBw5px7ufceL2ZUKsv6Niorq2vrG9XN2tb2zu6euX/QlVEiMOngiEWi7yFJGOWko6hipB8LgkKPkZ43ucn93pQISSP+oGYxcUM04jSgGCktDc1jZ0pwyjMH+5GCxccJkRp7QXqXZUOzbjWsAnCZ2CWpgxLtofnl+BFOQsIVZkjKgW3Fyk2RUBQzktWcRJIY4QkakYGmHIVEumlxRgZPteLDIBL6cQUL9XdHikIpZ6GnK/MV5aKXi/95g0QFV25KeZwowvF8UJAwqCKYZwJ9KghWbKYJwoLqXSEeI4Gw0snVdAj24snLpNts2OeN5v1FvXVdxlEFR+AEnAEbXIIWuAVt0AEYPIJn8ArejCfjxXg3PualFaPsOQR/YHz+ADczmZk=</latexit>

Quadratic Casimir:
1

2
Mµ⌫M

µ⌫

<latexit sha1_base64="cZEAAWtLU9Hfdt751NGCrlb2CTU="></latexit>

Rotation Group SO(3)
<latexit sha1_base64="OenDof3HgGTyxeuGeV3XCFYJnCg=">AAAB8HicbVBNTwIxEJ3FL8Qv1KOXRmKCF7ILJnokevEmRgENbEi3dKGh7W7argnZ8Cu8eNAYr/4cb/4bC+xBwZdM8vLeTGbmBTFn2rjut5NbWV1b38hvFra2d3b3ivsHLR0litAmiXikHgKsKWeSNg0znD7EimIRcNoORldTv/1ElWaRvDfjmPoCDyQLGcHGSo9dJdDdTbl22iuW3Io7A1omXkZKkKHRK351+xFJBJWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LJRZU++ns4Ak6sUofhZGyJQ2aqb8nUiy0HovAdgpshnrRm4r/eZ3EhBd+ymScGCrJfFGYcGQiNP0e9ZmixPCxJZgoZm9FZIgVJsZmVLAheIsvL5NWteLVKtXbs1L9MosjD0dwDGXw4BzqcA0NaAIBAc/wCm+Ocl6cd+dj3ppzsplD+APn8wcwto9Z</latexit>

f(✓,�) =
X

`,m

f`,m Y`,m(✓,�)

<latexit sha1_base64="I7j8mLAAIzJrKPH5pgUiaVHsmtY=">AAACKnicbVDLSgMxFM34rPVVdekmWAQFKTMqKIhQdeNSwfqgM5RMescGk5khuSOUod/jxl9x04VS3PohpnXwfSBwcs49JPeEqRQGXXfgjI1PTE5Nl2bKs3PzC4uVpeVLk2SaQ4MnMtHXITMgRQwNFCjhOtXAVCjhKrw7GfpX96CNSOIL7KYQKHYbi0hwhlZqVY6iDR87gGzLTzti89A3mWrlPki5pXo0+qL+wc3n5UekVam6NXcE+pd4BamSAmetSt9vJzxTECOXzJim56YY5Eyj4BJ6ZT8zkDJ+x26haWnMFJggH63ao+tWadMo0fbESEfq90TOlDFdFdpJxbBjfntD8T+vmWG0H+QiTjOEmH88FGWSYkKHvdG20MBRdi1hXAv7V8o7TDOOtt2yLcH7vfJfcrld83Zq2+e71fpxUUeJrJI1skE8skfq5JSckQbh5IE8kWfy4jw6fWfgvH6MjjlFZoX8gPP2Dru9ptY=</latexit>

Origin of Spherical Harmonics

Cartan subalgebra basis:

Casimir operator: L2
1 + L2

2 + L2
3

<latexit sha1_base64="EZ9xwaFRkF9EGfep8V/EHud8y68=">AAACFXicbVDLSsNAFJ34rPUVdelmsAiCUpJU0GXRjQsXFewD2jRMppN26GQSZiZCCf0JN/6KGxeKuBXc+TdO2iz68MDAuefcy9x7/JhRqSzr11hZXVvf2CxsFbd3dvf2zYPDhowSgUkdRywSLR9JwigndUUVI61YEBT6jDT94W3mN5+IkDTij2oUEzdEfU4DipHSkmdedEKkBn6Q3o89u+ucz5TOfFnpOp5ZssrWBHCZ2DkpgRw1z/zp9CKchIQrzJCUbduKlZsioShmZFzsJJLECA9Rn7Q15Sgk0k0nV43hqVZ6MIiEflzBiTo7kaJQylHo685sS7noZeJ/XjtRwbWbUh4ninA8/ShIGFQRzCKCPSoIVmykCcKC6l0hHiCBsNJBFnUI9uLJy6ThlO1K2Xm4LFVv8jgK4BicgDNggytQBXegBuoAg2fwCt7Bh/FivBmfxte0dcXIZ47AHIzvP2vxnlY=</latexit>

L3
<latexit sha1_base64="1RrmpMGzOrjo/wsvJbppPKrbcH8=">AAAB83icbVBNSwMxFHxbv2r9qnr0EiyCp7LbCnosevHgoYKthe5Ssmm2Dc0mS5IVytK/4cWDIl79M978N2bbPWjrQGCYeY83mTDhTBvX/XZKa+sbm1vl7crO7t7+QfXwqKtlqgjtEMml6oVYU84E7RhmOO0liuI45PQxnNzk/uMTVZpJ8WCmCQ1iPBIsYgQbK/l+jM04jLK72aA5qNbcujsHWiVeQWpQoD2ofvlDSdKYCkM41rrvuYkJMqwMI5zOKn6qaYLJBI9o31KBY6qDbJ55hs6sMkSRVPYJg+bq740Mx1pP49BO5hn1speL/3n91ERXQcZEkhoqyOJQlHJkJMoLQEOmKDF8agkmitmsiIyxwsTYmiq2BG/5y6uk26h7zXrj/qLWui7qKMMJnMI5eHAJLbiFNnSAQALP8ApvTuq8OO/Ox2K05BQ7x/AHzucP63ORmg==</latexit>

Eigenvalue:

Solutions:

Differential operator form:
1

sin ✓

@

@✓
sin ✓

@

@✓
+

1

sin2 ✓

@2

@�2
<latexit sha1_base64="4udFOjS/ViWh+Fn2tmpW25bqXf8="></latexit>

Y`,m(✓,�)
<latexit sha1_base64="sjS3+b/1eAJhhMflaOOzFDHSB2k=">AAACAHicbVDLSgNBEJyNrxhfqx48eFkMQoQQdqOgx6AXjxHMQ7IhzE46yZDZBzO9Qlj24q948aCIVz/Dm3/jJNmDJhY0FFXddHd5keAKbfvbyK2srq1v5DcLW9s7u3vm/kFThbFk0GChCGXbowoED6CBHAW0IwnU9wS0vPHN1G89glQ8DO5xEkHXp8OADzijqKWeefTQS1wQouynJRdHgLTsRiN+1jOLdsWewVomTkaKJEO9Z365/ZDFPgTIBFWq49gRdhMqkTMBacGNFUSUjekQOpoG1AfVTWYPpNapVvrWIJS6ArRm6u+JhPpKTXxPd/oUR2rRm4r/eZ0YB1fdhAdRjBCw+aJBLCwMrWkaVp9LYCgmmlAmub7VYiMqKUOdWUGH4Cy+vEya1YpzXqneXRRr11kceXJMTkiJOOSS1MgtqZMGYSQlz+SVvBlPxovxbnzMW3NGNnNI/sD4/AH+n5YD</latexit>

�`(` + 1)
<latexit sha1_base64="LNxKQgqbu8w2l5qxwA5K3zvfZpw=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMQEcNuFPQY9OIxgnlAsoTZSW8yZPbhzGwghHyHFw+KePVjvPk3ziZ70GhBN0VVN9NTXiy40rb9ZeVWVtfWN/Kbha3tnd294v5BU0WJZNhgkYhk26MKBQ+xobkW2I4l0sAT2PJGt6nfGqNUPAof9CRGN6CDkPucUW0k97yLQpTTduac9oolu2LPQf4SJyMlyFDvFT+7/YglAYaaCapUx7Fj7U6p1JwJnBW6icKYshEdYMfQkAao3On86Bk5MUqf+JE0FWoyV39uTGmg1CTwzGRA9VAte6n4n9dJtH/tTnkYJxpDtnjITwTREUkTIH0ukWkxMYQyyc2thA2ppEybnAomBGf5y39Js1pxLirV+8tS7SaLIw9HcAxlcOAKanAHdWgAg0d4ghd4tcbWs/VmvS9Gc1a2cwi/YH18AyllkQw=</latexit>

Label
<̀latexit sha1_base64="3GQWqpO7cQAS3xPKV+Ids7+Coq4=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YA2lM120i7d3YTdjVBC/4IXD4p49Q9589+YtDlo64OBx3szzMwLYsGNdd1vZ219Y3Nru7RT3t3bPzisHB23TZRohi0WiUh3A2pQcIUty63AbqyRykBgJ5jc5X7nCbXhkXq00xh9SUeKh5xRm0t9FGJQqbo1dw6ySryCVKFAc1D56g8jlkhUlglqTM9zY+unVFvOBM7K/cRgTNmEjrCXUUUlGj+d3zoj55kyJGGks1KWzNXfEymVxkxlkHVKasdm2cvF/7xeYsMbP+UqTiwqtlgUJoLYiOSPkyHXyKyYZoQyzbNbCRtTTZnN4ilnIXjLL6+Sdr3mXdbqD1fVxm0RRwlO4QwuwINraMA9NKEFDMbwDK/w5kjnxXl3Phata04xcwJ/4Hz+AA60jj8=</latexit>

is the eigenvalue of L3
<latexit sha1_base64="1RrmpMGzOrjo/wsvJbppPKrbcH8=">AAAB83icbVBNSwMxFHxbv2r9qnr0EiyCp7LbCnosevHgoYKthe5Ssmm2Dc0mS5IVytK/4cWDIl79M978N2bbPWjrQGCYeY83mTDhTBvX/XZKa+sbm1vl7crO7t7+QfXwqKtlqgjtEMml6oVYU84E7RhmOO0liuI45PQxnNzk/uMTVZpJ8WCmCQ1iPBIsYgQbK/l+jM04jLK72aA5qNbcujsHWiVeQWpQoD2ofvlDSdKYCkM41rrvuYkJMqwMI5zOKn6qaYLJBI9o31KBY6qDbJ55hs6sMkSRVPYJg+bq740Mx1pP49BO5hn1speL/3n91ERXQcZEkhoqyOJQlHJkJMoLQEOmKDF8agkmitmsiIyxwsTYmiq2BG/5y6uk26h7zXrj/qLWui7qKMMJnMI5eHAJLbiFNnSAQALP8ApvTuq8OO/Ox2K05BQ7x/AHzucP63ORmg==</latexit>

the solution is annihilated by  L1 + iL2
<latexit sha1_base64="rgOQslzjGLr+Zz8dDMnhXse+IKA=">AAACA3icbVDLSsNAFL3xWesr6k43g0UQhJJUQZdFNy5cVLAPaEOZTCft0MkkzEyEEgpu/BU3LhRx60+482+ctFnU1gMDZ865l3vv8WPOlHacH2tpeWV1bb2wUdzc2t7Ztff2GypKJKF1EvFItnysKGeC1jXTnLZiSXHoc9r0hzeZ33ykUrFIPOhRTL0Q9wULGMHaSF37sBNiPfCD9G7cdc/YzK/StUtO2ZkALRI3JyXIUeva351eRJKQCk04VqrtOrH2Uiw1I5yOi51E0RiTIe7TtqECh1R56eSGMToxSg8FkTRPaDRRZztSHCo1Cn1Tme2o5r1M/M9rJzq48lIm4kRTQaaDgoQjHaEsENRjkhLNR4ZgIpnZFZEBlphoE1vRhODOn7xIGpWye16u3F+Uqtd5HAU4gmM4BRcuoQq3UIM6EHiCF3iDd+vZerU+rM9p6ZKV9xzAH1hfv7JZl4w=</latexit>

when

�
�
�(� � 2) + j2

�
<latexit sha1_base64="ac6J4sSOTAtcr/y9sOGBusFfFxA=">AAACC3icbVDLTgJBEJzFF+IL9ehlAzGBGMgumuiR6MUjJvJIWCSzQy+MzD4y02tCCHcv/ooXDxrj1R/w5t84wB4UrKTTlaruzHS5keAKLevbSK2srq1vpDczW9s7u3vZ/YOGCmPJoM5CEcqWSxUIHkAdOQpoRRKo7wpousOrqd98AKl4GNziKIKOT/sB9zijqKVuNldyBHhYcHogkCatVCme3N9VHMn7Ayx2s3mrbM1gLhM7IXmSoNbNfjm9kMU+BMgEVaptWxF2xlQiZwImGSdWEFE2pH1oaxpQH1RnPLtlYh5rpWd6odQVoDlTf2+Mqa/UyHf1pE9xoBa9qfif147Ru+iMeRDFCAGbP+TFwsTQnAZj9rgEhmKkCWWS67+abEAlZajjy+gQ7MWTl0mjUrZPy5Wbs3z1MokjTY5IjhSITc5JlVyTGqkTRh7JM3klb8aT8WK8Gx/z0ZSR7BySPzA+fwDTDJmj</latexit>

eigenvalue

12

Casimir Equation: acting Casimir operator on z1, z2
<latexit sha1_base64="ytVhu9E6EeNKH/5cdbz3S4RtCUY=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBQym7VdBj0YvHCvZD2mXJptk2NMkuSVZoS3+FFw+KePXnePPfmLZ70NYHA4/3ZpiZFyacaeO6305ubX1jcyu/XdjZ3ds/KB4eNXWcKkIbJOaxaodYU84kbRhmOG0nimIRctoKh7czv/VElWaxfDCjhPoC9yWLGMHGSo/jwCt3y+OgGhRLbsWdA60SLyMlyFAPil/dXkxSQaUhHGvd8dzE+BOsDCOcTgvdVNMEkyHu046lEguq/cn84Ck6s0oPRbGyJQ2aq78nJlhoPRKh7RTYDPSyNxP/8zqpia79CZNJaqgki0VRypGJ0ex71GOKEsNHlmCimL0VkQFWmBibUcGG4C2/vEqa1Yp3UaneX5ZqN1kceTiBUzgHD66gBndQhwYQEPAMr/DmKOfFeXc+Fq05J5s5hj9wPn8AnaCPoQ==</latexit>

Lµ⌫(z1, z2)Lµ⌫(z1, z2)G�,j = �(�(� � 2) + j2)G�,j
<latexit sha1_base64="fzbc/MgCK7NP+08gAf20oUkfHjE="></latexit>

Conformal Blocks
on the celestial sphere

z1
<latexit sha1_base64="WisF78HUTUO85PiKDP4rI5hquy0="></latexit>

z2
<latexit sha1_base64="0AfE0nadZpCkbtwxsvBuWwP2CFQ="></latexit>

z3
<latexit sha1_base64="OyqqC1pqki3GiI8H32nZ6GuAJBM="></latexit>

n̄
<latexit sha1_base64="8R0wlOsv01OZJXSVY1OfUuLs1es="></latexit>

�, j
<latexit sha1_base64="eiKh+eeWKdw8vdIvy1rmUbzxvv8="></latexit>
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Solutions (2D Conformal Blocks):

g�,j(z, z̄) =
1

1 + �j,0
(k��j(z)k�+j(z̄) + k�+j(z)k��j(z̄))

<latexit sha1_base64="zdLBZCafkrjgEQx3uqUWiOFna8c="></latexit>

[Dolan, Osborn, 2003]

k�(x) ⌘ x�/2
2F1

✓
�

2
+ a,

�

2
+ b,�, x

◆

<latexit sha1_base64="AltypG04wjAIN6Tv80Ih7DoFnsk="></latexit>

In our case, a = 0, b = − 1[Notations]

�z3z̄ 2F1 (3, 2, 6, z)
<latexit sha1_base64="yhD3TXSJWDMKVt9isx0MBEZiTVw="></latexit>

Previous example:

Decomposition: g(z, z̄) =
X

�,j

c�,jg�,j(z, z̄)

<latexit sha1_base64="w8qWNgGywlcmAMLJcQnAUZfKSdk=">AAACKHicbZDLSsNAFIYnXmu9RV26CRahQilJFXQjFt24rGAv0IQwmUzSsZMLMxOhDXkcN76KGxFFuvVJnLZZxNYfBj7+cw5nzu/ElHCh6xNlZXVtfWOztFXe3tnd21cPDjs8ShjCbRTRiPUcyDElIW4LIijuxQzDwKG46wzvpvXuM2acROGjGMXYCqAfEo8gKKRlqzd+dVwzHcjScXZ2bfIksFPTxVTA2lOGCuwXuDBiqxW9rs+kLYORQwXkatnqh+lGKAlwKBCFnPcNPRZWCpkgiOKsbCYcxxANoY/7EkMYYG6ls0Mz7VQ6ruZFTL5QaDO3OJHCgPNR4MjOAIoBX6xNzf9q/UR4V1ZKwjgROETzRV5CNRFp09Q0lzCMBB1JgIgR+VcNDSCDSMhsyzIEY/HkZeg06sZ5vfFwUWne5nGUwDE4AVVggEvQBPegBdoAgRfwBj7Bl/KqvCvfymTeuqLkM0fgj5SfXwktpzE=</latexit>

set � = 4, j = 2
<latexit sha1_base64="Fhjart3qgeRgHvqoVIi0zrDwkpQ="></latexit>

k6(z) = z3
2F1(3, 2, 6, z)

<latexit sha1_base64="zU1WbUa3myKb7//G00ADmyo9Wsg="></latexit>

k2(z̄) = z̄
<latexit sha1_base64="tS8UfYm8gmGkr7rWmlgDYxyAlBE="></latexit>

z1
<latexit sha1_base64="WisF78HUTUO85PiKDP4rI5hquy0="></latexit>

z2
<latexit sha1_base64="0AfE0nadZpCkbtwxsvBuWwP2CFQ="></latexit>

z3
<latexit sha1_base64="OyqqC1pqki3GiI8H32nZ6GuAJBM="></latexit>

n̄
<latexit sha1_base64="8R0wlOsv01OZJXSVY1OfUuLs1es="></latexit>

� = 4, j = 2
<latexit sha1_base64="RErbJRwITZwORJpfhE/l+rfkEb8="></latexit>

Fµ+
a (iD+)F ⌫+

a ✏�,µ✏�,⌫
<latexit sha1_base64="TXsPJwds6o54QyRhQ2vk0/0VN6A="></latexit>

Contributing Operator

twist-2, transverse spin-2 
gluonic operator

Conformal Blocks
on the celestial sphere

z1
<latexit sha1_base64="WisF78HUTUO85PiKDP4rI5hquy0="></latexit>

z2
<latexit sha1_base64="0AfE0nadZpCkbtwxsvBuWwP2CFQ="></latexit>

z3
<latexit sha1_base64="OyqqC1pqki3GiI8H32nZ6GuAJBM="></latexit>

n̄
<latexit sha1_base64="8R0wlOsv01OZJXSVY1OfUuLs1es="></latexit>

�, j
<latexit sha1_base64="eiKh+eeWKdw8vdIvy1rmUbzxvv8="></latexit>
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Solutions (2D Conformal Blocks):

g�,j(z, z̄) =
1

1 + �j,0
(k��j(z)k�+j(z̄) + k�+j(z)k��j(z̄))

<latexit sha1_base64="zdLBZCafkrjgEQx3uqUWiOFna8c="></latexit>

[Dolan, Osborn, 2003]

k�(x) ⌘ x�/2
2F1

✓
�

2
+ a,

�

2
+ b,�, x

◆

<latexit sha1_base64="AltypG04wjAIN6Tv80Ih7DoFnsk="></latexit>

In our case, a = 0, b = − 1[Notations]

�z3z̄ 2F1 (3, 2, 6, z)
<latexit sha1_base64="yhD3TXSJWDMKVt9isx0MBEZiTVw=">AAA </latexit>

Previous example:

Decomposition: g(z, z̄) =
X

�,j

c�,jg�,j(z, z̄)

<latexit sha1_base64="w8qWNgGywlcmAMLJcQnAUZfKSdk=">AAACKHicbZDLSsNAFIYnXmu9RV26CRahQilJFXQjFt24rGAv0IQwmUzSsZMLMxOhDXkcN76KGxFFuvVJnLZZxNYfBj7+cw5nzu/ElHCh6xNlZXVtfWOztFXe3tnd21cPDjs8ShjCbRTRiPUcyDElIW4LIijuxQzDwKG46wzvpvXuM2acROGjGMXYCqAfEo8gKKRlqzd+dVwzHcjScXZ2bfIksFPTxVTA2lOGCuwXuDBiqxW9rs+kLYORQwXkatnqh+lGKAlwKBCFnPcNPRZWCpkgiOKsbCYcxxANoY/7EkMYYG6ls0Mz7VQ6ruZFTL5QaDO3OJHCgPNR4MjOAIoBX6xNzf9q/UR4V1ZKwjgROETzRV5CNRFp09Q0lzCMBB1JgIgR+VcNDSCDSMhsyzIEY/HkZeg06sZ5vfFwUWne5nGUwDE4AVVggEvQBPegBdoAgRfwBj7Bl/KqvCvfymTeuqLkM0fgj5SfXwktpzE=</latexit>

set � = 4, j = 2
<latexit sha1_base64="Fhjart3qgeRgHvqoVIi0zrDwkpQ="></latexit>

k6(z) = z3
2F1(3, 2, 6, z)

<latexit sha1_base64="zU1WbUa3myKb7//G00ADmyo9Wsg="></latexit>

k2(z̄) = z̄
<latexit sha1_base64="tS8UfYm8gmGkr7rWmlgDYxyAlBE="></latexit>

z1
<latexit sha1_base64="WisF78HUTUO85PiKDP4rI5hquy0="></latexit>

z2
<latexit sha1_base64="0AfE0nadZpCkbtwxsvBuWwP2CFQ="></latexit>

z3
<latexit sha1_base64="OyqqC1pqki3GiI8H32nZ6GuAJBM="></latexit>

n̄
<latexit sha1_base64="8R0wlOsv01OZJXSVY1OfUuLs1es="></latexit>

� = 4, j = 2
<latexit sha1_base64="RErbJRwITZwORJpfhE/l+rfkEb8="></latexit>

Fµ+
a (iD+)F ⌫+

a ✏�,µ✏�,⌫
<latexit sha1_base64="TXsPJwds6o54QyRhQ2vk0/0VN6A="></latexit>

Contributing Operator

twist-2, transverse spin-2 
gluonic operator

Conformal Blocks
on the celestial sphere

z1
<latexit sha1_base64="WisF78HUTUO85PiKDP4rI5hquy0="></latexit>

z2
<latexit sha1_base64="0AfE0nadZpCkbtwxsvBuWwP2CFQ="></latexit>

z3
<latexit sha1_base64="OyqqC1pqki3GiI8H32nZ6GuAJBM="></latexit>

n̄
<latexit sha1_base64="8R0wlOsv01OZJXSVY1OfUuLs1es="></latexit>

�, j
<latexit sha1_base64="eiKh+eeWKdw8vdIvy1rmUbzxvv8="></latexit>
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Solutions (2D Conformal Blocks):

g�,j(z, z̄) =
1

1 + �j,0
(k��j(z)k�+j(z̄) + k�+j(z)k��j(z̄))

<latexit sha1_base64="zdLBZCafkrjgEQx3uqUWiOFna8c="></latexit>

[Dolan, Osborn, 2003]

k�(x) ⌘ x�/2
2F1

✓
�

2
+ a,

�

2
+ b,�, x

◆

<latexit sha1_base64="AltypG04wjAIN6Tv80Ih7DoFnsk="></latexit>

In our case, a = 0, b = − 1[Notations]

�z3z̄ 2F1 (3, 2, 6, z)
<latexit sha1_base64="yhD3TXSJWDMKVt9isx0MBEZiTVw="></latexit>

Previous example:

Decomposition: g(z, z̄) =
X

�,j

c�,jg�,j(z, z̄)

<latexit sha1_base64="w8qWNgGywlcmAMLJcQnAUZfKSdk=">AAACKHicbZDLSsNAFIYnXmu9RV26CRahQilJFXQjFt24rGAv0IQwmUzSsZMLMxOhDXkcN76KGxFFuvVJnLZZxNYfBj7+cw5nzu/ElHCh6xNlZXVtfWOztFXe3tnd21cPDjs8ShjCbRTRiPUcyDElIW4LIijuxQzDwKG46wzvpvXuM2acROGjGMXYCqAfEo8gKKRlqzd+dVwzHcjScXZ2bfIksFPTxVTA2lOGCuwXuDBiqxW9rs+kLYORQwXkatnqh+lGKAlwKBCFnPcNPRZWCpkgiOKsbCYcxxANoY/7EkMYYG6ls0Mz7VQ6ruZFTL5QaDO3OJHCgPNR4MjOAIoBX6xNzf9q/UR4V1ZKwjgROETzRV5CNRFp09Q0lzCMBB1JgIgR+VcNDSCDSMhsyzIEY/HkZeg06sZ5vfFwUWne5nGUwDE4AVVggEvQBPegBdoAgRfwBj7Bl/KqvCvfymTeuqLkM0fgj5SfXwktpzE=</latexit>

set � = 4, j = 2
<latexit sha1_base64="Fhjart3qgeRgHvqoVIi0zrDwkpQ="></latexit>

k6(z) = z3
2F1(3, 2, 6, z)

<latexit sha1_base64="zU1WbUa3myKb7//G00ADmyo9Wsg="></latexit>

k2(z̄) = z̄
<latexit sha1_base64="tS8UfYm8gmGkr7rWmlgDYxyAlBE="></latexit>

z1
<latexit sha1_base64="WisF78HUTUO85PiKDP4rI5hquy0="></latexit>

z2
<latexit sha1_base64="0AfE0nadZpCkbtwxsvBuWwP2CFQ="></latexit>

z3
<latexit sha1_base64="OyqqC1pqki3GiI8H32nZ6GuAJBM="></latexit>

n̄
<latexit sha1_base64="8R0wlOsv01OZJXSVY1OfUuLs1es="></latexit>

� = 4, j = 2
<latexit sha1_base64="RErbJRwITZwORJpfhE/l+rfkEb8="></latexit>

Fµ+
a (iD+)F ⌫+

a ✏�,µ✏�,⌫
<latexit sha1_base64="TXsPJwds6o54QyRhQ2vk0/0VN6A="></latexit>

Contributing Operator

twist-2, transverse spin-2 
gluonic operator
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Celestial Partial Waves

• These are partial waves living on the detector:

• Celestial block expansion converges rapidly.
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Perturbative Data from Lightray OPE

• Interesting interplay with structure of Feynman diagrams.

• e.g. In QCD can choose color structures to
isolate internal parton states.

• Only j = 0, 2 contribute. Leading twist j = 2 block uncontaminated
by higher twist contributions.

Example

�z3z̄
<latexit sha1_base64="i+qbfFl+ZNXUuonqlpADYz7spmA=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBiyVpBT0WvXisYD+giWWz3bRLN5uwuxHa0L/hxYMiXv0z3vw3btMctPXBwOO9GWbm+TFnStv2t1VYW9/Y3Cpul3Z29/YPyodHbRUlktAWiXgkuz5WlDNBW5ppTruxpDj0Oe3449u533miUrFIPOhJTL0QDwULGMHaSO7F9LGOXB/LdDrrlyt21c6AVomTkwrkaPbLX+4gIklIhSYcK9Vz7Fh7KZaaEU5nJTdRNMZkjIe0Z6jAIVVemt08Q2dGGaAgkqaERpn6eyLFoVKT0DedIdYjtezNxf+8XqKDay9lIk40FWSxKEg40hGaB4AGTFKi+cQQTCQztyIywhITbWIqmRCc5ZdXSbtWderV2v1lpXGTx1GEEziFc3DgChpwB01oAYEYnuEV3qzEerHerY9Fa8HKZ47hD6zPH3cakVE=</latexit>

�zz̄3
<latexit sha1_base64="LjlbeVTzeLXDc6xbvrvjyLZFHEg=">AAAB83icbVDLSgNBEOz1mcRX1KOXwSB4MewmBz0GvXiMYB6YXcPsZDYZMju7zMyKyZLfEMSDIl7Ff/Hm1+jkcdDEgoaiqpvuLj/mTGnb/rKWlldW19Yz2dzG5tb2Tn53r66iRBJaIxGPZNPHinImaE0zzWkzlhSHPqcNv38x9ht3VCoWiWs9iKkX4q5gASNYG8k9GSLXxzIdjm7L7XzBLtoToEXizEihko0fbz7uv6vt/KfbiUgSUqEJx0q1HDvWXoqlZoTTUc5NFI0x6eMubRkqcEiVl05uHqEjo3RQEElTQqOJ+nsixaFSg9A3nSHWPTXvjcX/vFaigzMvZSJONBVkuihIONIRGgeAOkxSovnAEEwkM7ci0sMSE21iypkQnPmXF0m9VHTKxdKVSeMcpsjAARzCMThwChW4hCrUgEAMD/AML1ZiPVmv1tu0dcmazezDH1jvP5gLlR8=</latexit>

+
39

10
z2z̄2

<latexit sha1_base64="Nz38PrcIvI58qgZc3L2aXybv/hU=">AAACBHicbVC7SgNBFJ2NrxhfqxYiaQaDIAhhd1MYu6CNZQTzgOwmzE5mkyGzD2ZmhWTZwsZfsbFQxNZvEDttbP0MJ49CowcuHM65l3vvcSNGhTSMdy2zsLi0vJJdza2tb2xu6ds7dRHGHJMaDlnImy4ShNGA1CSVjDQjTpDvMtJwB+djv3FNuKBhcCWHEXF81AuoRzGSSuro+WPb4wgnpdM0MY101Lag7SKejNK21dELRtGYAP4l5owUKuXP172Pr/1qR3+zuyGOfRJIzJAQLdOIpJMgLilmJM3ZsSARwgPUIy1FA+QT4SSTJ1J4qJQu9EKuKpBwov6cSJAvxNB3VaePZF/Me2PxP68VS6/sJDSIYkkCPF3kxQzKEI4TgV3KCZZsqAjCnKpbIe4jFYpUueVUCOb8y39J3SqapaJ1qdI4A1NkQR4cgCNgghNQARegCmoAgxtwBx7Ao3ar3WtP2vO0NaPNZnbBL2gv3/vmm28=</latexit>

�z4z̄
<latexit sha1_base64="1PHDCr5TVKNeYFY60IFyIM/PRA0=">AAAB83icbVDLSgNBEOz1mcRX1KOXwSB4MexGQY9BLx4jmAdm1zA7mU2GzM4uM7NisuQ3BPGgiFfxX7z5NTp5HDSxoKGo6qa7y485U9q2v6yFxaXlldVMNre2vrG5ld/eqakokYRWScQj2fCxopwJWtVMc9qIJcWhz2nd712M/PodlYpF4lr3Y+qFuCNYwAjWRnKPBrcnyPWxTAfDVr5gF+0x0DxxpqRQzsaPNx/335VW/tNtRyQJqdCEY6Wajh1rL8VSM8LpMOcmisaY9HCHNg0VOKTKS8c3D9GBUdooiKQpodFY/T2R4lCpfuibzhDrrpr1RuJ/XjPRwZmXMhEnmgoyWRQkHOkIjQJAbSYp0bxvCCaSmVsR6WKJiTYx5UwIzuzL86RWKjrHxdKVSeMcJsjAHuzDIThwCmW4hApUgUAMD/AML1ZiPVmv1tukdcGazuzCH1jvP5fZlSA=</latexit>

�zz̄4
<latexit sha1_base64="rH7/X35cl926iTya+GpqZ8RXhRw=">AAAB83icbVDLSgNBEOz1mcRX1KOXwSB4MexGQY9BLx4jmAdm1zA7mU2GzM4uM7NisuQ3BPGgiFfxX7z5NTp5HDSxoKGo6qa7y485U9q2v6yFxaXlldVMNre2vrG5ld/eqakokYRWScQj2fCxopwJWtVMc9qIJcWhz2nd712M/PodlYpF4lr3Y+qFuCNYwAjWRnKPBsj1sUwHw9uTVr5gF+0x0DxxpqRQzsaPNx/335VW/tNtRyQJqdCEY6Wajh1rL8VSM8LpMOcmisaY9HCHNg0VOKTKS8c3D9GBUdooiKQpodFY/T2R4lCpfuibzhDrrpr1RuJ/XjPRwZmXMhEnmgoyWRQkHOkIjQJAbSYp0bxvCCaSmVsR6WKJiTYx5UwIzuzL86RWKjrHxdKVSeMcJsjAHuzDIThwCmW4hApUgUAMD/AML1ZiPVmv1tukdcGazuzCH1jvP5mPlSA=</latexit>

+
39

20
z2z̄3

<latexit sha1_base64="gdwozhHIcomnN8fvGv1u78UfCws=">AAACBHicbVC7SgNBFJ2NrxhfqxYiaQaDIAhhd1MYu6CNZQTzgOwmzE5mkyGzD2ZmhWTZwsZfsbFQxNZvEDttbP0MJ49CowcuHM65l3vvcSNGhTSMdy2zsLi0vJJdza2tb2xu6ds7dRHGHJMaDlnImy4ShNGA1CSVjDQjTpDvMtJwB+djv3FNuKBhcCWHEXF81AuoRzGSSuro+WPb4wgnpdM0sYx01Lag7SKejNJ2qaMXjKIxAfxLzBkpVMqfr3sfX/vVjv5md0Mc+ySQmCEhWqYRSSdBXFLMSJqzY0EihAeoR1qKBsgnwkkmT6TwUCld6IVcVSDhRP05kSBfiKHvqk4fyb6Y98bif14rll7ZSWgQxZIEeLrIixmUIRwnAruUEyzZUBGEOVW3QtxHKhSpcsupEMz5l/+SulU0S0XrUqVxBqbIgjw4AEfABCegAi5AFdQABjfgDjyAR+1Wu9eetOdpa0abzeyCX9BevgH+/Ztx</latexit>

+
39

20
z3z̄2

<latexit sha1_base64="yxKdAkVBosJVU3zXcvpypbZ5q/w=">AAACBHicbVC7SgNBFJ2NrxhfqxYiaQaDIAhhd1MYu6CNZQTzgOwmzE5mkyGzD2ZmhWTZwsZfsbFQxNZvEDttbP0MJ49CowcuHM65l3vvcSNGhTSMdy2zsLi0vJJdza2tb2xu6ds7dRHGHJMaDlnImy4ShNGA1CSVjDQjTpDvMtJwB+djv3FNuKBhcCWHEXF81AuoRzGSSuro+WPb4wgnpdM0sYx01C5B20U8GaVtq6MXjKIxAfxLzBkpVMqfr3sfX/vVjv5md0Mc+ySQmCEhWqYRSSdBXFLMSJqzY0EihAeoR1qKBsgnwkkmT6TwUCld6IVcVSDhRP05kSBfiKHvqk4fyb6Y98bif14rll7ZSWgQxZIEeLrIixmUIRwnAruUEyzZUBGEOVW3QtxHKhSpcsupEMz5l/+SulU0S0XrUqVxBqbIgjw4AEfABCegAi5AFdQABjfgDjyAR+1Wu9eetOdpa0abzeyCX9BevgH/B5tx</latexit>

�6

7
z5z̄

<latexit sha1_base64="ckYUVUQnMfQFzspJHxZzTHPKtec=">AAAB/3icbVDLSsNAFJ3UV62vqKCIm8EiuLEkFW2XRTcuK9gHtLFMppM6dDIJMxOhjVn4K25cKOLWvxB3unHrZzh9LLT1wIXDOfdy7z1uyKhUlvVhpGZm5+YX0ouZpeWV1TVzfaMqg0hgUsEBC0TdRZIwyklFUcVIPRQE+S4jNbd7NvBrN0RIGvBL1QuJ46MOpx7FSGmpZW4dNj2BcHySxIWkf3XcdJGI+0nLzFo5awg4TewxyZaKX2/bn9875Zb53mwHOPIJV5ghKRu2FSonRkJRzEiSaUaShAh3UYc0NOXIJ9KJh/cncF8rbegFQhdXcKj+noiRL2XPd3Wnj9S1nPQG4n9eI1Je0YkpDyNFOB4t8iIGVQAHYcA2FQQr1tMEYUH1rRBfI52H0pFldAj25MvTpJrP2Ue5/IVO4xSMkAa7YA8cABsUQAmcgzKoAAxuwT14BE/GnfFgPBsvo9aUMZ7ZBH9gvP4AiF6aMg==</latexit>

+
229

140
z4z̄2

<latexit sha1_base64="SJ9HeSfVStsdcpyh/rNPDYSb4Mk=">AAACBXicbVDLSsNAFJ3UV62vqAsRXQSLIAgliQXrrujGZQX7gDYtk+mkHTqZhJmJ0IZs3Pgrblwo4tZfEHe6cetnOH0stPXAhcM593LvPW5IiZCm+aGl5uYXFpfSy5mV1bX1DX1zqyKCiCNcRgENeM2FAlPCcFkSSXEt5Bj6LsVVt3cx9Ks3mAsSsGvZD7Hjww4jHkFQKqml7x83PA5RbNtnSWzlzWTQzDdcyONB0rRbetbMmSMYs8SakGyx8PW28/m9W2rp7412gCIfM4koFKJumaF0YsglQRQnmUYkcAhRD3ZwXVEGfSycePRFYhwqpW14AVfFpDFSf0/E0Bei77uq04eyK6a9ofifV4+kV3BiwsJIYobGi7yIGjIwhpEYbcIxkrSvCEScqFsN1IUqFamCy6gQrOmXZ0nFzlknOftKpXEOxkiDPXAAjoAFTkERXIISKAMEbsE9eARP2p32oD1rL+PWlDaZ2QZ/oL3+AJNOm8A=</latexit>

�211

140
z3z̄3

<latexit sha1_base64="xvU4eo2vb+UoDysNliQk4rlkNtM=">AAACBXicbVC7SgNBFJ2NrxhfqxYiWgwGwcawkwimDNpYRjAPyCZhdjIbh8w+mJkVkmUbG3/FxkIRW39B7LSx9TOcPApNPHDhcM693HuPE3ImlWV9GKm5+YXFpfRyZmV1bX3D3NyqyiAShFZIwANRd7CknPm0opjitB4Kij2H05rTOx/6tRsqJAv8K9UPadPDXZ+5jGClpba5f2y7ApM4j1ASoxMrGbQKtoNFPEhahbaZtXLWCHCWoAnJlopfbzuf37vltvludwISedRXhGMpG8gKVTPGQjHCaZKxI0lDTHq4Sxua+tijshmPvkjgoVY60A2ELl/Bkfp7IsaelH3P0Z0eVtdy2huK/3mNSLnFZsz8MFLUJ+NFbsShCuAwEthhghLF+5pgIpi+FZJrrFNROriMDgFNvzxLqvkcKuTylzqNMzBGGuyBA3AEEDgFJXAByqACCLgF9+ARPBl3xoPxbLyMW1PGZGYb/IHx+gOIPJu5</latexit>

+
229

140
z2z̄4

<latexit sha1_base64="rkFYmr2XS1gYEXFjld32mwbVguc=">AAACBXicbVDLSsNAFJ3UV62vqAsRXQSLIAgliQXrrujGZQX7gDYtk+mkHTqZhJmJ0IZs3Pgrblwo4tZfEHe6cetnOH0stPXAhcM593LvPW5IiZCm+aGl5uYXFpfSy5mV1bX1DX1zqyKCiCNcRgENeM2FAlPCcFkSSXEt5Bj6LsVVt3cx9Ks3mAsSsGvZD7Hjww4jHkFQKqml7x83PA5RbNtnSWzlzWTQtBsu5PEgaeZbetbMmSMYs8SakGyx8PW28/m9W2rp7412gCIfM4koFKJumaF0YsglQRQnmUYkcAhRD3ZwXVEGfSycePRFYhwqpW14AVfFpDFSf0/E0Bei77uq04eyK6a9ofifV4+kV3BiwsJIYobGi7yIGjIwhpEYbcIxkrSvCEScqFsN1IUqFamCy6gQrOmXZ0nFzlknOftKpXEOxkiDPXAAjoAFTkERXIISKAMEbsE9eARP2p32oD1rL+PWlDaZ2QZ/oL3+AJM8m8A=</latexit>

�6

7
zz̄5

<latexit sha1_base64="S8dO0TwygLMdfkRMitbBWabpxxc=">AAAB/3icbVDLSsNAFJ3UV62vqKCIm8EiuLEkFW2XRTcuK9gHtLFMppM6dDIJMxOhjVn4K25cKOLWvxB3unHrZzh9LLT1wIXDOfdy7z1uyKhUlvVhpGZm5+YX0ouZpeWV1TVzfaMqg0hgUsEBC0TdRZIwyklFUcVIPRQE+S4jNbd7NvBrN0RIGvBL1QuJ46MOpx7FSGmpZW4dNj2BcHySxIWk33SRiPvJ1XHLzFo5awg4TewxyZaKX2/bn9875Zb53mwHOPIJV5ghKRu2FSonRkJRzEiSaUaShAh3UYc0NOXIJ9KJh/cncF8rbegFQhdXcKj+noiRL2XPd3Wnj9S1nPQG4n9eI1Je0YkpDyNFOB4t8iIGVQAHYcA2FQQr1tMEYUH1rRBfI52H0pFldAj25MvTpJrP2Ue5/IVO4xSMkAa7YA8cABsUQAmcgzKoAAxuwT14BE/GnfFgPBsvo9aUMZ7ZBH9gvP4Ail+aMg==</latexit>

�5

7
z6z̄

<latexit sha1_base64="4N8Se7J4ayaSSaXMi8FRfU2S884=">AAAB/3icbVDLSsNAFJ3UV62vqKCIm8EiuLEkFW2XRTcuK9gHtLFMppM6dDIJMxOhjVn4K25cKOLWvxB3unHrZzh9LLT1wIXDOfdy7z1uyKhUlvVhpGZm5+YX0ouZpeWV1TVzfaMqg0hgUsEBC0TdRZIwyklFUcVIPRQE+S4jNbd7NvBrN0RIGvBL1QuJ46MOpx7FSGmpZW4dNj2BcHycxIWkf3XSdJGI+0nLzFo5awg4TewxyZaKX2/bn9875Zb53mwHOPIJV5ghKRu2FSonRkJRzEiSaUaShAh3UYc0NOXIJ9KJh/cncF8rbegFQhdXcKj+noiRL2XPd3Wnj9S1nPQG4n9eI1Je0YkpDyNFOB4t8iIGVQAHYcA2FQQr1tMEYUH1rRBfI52H0pFldAj25MvTpJrP2Ue5/IVO4xSMkAa7YA8cABsUQAmcgzKoAAxuwT14BE/GnfFgPBsvo9aUMZ7ZBH9gvP4AiFeaMg==</latexit>

�5

7
zz̄6

<latexit sha1_base64="w1Gl2tW7PfdAIXLWy6aGbS2wAAc=">AAAB/3icbVDLSsNAFJ3UV62vqKCIm8EiuLEkFW2XRTcuK9gHtLFMppM6dDIJMxOhjVn4K25cKOLWvxB3unHrZzh9LLT1wIXDOfdy7z1uyKhUlvVhpGZm5+YX0ouZpeWV1TVzfaMqg0hgUsEBC0TdRZIwyklFUcVIPRQE+S4jNbd7NvBrN0RIGvBL1QuJ46MOpx7FSGmpZW4dNj2BcHycxIWk33SRiPvJ1UnLzFo5awg4TewxyZaKX2/bn9875Zb53mwHOPIJV5ghKRu2FSonRkJRzEiSaUaShAh3UYc0NOXIJ9KJh/cncF8rbegFQhdXcKj+noiRL2XPd3Wnj9S1nPQG4n9eI1Je0YkpDyNFOB4t8iIGVQAHYcA2FQQr1tMEYUH1rRBfI52H0pFldAj25MvTpJrP2Ue5/IVO4xSMkAa7YA8cABsUQAmcgzKoAAxuwT14BE/GnfFgPBsvo9aUMZ7ZBH9gvP4AilGaMg==</latexit>

+
207

140
z5z̄2

<latexit sha1_base64="eB/0ur92TjW35ReCRhla9qbx/98=">AAACBXicbVDLSsNAFJ3UV62vqAsRXQSLIAgliUq7LLpxWcE+oE3LZDpph04mYWYitCEbN/6KGxeKuPUXxJ1u3PoZTh8LbT1w4XDOvdx7jxtSIqRpfmipufmFxaX0cmZldW19Q9/cqogg4giXUUADXnOhwJQwXJZEUlwLOYa+S3HV7V0M/eoN5oIE7Fr2Q+z4sMOIRxCUSmrp+8cNj0MU22Y+ia1TMxk0zxou5PEgadotPWvmzBGMWWJNSLZY+Hrb+fzeLbX090Y7QJGPmUQUClG3zFA6MeSSIIqTTCMSOISoBzu4riiDPhZOPPoiMQ6V0ja8gKti0hipvydi6AvR913V6UPZFdPeUPzPq0fSKzgxYWEkMUPjRV5EDRkYw0iMNuEYSdpXBCJO1K0G6kKVilTBZVQI1vTLs6Ri56yTnH2l0jgHY6TBHjgAR8ACeVAEl6AEygCBW3APHsGTdqc9aM/ay7g1pU1mtsEfaK8/joGbvQ==</latexit>

+
207

140
z2z̄5

<latexit sha1_base64="Dyy71BpacUmnQY086Kjgfss3itU=">AAACBXicbVDLSsNAFJ3UV62vqAsRXQSLIAgliUq7LLpxWcE+oE3LZDpph04mYWYitCEbN/6KGxeKuPUXxJ1u3PoZTh8LbT1w4XDOvdx7jxtSIqRpfmipufmFxaX0cmZldW19Q9/cqogg4giXUUADXnOhwJQwXJZEUlwLOYa+S3HV7V0M/eoN5oIE7Fr2Q+z4sMOIRxCUSmrp+8cNj0MU22Y+ia1TMxk07YYLeTxImmctPWvmzBGMWWJNSLZY+Hrb+fzeLbX090Y7QJGPmUQUClG3zFA6MeSSIIqTTCMSOISoBzu4riiDPhZOPPoiMQ6V0ja8gKti0hipvydi6AvR913V6UPZFdPeUPzPq0fSKzgxYWEkMUPjRV5EDRkYw0iMNuEYSdpXBCJO1K0G6kKVilTBZVQI1vTLs6Ri56yTnH2l0jgHY6TBHjgAR8ACeVAEl6AEygCBW3APHsGTdqc9aM/ay7g1pU1mtsEfaK8/jmabvQ==</latexit>

�233

140
z4z̄3

<latexit sha1_base64="mhr1Wmls5EAAqM+V/b4cu8YnOS4=">AAACBXicbVC7SgNBFJ2NrxhfqxYiWgwGwcawmw2YMmhjGcE8IJuE2clsMmT2wcyskCzb2PgrNhaK2PoLYqeNrZ/h5FFo4oELh3Pu5d57nJBRIQ3jQ0stLC4tr6RXM2vrG5tb+vZOVQQRx6SCAxbwuoMEYdQnFUklI/WQE+Q5jNSc/sXIr90QLmjgX8tBSJoe6vrUpRhJJbX1w1Pb5QjHectKYrNgJMNWwXYQj4dJy2rrWSNnjAHniTkl2VLx623v83u/3Nbf7U6AI4/4EjMkRMM0QtmMEZcUM5Jk7EiQEOE+6pKGoj7yiGjG4y8SeKyUDnQDrsqXcKz+noiRJ8TAc1Snh2RPzHoj8T+vEUm32IypH0aS+HiyyI0YlAEcRQI7lBMs2UARhDlVt0LcQyoVqYLLqBDM2ZfnSTWfM61c/kqlcQ4mSIMDcAROgAnOQAlcgjKoAAxuwT14BE/anfagPWsvk9aUNp3ZBX+gvf4AkCObvg==</latexit>

�233

140
z3z̄4

<latexit sha1_base64="09cg9t8I+ywImj2KO0LNVXpRviM=">AAACBXicbVC7SgNBFJ2NrxhfqxYiWgwGwcawmw2YMmhjGcE8IJuE2clsMmT2wcyskCzb2PgrNhaK2PoLYqeNrZ/h5FFo4oELh3Pu5d57nJBRIQ3jQ0stLC4tr6RXM2vrG5tb+vZOVQQRx6SCAxbwuoMEYdQnFUklI/WQE+Q5jNSc/sXIr90QLmjgX8tBSJoe6vrUpRhJJbX1w1Pb5QjHectKYrNgJMOWZTuIx8OkVWjrWSNnjAHniTkl2VLx623v83u/3Nbf7U6AI4/4EjMkRMM0QtmMEZcUM5Jk7EiQEOE+6pKGoj7yiGjG4y8SeKyUDnQDrsqXcKz+noiRJ8TAc1Snh2RPzHoj8T+vEUm32IypH0aS+HiyyI0YlAEcRQI7lBMs2UARhDlVt0LcQyoVqYLLqBDM2ZfnSTWfM61c/kqlcQ4mSIMDcAROgAnOQAlcgjKoAAxuwT14BE/anfagPWsvk9aUNp3ZBX+gvf4AkBqbvg==</latexit>

· · ·<latexit sha1_base64="HizBLF/eww/NXksVAtI5HCWfU4M=">AAAB7XicbZC7SgNBFIZn4y2ut6ilzWAQrMJuLLQRgzaWEcwFkiXMzs4mY2ZnlpmzQgh5BxsLRWwsfBR7G/FtnFwKTfxh4OP/z2HOOWEquAHP+3ZyS8srq2v5dXdjc2t7p7C7Vzcq05TVqBJKN0NimOCS1YCDYM1UM5KEgjXC/tU4b9wzbbiStzBIWZCQruQxpwSsVW/TSIHpFIpeyZsIL4I/g+LFh3uevn251U7hsx0pmiVMAhXEmJbvpRAMiQZOBRu57cywlNA+6bKWRUkSZoLhZNoRPrJOhGOl7ZOAJ+7vjiFJjBkkoa1MCPTMfDY2/8taGcRnwZDLNAMm6fSjOBMYFB6vjiOuGQUxsECo5nZWTHtEEwr2QK49gj+/8iLUyyX/pFS+8YqVSzRVHh2gQ3SMfHSKKugaVVENUXSHHtATenaU8+i8OK/T0pwz69lHf+S8/wAPO5Jw</latexit>· · ·<latexit sha1_base64="HizBLF/eww/NXksVAtI5HCWfU4M=">AAAB7XicbZC7SgNBFIZn4y2ut6ilzWAQrMJuLLQRgzaWEcwFkiXMzs4mY2ZnlpmzQgh5BxsLRWwsfBR7G/FtnFwKTfxh4OP/z2HOOWEquAHP+3ZyS8srq2v5dXdjc2t7p7C7Vzcq05TVqBJKN0NimOCS1YCDYM1UM5KEgjXC/tU4b9wzbbiStzBIWZCQruQxpwSsVW/TSIHpFIpeyZsIL4I/g+LFh3uevn251U7hsx0pmiVMAhXEmJbvpRAMiQZOBRu57cywlNA+6bKWRUkSZoLhZNoRPrJOhGOl7ZOAJ+7vjiFJjBkkoa1MCPTMfDY2/8taGcRnwZDLNAMm6fSjOBMYFB6vjiOuGQUxsECo5nZWTHtEEwr2QK49gj+/8iLUyyX/pFS+8YqVSzRVHh2gQ3SMfHSKKugaVVENUXSHHtATenaU8+i8OK/T0pwz69lHf+S8/wAPO5Jw</latexit> · · ·<latexit sha1_base64="HizBLF/eww/NXksVAtI5HCWfU4M=">AAAB7XicbZC7SgNBFIZn4y2ut6ilzWAQrMJuLLQRgzaWEcwFkiXMzs4mY2ZnlpmzQgh5BxsLRWwsfBR7G/FtnFwKTfxh4OP/z2HOOWEquAHP+3ZyS8srq2v5dXdjc2t7p7C7Vzcq05TVqBJKN0NimOCS1YCDYM1UM5KEgjXC/tU4b9wzbbiStzBIWZCQruQxpwSsVW/TSIHpFIpeyZsIL4I/g+LFh3uevn251U7hsx0pmiVMAhXEmJbvpRAMiQZOBRu57cywlNA+6bKWRUkSZoLhZNoRPrJOhGOl7ZOAJ+7vjiFJjBkkoa1MCPTMfDY2/8taGcRnwZDLNAMm6fSjOBMYFB6vjiOuGQUxsECo5nZWTHtEEwr2QK49gj+/8iLUyyX/pFS+8YqVSzRVHh2gQ3SMfHSKKugaVVENUXSHHtATenaU8+i8OK/T0pwz69lHf+S8/wAPO5Jw</latexit>

LP

NLP

NNLP

NNNLP

�z3z̄ 2F1 (3, 2, 6, z)
<latexit sha1_base64="yhD3TXSJWDMKVt9isx0MBEZiTVw="></latexit>

g(z, z̄) /
<latexit sha1_base64="F+L8baSx2rIArZ/LuMqXEXYtULg=">AAAB/HicbVDLSgMxFM3UV62v0S7dDC1CRSkzdaHLohuXFewDOkPJpJk2NJOEJCNMh/oV7t24UMStH+Kuf2P6WGj1wIXDOfdy7z2hoERp151aubX1jc2t/HZhZ3dv/8A+PGopnkiEm4hTLjshVJgShpuaaIo7QmIYhxS3w9HNzG8/YKkIZ/c6FTiI4YCRiCCojdSzi4PK+NwPoczGk1NfSC4079llt+rO4fwl3pKU6yX/7GlaTxs9+8vvc5TEmGlEoVJdzxU6yKDUBFE8KfiJwgKiERzgrqEMxlgF2fz4iXNilL4TcWmKaWeu/pzIYKxUGoemM4Z6qFa9mfif1010dBVkhIlEY4YWi6KEOpo7syScPpEYaZoaApEk5lYHDaGESJu8CiYEb/Xlv6RVq3oX1dqdSeMaLJAHx6AEKsADl6AObkEDNAECKXgGr+DNerRerHfrY9Gas5YzRfAL1uc3y/+X2Q==</latexit>

z1
<latexit sha1_base64="WisF78HUTUO85PiKDP4rI5hquy0="></latexit>

z2
<latexit sha1_base64="0AfE0nadZpCkbtwxsvBuWwP2CFQ="></latexit>

z3
<latexit sha1_base64="OyqqC1pqki3GiI8H32nZ6GuAJBM="></latexit>

n̄
<latexit sha1_base64="8R0wlOsv01OZJXSVY1OfUuLs1es="></latexit>

For simplicity, tagging final state quarks

z1 · z2 ! 0
<latexit sha1_base64="9FpJ16X60gM1xlUzlO2EPMVGqM4=">AAAB+nicbVC7TsMwFHV4lvJKQWJhsaiQmKqkDDBWZWFsJfqQmihyHLe16tiR7YDa0E9hYQAhxMYn8AVsLHwL7mOAliNd6eice3XvPWHCqNKO82WtrK6tb2zmtvLbO7t7+3bhoKlEKjFpYMGEbIdIEUY5aWiqGWknkqA4ZKQVDq4mfuuWSEUFv9HDhPgx6nHapRhpIwV2YRS4Ho6EhqOg7GkBncAuOiVnCrhM3DkpVo7q3/St+lEL7E8vEjiNCdeYIaU6rpNoP0NSU8zIOO+liiQID1CPdAzlKCbKz6anj+GpUSLYFdIU13Cq/p7IUKzUMA5NZ4x0Xy16E/E/r5Pq7qWfUZ6kmnA8W9RNGTQvTnKAEZUEazY0BGFJza0Q95FEWJu08iYEd/HlZdIsl9zzUrlu0qiCGXLgGJyAM+CCC1AB16AGGgCDO/AAnsCzdW89Wi/W66x1xZrPHII/sN5/AM94lsA=</latexit>

Squeezed limit:

11

How to understand?

Expanding the full result: u = zz̄, v = (1 � z)(1 � z̄)
<latexit sha1_base64="yWrjCIQi+wqOgmtkhSTIaK+nc6c="></latexit>

g(u, v) ⌘
<latexit sha1_base64="J3fW3z/FMZKY9GnWeGnjC6ZG8uE=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoMQQcJuFPQY9OIxgnlAdgmzk95kyOzsOo9ACPkNLx4U8erPePNvnCR70MSChqKqm+6uMOVMadf9dnJr6xubW/ntws7u3v5B8fCoqRIjKTRowhPZDokCzgQ0NNMc2qkEEoccWuHwbua3RiAVS8SjHqcQxKQvWMQo0Vby+2VzMTr34cmwUbdYcivuHHiVeBkpoQz1bvHL7yXUxCA05USpjuemOpgQqRnlMC34RkFK6JD0oWOpIDGoYDK/eYrPrNLDUSJtCY3n6u+JCYmVGseh7YyJHqhlbyb+53WMjm6CCROp0SDoYlFkONYJngWAe0wC1XxsCaGS2VsxHRBJqLYxFWwI3vLLq6RZrXiXlerDVal2m8WRRyfoFJWRh65RDd2jOmogilL0jF7Rm2OcF+fd+Vi05pxs5hj9gfP5A27dkUs=</latexit>

cos 2�
<latexit sha1_base64="rtsOQYo6YA72roiYFJmEdrQlNPg="></latexit>

cos 3�
<latexit sha1_base64="ezHZKfZJ33Ltgm0I5Xd4HNnXulc="></latexit>

cos 4�
<latexit sha1_base64="iWNkUrIbcZbIuoFtcfxB3Y7hvQE="></latexit>

cos 5�
<latexit sha1_base64="mMFNtbRzfbZo+ufUS/v4MMEhB4Y="></latexit>

highest transverse spin series

Conformal Blocks
on the celestial sphere

z1
<latexit sha1_base64="WisF78HUTUO85PiKDP4rI5hquy0="></latexit>

z2
<latexit sha1_base64="0AfE0nadZpCkbtwxsvBuWwP2CFQ="></latexit>

z3
<latexit sha1_base64="OyqqC1pqki3GiI8H32nZ6GuAJBM="></latexit>

n̄
<latexit sha1_base64="8R0wlOsv01OZJXSVY1OfUuLs1es="></latexit>

�, j
<latexit sha1_base64="eiKh+eeWKdw8vdIvy1rmUbzxvv8="></latexit>

13

Solutions (2D Conformal Blocks):

g�,j(z, z̄) =
1

1 + �j,0
(k��j(z)k�+j(z̄) + k�+j(z)k��j(z̄))

<latexit sha1_base64="zdLBZCafkrjgEQx3uqUWiOFna8c="></latexit>

[Dolan, Osborn, 2003]

k�(x) ⌘ x�/2
2F1

✓
�

2
+ a,

�

2
+ b,�, x

◆

<latexit sha1_base64="AltypG04wjAIN6Tv80Ih7DoFnsk="></latexit>

In our case, a = 0, b = − 1[Notations]

�z3z̄ 2F1 (3, 2, 6, z)
<latexit sha1_base64="yhD3TXSJWDMKVt9isx0MBEZiTVw="></latexit>

Previous example:

Decomposition: g(z, z̄) =
X

�,j

c�,jg�,j(z, z̄)

<latexit sha1_base64="w8qWNgGywlcmAMLJcQnAUZfKSdk=">AAACKHicbZDLSsNAFIYnXmu9RV26CRahQilJFXQjFt24rGAv0IQwmUzSsZMLMxOhDXkcN76KGxFFuvVJnLZZxNYfBj7+cw5nzu/ElHCh6xNlZXVtfWOztFXe3tnd21cPDjs8ShjCbRTRiPUcyDElIW4LIijuxQzDwKG46wzvpvXuM2acROGjGMXYCqAfEo8gKKRlqzd+dVwzHcjScXZ2bfIksFPTxVTA2lOGCuwXuDBiqxW9rs+kLYORQwXkatnqh+lGKAlwKBCFnPcNPRZWCpkgiOKsbCYcxxANoY/7EkMYYG6ls0Mz7VQ6ruZFTL5QaDO3OJHCgPNR4MjOAIoBX6xNzf9q/UR4V1ZKwjgROETzRV5CNRFp09Q0lzCMBB1JgIgR+VcNDSCDSMhsyzIEY/HkZeg06sZ5vfFwUWne5nGUwDE4AVVggEvQBPegBdoAgRfwBj7Bl/KqvCvfymTeuqLkM0fgj5SfXwktpzE=</latexit>

set � = 4, j = 2
<latexit sha1_base64="Fhjart3qgeRgHvqoVIi0zrDwkpQ="></latexit>

k6(z) = z3
2F1(3, 2, 6, z)

<latexit sha1_base64="zU1WbUa3myKb7//G00ADmyo9Wsg="></latexit>

k2(z̄) = z̄
<latexit sha1_base64="tS8UfYm8gmGkr7rWmlgDYxyAlBE="></latexit>

z1
<latexit sha1_base64="WisF78HUTUO85PiKDP4rI5hquy0="></latexit>

z2
<latexit sha1_base64="0AfE0nadZpCkbtwxsvBuWwP2CFQ="></latexit>

z3
<latexit sha1_base64="OyqqC1pqki3GiI8H32nZ6GuAJBM="></latexit>

n̄
<latexit sha1_base64="8R0wlOsv01OZJXSVY1OfUuLs1es="></latexit>

� = 4, j = 2
<latexit sha1_base64="RErbJRwITZwORJpfhE/l+rfkEb8="></latexit>

Fµ+
a (iD+)F ⌫+

a ✏�,µ✏�,⌫
<latexit sha1_base64="TXsPJwds6o54QyRhQ2vk0/0VN6A="></latexit>

Contributing Operator

twist-2, transverse spin-2 
gluonic operator

Example

�z3z̄
<latexit sha1_base64="i+qbfFl+ZNXUuonqlpADYz7spmA=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBiyVpBT0WvXisYD+giWWz3bRLN5uwuxHa0L/hxYMiXv0z3vw3btMctPXBwOO9GWbm+TFnStv2t1VYW9/Y3Cpul3Z29/YPyodHbRUlktAWiXgkuz5WlDNBW5ppTruxpDj0Oe3449u533miUrFIPOhJTL0QDwULGMHaSO7F9LGOXB/LdDrrlyt21c6AVomTkwrkaPbLX+4gIklIhSYcK9Vz7Fh7KZaaEU5nJTdRNMZkjIe0Z6jAIVVemt08Q2dGGaAgkqaERpn6eyLFoVKT0DedIdYjtezNxf+8XqKDay9lIk40FWSxKEg40hGaB4AGTFKi+cQQTCQztyIywhITbWIqmRCc5ZdXSbtWderV2v1lpXGTx1GEEziFc3DgChpwB01oAYEYnuEV3qzEerHerY9Fa8HKZ47hD6zPH3cakVE=</latexit>

�zz̄3
<latexit sha1_base64="LjlbeVTzeLXDc6xbvrvjyLZFHEg=">AAAB83icbVDLSgNBEOz1mcRX1KOXwSB4MewmBz0GvXiMYB6YXcPsZDYZMju7zMyKyZLfEMSDIl7Ff/Hm1+jkcdDEgoaiqpvuLj/mTGnb/rKWlldW19Yz2dzG5tb2Tn53r66iRBJaIxGPZNPHinImaE0zzWkzlhSHPqcNv38x9ht3VCoWiWs9iKkX4q5gASNYG8k9GSLXxzIdjm7L7XzBLtoToEXizEihko0fbz7uv6vt/KfbiUgSUqEJx0q1HDvWXoqlZoTTUc5NFI0x6eMubRkqcEiVl05uHqEjo3RQEElTQqOJ+nsixaFSg9A3nSHWPTXvjcX/vFaigzMvZSJONBVkuihIONIRGgeAOkxSovnAEEwkM7ci0sMSE21iypkQnPmXF0m9VHTKxdKVSeMcpsjAARzCMThwChW4hCrUgEAMD/AML1ZiPVmv1tu0dcmazezDH1jvP5gLlR8=</latexit>

+
39

10
z2z̄2

<latexit sha1_base64="Nz38PrcIvI58qgZc3L2aXybv/hU=">AAACBHicbVC7SgNBFJ2NrxhfqxYiaQaDIAhhd1MYu6CNZQTzgOwmzE5mkyGzD2ZmhWTZwsZfsbFQxNZvEDttbP0MJ49CowcuHM65l3vvcSNGhTSMdy2zsLi0vJJdza2tb2xu6ds7dRHGHJMaDlnImy4ShNGA1CSVjDQjTpDvMtJwB+djv3FNuKBhcCWHEXF81AuoRzGSSuro+WPb4wgnpdM0MY101Lag7SKejNK21dELRtGYAP4l5owUKuXP172Pr/1qR3+zuyGOfRJIzJAQLdOIpJMgLilmJM3ZsSARwgPUIy1FA+QT4SSTJ1J4qJQu9EKuKpBwov6cSJAvxNB3VaePZF/Me2PxP68VS6/sJDSIYkkCPF3kxQzKEI4TgV3KCZZsqAjCnKpbIe4jFYpUueVUCOb8y39J3SqapaJ1qdI4A1NkQR4cgCNgghNQARegCmoAgxtwBx7Ao3ar3WtP2vO0NaPNZnbBL2gv3/vmm28=</latexit>

�z4z̄
<latexit sha1_base64="1PHDCr5TVKNeYFY60IFyIM/PRA0=">AAAB83icbVDLSgNBEOz1mcRX1KOXwSB4MexGQY9BLx4jmAdm1zA7mU2GzM4uM7NisuQ3BPGgiFfxX7z5NTp5HDSxoKGo6qa7y485U9q2v6yFxaXlldVMNre2vrG5ld/eqakokYRWScQj2fCxopwJWtVMc9qIJcWhz2nd712M/PodlYpF4lr3Y+qFuCNYwAjWRnKPBrcnyPWxTAfDVr5gF+0x0DxxpqRQzsaPNx/335VW/tNtRyQJqdCEY6Wajh1rL8VSM8LpMOcmisaY9HCHNg0VOKTKS8c3D9GBUdooiKQpodFY/T2R4lCpfuibzhDrrpr1RuJ/XjPRwZmXMhEnmgoyWRQkHOkIjQJAbSYp0bxvCCaSmVsR6WKJiTYx5UwIzuzL86RWKjrHxdKVSeMcJsjAHuzDIThwCmW4hApUgUAMD/AML1ZiPVmv1tukdcGazuzCH1jvP5fZlSA=</latexit>

�zz̄4
<latexit sha1_base64="rH7/X35cl926iTya+GpqZ8RXhRw=">AAAB83icbVDLSgNBEOz1mcRX1KOXwSB4MexGQY9BLx4jmAdm1zA7mU2GzM4uM7NisuQ3BPGgiFfxX7z5NTp5HDSxoKGo6qa7y485U9q2v6yFxaXlldVMNre2vrG5ld/eqakokYRWScQj2fCxopwJWtVMc9qIJcWhz2nd712M/PodlYpF4lr3Y+qFuCNYwAjWRnKPBsj1sUwHw9uTVr5gF+0x0DxxpqRQzsaPNx/335VW/tNtRyQJqdCEY6Wajh1rL8VSM8LpMOcmisaY9HCHNg0VOKTKS8c3D9GBUdooiKQpodFY/T2R4lCpfuibzhDrrpr1RuJ/XjPRwZmXMhEnmgoyWRQkHOkIjQJAbSYp0bxvCCaSmVsR6WKJiTYx5UwIzuzL86RWKjrHxdKVSeMcJsjAHuzDIThwCmW4hApUgUAMD/AML1ZiPVmv1tukdcGazuzCH1jvP5mPlSA=</latexit>

+
39

20
z2z̄3

<latexit sha1_base64="gdwozhHIcomnN8fvGv1u78UfCws=">AAACBHicbVC7SgNBFJ2NrxhfqxYiaQaDIAhhd1MYu6CNZQTzgOwmzE5mkyGzD2ZmhWTZwsZfsbFQxNZvEDttbP0MJ49CowcuHM65l3vvcSNGhTSMdy2zsLi0vJJdza2tb2xu6ds7dRHGHJMaDlnImy4ShNGA1CSVjDQjTpDvMtJwB+djv3FNuKBhcCWHEXF81AuoRzGSSuro+WPb4wgnpdM0sYx01Lag7SKejNJ2qaMXjKIxAfxLzBkpVMqfr3sfX/vVjv5md0Mc+ySQmCEhWqYRSSdBXFLMSJqzY0EihAeoR1qKBsgnwkkmT6TwUCld6IVcVSDhRP05kSBfiKHvqk4fyb6Y98bif14rll7ZSWgQxZIEeLrIixmUIRwnAruUEyzZUBGEOVW3QtxHKhSpcsupEMz5l/+SulU0S0XrUqVxBqbIgjw4AEfABCegAi5AFdQABjfgDjyAR+1Wu9eetOdpa0abzeyCX9BevgH+/Ztx</latexit>

+
39

20
z3z̄2

<latexit sha1_base64="yxKdAkVBosJVU3zXcvpypbZ5q/w=">AAACBHicbVC7SgNBFJ2NrxhfqxYiaQaDIAhhd1MYu6CNZQTzgOwmzE5mkyGzD2ZmhWTZwsZfsbFQxNZvEDttbP0MJ49CowcuHM65l3vvcSNGhTSMdy2zsLi0vJJdza2tb2xu6ds7dRHGHJMaDlnImy4ShNGA1CSVjDQjTpDvMtJwB+djv3FNuKBhcCWHEXF81AuoRzGSSuro+WPb4wgnpdM0sYx01C5B20U8GaVtq6MXjKIxAfxLzBkpVMqfr3sfX/vVjv5md0Mc+ySQmCEhWqYRSSdBXFLMSJqzY0EihAeoR1qKBsgnwkkmT6TwUCld6IVcVSDhRP05kSBfiKHvqk4fyb6Y98bif14rll7ZSWgQxZIEeLrIixmUIRwnAruUEyzZUBGEOVW3QtxHKhSpcsupEMz5l/+SulU0S0XrUqVxBqbIgjw4AEfABCegAi5AFdQABjfgDjyAR+1Wu9eetOdpa0abzeyCX9BevgH/B5tx</latexit>

�6

7
z5z̄

<latexit sha1_base64="ckYUVUQnMfQFzspJHxZzTHPKtec=">AAAB/3icbVDLSsNAFJ3UV62vqKCIm8EiuLEkFW2XRTcuK9gHtLFMppM6dDIJMxOhjVn4K25cKOLWvxB3unHrZzh9LLT1wIXDOfdy7z1uyKhUlvVhpGZm5+YX0ouZpeWV1TVzfaMqg0hgUsEBC0TdRZIwyklFUcVIPRQE+S4jNbd7NvBrN0RIGvBL1QuJ46MOpx7FSGmpZW4dNj2BcHySxIWkf3XcdJGI+0nLzFo5awg4TewxyZaKX2/bn9875Zb53mwHOPIJV5ghKRu2FSonRkJRzEiSaUaShAh3UYc0NOXIJ9KJh/cncF8rbegFQhdXcKj+noiRL2XPd3Wnj9S1nPQG4n9eI1Je0YkpDyNFOB4t8iIGVQAHYcA2FQQr1tMEYUH1rRBfI52H0pFldAj25MvTpJrP2Ue5/IVO4xSMkAa7YA8cABsUQAmcgzKoAAxuwT14BE/GnfFgPBsvo9aUMZ7ZBH9gvP4AiF6aMg==</latexit>

+
229

140
z4z̄2

<latexit sha1_base64="SJ9HeSfVStsdcpyh/rNPDYSb4Mk=">AAACBXicbVDLSsNAFJ3UV62vqAsRXQSLIAgliQXrrujGZQX7gDYtk+mkHTqZhJmJ0IZs3Pgrblwo4tZfEHe6cetnOH0stPXAhcM593LvPW5IiZCm+aGl5uYXFpfSy5mV1bX1DX1zqyKCiCNcRgENeM2FAlPCcFkSSXEt5Bj6LsVVt3cx9Ks3mAsSsGvZD7Hjww4jHkFQKqml7x83PA5RbNtnSWzlzWTQzDdcyONB0rRbetbMmSMYs8SakGyx8PW28/m9W2rp7412gCIfM4koFKJumaF0YsglQRQnmUYkcAhRD3ZwXVEGfSycePRFYhwqpW14AVfFpDFSf0/E0Bei77uq04eyK6a9ofifV4+kV3BiwsJIYobGi7yIGjIwhpEYbcIxkrSvCEScqFsN1IUqFamCy6gQrOmXZ0nFzlknOftKpXEOxkiDPXAAjoAFTkERXIISKAMEbsE9eARP2p32oD1rL+PWlDaZ2QZ/oL3+AJNOm8A=</latexit>

�211

140
z3z̄3

<latexit sha1_base64="xvU4eo2vb+UoDysNliQk4rlkNtM=">AAACBXicbVC7SgNBFJ2NrxhfqxYiWgwGwcawkwimDNpYRjAPyCZhdjIbh8w+mJkVkmUbG3/FxkIRW39B7LSx9TOcPApNPHDhcM693HuPE3ImlWV9GKm5+YXFpfRyZmV1bX3D3NyqyiAShFZIwANRd7CknPm0opjitB4Kij2H05rTOx/6tRsqJAv8K9UPadPDXZ+5jGClpba5f2y7ApM4j1ASoxMrGbQKtoNFPEhahbaZtXLWCHCWoAnJlopfbzuf37vltvludwISedRXhGMpG8gKVTPGQjHCaZKxI0lDTHq4Sxua+tijshmPvkjgoVY60A2ELl/Bkfp7IsaelH3P0Z0eVtdy2huK/3mNSLnFZsz8MFLUJ+NFbsShCuAwEthhghLF+5pgIpi+FZJrrFNROriMDgFNvzxLqvkcKuTylzqNMzBGGuyBA3AEEDgFJXAByqACCLgF9+ARPBl3xoPxbLyMW1PGZGYb/IHx+gOIPJu5</latexit>

+
229

140
z2z̄4

<latexit sha1_base64="rkFYmr2XS1gYEXFjld32mwbVguc=">AAACBXicbVDLSsNAFJ3UV62vqAsRXQSLIAgliQXrrujGZQX7gDYtk+mkHTqZhJmJ0IZs3Pgrblwo4tZfEHe6cetnOH0stPXAhcM593LvPW5IiZCm+aGl5uYXFpfSy5mV1bX1DX1zqyKCiCNcRgENeM2FAlPCcFkSSXEt5Bj6LsVVt3cx9Ks3mAsSsGvZD7Hjww4jHkFQKqml7x83PA5RbNtnSWzlzWTQtBsu5PEgaeZbetbMmSMYs8SakGyx8PW28/m9W2rp7412gCIfM4koFKJumaF0YsglQRQnmUYkcAhRD3ZwXVEGfSycePRFYhwqpW14AVfFpDFSf0/E0Bei77uq04eyK6a9ofifV4+kV3BiwsJIYobGi7yIGjIwhpEYbcIxkrSvCEScqFsN1IUqFamCy6gQrOmXZ0nFzlknOftKpXEOxkiDPXAAjoAFTkERXIISKAMEbsE9eARP2p32oD1rL+PWlDaZ2QZ/oL3+AJM8m8A=</latexit>

�6

7
zz̄5

<latexit sha1_base64="S8dO0TwygLMdfkRMitbBWabpxxc=">AAAB/3icbVDLSsNAFJ3UV62vqKCIm8EiuLEkFW2XRTcuK9gHtLFMppM6dDIJMxOhjVn4K25cKOLWvxB3unHrZzh9LLT1wIXDOfdy7z1uyKhUlvVhpGZm5+YX0ouZpeWV1TVzfaMqg0hgUsEBC0TdRZIwyklFUcVIPRQE+S4jNbd7NvBrN0RIGvBL1QuJ46MOpx7FSGmpZW4dNj2BcHySxIWk33SRiPvJ1XHLzFo5awg4TewxyZaKX2/bn9875Zb53mwHOPIJV5ghKRu2FSonRkJRzEiSaUaShAh3UYc0NOXIJ9KJh/cncF8rbegFQhdXcKj+noiRL2XPd3Wnj9S1nPQG4n9eI1Je0YkpDyNFOB4t8iIGVQAHYcA2FQQr1tMEYUH1rRBfI52H0pFldAj25MvTpJrP2Ue5/IVO4xSMkAa7YA8cABsUQAmcgzKoAAxuwT14BE/GnfFgPBsvo9aUMZ7ZBH9gvP4Ail+aMg==</latexit>

�5

7
z6z̄

<latexit sha1_base64="4N8Se7J4ayaSSaXMi8FRfU2S884=">AAAB/3icbVDLSsNAFJ3UV62vqKCIm8EiuLEkFW2XRTcuK9gHtLFMppM6dDIJMxOhjVn4K25cKOLWvxB3unHrZzh9LLT1wIXDOfdy7z1uyKhUlvVhpGZm5+YX0ouZpeWV1TVzfaMqg0hgUsEBC0TdRZIwyklFUcVIPRQE+S4jNbd7NvBrN0RIGvBL1QuJ46MOpx7FSGmpZW4dNj2BcHycxIWkf3XSdJGI+0nLzFo5awg4TewxyZaKX2/bn9875Zb53mwHOPIJV5ghKRu2FSonRkJRzEiSaUaShAh3UYc0NOXIJ9KJh/cncF8rbegFQhdXcKj+noiRL2XPd3Wnj9S1nPQG4n9eI1Je0YkpDyNFOB4t8iIGVQAHYcA2FQQr1tMEYUH1rRBfI52H0pFldAj25MvTpJrP2Ue5/IVO4xSMkAa7YA8cABsUQAmcgzKoAAxuwT14BE/GnfFgPBsvo9aUMZ7ZBH9gvP4AiFeaMg==</latexit>

�5

7
zz̄6

<latexit sha1_base64="w1Gl2tW7PfdAIXLWy6aGbS2wAAc=">AAAB/3icbVDLSsNAFJ3UV62vqKCIm8EiuLEkFW2XRTcuK9gHtLFMppM6dDIJMxOhjVn4K25cKOLWvxB3unHrZzh9LLT1wIXDOfdy7z1uyKhUlvVhpGZm5+YX0ouZpeWV1TVzfaMqg0hgUsEBC0TdRZIwyklFUcVIPRQE+S4jNbd7NvBrN0RIGvBL1QuJ46MOpx7FSGmpZW4dNj2BcHycxIWk33SRiPvJ1UnLzFo5awg4TewxyZaKX2/bn9875Zb53mwHOPIJV5ghKRu2FSonRkJRzEiSaUaShAh3UYc0NOXIJ9KJh/cncF8rbegFQhdXcKj+noiRL2XPd3Wnj9S1nPQG4n9eI1Je0YkpDyNFOB4t8iIGVQAHYcA2FQQr1tMEYUH1rRBfI52H0pFldAj25MvTpJrP2Ue5/IVO4xSMkAa7YA8cABsUQAmcgzKoAAxuwT14BE/GnfFgPBsvo9aUMZ7ZBH9gvP4AilGaMg==</latexit>

+
207

140
z5z̄2

<latexit sha1_base64="eB/0ur92TjW35ReCRhla9qbx/98=">AAACBXicbVDLSsNAFJ3UV62vqAsRXQSLIAgliUq7LLpxWcE+oE3LZDpph04mYWYitCEbN/6KGxeKuPUXxJ1u3PoZTh8LbT1w4XDOvdx7jxtSIqRpfmipufmFxaX0cmZldW19Q9/cqogg4giXUUADXnOhwJQwXJZEUlwLOYa+S3HV7V0M/eoN5oIE7Fr2Q+z4sMOIRxCUSmrp+8cNj0MU22Y+ia1TMxk0zxou5PEgadotPWvmzBGMWWJNSLZY+Hrb+fzeLbX090Y7QJGPmUQUClG3zFA6MeSSIIqTTCMSOISoBzu4riiDPhZOPPoiMQ6V0ja8gKti0hipvydi6AvR913V6UPZFdPeUPzPq0fSKzgxYWEkMUPjRV5EDRkYw0iMNuEYSdpXBCJO1K0G6kKVilTBZVQI1vTLs6Ri56yTnH2l0jgHY6TBHjgAR8ACeVAEl6AEygCBW3APHsGTdqc9aM/ay7g1pU1mtsEfaK8/joGbvQ==</latexit>

+
207

140
z2z̄5

<latexit sha1_base64="Dyy71BpacUmnQY086Kjgfss3itU=">AAACBXicbVDLSsNAFJ3UV62vqAsRXQSLIAgliUq7LLpxWcE+oE3LZDpph04mYWYitCEbN/6KGxeKuPUXxJ1u3PoZTh8LbT1w4XDOvdx7jxtSIqRpfmipufmFxaX0cmZldW19Q9/cqogg4giXUUADXnOhwJQwXJZEUlwLOYa+S3HV7V0M/eoN5oIE7Fr2Q+z4sMOIRxCUSmrp+8cNj0MU22Y+ia1TMxk07YYLeTxImmctPWvmzBGMWWJNSLZY+Hrb+fzeLbX090Y7QJGPmUQUClG3zFA6MeSSIIqTTCMSOISoBzu4riiDPhZOPPoiMQ6V0ja8gKti0hipvydi6AvR913V6UPZFdPeUPzPq0fSKzgxYWEkMUPjRV5EDRkYw0iMNuEYSdpXBCJO1K0G6kKVilTBZVQI1vTLs6Ri56yTnH2l0jgHY6TBHjgAR8ACeVAEl6AEygCBW3APHsGTdqc9aM/ay7g1pU1mtsEfaK8/jmabvQ==</latexit>

�233

140
z4z̄3

<latexit sha1_base64="mhr1Wmls5EAAqM+V/b4cu8YnOS4=">AAACBXicbVC7SgNBFJ2NrxhfqxYiWgwGwcawmw2YMmhjGcE8IJuE2clsMmT2wcyskCzb2PgrNhaK2PoLYqeNrZ/h5FFo4oELh3Pu5d57nJBRIQ3jQ0stLC4tr6RXM2vrG5tb+vZOVQQRx6SCAxbwuoMEYdQnFUklI/WQE+Q5jNSc/sXIr90QLmjgX8tBSJoe6vrUpRhJJbX1w1Pb5QjHectKYrNgJMNWwXYQj4dJy2rrWSNnjAHniTkl2VLx623v83u/3Nbf7U6AI4/4EjMkRMM0QtmMEZcUM5Jk7EiQEOE+6pKGoj7yiGjG4y8SeKyUDnQDrsqXcKz+noiRJ8TAc1Snh2RPzHoj8T+vEUm32IypH0aS+HiyyI0YlAEcRQI7lBMs2UARhDlVt0LcQyoVqYLLqBDM2ZfnSTWfM61c/kqlcQ4mSIMDcAROgAnOQAlcgjKoAAxuwT14BE/anfagPWsvk9aUNp3ZBX+gvf4AkCObvg==</latexit>

�233

140
z3z̄4

<latexit sha1_base64="09cg9t8I+ywImj2KO0LNVXpRviM=">AAACBXicbVC7SgNBFJ2NrxhfqxYiWgwGwcawmw2YMmhjGcE8IJuE2clsMmT2wcyskCzb2PgrNhaK2PoLYqeNrZ/h5FFo4oELh3Pu5d57nJBRIQ3jQ0stLC4tr6RXM2vrG5tb+vZOVQQRx6SCAxbwuoMEYdQnFUklI/WQE+Q5jNSc/sXIr90QLmjgX8tBSJoe6vrUpRhJJbX1w1Pb5QjHectKYrNgJMOWZTuIx8OkVWjrWSNnjAHniTkl2VLx623v83u/3Nbf7U6AI4/4EjMkRMM0QtmMEZcUM5Jk7EiQEOE+6pKGoj7yiGjG4y8SeKyUDnQDrsqXcKz+noiRJ8TAc1Snh2RPzHoj8T+vEUm32IypH0aS+HiyyI0YlAEcRQI7lBMs2UARhDlVt0LcQyoVqYLLqBDM2ZfnSTWfM61c/kqlcQ4mSIMDcAROgAnOQAlcgjKoAAxuwT14BE/anfagPWsvk9aUNp3ZBX+gvf4AkBqbvg==</latexit>

· · ·<latexit sha1_base64="HizBLF/eww/NXksVAtI5HCWfU4M=">AAAB7XicbZC7SgNBFIZn4y2ut6ilzWAQrMJuLLQRgzaWEcwFkiXMzs4mY2ZnlpmzQgh5BxsLRWwsfBR7G/FtnFwKTfxh4OP/z2HOOWEquAHP+3ZyS8srq2v5dXdjc2t7p7C7Vzcq05TVqBJKN0NimOCS1YCDYM1UM5KEgjXC/tU4b9wzbbiStzBIWZCQruQxpwSsVW/TSIHpFIpeyZsIL4I/g+LFh3uevn251U7hsx0pmiVMAhXEmJbvpRAMiQZOBRu57cywlNA+6bKWRUkSZoLhZNoRPrJOhGOl7ZOAJ+7vjiFJjBkkoa1MCPTMfDY2/8taGcRnwZDLNAMm6fSjOBMYFB6vjiOuGQUxsECo5nZWTHtEEwr2QK49gj+/8iLUyyX/pFS+8YqVSzRVHh2gQ3SMfHSKKugaVVENUXSHHtATenaU8+i8OK/T0pwz69lHf+S8/wAPO5Jw</latexit>· · ·<latexit sha1_base64="HizBLF/eww/NXksVAtI5HCWfU4M=">AAAB7XicbZC7SgNBFIZn4y2ut6ilzWAQrMJuLLQRgzaWEcwFkiXMzs4mY2ZnlpmzQgh5BxsLRWwsfBR7G/FtnFwKTfxh4OP/z2HOOWEquAHP+3ZyS8srq2v5dXdjc2t7p7C7Vzcq05TVqBJKN0NimOCS1YCDYM1UM5KEgjXC/tU4b9wzbbiStzBIWZCQruQxpwSsVW/TSIHpFIpeyZsIL4I/g+LFh3uevn251U7hsx0pmiVMAhXEmJbvpRAMiQZOBRu57cywlNA+6bKWRUkSZoLhZNoRPrJOhGOl7ZOAJ+7vjiFJjBkkoa1MCPTMfDY2/8taGcRnwZDLNAMm6fSjOBMYFB6vjiOuGQUxsECo5nZWTHtEEwr2QK49gj+/8iLUyyX/pFS+8YqVSzRVHh2gQ3SMfHSKKugaVVENUXSHHtATenaU8+i8OK/T0pwz69lHf+S8/wAPO5Jw</latexit> · · ·<latexit sha1_base64="HizBLF/eww/NXksVAtI5HCWfU4M=">AAAB7XicbZC7SgNBFIZn4y2ut6ilzWAQrMJuLLQRgzaWEcwFkiXMzs4mY2ZnlpmzQgh5BxsLRWwsfBR7G/FtnFwKTfxh4OP/z2HOOWEquAHP+3ZyS8srq2v5dXdjc2t7p7C7Vzcq05TVqBJKN0NimOCS1YCDYM1UM5KEgjXC/tU4b9wzbbiStzBIWZCQruQxpwSsVW/TSIHpFIpeyZsIL4I/g+LFh3uevn251U7hsx0pmiVMAhXEmJbvpRAMiQZOBRu57cywlNA+6bKWRUkSZoLhZNoRPrJOhGOl7ZOAJ+7vjiFJjBkkoa1MCPTMfDY2/8taGcRnwZDLNAMm6fSjOBMYFB6vjiOuGQUxsECo5nZWTHtEEwr2QK49gj+/8iLUyyX/pFS+8YqVSzRVHh2gQ3SMfHSKKugaVVENUXSHHtATenaU8+i8OK/T0pwz69lHf+S8/wAPO5Jw</latexit>

LP

NLP

NNLP

NNNLP

�z3z̄ 2F1 (3, 2, 6, z)
<latexit sha1_base64="yhD3TXSJWDMKVt9isx0MBEZiTVw="></latexit>

g(z, z̄) /
<latexit sha1_base64="F+L8baSx2rIArZ/LuMqXEXYtULg=">AAAB/HicbVDLSgMxFM3UV62v0S7dDC1CRSkzdaHLohuXFewDOkPJpJk2NJOEJCNMh/oV7t24UMStH+Kuf2P6WGj1wIXDOfdy7z2hoERp151aubX1jc2t/HZhZ3dv/8A+PGopnkiEm4hTLjshVJgShpuaaIo7QmIYhxS3w9HNzG8/YKkIZ/c6FTiI4YCRiCCojdSzi4PK+NwPoczGk1NfSC4079llt+rO4fwl3pKU6yX/7GlaTxs9+8vvc5TEmGlEoVJdzxU6yKDUBFE8KfiJwgKiERzgrqEMxlgF2fz4iXNilL4TcWmKaWeu/pzIYKxUGoemM4Z6qFa9mfif1010dBVkhIlEY4YWi6KEOpo7syScPpEYaZoaApEk5lYHDaGESJu8CiYEb/Xlv6RVq3oX1dqdSeMaLJAHx6AEKsADl6AObkEDNAECKXgGr+DNerRerHfrY9Gas5YzRfAL1uc3y/+X2Q==</latexit>

z1
<latexit sha1_base64="WisF78HUTUO85PiKDP4rI5hquy0="></latexit>

z2
<latexit sha1_base64="0AfE0nadZpCkbtwxsvBuWwP2CFQ="></latexit>

z3
<latexit sha1_base64="OyqqC1pqki3GiI8H32nZ6GuAJBM="></latexit>

n̄
<latexit sha1_base64="8R0wlOsv01OZJXSVY1OfUuLs1es="></latexit>

For simplicity, tagging final state quarks

z1 · z2 ! 0
<latexit sha1_base64="9FpJ16X60gM1xlUzlO2EPMVGqM4=">AAAB+nicbVC7TsMwFHV4lvJKQWJhsaiQmKqkDDBWZWFsJfqQmihyHLe16tiR7YDa0E9hYQAhxMYn8AVsLHwL7mOAliNd6eice3XvPWHCqNKO82WtrK6tb2zmtvLbO7t7+3bhoKlEKjFpYMGEbIdIEUY5aWiqGWknkqA4ZKQVDq4mfuuWSEUFv9HDhPgx6nHapRhpIwV2YRS4Ho6EhqOg7GkBncAuOiVnCrhM3DkpVo7q3/St+lEL7E8vEjiNCdeYIaU6rpNoP0NSU8zIOO+liiQID1CPdAzlKCbKz6anj+GpUSLYFdIU13Cq/p7IUKzUMA5NZ4x0Xy16E/E/r5Pq7qWfUZ6kmnA8W9RNGTQvTnKAEZUEazY0BGFJza0Q95FEWJu08iYEd/HlZdIsl9zzUrlu0qiCGXLgGJyAM+CCC1AB16AGGgCDO/AAnsCzdW89Wi/W66x1xZrPHII/sN5/AM94lsA=</latexit>

Squeezed limit:

11

How to understand?

Expanding the full result: u = zz̄, v = (1 � z)(1 � z̄)
<latexit sha1_base64="yWrjCIQi+wqOgmtkhSTIaK+nc6c="></latexit>

g(u, v) ⌘
<latexit sha1_base64="J3fW3z/FMZKY9GnWeGnjC6ZG8uE=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoMQQcJuFPQY9OIxgnlAdgmzk95kyOzsOo9ACPkNLx4U8erPePNvnCR70MSChqKqm+6uMOVMadf9dnJr6xubW/ntws7u3v5B8fCoqRIjKTRowhPZDokCzgQ0NNMc2qkEEoccWuHwbua3RiAVS8SjHqcQxKQvWMQo0Vby+2VzMTr34cmwUbdYcivuHHiVeBkpoQz1bvHL7yXUxCA05USpjuemOpgQqRnlMC34RkFK6JD0oWOpIDGoYDK/eYrPrNLDUSJtCY3n6u+JCYmVGseh7YyJHqhlbyb+53WMjm6CCROp0SDoYlFkONYJngWAe0wC1XxsCaGS2VsxHRBJqLYxFWwI3vLLq6RZrXiXlerDVal2m8WRRyfoFJWRh65RDd2jOmogilL0jF7Rm2OcF+fd+Vi05pxs5hj9gfP5A27dkUs=</latexit>

cos 2�
<latexit sha1_base64="rtsOQYo6YA72roiYFJmEdrQlNPg="></latexit>

cos 3�
<latexit sha1_base64="ezHZKfZJ33Ltgm0I5Xd4HNnXulc="></latexit>

cos 4�
<latexit sha1_base64="iWNkUrIbcZbIuoFtcfxB3Y7hvQE="></latexit>

cos 5�
<latexit sha1_base64="mMFNtbRzfbZo+ufUS/v4MMEhB4Y="></latexit>

highest transverse spin series

• Non-trivial interplay with structure of transcendental function space.
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Towards a Bootstrap

• Crossing equations recently studied in the large (transverse) spin limit.

• OPE data analytic in light-ray transverse spin.
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Perturbative Data for Lightray OPE

• This allows one to use Lorentzian Inversion to read o↵ spectrum of
lightray/celestial operators

2 4 6 8 10

-0.08

-0.06

-0.04

-0.02

Even Spin Branch Odd Spin Branch

Lorentzian Inversion Formula

z1
<latexit sha1_base64="WisF78HUTUO85PiKDP4rI5hquy0="></latexit>

z2
<latexit sha1_base64="0AfE0nadZpCkbtwxsvBuWwP2CFQ="></latexit>

z3
<latexit sha1_base64="OyqqC1pqki3GiI8H32nZ6GuAJBM="></latexit>

n̄
<latexit sha1_base64="8R0wlOsv01OZJXSVY1OfUuLs1es="></latexit>

z1 · z2 ! 0
<latexit sha1_base64="9FpJ16X60gM1xlUzlO2EPMVGqM4=">AAAB+nicbVC7TsMwFHV4lvJKQWJhsaiQmKqkDDBWZWFsJfqQmihyHLe16tiR7YDa0E9hYQAhxMYn8AVsLHwL7mOAliNd6eice3XvPWHCqNKO82WtrK6tb2zmtvLbO7t7+3bhoKlEKjFpYMGEbIdIEUY5aWiqGWknkqA4ZKQVDq4mfuuWSEUFv9HDhPgx6nHapRhpIwV2YRS4Ho6EhqOg7GkBncAuOiVnCrhM3DkpVo7q3/St+lEL7E8vEjiNCdeYIaU6rpNoP0NSU8zIOO+liiQID1CPdAzlKCbKz6anj+GpUSLYFdIU13Cq/p7IUKzUMA5NZ4x0Xy16E/E/r5Pq7qWfUZ6kmnA8W9RNGTQvTnKAEZUEazY0BGFJza0Q95FEWJu08iYEd/HlZdIsl9zzUrlu0qiCGXLgGJyAM+CCC1AB16AGGgCDO/AAnsCzdW89Wi/W66x1xZrPHII/sN5/AM94lsA=</latexit>

Squeezed limit

g(z, z̄) �
✓

11939

1200
� ⇡2

◆
g6,0(z, z̄) +

✓
2953

100
� 3⇡2

◆
g7,1(z, z̄)

+

✓
233603

4200
� 79

14
⇡2

◆
g8,2(z, z̄) +

✓
662863

8400
� 8⇡2

◆
g9,3(z, z̄)

+

✓
9863251

110880
� 595

66
⇡2

◆
g10,4(z, z̄) +

✓
99805933

1201200
� 1204

143
⇡2

◆
g11,5(z, z̄)

+ · · ·
<latexit sha1_base64="JmXl65OJV3OXPA4QeV6IDj9zRLY="></latexit>

j
<latexit sha1_base64="sezUAcifLCsPU4ANWRbU4nmBeg4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLA7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAXj+7nfekKleSwfzSRBP6IDyUPOqLFSfdQrltyyuwBZJ15GSpCh1it+dfsxSyOUhgmqdcdzE+NPqTKcCZwVuqnGhLIxHWDHUkkj1P50ceiMXFilT8JY2ZKGLNTfE1MaaT2JAtsZUTPUq95c/M/rpCa89adcJqlByZaLwlQQE5P516TPFTIjJpZQpri9lbAhVZQZm03BhuCtvrxOmpWyd1Wu1K9L1bssjjycwTlcggc3UIUHqEEDGCA8wyu8OSPnxXl3PpatOSebOYU/cD5/ANJPjPI=</latexit>

cj+6,j
<latexit sha1_base64="J7m/aAHVw07IzGnS14saRnKdu2o=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSIIStmtoh6LXjxWsB/SLiWbZtu0SXZJskJZ+iu8eFDEqz/Hm//GtN2Dtj4YeLw3w8y8IOZMG9f9dpaWV1bX1nMb+c2t7Z3dwt5+XUeJIrRGIh6pZoA15UzSmmGG02asKBYBp41geDvxG09UaRbJBzOKqS9wT7KQEWys9Eg66eD08mww7hSKbsmdAi0SLyNFyFDtFL7a3YgkgkpDONa65bmx8VOsDCOcjvPtRNMYkyHu0ZalEguq/XR68BgdW6WLwkjZkgZN1d8TKRZaj0RgOwU2fT3vTcT/vFZiwms/ZTJODJVktihMODIRmnyPukxRYvjIEkwUs7ci0scKE2MzytsQvPmXF0m9XPLOS+X7i2LlJosjB4dwBCfgwRVU4A6qUAMCAp7hFd4c5bw4787HrHXJyWYO4A+czx8a+o/z</latexit>

Analytic in transverse spin j
<latexit sha1_base64="sezUAcifLCsPU4ANWRbU4nmBeg4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLA7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAXj+7nfekKleSwfzSRBP6IDyUPOqLFSfdQrltyyuwBZJ15GSpCh1it+dfsxSyOUhgmqdcdzE+NPqTKcCZwVuqnGhLIxHWDHUkkj1P50ceiMXFilT8JY2ZKGLNTfE1MaaT2JAtsZUTPUq95c/M/rpCa89adcJqlByZaLwlQQE5P516TPFTIjJpZQpri9lbAhVZQZm03BhuCtvrxOmpWyd1Wu1K9L1bssjjycwTlcggc3UIUHqEEDGCA8wyu8OSPnxXl3PpatOSebOYU/cD5/ANJPjPI=</latexit>

(odd and even, resp.)

Compared with block coefficients (red dots), it’s valid for j � 1
<latexit sha1_base64="0vke4iPLkPWbpPyBxrQQNM9PHQc=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YA2lM120q7dbOLuRiihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtJ1Sax/LejBP0IzqQPOSMGiu1HroDfCRer1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbuhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jvpc4XMiLEllClubyVsSBVlxiZUtCF4iy8vk2a14p1XqncX5dp1HkcBjuEEzsCDS6jBLdShAQxG8Ayv8OYkzovz7nzMW1ecfOYI/sD5/AGevo8Y</latexit>

16

• Very interesting interplay with perturbative structure. Particularly in
QCD where you can tag partonic final states via their color structure
(CF , CA, nf ).
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Example

�z3z̄
<latexit sha1_base64="i+qbfFl+ZNXUuonqlpADYz7spmA=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBiyVpBT0WvXisYD+giWWz3bRLN5uwuxHa0L/hxYMiXv0z3vw3btMctPXBwOO9GWbm+TFnStv2t1VYW9/Y3Cpul3Z29/YPyodHbRUlktAWiXgkuz5WlDNBW5ppTruxpDj0Oe3449u533miUrFIPOhJTL0QDwULGMHaSO7F9LGOXB/LdDrrlyt21c6AVomTkwrkaPbLX+4gIklIhSYcK9Vz7Fh7KZaaEU5nJTdRNMZkjIe0Z6jAIVVemt08Q2dGGaAgkqaERpn6eyLFoVKT0DedIdYjtezNxf+8XqKDay9lIk40FWSxKEg40hGaB4AGTFKi+cQQTCQztyIywhITbWIqmRCc5ZdXSbtWderV2v1lpXGTx1GEEziFc3DgChpwB01oAYEYnuEV3qzEerHerY9Fa8HKZ47hD6zPH3cakVE=</latexit>

�zz̄3
<latexit sha1_base64="LjlbeVTzeLXDc6xbvrvjyLZFHEg=">AAAB83icbVDLSgNBEOz1mcRX1KOXwSB4MewmBz0GvXiMYB6YXcPsZDYZMju7zMyKyZLfEMSDIl7Ff/Hm1+jkcdDEgoaiqpvuLj/mTGnb/rKWlldW19Yz2dzG5tb2Tn53r66iRBJaIxGPZNPHinImaE0zzWkzlhSHPqcNv38x9ht3VCoWiWs9iKkX4q5gASNYG8k9GSLXxzIdjm7L7XzBLtoToEXizEihko0fbz7uv6vt/KfbiUgSUqEJx0q1HDvWXoqlZoTTUc5NFI0x6eMubRkqcEiVl05uHqEjo3RQEElTQqOJ+nsixaFSg9A3nSHWPTXvjcX/vFaigzMvZSJONBVkuihIONIRGgeAOkxSovnAEEwkM7ci0sMSE21iypkQnPmXF0m9VHTKxdKVSeMcpsjAARzCMThwChW4hCrUgEAMD/AML1ZiPVmv1tu0dcmazezDH1jvP5gLlR8=</latexit>

+
39

10
z2z̄2

<latexit sha1_base64="Nz38PrcIvI58qgZc3L2aXybv/hU=">AAACBHicbVC7SgNBFJ2NrxhfqxYiaQaDIAhhd1MYu6CNZQTzgOwmzE5mkyGzD2ZmhWTZwsZfsbFQxNZvEDttbP0MJ49CowcuHM65l3vvcSNGhTSMdy2zsLi0vJJdza2tb2xu6ds7dRHGHJMaDlnImy4ShNGA1CSVjDQjTpDvMtJwB+djv3FNuKBhcCWHEXF81AuoRzGSSuro+WPb4wgnpdM0MY101Lag7SKejNK21dELRtGYAP4l5owUKuXP172Pr/1qR3+zuyGOfRJIzJAQLdOIpJMgLilmJM3ZsSARwgPUIy1FA+QT4SSTJ1J4qJQu9EKuKpBwov6cSJAvxNB3VaePZF/Me2PxP68VS6/sJDSIYkkCPF3kxQzKEI4TgV3KCZZsqAjCnKpbIe4jFYpUueVUCOb8y39J3SqapaJ1qdI4A1NkQR4cgCNgghNQARegCmoAgxtwBx7Ao3ar3WtP2vO0NaPNZnbBL2gv3/vmm28=</latexit>

�z4z̄
<latexit sha1_base64="1PHDCr5TVKNeYFY60IFyIM/PRA0=">AAAB83icbVDLSgNBEOz1mcRX1KOXwSB4MexGQY9BLx4jmAdm1zA7mU2GzM4uM7NisuQ3BPGgiFfxX7z5NTp5HDSxoKGo6qa7y485U9q2v6yFxaXlldVMNre2vrG5ld/eqakokYRWScQj2fCxopwJWtVMc9qIJcWhz2nd712M/PodlYpF4lr3Y+qFuCNYwAjWRnKPBrcnyPWxTAfDVr5gF+0x0DxxpqRQzsaPNx/335VW/tNtRyQJqdCEY6Wajh1rL8VSM8LpMOcmisaY9HCHNg0VOKTKS8c3D9GBUdooiKQpodFY/T2R4lCpfuibzhDrrpr1RuJ/XjPRwZmXMhEnmgoyWRQkHOkIjQJAbSYp0bxvCCaSmVsR6WKJiTYx5UwIzuzL86RWKjrHxdKVSeMcJsjAHuzDIThwCmW4hApUgUAMD/AML1ZiPVmv1tukdcGazuzCH1jvP5fZlSA=</latexit>

�zz̄4
<latexit sha1_base64="rH7/X35cl926iTya+GpqZ8RXhRw=">AAAB83icbVDLSgNBEOz1mcRX1KOXwSB4MexGQY9BLx4jmAdm1zA7mU2GzM4uM7NisuQ3BPGgiFfxX7z5NTp5HDSxoKGo6qa7y485U9q2v6yFxaXlldVMNre2vrG5ld/eqakokYRWScQj2fCxopwJWtVMc9qIJcWhz2nd712M/PodlYpF4lr3Y+qFuCNYwAjWRnKPBsj1sUwHw9uTVr5gF+0x0DxxpqRQzsaPNx/335VW/tNtRyQJqdCEY6Wajh1rL8VSM8LpMOcmisaY9HCHNg0VOKTKS8c3D9GBUdooiKQpodFY/T2R4lCpfuibzhDrrpr1RuJ/XjPRwZmXMhEnmgoyWRQkHOkIjQJAbSYp0bxvCCaSmVsR6WKJiTYx5UwIzuzL86RWKjrHxdKVSeMcJsjAHuzDIThwCmW4hApUgUAMD/AML1ZiPVmv1tukdcGazuzCH1jvP5mPlSA=</latexit>

+
39

20
z2z̄3

<latexit sha1_base64="gdwozhHIcomnN8fvGv1u78UfCws=">AAACBHicbVC7SgNBFJ2NrxhfqxYiaQaDIAhhd1MYu6CNZQTzgOwmzE5mkyGzD2ZmhWTZwsZfsbFQxNZvEDttbP0MJ49CowcuHM65l3vvcSNGhTSMdy2zsLi0vJJdza2tb2xu6ds7dRHGHJMaDlnImy4ShNGA1CSVjDQjTpDvMtJwB+djv3FNuKBhcCWHEXF81AuoRzGSSuro+WPb4wgnpdM0sYx01Lag7SKejNJ2qaMXjKIxAfxLzBkpVMqfr3sfX/vVjv5md0Mc+ySQmCEhWqYRSSdBXFLMSJqzY0EihAeoR1qKBsgnwkkmT6TwUCld6IVcVSDhRP05kSBfiKHvqk4fyb6Y98bif14rll7ZSWgQxZIEeLrIixmUIRwnAruUEyzZUBGEOVW3QtxHKhSpcsupEMz5l/+SulU0S0XrUqVxBqbIgjw4AEfABCegAi5AFdQABjfgDjyAR+1Wu9eetOdpa0abzeyCX9BevgH+/Ztx</latexit>

+
39

20
z3z̄2

<latexit sha1_base64="yxKdAkVBosJVU3zXcvpypbZ5q/w=">AAACBHicbVC7SgNBFJ2NrxhfqxYiaQaDIAhhd1MYu6CNZQTzgOwmzE5mkyGzD2ZmhWTZwsZfsbFQxNZvEDttbP0MJ49CowcuHM65l3vvcSNGhTSMdy2zsLi0vJJdza2tb2xu6ds7dRHGHJMaDlnImy4ShNGA1CSVjDQjTpDvMtJwB+djv3FNuKBhcCWHEXF81AuoRzGSSuro+WPb4wgnpdM0sYx01C5B20U8GaVtq6MXjKIxAfxLzBkpVMqfr3sfX/vVjv5md0Mc+ySQmCEhWqYRSSdBXFLMSJqzY0EihAeoR1qKBsgnwkkmT6TwUCld6IVcVSDhRP05kSBfiKHvqk4fyb6Y98bif14rll7ZSWgQxZIEeLrIixmUIRwnAruUEyzZUBGEOVW3QtxHKhSpcsupEMz5l/+SulU0S0XrUqVxBqbIgjw4AEfABCegAi5AFdQABjfgDjyAR+1Wu9eetOdpa0abzeyCX9BevgH/B5tx</latexit>

�6

7
z5z̄

<latexit sha1_base64="ckYUVUQnMfQFzspJHxZzTHPKtec=">AAAB/3icbVDLSsNAFJ3UV62vqKCIm8EiuLEkFW2XRTcuK9gHtLFMppM6dDIJMxOhjVn4K25cKOLWvxB3unHrZzh9LLT1wIXDOfdy7z1uyKhUlvVhpGZm5+YX0ouZpeWV1TVzfaMqg0hgUsEBC0TdRZIwyklFUcVIPRQE+S4jNbd7NvBrN0RIGvBL1QuJ46MOpx7FSGmpZW4dNj2BcHySxIWkf3XcdJGI+0nLzFo5awg4TewxyZaKX2/bn9875Zb53mwHOPIJV5ghKRu2FSonRkJRzEiSaUaShAh3UYc0NOXIJ9KJh/cncF8rbegFQhdXcKj+noiRL2XPd3Wnj9S1nPQG4n9eI1Je0YkpDyNFOB4t8iIGVQAHYcA2FQQr1tMEYUH1rRBfI52H0pFldAj25MvTpJrP2Ue5/IVO4xSMkAa7YA8cABsUQAmcgzKoAAxuwT14BE/GnfFgPBsvo9aUMZ7ZBH9gvP4AiF6aMg==</latexit>

+
229

140
z4z̄2

<latexit sha1_base64="SJ9HeSfVStsdcpyh/rNPDYSb4Mk=">AAACBXicbVDLSsNAFJ3UV62vqAsRXQSLIAgliQXrrujGZQX7gDYtk+mkHTqZhJmJ0IZs3Pgrblwo4tZfEHe6cetnOH0stPXAhcM593LvPW5IiZCm+aGl5uYXFpfSy5mV1bX1DX1zqyKCiCNcRgENeM2FAlPCcFkSSXEt5Bj6LsVVt3cx9Ks3mAsSsGvZD7Hjww4jHkFQKqml7x83PA5RbNtnSWzlzWTQzDdcyONB0rRbetbMmSMYs8SakGyx8PW28/m9W2rp7412gCIfM4koFKJumaF0YsglQRQnmUYkcAhRD3ZwXVEGfSycePRFYhwqpW14AVfFpDFSf0/E0Bei77uq04eyK6a9ofifV4+kV3BiwsJIYobGi7yIGjIwhpEYbcIxkrSvCEScqFsN1IUqFamCy6gQrOmXZ0nFzlknOftKpXEOxkiDPXAAjoAFTkERXIISKAMEbsE9eARP2p32oD1rL+PWlDaZ2QZ/oL3+AJNOm8A=</latexit>

�211

140
z3z̄3

<latexit sha1_base64="xvU4eo2vb+UoDysNliQk4rlkNtM=">AAACBXicbVC7SgNBFJ2NrxhfqxYiWgwGwcawkwimDNpYRjAPyCZhdjIbh8w+mJkVkmUbG3/FxkIRW39B7LSx9TOcPApNPHDhcM693HuPE3ImlWV9GKm5+YXFpfRyZmV1bX3D3NyqyiAShFZIwANRd7CknPm0opjitB4Kij2H05rTOx/6tRsqJAv8K9UPadPDXZ+5jGClpba5f2y7ApM4j1ASoxMrGbQKtoNFPEhahbaZtXLWCHCWoAnJlopfbzuf37vltvludwISedRXhGMpG8gKVTPGQjHCaZKxI0lDTHq4Sxua+tijshmPvkjgoVY60A2ELl/Bkfp7IsaelH3P0Z0eVtdy2huK/3mNSLnFZsz8MFLUJ+NFbsShCuAwEthhghLF+5pgIpi+FZJrrFNROriMDgFNvzxLqvkcKuTylzqNMzBGGuyBA3AEEDgFJXAByqACCLgF9+ARPBl3xoPxbLyMW1PGZGYb/IHx+gOIPJu5</latexit>

+
229

140
z2z̄4

<latexit sha1_base64="rkFYmr2XS1gYEXFjld32mwbVguc=">AAACBXicbVDLSsNAFJ3UV62vqAsRXQSLIAgliQXrrujGZQX7gDYtk+mkHTqZhJmJ0IZs3Pgrblwo4tZfEHe6cetnOH0stPXAhcM593LvPW5IiZCm+aGl5uYXFpfSy5mV1bX1DX1zqyKCiCNcRgENeM2FAlPCcFkSSXEt5Bj6LsVVt3cx9Ks3mAsSsGvZD7Hjww4jHkFQKqml7x83PA5RbNtnSWzlzWTQtBsu5PEgaeZbetbMmSMYs8SakGyx8PW28/m9W2rp7412gCIfM4koFKJumaF0YsglQRQnmUYkcAhRD3ZwXVEGfSycePRFYhwqpW14AVfFpDFSf0/E0Bei77uq04eyK6a9ofifV4+kV3BiwsJIYobGi7yIGjIwhpEYbcIxkrSvCEScqFsN1IUqFamCy6gQrOmXZ0nFzlknOftKpXEOxkiDPXAAjoAFTkERXIISKAMEbsE9eARP2p32oD1rL+PWlDaZ2QZ/oL3+AJM8m8A=</latexit>

�6

7
zz̄5

<latexit sha1_base64="S8dO0TwygLMdfkRMitbBWabpxxc=">AAAB/3icbVDLSsNAFJ3UV62vqKCIm8EiuLEkFW2XRTcuK9gHtLFMppM6dDIJMxOhjVn4K25cKOLWvxB3unHrZzh9LLT1wIXDOfdy7z1uyKhUlvVhpGZm5+YX0ouZpeWV1TVzfaMqg0hgUsEBC0TdRZIwyklFUcVIPRQE+S4jNbd7NvBrN0RIGvBL1QuJ46MOpx7FSGmpZW4dNj2BcHySxIWk33SRiPvJ1XHLzFo5awg4TewxyZaKX2/bn9875Zb53mwHOPIJV5ghKRu2FSonRkJRzEiSaUaShAh3UYc0NOXIJ9KJh/cncF8rbegFQhdXcKj+noiRL2XPd3Wnj9S1nPQG4n9eI1Je0YkpDyNFOB4t8iIGVQAHYcA2FQQr1tMEYUH1rRBfI52H0pFldAj25MvTpJrP2Ue5/IVO4xSMkAa7YA8cABsUQAmcgzKoAAxuwT14BE/GnfFgPBsvo9aUMZ7ZBH9gvP4Ail+aMg==</latexit>

�5

7
z6z̄

<latexit sha1_base64="4N8Se7J4ayaSSaXMi8FRfU2S884=">AAAB/3icbVDLSsNAFJ3UV62vqKCIm8EiuLEkFW2XRTcuK9gHtLFMppM6dDIJMxOhjVn4K25cKOLWvxB3unHrZzh9LLT1wIXDOfdy7z1uyKhUlvVhpGZm5+YX0ouZpeWV1TVzfaMqg0hgUsEBC0TdRZIwyklFUcVIPRQE+S4jNbd7NvBrN0RIGvBL1QuJ46MOpx7FSGmpZW4dNj2BcHycxIWkf3XSdJGI+0nLzFo5awg4TewxyZaKX2/bn9875Zb53mwHOPIJV5ghKRu2FSonRkJRzEiSaUaShAh3UYc0NOXIJ9KJh/cncF8rbegFQhdXcKj+noiRL2XPd3Wnj9S1nPQG4n9eI1Je0YkpDyNFOB4t8iIGVQAHYcA2FQQr1tMEYUH1rRBfI52H0pFldAj25MvTpJrP2Ue5/IVO4xSMkAa7YA8cABsUQAmcgzKoAAxuwT14BE/GnfFgPBsvo9aUMZ7ZBH9gvP4AiFeaMg==</latexit>

�5

7
zz̄6

<latexit sha1_base64="w1Gl2tW7PfdAIXLWy6aGbS2wAAc=">AAAB/3icbVDLSsNAFJ3UV62vqKCIm8EiuLEkFW2XRTcuK9gHtLFMppM6dDIJMxOhjVn4K25cKOLWvxB3unHrZzh9LLT1wIXDOfdy7z1uyKhUlvVhpGZm5+YX0ouZpeWV1TVzfaMqg0hgUsEBC0TdRZIwyklFUcVIPRQE+S4jNbd7NvBrN0RIGvBL1QuJ46MOpx7FSGmpZW4dNj2BcHycxIWk33SRiPvJ1UnLzFo5awg4TewxyZaKX2/bn9875Zb53mwHOPIJV5ghKRu2FSonRkJRzEiSaUaShAh3UYc0NOXIJ9KJh/cncF8rbegFQhdXcKj+noiRL2XPd3Wnj9S1nPQG4n9eI1Je0YkpDyNFOB4t8iIGVQAHYcA2FQQr1tMEYUH1rRBfI52H0pFldAj25MvTpJrP2Ue5/IVO4xSMkAa7YA8cABsUQAmcgzKoAAxuwT14BE/GnfFgPBsvo9aUMZ7ZBH9gvP4AilGaMg==</latexit>

+
207

140
z5z̄2

<latexit sha1_base64="eB/0ur92TjW35ReCRhla9qbx/98=">AAACBXicbVDLSsNAFJ3UV62vqAsRXQSLIAgliUq7LLpxWcE+oE3LZDpph04mYWYitCEbN/6KGxeKuPUXxJ1u3PoZTh8LbT1w4XDOvdx7jxtSIqRpfmipufmFxaX0cmZldW19Q9/cqogg4giXUUADXnOhwJQwXJZEUlwLOYa+S3HV7V0M/eoN5oIE7Fr2Q+z4sMOIRxCUSmrp+8cNj0MU22Y+ia1TMxk0zxou5PEgadotPWvmzBGMWWJNSLZY+Hrb+fzeLbX090Y7QJGPmUQUClG3zFA6MeSSIIqTTCMSOISoBzu4riiDPhZOPPoiMQ6V0ja8gKti0hipvydi6AvR913V6UPZFdPeUPzPq0fSKzgxYWEkMUPjRV5EDRkYw0iMNuEYSdpXBCJO1K0G6kKVilTBZVQI1vTLs6Ri56yTnH2l0jgHY6TBHjgAR8ACeVAEl6AEygCBW3APHsGTdqc9aM/ay7g1pU1mtsEfaK8/joGbvQ==</latexit>

+
207

140
z2z̄5

<latexit sha1_base64="Dyy71BpacUmnQY086Kjgfss3itU=">AAACBXicbVDLSsNAFJ3UV62vqAsRXQSLIAgliUq7LLpxWcE+oE3LZDpph04mYWYitCEbN/6KGxeKuPUXxJ1u3PoZTh8LbT1w4XDOvdx7jxtSIqRpfmipufmFxaX0cmZldW19Q9/cqogg4giXUUADXnOhwJQwXJZEUlwLOYa+S3HV7V0M/eoN5oIE7Fr2Q+z4sMOIRxCUSmrp+8cNj0MU22Y+ia1TMxk07YYLeTxImmctPWvmzBGMWWJNSLZY+Hrb+fzeLbX090Y7QJGPmUQUClG3zFA6MeSSIIqTTCMSOISoBzu4riiDPhZOPPoiMQ6V0ja8gKti0hipvydi6AvR913V6UPZFdPeUPzPq0fSKzgxYWEkMUPjRV5EDRkYw0iMNuEYSdpXBCJO1K0G6kKVilTBZVQI1vTLs6Ri56yTnH2l0jgHY6TBHjgAR8ACeVAEl6AEygCBW3APHsGTdqc9aM/ay7g1pU1mtsEfaK8/jmabvQ==</latexit>

�233

140
z4z̄3

<latexit sha1_base64="mhr1Wmls5EAAqM+V/b4cu8YnOS4=">AAACBXicbVC7SgNBFJ2NrxhfqxYiWgwGwcawmw2YMmhjGcE8IJuE2clsMmT2wcyskCzb2PgrNhaK2PoLYqeNrZ/h5FFo4oELh3Pu5d57nJBRIQ3jQ0stLC4tr6RXM2vrG5tb+vZOVQQRx6SCAxbwuoMEYdQnFUklI/WQE+Q5jNSc/sXIr90QLmjgX8tBSJoe6vrUpRhJJbX1w1Pb5QjHectKYrNgJMNWwXYQj4dJy2rrWSNnjAHniTkl2VLx623v83u/3Nbf7U6AI4/4EjMkRMM0QtmMEZcUM5Jk7EiQEOE+6pKGoj7yiGjG4y8SeKyUDnQDrsqXcKz+noiRJ8TAc1Snh2RPzHoj8T+vEUm32IypH0aS+HiyyI0YlAEcRQI7lBMs2UARhDlVt0LcQyoVqYLLqBDM2ZfnSTWfM61c/kqlcQ4mSIMDcAROgAnOQAlcgjKoAAxuwT14BE/anfagPWsvk9aUNp3ZBX+gvf4AkCObvg==</latexit>

�233

140
z3z̄4

<latexit sha1_base64="09cg9t8I+ywImj2KO0LNVXpRviM=">AAACBXicbVC7SgNBFJ2NrxhfqxYiWgwGwcawmw2YMmhjGcE8IJuE2clsMmT2wcyskCzb2PgrNhaK2PoLYqeNrZ/h5FFo4oELh3Pu5d57nJBRIQ3jQ0stLC4tr6RXM2vrG5tb+vZOVQQRx6SCAxbwuoMEYdQnFUklI/WQE+Q5jNSc/sXIr90QLmjgX8tBSJoe6vrUpRhJJbX1w1Pb5QjHectKYrNgJMOWZTuIx8OkVWjrWSNnjAHniTkl2VLx623v83u/3Nbf7U6AI4/4EjMkRMM0QtmMEZcUM5Jk7EiQEOE+6pKGoj7yiGjG4y8SeKyUDnQDrsqXcKz+noiRJ8TAc1Snh2RPzHoj8T+vEUm32IypH0aS+HiyyI0YlAEcRQI7lBMs2UARhDlVt0LcQyoVqYLLqBDM2ZfnSTWfM61c/kqlcQ4mSIMDcAROgAnOQAlcgjKoAAxuwT14BE/anfagPWsvk9aUNp3ZBX+gvf4AkBqbvg==</latexit>

· · ·<latexit sha1_base64="HizBLF/eww/NXksVAtI5HCWfU4M=">AAAB7XicbZC7SgNBFIZn4y2ut6ilzWAQrMJuLLQRgzaWEcwFkiXMzs4mY2ZnlpmzQgh5BxsLRWwsfBR7G/FtnFwKTfxh4OP/z2HOOWEquAHP+3ZyS8srq2v5dXdjc2t7p7C7Vzcq05TVqBJKN0NimOCS1YCDYM1UM5KEgjXC/tU4b9wzbbiStzBIWZCQruQxpwSsVW/TSIHpFIpeyZsIL4I/g+LFh3uevn251U7hsx0pmiVMAhXEmJbvpRAMiQZOBRu57cywlNA+6bKWRUkSZoLhZNoRPrJOhGOl7ZOAJ+7vjiFJjBkkoa1MCPTMfDY2/8taGcRnwZDLNAMm6fSjOBMYFB6vjiOuGQUxsECo5nZWTHtEEwr2QK49gj+/8iLUyyX/pFS+8YqVSzRVHh2gQ3SMfHSKKugaVVENUXSHHtATenaU8+i8OK/T0pwz69lHf+S8/wAPO5Jw</latexit>· · ·<latexit sha1_base64="HizBLF/eww/NXksVAtI5HCWfU4M=">AAAB7XicbZC7SgNBFIZn4y2ut6ilzWAQrMJuLLQRgzaWEcwFkiXMzs4mY2ZnlpmzQgh5BxsLRWwsfBR7G/FtnFwKTfxh4OP/z2HOOWEquAHP+3ZyS8srq2v5dXdjc2t7p7C7Vzcq05TVqBJKN0NimOCS1YCDYM1UM5KEgjXC/tU4b9wzbbiStzBIWZCQruQxpwSsVW/TSIHpFIpeyZsIL4I/g+LFh3uevn251U7hsx0pmiVMAhXEmJbvpRAMiQZOBRu57cywlNA+6bKWRUkSZoLhZNoRPrJOhGOl7ZOAJ+7vjiFJjBkkoa1MCPTMfDY2/8taGcRnwZDLNAMm6fSjOBMYFB6vjiOuGQUxsECo5nZWTHtEEwr2QK49gj+/8iLUyyX/pFS+8YqVSzRVHh2gQ3SMfHSKKugaVVENUXSHHtATenaU8+i8OK/T0pwz69lHf+S8/wAPO5Jw</latexit> · · ·<latexit sha1_base64="HizBLF/eww/NXksVAtI5HCWfU4M=">AAAB7XicbZC7SgNBFIZn4y2ut6ilzWAQrMJuLLQRgzaWEcwFkiXMzs4mY2ZnlpmzQgh5BxsLRWwsfBR7G/FtnFwKTfxh4OP/z2HOOWEquAHP+3ZyS8srq2v5dXdjc2t7p7C7Vzcq05TVqBJKN0NimOCS1YCDYM1UM5KEgjXC/tU4b9wzbbiStzBIWZCQruQxpwSsVW/TSIHpFIpeyZsIL4I/g+LFh3uevn251U7hsx0pmiVMAhXEmJbvpRAMiQZOBRu57cywlNA+6bKWRUkSZoLhZNoRPrJOhGOl7ZOAJ+7vjiFJjBkkoa1MCPTMfDY2/8taGcRnwZDLNAMm6fSjOBMYFB6vjiOuGQUxsECo5nZWTHtEEwr2QK49gj+/8iLUyyX/pFS+8YqVSzRVHh2gQ3SMfHSKKugaVVENUXSHHtATenaU8+i8OK/T0pwz69lHf+S8/wAPO5Jw</latexit>

LP

NLP

NNLP

NNNLP

�z3z̄ 2F1 (3, 2, 6, z)
<latexit sha1_base64="yhD3TXSJWDMKVt9isx0MBEZiTVw="></latexit>

g(z, z̄) /
<latexit sha1_base64="F+L8baSx2rIArZ/LuMqXEXYtULg=">AAAB/HicbVDLSgMxFM3UV62v0S7dDC1CRSkzdaHLohuXFewDOkPJpJk2NJOEJCNMh/oV7t24UMStH+Kuf2P6WGj1wIXDOfdy7z2hoERp151aubX1jc2t/HZhZ3dv/8A+PGopnkiEm4hTLjshVJgShpuaaIo7QmIYhxS3w9HNzG8/YKkIZ/c6FTiI4YCRiCCojdSzi4PK+NwPoczGk1NfSC4079llt+rO4fwl3pKU6yX/7GlaTxs9+8vvc5TEmGlEoVJdzxU6yKDUBFE8KfiJwgKiERzgrqEMxlgF2fz4iXNilL4TcWmKaWeu/pzIYKxUGoemM4Z6qFa9mfif1010dBVkhIlEY4YWi6KEOpo7syScPpEYaZoaApEk5lYHDaGESJu8CiYEb/Xlv6RVq3oX1dqdSeMaLJAHx6AEKsADl6AObkEDNAECKXgGr+DNerRerHfrY9Gas5YzRfAL1uc3y/+X2Q==</latexit>

z1
<latexit sha1_base64="WisF78HUTUO85PiKDP4rI5hquy0="></latexit>

z2
<latexit sha1_base64="0AfE0nadZpCkbtwxsvBuWwP2CFQ="></latexit>

z3
<latexit sha1_base64="OyqqC1pqki3GiI8H32nZ6GuAJBM="></latexit>

n̄
<latexit sha1_base64="8R0wlOsv01OZJXSVY1OfUuLs1es="></latexit>

For simplicity, tagging final state quarks

z1 · z2 ! 0
<latexit sha1_base64="9FpJ16X60gM1xlUzlO2EPMVGqM4=">AAAB+nicbVC7TsMwFHV4lvJKQWJhsaiQmKqkDDBWZWFsJfqQmihyHLe16tiR7YDa0E9hYQAhxMYn8AVsLHwL7mOAliNd6eice3XvPWHCqNKO82WtrK6tb2zmtvLbO7t7+3bhoKlEKjFpYMGEbIdIEUY5aWiqGWknkqA4ZKQVDq4mfuuWSEUFv9HDhPgx6nHapRhpIwV2YRS4Ho6EhqOg7GkBncAuOiVnCrhM3DkpVo7q3/St+lEL7E8vEjiNCdeYIaU6rpNoP0NSU8zIOO+liiQID1CPdAzlKCbKz6anj+GpUSLYFdIU13Cq/p7IUKzUMA5NZ4x0Xy16E/E/r5Pq7qWfUZ6kmnA8W9RNGTQvTnKAEZUEazY0BGFJza0Q95FEWJu08iYEd/HlZdIsl9zzUrlu0qiCGXLgGJyAM+CCC1AB16AGGgCDO/AAnsCzdW89Wi/W66x1xZrPHII/sN5/AM94lsA=</latexit>

Squeezed limit:

11

How to understand?

Expanding the full result: u = zz̄, v = (1 � z)(1 � z̄)
<latexit sha1_base64="yWrjCIQi+wqOgmtkhSTIaK+nc6c="></latexit>

g(u, v) ⌘
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Abstract: The analytic conformal bootstrap is an array of techniques to character-

ize, constrain, and solve strongly interacting quantum field theories using symmetries,

causality, unitarity, and other general principles. In the last decade, bolstered by the

development of new Lorentzian methods, it has been used to solve conformal field

theories at large spin; to place bounds on energy distributions, event shapes, opera-

tor product coefficients, and other observables; and to understand aspects of quantum

gravity in anti-de Sitter space. We review these advances and highlight several promis-

ing areas for future exploration. Targets include developing new methods to close the

gap between numerical and analytic bounds, extending the bootstrap beyond confor-

mal fixed points, applications to quantum gravity and cosmology, and building on ties

to condensed matter theory and mathematics.

in the AdS/CFT correspondence [53]. The bootstrap method can also be viewed as a

highly boosted limit of the Lorentzian inversion formula.

In the context of CFTs, light-ray operators make a natural appearance when think-

ing about a conformal collider experiment [49], where they play the role of energy and

charge calorimeters placed at null infinity. More recently, it was realized that generic

points on Regge trajectories away from integer spins have a natural interpetation in

terms of light-ray operators [54]. While being non-local, light-ray operators retain

commutativity properties of local operators in a nontrivial way [55, 56], which leads

to interesting sum rules on the CFT data. Lightray operators built out of the stress-

energy tensor form the BMS algebra [57], as well as more general algebraic structures

[58–62].

Event shapes are observables used to describe hadronic events at colliders. Tradi-

tionally, they are computed using scattering amplitudes which requires delicate cancel-

lations of infrared divergencies. In the context of CFTs, event shapes become matrix

elements of light-ray operators [49, 63–66], and therefore can be efficiently studied us-

ing bootstrap techniques in both perturbative [67–70] and nonperturbative settings.

Remarkably, the machinery of the OPE [49, 65, 71, 72] and crossing equations [24, 25]

can be generalized to light-ray operators in a nontrivial way. The light-ray OPE has

interesting applications in the study of jet substructure in QCD [73, 74]. Developing a

better understanding of the space of light-ray operators and associativity of the light-

ray OPE is an important open problem in our quest for understanding nonperturbative

Lorentzian dynamics of CFTs.

Dispersion relations and dispersive sum rules

Conformal dispersion relations express a four-point function in terms of its double com-

mutator [75]. They can be derived, for example, by plugging the Lorentzian inversion

formula into the conformal partial wave expansion and performing the sum and inte-

gral over principal series representations. Alternatively, conformal dispersion relations

admit a particularly simple derivation in Mellin space, where they follow from applying

Cauchy’s theorem to the nonperturbative Mellin amplitude [76]. Finally, conformal

dispersion relations can be thought of in terms of an expansion in a complete set of

functionals with double zeros at double-twist locations [77].

All of these closely-related constructions lead to so-called “dispersive sum rules”

[28], which are crossing symmetry constraints expressed in terms of the double com-

mutator. Perhaps the simplest example of a dispersive sum rule is the statement that

ANEC operators commute [55]. In practice, dispersive sum rules possess double zeros at

double-twist locations, except for a finite number of Regge trajectories. In the context

of holographic CFTs, double-twist operators are two-particle states in AdS. Dispersive

– 5 –

• Recent interest in Lorentzian dynamics of CFT has strong overlap
with real world collider physics!
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[Chang, Simmons-Duffin]
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OPE Data

• Exact equivalence with a CFT four point function allows us to directly
read off the OPE data using Lorentzian Inversion =⇒ it is an
analytic function of the transverse spin on the celestial sphere.

Lorentzian Inversion Formula
Extracting block coefficients from double discontinuity of CFT 4-point correlator  

z̄
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dDisc g(z, z̄) = cos(⇡(a + b))g(z, z̄) � 1

2
ei⇡(a+b)g (z, z̄) � 1

2
e�i⇡(a+b)g�(z, z̄)

<latexit sha1_base64="Gs5JqfVb32m5cTDTrCrnCIelF4s="></latexit>

Gribov-Froissart Formula
Partial wave expansion

A(s, t) =

1X

`=0

(2` + 1) a`(s) P`(z), z = cos ✓
<latexit sha1_base64="qNcZKweTF0fJ6dFI1gAvHuNXaVk="></latexit>

Gribov-Froissart formula

a`(s) =
1

2⇡

Z 1

1

dz Q`(z)[DisctA(s, z)

+(�1)`DiscuA(s,�z)]
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Discontinuity  
of amplitudepartial wave

g(z, z̄) =
X

�,j

c�,jg�,j(z, z̄)
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Conformal block expansion

Double

Discontinuity

Lorentzian inversion c(�, j) = ct(�, j) + (�1)jcu(�, j)
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dzdz̄µ(z, z̄)gj+d�1,�+1�d(z, z̄)dDisc [g(z, z̄)]
<latexit sha1_base64="Ey60EsG6C9GRgaXyCP8vAadGP7c="></latexit>

A(s, t)
<latexit sha1_base64="It/UewimU3GIjfIbeUp6WtTpuf0=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahgpTdKuix6sVjBfsB7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbWV1b38hvFra2d3b3ivsHTS0TRWiDSC5VO8CaciZowzDDaTtWFEcBp61gdDv1W09UaSbFgxnH1I/wQLCQEWys1Lwu6zNz2iuW3Io7A1omXkZKkKHeK351+5IkERWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LBY6o9tPZtRN0YpU+CqWyJQyaqb8nUhxpPY4C2xlhM9SL3lT8z+skJrzyUybixFBB5ovChCMj0fR11GeKEsPHlmCimL0VkSFWmBgbUMGG4C2+vEya1Yp3XqneX5RqN1kceTiCYyiDB5dQgzuoQwMIPMIzvMKbI50X5935mLfmnGzmEP7A+fwBbHqOXw==</latexit>

g(z, z̄)
<latexit sha1_base64="ezNd7pHg0yte9zuHSapYAXrHXoM=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahgpSkCnosevFYwX5AE8pmu2mXbjZhdyO0oX/DiwdFvPpnvPlv3LQ5aOuDgcd7M8zM82POlLbtb6uwtr6xuVXcLu3s7u0flA+P2ipKJKEtEvFIdn2sKGeCtjTTnHZjSXHoc9rxx3eZ33miUrFIPOpJTL0QDwULGMHaSO6wOr1wfSzT6ey8X67YNXsOtEqcnFQgR7Nf/nIHEUlCKjThWKmeY8faS7HUjHA6K7mJojEmYzykPUMFDqny0vnNM3RmlAEKImlKaDRXf0+kOFRqEvqmM8R6pJa9TPzP6yU6uPFSJuJEU0EWi4KEIx2hLAA0YJISzSeGYCKZuRWREZaYaBNTyYTgLL+8Str1mnNZqz9cVRq3eRxFOIFTqIID19CAe2hCCwjE8Ayv8GYl1ov1bn0sWgtWPnMMf2B9/gCCY5FX</latexit>

a`(s)
<latexit sha1_base64="sHNm70KfZzTOUSPZGfkVz6NyNPs=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BItQLyWpgh6LXjxWsLWQhrLZbtulm92wOxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzokRwg5737RTW1jc2t4rbpZ3dvf2D8uFR26hUU9aiSijdiYhhgkvWQo6CdRLNSBwJ9hiNb2f+4xPThiv5gJOEhTEZSj7glKCVAtLLukyIadWc98oVr+bN4a4SPycVyNHslb+6fUXTmEmkghgT+F6CYUY0cirYtNRNDUsIHZMhCyyVJGYmzOYnT90zq/TdgdK2JLpz9fdERmJjJnFkO2OCI7PszcT/vCDFwXWYcZmkyCRdLBqkwkXlzv53+1wzimJiCaGa21tdOiKaULQplWwI/vLLq6Rdr/kXtfr9ZaVxk8dRhBM4hSr4cAUNuIMmtICCgmd4hTcHnRfn3flYtBacfOYY/sD5/AHpB5EB</latexit>

c�,j
<latexit sha1_base64="FZG9BYuxwaOpB8qDAxEzqF4keBM=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgQUqigh6LXjxWsB/QhLLZTNq1m03Y3Qgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5QcqZ0o7zbZVWVtfWN8qbla3tnd296v5BWyWZpNiiCU9kNyAKORPY0kxz7KYSSRxw7ASj26nfeUKpWCIe9DhFPyYDwSJGiTaSR/u5FyLX5Oxx0q/WnLozg71M3ILUoECzX/3ywoRmMQpNOVGq5zqp9nMiNaMcJxUvU5gSOiID7BkqSIzKz2c3T+wTo4R2lEhTQtsz9fdETmKlxnFgOmOih2rRm4r/eb1MR9d+zkSaaRR0vijKuK0TexqAHTKJVPOxIYRKZm616ZBIQrWJqWJCcBdfXibt87p7UT+/v6w1boo4ynAEx3AKLlxBA+6gCS2gkMIzvMKblVkv1rv1MW8tWcXMIfyB9fkDBlWRrA==</latexit>

DiscA
<latexit sha1_base64="H8o1HhkQaJ+tqPEHYOU+fINKfR0=">AAAB+HicbVDLSgMxFL3js9ZHqy7dBIvgqsxUQZf1sXBZwT6gHUomzbShSWZIMkId+iVuXCji1k9x59+YaWehrQcCh3Pu5Z6cIOZMG9f9dlZW19Y3Ngtbxe2d3b1Sef+gpaNEEdokEY9UJ8CaciZp0zDDaSdWFIuA03Ywvsn89iNVmkXywUxi6gs8lCxkBBsr9culnsBmpER6yzSZoqt+ueJW3RnQMvFyUoEcjX75qzeISCKoNIRjrbueGxs/xcowwum02Es0jTEZ4yHtWiqxoNpPZ8Gn6MQqAxRGyj5p0Ez9vZFiofVEBHYyi6kXvUz8z+smJrz0UybjxFBJ5ofChCMToawFNGCKEsMnlmCimM2KyAgrTIztqmhL8Ba/vExatap3Vq3dn1fq13kdBTiCYzgFDy6gDnfQgCYQSOAZXuHNeXJenHfnYz664uQ7h/AHzucPkleTBg==</latexit>

dDisc g
<latexit sha1_base64="CZf1PyLSiwjJtYEAxlzel3b4PfY=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclaQKCm6KunBZwT6gCWUymbRDZyZhZiKWkF9x40IRt/6IO//GSZuFth4YOJxzL/fMCRJGlXacb2tldW19Y7OyVd3e2d3btw9qXRWnEpMOjlks+wFShFFBOppqRvqJJIgHjPSCyU3h9x6JVDQWD3qaEJ+jkaARxUgbaWjXPI70WPIsvKUK594VHA3tutNwZoDLxC1JHZRoD+0vL4xxyonQmCGlBq6TaD9DUlPMSF71UkUShCdoRAaGCsSJ8rNZ9hyeGCWEUSzNExrO1N8bGeJKTXlgJoukatErxP+8QaqjSz+jIkk1EXh+KEoZ1DEsioAhlQRrNjUEYUlNVojHSCKsTV1VU4K7+OVl0m023LNG8/683rou66iAI3AMToELLkAL3IE26AAMnsAzeAVvVm69WO/Wx3x0xSp3DsEfWJ8/ywqURQ==</latexit>

P`(z)
<latexit sha1_base64="P5rIG4nH1jAhpr8lDqM85sPcRDU=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY9OKxgv2A7VKyabYNzSZLkhXq0p/hxYMiXv013vw3pu0etPXBwOO9GWbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbS1TRWiLSC5VN8SaciZoyzDDaTdRFMchp51wfDvzO49UaSbFg5kkNIjxULCIEWys5Df7WY9yPq0+nffLFbfmzoFWiZeTCuRo9stfvYEkaUyFIRxr7XtuYoIMK8MIp9NSL9U0wWSMh9S3VOCY6iCbnzxFZ1YZoEgqW8Kgufp7IsOx1pM4tJ0xNiO97M3E/zw/NdF1kDGRpIYKslgUpRwZiWb/owFTlBg+sQQTxeytiIywwsTYlEo2BG/55VXSrte8i1r9/rLSuMnjKMIJnEIVPLiCBtxBE1pAQMIzvMKbY5wX5935WLQWnHzmGP7A+fwB2TyQ9w==</latexit>

Q`(z)
<latexit sha1_base64="3knFDB111Te733nDYXA9PUitDmc=">AAAB8nicbVBNTwIxEO3iF+IX6tFLIzHBC9lFEz0SvXiERJBk2ZBumYWGbrtpuya44Wd48aAxXv013vw3FtiDgi+Z5OW9mczMCxPOtHHdb6ewtr6xuVXcLu3s7u0flA+POlqmikKbSi5VNyQaOBPQNsxw6CYKSBxyeAjHtzP/4RGUZlLcm0kCQUyGgkWMEmMlv9XPesD5tPp03i9X3Jo7B14lXk4qKEezX/7qDSRNYxCGcqK177mJCTKiDKMcpqVeqiEhdEyG4FsqSAw6yOYnT/GZVQY4ksqWMHiu/p7ISKz1JA5tZ0zMSC97M/E/z09NdB1kTCSpAUEXi6KUYyPx7H88YAqo4RNLCFXM3orpiChCjU2pZEPwll9eJZ16zbuo1VuXlcZNHkcRnaBTVEUeukINdIeaqI0okugZvaI3xzgvzrvzsWgtOPnMMfoD5/MH2sqQ+A==</latexit>

g�,j
<latexit sha1_base64="1HRxGK+BCsm/lp52p+Px9wBa+Mc=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgQcKuCnoMevEYwTwgu4TZ2dlkzOyDmV4hLPkNLx4U8erPePNvnCR70MSChqKqm+4uP5VCo21/W6WV1bX1jfJmZWt7Z3evun/Q1kmmGG+xRCaq61PNpYh5CwVK3k0Vp5Eveccf3U79zhNXWiTxA45T7kV0EItQMIpGcgf93A24RHr2OOlXa3bdnoEsE6cgNSjQ7Fe/3CBhWcRjZJJq3XPsFL2cKhRM8knFzTRPKRvRAe8ZGtOIay+f3TwhJ0YJSJgoUzGSmfp7IqeR1uPIN50RxaFe9Kbif14vw/Day0WcZshjNl8UZpJgQqYBkEAozlCODaFMCXMrYUOqKEMTU8WE4Cy+vEza53Xnon5+f1lr3BRxlOEIjuEUHLiCBtxBE1rAIIVneIU3K7NerHfrY95asoqZQ/gD6/MHDJGRsA==</latexit>

gj+d�1,�+1�d
<latexit sha1_base64="4ZHb7jvgnZ/VYBybdwsZMBNrWBY=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CRZBqC1JFXRZdOOygn1AG8JkMm3HTiZh5kaoofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/gxZwps+9vILS2vrK7l1wsbm1vbO+buXlNFiSS0QSIeybaPFeVM0AYw4LQdS4pDn9OWP7ye+K0HKhWLxB2MYuqGuC9YjxEMWvLMg76X3peCsnPaDSgHXHLKwdgzi3bFnsJaJE5GiihD3TO/ukFEkpAKIBwr1XHsGNwUS2CE03GhmygaYzLEfdrRVOCQKjedXj+2jrUSWL1I6hJgTdXfEykOlRqFvu4MMQzUvDcR//M6CfQu3ZSJOAEqyGxRL+EWRNYkCitgkhLgI00wkUzfapEBlpiADqygQ3DmX14kzWrFOatUb8+Ltassjjw6REfoBDnoAtXQDaqjBiLoET2jV/RmPBkvxrvxMWvNGdnMPvoD4/MHoLKUCw==</latexit>

[Caron-Huot, 2017]
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• Allows us to analyze and understand jet substructure observables at
the LHC using same language as local correlation functions.
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Perturbative Data for Lightray OPE

• e.g. spectrum of operators for an OPE channel of a quark jet:
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• Provides new handles for studying higher twist structure of collinear
limits in QCD.
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Parton Shower Development

• Illustrates complete control of three-point correlations in jets.

• Crucial for validating implementations of higher order effects in
parton showers. e.g. Spin Correlations (transverse spin operators)
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Figure 12: All-order comparison of the toy shower and the analytic resummation per-

formed in Ref. [38], for a quark-initiated (left) and a gluon-initiated jet (right). The

resummation is performed using ↵s = 0.0868 and restricting the opening angles as in

Eq. (3.6). The result from a fixed-order expansion, normalised so that its mean coincides

with the mean value of the analytic curve, is also shown for comparison.

ting, here we show the results integrated over angles to enhance the statistics. Inspired by

Ref. [38] we choose the following integration bounds on the opening angles of the primary

and secondary branchings:15

p
0.1 < ✓L < 1 ,

0.01 < ✓S < 0.1 , (3.6)

and take ↵s = 0.0868 corresponding to a hard scale of roughly 1 TeV. The toy shower and

analytic resummation results [38] are shown in Fig. 12, summed over all final branching

flavour channels, demonstrating good agreement. The figure also shows the second-order

expansion, normalised so that its mean value coincides with the resummed result, illustrat-

ing a modest reduction in the degree of spin correlations from the resummation, which is

similar to our findings above with the Lund declustering observables.

4 Numerical validation of spin correlations within PanScales showers

In this section, we validate the PanScales showers against various numerical predictions.

In particular we want to demonstrate that the algorithm described above reproduces fixed-

order matrix elements in the strongly ordered limit and that it produces the correct NLL

distributions at all orders. Here, we first provide a brief summary of the PanScales showers.

A comprehensive description can be found in Ref. [24].

15Cf. figure 3 in Ref. [38]
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• Full incorporation of higher-point correlations in parton showers will
play an important role in enhancing the LHC search program.

[Karlberg, Salam, Scyboz, Verheyen]
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Track Functions

Primordial fluctuations

W
hat cosmic history gave rise to primordial fluctuations?
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Introduction to Track Functions 

5

Tg(x, μ)

x

Non-Linearities • Arrows denote the direction of the 
derivatives with respect to . 
• A single fixed-point in the evolution at the 
origin, corresponding to the trivial fixed 
point where all cumulants vanish. 

ln μ

• , 

 symmetry

κ(5) → −κ(5)
κ(3) → −κ(3)

20

in the 4th and 5th Moments
Pure Yang-Mills theory:  

• Described by non-perturbative track functions satisfying non-linear
RG evolution, encoding correlations in the hadronization process.

• A key in the ability to study higher point correlations has been the
development of QFT formalisms for performing calculations on
charged particles (tracks).

[Chang, Procura, Thaler, Waalewijn]
[Li, Moult, Van Velzen, Waalewijn, Zhu]
[Jaarsma, Li, Moult, Waalewijn, Zhu]
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Resolving the Scales of the QGP
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The Confinement Transition

0.001 0.005 0.010 0.050 0.100 0.500 1
0.0

0.5

1.0

1.5

2.0

2.5

3.0
Primordial fluctuations

What cosmic history gave
 rise to pri

mordial fluctuations?

t<latexit sha1_base64="3dz/RxiC1WAJpbh5+C2eyFV8gYA="></latexit>

10
10 yr

<latexit sha1_base64="M2YUKL/PwPy6HpVOBY8eRcGXEDE="></latexit>

10
5 yr

<latexit sha1_base64="SWRV6Pk+9jc3vaiAbxIG9oDZNEg="></latexit>

10
�32 s?

<latexit sha1_base64="EZhaTIlj+O4XyIjF6s0orYdbrCQ="></latexit>

0.001 0.005 0.010 0.050 0.100 0.500
0

20

40

60

80

100

120

• Energy correlators allow the hadronization process to be directly
imaged inside high energy jets.

• Studying the transition for heavy mesons/baryons/onia will provide
new insights into confinement.

[Lee, Mecaj, Moult]
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From Jets to Jet Substructure in Heavy Ion
Quark&gluon+plasma+is+incredibly+strongly+interac6ng+–+It+
can+slow+down+and+even+stop+very+high+energy+quarks+and+
gluons+passing+through+it+

Probe plasma with energetic quarks and gluons 

P+++++P Pb+++++Pb+
PRC+84+(2011)+024906+

7 

Primordial fluctuations

What cosmic history gave rise to primordial fluctuations?
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• Resolving the mystery of how asymptotically free quarks and gluons
conspire to form a strongly coupled fluid is a primary goal of the
heavy ion program.

• Jets are multi-scale probes =⇒ scales of the QGP are imprinted at
characteristic scales in the substructure of jets.
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Resolving the Scales of the QGP

• QGP scales cleanly imprinted in two-point correlation.

Primordial fluctuations
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[Andres, Dominguez, Holguin, Kunnawalkam Elayavalli, Marquet, Moult]

Brookhaven Seminar September 8, 2022 47 / 50



Resolving the Scales of the QGP

• Detailed shape of the transition can extract whether the medium
interacts with the partons in the jet coherently.The observable numerically

2521/07/2022

• Jet Substructure provides a new lens through which to view the QGP.

Primordial fluctuations

W
hat cosmic history gave rise to primordial fluctuations?
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Summary

Primordial fluctuations

What cosmic history gave rise to primordial fluctuations?
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I +

One of the simplest observables from the theoretical perspective is the Energy-Energy

Correlator (EEC), defined as [2, 3]

d�

dz
=
X

i,j

Z
d�

EiEj

Q2
�

✓
z � 1 � cos�ij

2

◆
. (1.1)

Here Ei and Ej are the energies of final-state partons i and j in the center-of-mass frame,

and their angular separation is �ij . d� is the product of the squared matrix element and the

phase-space measure. The EEC can also be defined in terms of correlation function of ANEC

operators [4–7]

E(~n) =

1Z

0

dt lim
r!1

r2niT0i(t, r~n) , (1.2)

where it is given by

d�

dz
=

hOE(~n1)E(~n2)O†i
hOO†i , (1.3)

for some source operator O. This provides a connection between event shape observables and

correlation functions of ANEC operators allowing the study of event shapes to profit from

recent developments in the study of ANEC operators, and conversely, the EEC provide a

concrete situation for studying the behavior of ANEC operators.

There has recently been significant progress in the understanding of the EEC from a

number of di↵erent directions. For generic angles, the EEC has been computed at next-to-

leading order (NLO) in QCD [8, 9] for both an e+e� source, and Higgs decaying to gluons,

and up to NNLO in N = 4 SYM [7, 10]. It has also been computed numerically in QCD at

NNLO [11, 12].

There has also been progress in understanding the singularities of the EEC, which occur as

z ! 0 (the collinear limit) and z ! 1 (the back-to-back limit). In the back-to-back limit, the

EEC exhibits Sudakov double logarithms, whose all orders logarithmic structure is described

by a factorization formula [13, 14]. In the z ! 0 limit, which will be studied in this paper,

the EEC exhibits single collinear logarithms, originally studied at leading logarithmic order

in [15–19]. Formulas describing the behavior of the EEC in the collinear limit were recently

derived in [20] for a generic field theory, and in [21–24] for the particular case of a CFT. This

limit is of theoretical interest for studying the OPE structure of non-local operators, and of

phenomenological interest as a jet substructure observable.

The two-point correlator is particularly simple since it depends on a single variable, z.

Indeed, in a conformal field theory (CFT), its behavior in the collinear limit is fixed to be a

power law

⌃(z) =
1

2
C(↵s) z�

N=4
J (↵s) , (1.4)
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• Insights from formal theory are transforming
the way we think about jet substructure.

• Jet Substructure provides a physical realization
of the OPE limit of lightray operators =⇒
direct bridge between recent field theory
developments and QCD phenomenology.

• Opens the door to a precision physics program
using jet substructure, and many new
opportunities to search for new physics!
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