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Relativistic heavy-ion collisions

Picture by Chun Shen

I Relativistic hydrodynamics is a powerful effective theory
Heinz, Snellings, Ann. Rev. Nucl. Part. Sci. 63, 123 (2013)
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Relativistic heavy-ion collisions

Spin
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Assumptions of hydrodynamics

I Conservation laws in long-wavelength, low-energy limit

I Separation of length scales: Microscopic λmfp, Macroscopic Lhydro

Knudsen number: Kn ≡ λmfp

Lhydro
� 1 FLUID

I Expansion in Kn =⇒ Gradient expansion
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Relativistic hydrodynamics

I Energy-momentum tensor Tµν = 〈T̂µν〉, Current Jµ = 〈Ĵµ〉
I Conservation of energy, momentum and charge

∂µT
µν = 0

∂µJ
µ = 0

picture from Rezzolla, Zanotti, Relativistic Hydrodynamics

Tµν = εuµuν + P∆µν︸ ︷︷ ︸
ideal part

+ Πµν︸︷︷︸
dissipation

Jµ = nuµ︸︷︷︸
ideal part

+ J µ︸︷︷︸
dissipation

I Variables ideal fluid: ε, uµ (uµuµ = −1), n
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Relativistic dissipative hydrodynamics

Any physical theory of hydrodynamics must be

I Stable – Systems slightly away from
equilibrium will return to it

I Causal – Information cannot propagate at
speeds greater than the speed of light

~x

t

x

Σ

J−(x) ∩ Σ

Bemfica, Disconzi, Noronha, 2018

I Causality is necessary for stability
Bemfica, Disconzi, Noronha, PRX (2022); Gavassino, Class. Quant. Grav. (2021)

I Landau-Lifshitz theory (Π = −ζ∂µuµ) is acausal and unstable!
=⇒ Not suitable for numerical calculations!

How does one formulate causal and stable relativistic hydrodynamics?
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Israel-Stewart theory
Israel, Stewart, Ann. Phys. 118 341?372 (1979)

I Energy-momentum tensor out of equilibrium

T µν = εuµuν + (P + Π)∆µν + πµν

∆µν = gµν + uµuν

I Π, πµν are promoted to be dynamical variables
=⇒ Relaxation-type equations

τΠΠ̇ + Π = −ζ∂µuµ + . . .

τππ̇
〈µν〉 + πµν = −2ησµν + . . .

I Causal and stable
Hiscock, Lindblom, Annals of Physics (1983); Bemfica, Disconzi, Hoang, Noronha, Radosz, PRL (2021)

I Different formulations: BRSSS, DNMR, ...
Baier, Romatschke, Son, Starinets, Stephanov JHEP (2008); Denicol, Niemi, Molnar, Rischke, PRD (2012)

In heavy-ion simulations one solves Israel-Stewart hydrodynamics
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New causal and stable theories

I Most general decomposition out of equilibrium.

Tµν = (ε+A)uµuν + (P + Π)∆µν + πµν +Qµuν +Qνuµ

I Generalized Israel-Stewart theory: A, Π, Qµ, πµν are promoted to be
dynamical variables, e.g.,
Noronha, Spalinski, ES, PRL 128, 252302 (2022)

τAuα∂
αA+A = ϕTuα∂

α

(
1
T

)
I First-order (BDNK) theory: write A, Π, Qµ, πµν with the most general

expression using first-order derivatives of uµ and T , e.g. Bemfica, Disconzi,
Noronha, PRD 98, 104064 (2018); PRD 100, 104020 (2019); PRX 12, 021044 (2022);
Kovtun JHEP 10, 034 (2019); Hoult, Kovtun, JHEP 06, 067 (2020)

A = a1uα∂
α

(
1
T

)
+ a2∂αu

α

I Gradient expansion of Generalized Israel-Stewart originates BDNK
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Rotation and polarization
in heavy-ion collisions
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Rotation and polarization

I Barnett effect: Ferromagnet gets magnetized when it rotates

Effective interaction ∼ −Spin · Rotation
∼ Quantum · Classical
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Noncentral heavy-ion collisions

Global angular momentum

~ࢠࡼ
 ࢙


~ࡸ
࢈ ࢙


~

(RHIC Au+Au 200 GeV, b=10 fm)

Strong magnetic field

ࢻࢽ~ࢋ
ࢆ
࢈
~ૡ G

ۨ y

Vorticity and magnetic field in heavy-ion collisions

4

picture from Florkowski, Ryblewski, Kumar,
Prog. Part. Nucl. Phys. 108, 103709 (2019)

Large global angular momentum

J ∼ A
√
s

2
b ∼ 105~

⇒ Vorticity of hot and dense matter ⇒ particle polarization along vorticity
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Experimental observation - Global Λ polarization
I Polarization along global angular momentum

 (GeV)NNs
10 210

0

2

4

6

8
Au+Au 20-50%

 this studyΛ

 this studyΛ

 PRC76 024915 (2007)Λ

 PRC76 024915 (2007)Λ

L. Adamczyk et al. (STAR), Nature 548 62-65 (2017)

  

Evidence of L polarization 
in relativistic heavy ion collisions 

STAR collaboration, Nature 548 (2017) 62 

M. Lisa, talk given at Chirality 2016 UCLA

I Weak decay: Λ→ p + π− angular distr.: dN/d cos θ = 1
2 (1 + α|~PH | cos θ)

I Quark-gluon plasma is the "most vortical fluid ever observed"

ω = (PΛ + PΛ̄)kBT/~ ∼ 1021 s−1
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Polarization observable in heavy-ion collisions

I Assumptions:
1 Local thermodynamic equilibrium of spin degrees of freedom
2 Polarization determined at freeze-out - No spin dynamics

Becattini, Chandra, Del Zanna, Grossi, Annals. Phys. 338, 32 (2013)

I Relativistic generalization of spin vector at local equilibrium

〈Π̂µ(p)〉 = − ~2

8m
εµναβp

ν

∫
dΣλp

λf (1− f )$αβ∫
dΣλpλf

$αβ = − 1
2 (∂αββ − ∂ββα) - Thermal vorticity

βµ = uµ/T , uµ - Fluid velocity, T - Temperature
pµ - particle momentum
f - Fermi-Dirac distribution function
Σλ - Space-time hypersurface (Freeze-out)
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Experiments vs theory: Λ polarization (i)
Global - along J
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ΛUrQMD+vHLLE, 
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STAR, PRC 98 014910 (2018)

Πµ(x , p) ∝ (1−f )εµνρτpν$ρτ

$ρτ = − 1
2 (∂ρβτ − ∂τβρ)

Becattini et al An. Phys. (2013)
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F. Becattini, I Karpenko, PRL 120, 012302

I “Sign problem” between theory and experiments for longitudinal polarization!
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Experiments Vs theory: Λ polarization (ii)

Becattini, Buzzegoli, Inghirami, Karpenko, Palermo, PRL 127 (2021) 272302
Liu, Yin, JHEP 07 (2021) 188

I Modified local-equilibrium formula

〈Π̂µ(p)〉 = − ~2

8m
εµνστpν

∫
dΣ · pf (1− f )$στ∫

dΣ · p f

− 1
4m

εµρστ
pτp

λ

ε

∫
Σ dΣ · p f (1− f )t̂ρ(∂σβλ + ∂λβσ)∫

Σ dΣ · p f

I Describes experimental data if temperature gradients are neglected on
freeze-out Σ
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φ and K ?0 spin alignment
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I Theoretical prediction: ρ00 ∼ 1
3 − 1

9

(
~ω
kBT

)2
Becattini et al, (2008) Liang, Wang (2018): Yang et al (2018); Xia et al (2021), and many others

From Λ-polarization ~ω
kBT
∼ 10−2 ⇒ ρ00 ∼

(1
3 − 10−4

)
6= data

Better theoretical modeling is needed!
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What happens if spin is a dynamical
variable in hydrodynamics?
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Hydrodynamics with internal angular momentum

<latexit sha1_base64="T4YbXVoL/efkQF44pabXBceApKM=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0hqaOut6MVjBWsLbSib7aRdutmE3U2hhP4ILx4U8erv8ea/cdNWUNEHA4/3ZpiZFyScKe04H1ZhbX1jc6u4XdrZ3ds/KB8e3as4lRTaNOax7AZEAWcC2pppDt1EAokCDp1gcp37nSlIxWJxp2cJ+BEZCRYySrSROv0p0Gw6H5Qrjn3ZqFW9GnZsx6m7VTcn1bp34WHXKDkqaIXWoPzeH8Y0jUBoyolSPddJtJ8RqRnlMC/1UwUJoRMygp6hgkSg/Gxx7hyfGWWIw1iaEhov1O8TGYmUmkWB6YyIHqvfXi7+5fVSHTb8jIkk1SDoclGYcqxjnP+Oh0wC1XxmCKGSmVsxHRNJqDYJlUwIX5/i/8l91XZrtnfrVZpXqziK6ASdonPkojpqohvUQm1E0QQ9oCf0bCXWo/VivS5bC9Zq5hj9gPX2CRHlkBM=</latexit>

~v

Hydrodynamic fields: Mass density ρ(t, ~x), Fluid velocity ~v(t, ~x)
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Hydrodynamics with internal angular momentum
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~v
<latexit sha1_base64="8H9N0nMvftdwxq/yZ0aVcLrkLrM=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN3N4US+ie8eFDEq3/Hm//GpM1BWx8MPN6bYWaeFwmujW1/W4W19Y3NreJ2aWd3b/+gfHjU0mGsGDZZKELV8ahGwSU2DTcCO5FCGngC2974NvPbE1Sah/LRTCN0AzqU3OeMmlTq9CbIkodZqV+u2FV7DrJKnJxUIEejX/7qDUIWBygNE1TrrmNHxk2oMpwJnJV6scaIsjEdYjelkgao3WR+74ycpcqA+KFKSxoyV39PJDTQehp4aWdAzUgve5n4n9eNjX/tJlxGsUHJFov8WBATkux5MuAKmRHTlFCmeHorYSOqKDNpRFkIzvLLq6R1UXUuq7X7WqV+k8dRhBM4hXNw4ArqcAcNaAIDAc/wCm/Wk/VivVsfi9aClc8cwx9Ynz+zlY/C</latexit>

~S
Internal angular momentum

Hydrodynamic variables: Mass density ρ(t, ~x), Fluid velocity ~v(t, ~x),
Internal angular momentum ~S(t, ~x) can be classical or quantum
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Symmetric Vs asymmetric stress tensor

<latexit sha1_base64="NDy+BDt+ER1S7z7MUqFdml6/yp8=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtpXosevFYoV/QLiWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZeEHOmjet+O7mNza3tnfxuYW//4PCoeHzS1jJRhLaI5FJ1A6wpZ4K2DDOcdmNFcRRw2gkmd3O/80SVZlI0zTSmfoRHgoWMYGOldnOQXlVmg2LJLbsLoHXiZaQEGRqD4ld/KEkSUWEIx1r3PDc2foqVYYTTWaGfaBpjMsEj2rNU4IhqP11cO0MXVhmiUCpbwqCF+nsixZHW0yiwnRE2Y73qzcX/vF5iwhs/ZSJODBVkuShMODISzV9HQ6YoMXxqCSaK2VsRGWOFibEBFWwI3urL66RdKXu1cvWhWqrfZnHk4QzO4RI8uIY63EMDWkDgEZ7hFd4c6bw4787HsjXnZDOn8AfO5w8RdI7P</latexit>

T32

<latexit sha1_base64="Kz2zAXwjXjMteV1Fk5wjEBDBRXI=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtpXosevFYoV/QLiWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZeEHOmjet+O7mNza3tnfxuYW//4PCoeHzS1jJRhLaI5FJ1A6wpZ4K2DDOcdmNFcRRw2gkmd3O/80SVZlI0zTSmfoRHgoWMYGOldnOQVq5mg2LJLbsLoHXiZaQEGRqD4ld/KEkSUWEIx1r3PDc2foqVYYTTWaGfaBpjMsEj2rNU4IhqP11cO0MXVhmiUCpbwqCF+nsixZHW0yiwnRE2Y73qzcX/vF5iwhs/ZSJODBVkuShMODISzV9HQ6YoMXxqCSaK2VsRGWOFibEBFWwI3urL66RdKXu1cvWhWqrfZnHk4QzO4RI8uIY63EMDWkDgEZ7hFd4c6bw4787HsjXnZDOn8AfO5w8Rc47P</latexit>

T23

<latexit sha1_base64="Nb5PGoDPkh4DxyJDLLlqysdQ4Oc=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBC8GHZjUI9BLx4j5AVJCLOT3mTI7OwyMyuEJR/hxYMiXv0eb/6Nk2QPmljQUFR1093lx4Jr47rfztr6xubWdm4nv7u3f3BYODpu6ihRDBssEpFq+1Sj4BIbhhuB7VghDX2BLX98P/NbT6g0j2TdTGLshXQoecAZNVZqXdb76VV52i8U3ZI7B1klXkaKkKHWL3x1BxFLQpSGCap1x3Nj00upMpwJnOa7icaYsjEdYsdSSUPUvXR+7pScW2VAgkjZkobM1d8TKQ21noS+7QypGellbyb+53USE9z2Ui7jxKBki0VBIoiJyOx3MuAKmRETSyhT3N5K2IgqyoxNKG9D8JZfXiXNcsm7LlUeK8XqXRZHDk7hDC7AgxuowgPUoAEMxvAMr/DmxM6L8+58LFrXnGzmBP7A+fwBe6SPBg==</latexit>�T32

<latexit sha1_base64="V9KffJPtkRG2YlOzemlVFu2YWTo=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBC8GHZjUI9BLx4j5AVJCLOT3mTI7OwyMyuEJR/hxYMiXv0eb/6Nk2QPmljQUFR1093lx4Jr47rfztr6xubWdm4nv7u3f3BYODpu6ihRDBssEpFq+1Sj4BIbhhuB7VghDX2BLX98P/NbT6g0j2TdTGLshXQoecAZNVZqXdb7aflq2i8U3ZI7B1klXkaKkKHWL3x1BxFLQpSGCap1x3Nj00upMpwJnOa7icaYsjEdYsdSSUPUvXR+7pScW2VAgkjZkobM1d8TKQ21noS+7QypGellbyb+53USE9z2Ui7jxKBki0VBIoiJyOx3MuAKmRETSyhT3N5K2IgqyoxNKG9D8JZfXiXNcsm7LlUeK8XqXRZHDk7hDC7AgxuowgPUoAEMxvAMr/DmxM6L8+58LFrXnGzmBP7A+fwBe6OPBg==</latexit>�T23

I Antysimmetric stress tensor Tij 6= Tji =⇒ Nonzero net torque!
I Symmetric stress tensor =⇒ Angular momentum conservation is

redundant
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Hydrodynamics with internal angular momentum

I Conservation of total angular momentum
Lukaszewicz, Micropolar Fluids, Theory and Applications (Birkhäuser Boston, 1999)

ρ(∂t + vj∂j)Si = ∂jCji + T̃i

Si - Internal angular momentum (not necessarily of quantum nature)
Cij - Couple stress tensor, T̃i = εijkTjk

I Change of internal angular momentum due to C ji and εijkT jk

I Many applications: Micropolar
fluids, Spintronics, chiral active
fluids, ...
R. Takahashi et al, Nature Physics 12, 52 (2016)
D. Banerjee et al, Nature Commun 8, 1 (2017)
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Relativistic spin hydrodynamics

Florkowski, Friman, Jaiswal, Speranza, PRC 97, 041901 (2018)
ES, Weickgenannt, EPJA 57, 155 (2021) (Review)

I Hydrodynamic densities from quantum field theory

Tµν = 〈T̂µν〉 Sλ,µν = 〈Ŝλ,µν〉
Ŝλ,µν - Spin tensor

I 10 hydro eqs.: 4 Energy-momentum + 6 Total angular momentum cons.

∂µT
µν = 0 ~ ∂λSλ,µν = T νµ − Tµν

I 10 unknowns: Lagrange multipliers βµ = uµ/T and Ωµν

I Choice for a decomposition of orbital and spin angular momentum

How can one derive the equations of motion?
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Pseudo-gauge transformations

ES, Weickgenannt, EPJA, 57, 155 (2021) (Review)

Densities are not uniquely defined =⇒ Relocalization
F. W. Hehl, Rep. Mat. Phys. 9, 55 (1976)

T̂ ′µν(x) = T̂µν
C (x) + 1

2∂λ

[
Φ̂λ, µν(x) + Φ̂µ, νλ(x) + Φ̂ν, µλ(x)

]
Ŝ ′λ, µν = Ŝλ, µνC (x)− Φ̂λ, µν(x) + ∂ρẐ

µν,λρ(x)

Φ̂λ, µν = −Φ̂λ, νµ, Ẑµν,λρ = −Ẑ νµ,λρ = −Ẑµν,ρλ

I Global charges are left invariant

I Conservation laws ∂µT̂
′µν = 0 , ∂λŜ ′λ,µν = T̂ ′νµ − T̂ ′µν
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Quantum kinetic theory with nonlocal collisions
Weickgenannt, ES, Sheng, Wang, Rischke, PRL 127, 052301 (2021); PRD 104, 016022 (2021)

p · ∂ f(x , p, s) = m C[f]

C[f] = Clocal[f] + ~Cnonlocal[f]

I Long calculation =⇒ Intuitive result in low-density approximation:

C[f] =

∫
dΓ1dΓ2dΓ′W [f(x + ∆1, p1, s1)f(x + ∆2, p2, s2)− f(x + ∆, p, s)f(x + ∆′, p′, s′)]

+

∫
dΓ2 dS1(p)Wf(x + ∆1, p, s1)f(x + ∆2, p2, s2)

dΓ ≡ d4p dS(p)

I Structure: Momentum and spin exchange + Spin exchange only
I Nonlocal Collisions =⇒ Displacement ∆ ∼ O(~) ∼ O(∂)
I W, W vacuum transition probabilities, depend on phase-space spins
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Equilibrium distribution function

Weickgenannt, ES, Sheng, Wang, Rischke, PRL 127, 052301 (2021); PRD 104, 016022 (2021)

I Equilibrium condition: C[f] = 0
I Ansatz for distribution function

F. Becattini, V. Chandra, L. Del Zanna, and E. Grossi, AP. 338, 32 (2013)
W. Florkowski, R. Ryblewski, and A. Kumar, Prog. Part. Nucl. Phys. 108, 103709 (2019)

feq(x , p, s) ∝ exp
[
−β(x) · p︸ ︷︷ ︸

Energy-momentum

+
~
4

Ωµν(x)Σµν
s︸ ︷︷ ︸

Total angular momentum

]
δ(p2 −M2)

I M - mass (possibly modified by interactions)
I βµ = uµ/T , Spin potential Ωµν

I Spin-dipole-moment tensor Σµν
s ≡ − 1

m ε
µναβpαsβ

I Insert into C[f] and expand up to O(~)

Condition for C[f] = 0 =⇒ Global equilibrium

∂µβν + ∂νβµ = 0 Ωµν= −1
2

(∂µβν − ∂νβµ) = const.

System gets polarized through rotations!
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I Spin-dipole-moment tensor Σµν
s ≡ − 1

m ε
µναβpαsβ

I Insert into C[f] and expand up to O(~)

Condition for C[f] = 0 =⇒ Global equilibrium

∂µβν + ∂νβµ = 0 Ωµν= −1
2

(∂µβν − ∂νβµ) = const.

System gets polarized through rotations!
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Spin tensor: Canonical Vs HW pseudogauge

ES, Weickgenannt, Eur. Phys. J. A 57, no.5, 155 (2021)
Weickgenannt, Wagner ES, Phys. Rev. D 105, no.11, 116026 (2022)

I Canonical pseudogauge

∂λS
λ,µν
C ,eq =

1
(2π~)3

~σ
∫

dPp[µ$ν]λpρ$λρe
−β·p +O(~2)

Problem: non conserved even in global equilibrium
I HW case (Hilgevoord, Wouthuysen, NP 40 (1963))

∂µT
µν
HW =

∫
dΓ pν C[f ] = 0

~ ∂λSλ,µνHW =

∫
dΓ ~σΣµν

s C[f ] = T
[νµ]
HW

Conserved in global equilibrium and in absence of nonlocal collisions
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Scales

∆� λmfp � Lhydro

I Conventional Knudsen number

Kn =
λmfp

Lhydro

I “Quantum” Knudsen number

κ =
∆

Lhydro

I For transient theory - Inverse Reynolds number

Re−1 =
δf

f

(
for example ∼ |Π|

P

)
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Method of moments

I Definition of local equilibrium

C[feq] = O(∆/Lhydro)

I Expansion distribution function

f (x , p, s) ≡ feq(x , p, s) + δfps(x , p, s)

I Definition of moments

ρµ1···µln ≡ 〈En
p p〈µ1 · · · pµl 〉〉δ

τµ,µ1···µln ≡ 〈En
p sµp〈µ1 · · · pµl 〉〉δ

I Expand δfps in moments
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Spin tensor in HW pseudogauge

Sλ,µν = uλÑµν + ∆λ
αP̃

αµν + u(αH̃
λ)µνα + Q̃λµν − ~

4m2 ∂
[νTµ]λ

Ñµν = εµναβNαβ, P̃αµν = εαµνβPβ, H̃µνλα = ενλαβHµβ, Q̃λµν = εµναβQµ
αβ

Nµν ≡ − 1
2m

uµ〈E 2
p sν〉eq −

1
2m

uµτν2 Spin-energy tensor

Pµ ≡ − 1
6m
〈∆ρσpρpσ s

µ〉eq −
1
6m

(
m2τµ0 − τµ2

)
Spin-pressure vector

Hλµ ≡ − 1
2m
〈Epp

〈λ〉sµ〉eq −
1
2m

τµ,λ1 Spin-diffusion tensor

Qλµν ≡ − 1
2m

τλµν0 Spin-stress tensor
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Matching conditions

Tµνuν = Tµν
eq uν

Jλ,µνuλ = Jλ,µνeq uλ

I Determine βµ, Ωµν via conservation laws

∂µT
µν = 0 ∂λS

λ,µν = T νµ − Tµν

I Transient (Israel-Stewart) theory
=⇒ Relaxation-type equations for dissipative currents Π, πµν and spin
moments τα0 , τ

α
2 , τ

β,µ
1 and τβ,µν0
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Equations of motion for spin moments

τ̇
〈µ〉
r − C

〈µ〉
r−1 = . . .

with C
µ,〈µ1···µn〉
r−1 ≡

∫
dΓE r−1

p p〈µ1 · · · pµn〉sµC̄[f ]

Cµr−1 = Cµr−1,local + Cµr−1,nonlocal

Cµr−1,local = −
∑
n

B
(`)
r n τ

µ
n

Cµr−1,nonlocal =

∫
dΓ1dΓ2dΓdΓ′WE r−1

p f0pf0p′s
µ

×
[
− ~
4m

($αβ − Ωαβ)εαβλσpλsσ + ∂(αββ)∆αpβ
]

I We want to isolate τµn =⇒ Invert B(`)
r n =⇒ Relaxation times

I Cµr−1,nonlocal gives rise to Navier-Stokes terms
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Truncation: (14+24)-moment approximation

Infinite set of moment equations needs to be truncated

I Lowest order truncation:
14 standard hydro moments (including charge current)
+ 24 moments appearing in the spin tensor

Independent spin moments: pµ ≡ τµ0 , zµν = τ
〈µ〉,ν
1 + τ

〈ν〉,µ
1 , qλµν ≡ τλ,µν0 ,

τpṗ
〈ν〉 + p〈µ〉 = e

(
Ω̃µν − $̃µν

)
uν + . . .

τzż
〈λ〉〈ρ〉 + zµν = . . .

τqq̇
〈ρ〉αβ + q〈µ〉νλ = −dβ0σ 〈νρ ελ〉µαρuα + . . .

I Navies-Stokes terms come from nonlocal collisions ∼ κ ≡ ∆/Lhydro
I Note: Different pseudogauge =⇒ Different truncation

=⇒ Different evolution
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Spin relaxation times

I Spin relaxation times of the same order of conventional Π, πµν

I Spin relaxes to Navier-Stokes as fast as Π, πµν
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Can we simulate relativistic spin
hydrodynamics and give predictions?

Not yet.
We don’t know if it’s causal and stable
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Causality and chiral hydrodynamics
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Chiral hydrodynamics from kinetic theory

e.g., Chen, Son, Stephanov, PRL 115, no.2, 021601 (2015); Yang, PRD 98, no.7, 076019 (2018)

I Consider ensemble of particles (and antiparticles) with chirality ±
I Distribution function

feq,±(x , p) = [exp(g±) + 1]−1

g±(x , p) = −β · p − µ±
T
− 1

2
Sµν$µν︸ ︷︷ ︸

Spin-vorticity coupling

Sµν - Rank-2 spin tensor,
Thermal vorticity - $µν = −1

2(∂µβν − ∂νβµ)
I Hydrodynamic densities from distribution function: energy-momentum

tensor Tµν , vector and axial vector currents JµV , J
µ
A

∂µT
µν = 0 ∂µJ

µ
V = 0 ∂µJ

µ
A = 0

This is great. But can one solve it?
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Ideal chiral hydrodynamics from kinetic theory

Consider the full nonlinear system: ∂µTµν = 0, ∂µJ
µ
V = 0, ∂µJ

µ
A = 0

ES, Bemfica, Disconzi, Noronha, 2104.02110 (2021)

Tµν = εuµuν + P∆µν + ξT (ωµuν + ωνuµ)

JµV = nV u
µ + ξV ω

µ

JµA = nAu
µ + ξA ω

µ

e.g., Chen, Son, Stephanov, PRL 115, no.2, 021601 (2015); Yang, PRD 98, no.7, 076019 (2018)

Vorticity - ωµ = (1/2)εµναβuν∂αuβ

I One can prove:

Characteristic determinant = 0

System is ill posed:
No unique solution exists for arbitrary initial data!

I Conventional ideal case: ξT , ξV , ξA = 0 =⇒ Well-posed, causal and
stable

34 / 42



Ideal chiral hydrodynamics in Landau frame

ES, Bemfica, Disconzi, Noronha, 2104.02110 (2021)

I Shift of velocity

uµ = uµL −
ξTω

µ
L

ε+ P

I Constitutive relations in Landau frame

Tµν = εuµLu
ν
L + P∆µν

JµV = nV u
µ
L + ξVω

µ
L

JµA = nAu
µ
L + ξAω

µ
L

The theory is well-posed, causal and stable!

I Definition of hydrodynamic variables (hydrodynamic frames) matter
even in the ideal case

35 / 42



First-order viscous chiral hydrodynamics
Abboud, Noronha, ES (to appear)

I Constitutive relations in a general hydrodynamic frame

Tµν = (ε+A)

(
uµuν +

∆µν

3

)
+Qµuν +Qνuµ + πµν

JµV = (nV +NV )uµ + J µV
JµA = (nA +NA)uµ + J µA

I Consider the theory

A = a1Dε, Qµ = b1∆µλDλε, πµν = −2ησµν
NV = cV1Dε+ cV2DnV + cV3DnA
J µV = eV1∆µλDλε+ eV2∆µλDλnV + eV3∆µλDλnA + ξVω

µ

NA = cA1Dε+ cA2DnV + cA3DnA
J µA = eA1∆µλDλε+ eA2∆µλDλnV + eA3∆µλDλnA + ξAω

µ

Dµ - Weyl derivative

One can prove: System is causal and stable!

36 / 42



How about massive spin-1 particles?
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Spin-density matrix
I Pure state: |ψ〉 =

∑
λ cλ|λ〉

Expectation value of an operator 〈O〉 = 〈ψ|O|ψ〉
I Mixed state: incoherent mixture of |ψi 〉 with statistical weight ai

ρ =
∑
i

ai |ψi 〉〈ψi | =
∑
λ,λ′

ρλλ′ |λ〉〈λ′|

ρλλ′ =
∑

i ai c
(i)
λ c

(i)∗
λ′ . Expectation value: 〈O〉 = Tr(ρO)

Spin-1/2 particle: (2× 2 hermitian matrix):

ρ =
1
2

(1 + ~P · ~σ)

I Spin polarization vector: ~P = 〈~σ〉 = Tr(ρ~σ)

|~P| = 1 Pure state

0 < |~P| < 1 Mixed state

|~P| = 0 Completely unpolarized mixed state
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Spin-density matrix for spin-1 particles
I Three polarization states (in rest frame)

Transverse to ~q: ε(±1) = ∓ 1√
2

(0, 1, ±i , 0)

Longitudinal to ~q: ε(0) = (0, 0, 0, 1)

I Spin-density matrix: hermitian 3× 3 matrix

ρ =
1
3

[
1 +

3
2
~P · ~S +

√
3
2

∑
i,j

Tij(SiSj + SjSi )

]
~S are the spin-1 operators

I Trρ = 1 (8 parameters)
I Vector polarization: ~P = 〈~S〉 (3 parameters)
I Tensor polarization: Tij = 1

2

√
3
2

(
〈SiSj + SjSi 〉 − 4

3δij
)
,

∑
i Tii = 0

(5 parameters)

One can have tensor polarization and vanishing vector polarization
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Lepton angular distribution

spin-1→ spin- 12 + spin- 12

e−

e+γ∗

production

decay

Photon rest frame

x

y

z

~pe

φe

θe

dσ

dΩe
∝ Tr( ρOdec )

= N
(
1 + λθcos2 θe + λφsin2 θe cos 2φe + λθφsin 2θe cosφe

+ λ⊥φ sin
2 θe sin 2φe + λ⊥θφsin 2θe sinφe + parity violating terms

)

λθ =
ρT − ρL
ρT + ρL

I Transverse: ρT = ρ−1−1 + ρ+1+1
Longitudinal: ρL = 2ρ00

I Completely transverse polarized: λθ = +1
Completely longitudinal polarized: λθ = −1

I Photon polarization reflected in angular distribution
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Virtual photon polarization without vorticity
I Medium in global equilibrium without rotation emits tensor polarized virtual

photons γ? → e+e−

dΓ

d4qdΩe
= N

(
1 + λθ cos2 θe + λφ sin2 θe cos 2φe + λθφ sin 2θe cosφe

)

0 1 2 3 4 5
q

T
 [GeV]

-8

-6

-4

-2

0

2

[1
0

-2
]

λ
θ
 Static

λ
θ
 Bjorken

λ  Bjorken

-6

-4

-2

0

[1
0

-2
] λ

θ
 Static

λ
θ
 Bjorken

λ  Bjorken

(a)

q q → e
+
 e

-
       M = 0.6 GeV       y = 0

(b)

π
+

π
-
→ e

+
 e

-
       M = 0.6 GeV       y = 0

˜

˜

ES, Jaiswal, Friman, PLB 782, 395
see also, Baym, Hatsuda, Strickland, PRC 95, 044907

More realistic models

Friman, Galatyuk, Rapp, ES, van Hees, Wambach
(in preparation)

I φ and K?0 can be polarized even in absence of vorticity and dissipation
ES, Jaiswal, Friman, PLB 782, 395; Li, Liu, 2206.11890
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Tensor polarization from shear stress

Wagner, Weickgenannt, ES, 2207.14060; Li, Liu, 2206.11890

ρ00(k) =
1
3
−
√

2
3
ε(0)
µ ε(0)

ν Θµν(k) .

Tensor polarization

Θµν(k) =
1
2

√
3
2

1
N(k)

∫
dΣλk

λ

∫
S. (k)Kµν

αβs
αsβf (x , k , s)

ρ00(k) =
1
3
−

4
15

∫
dΣαkαξ β0f0kε

(0)
µ ε

(0)
ν

[
H(2,0)

k1 πµν −H(2,1)
k0

1
3

(
m2F (2,0)

11 − 1
)
u(µπν)λkλ

]
∫
dΣαkαf0k

(
1− 3H(0,0)

k0 Π/m2 +H(0,2)
k0 πµνk〈µkν〉

)

I Independent of vorticity ⇒ One could look at different quantization
axis than the global angular momentum

I Other developments regarding spin alignment, see Qun Wang’s talk
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Summary
I Relaxation times for spin degrees of freedom of the same order as

relaxation times of conventional dissipative quantities
=⇒ The use of spin hydro is justified

I Vorticity brings conceptual issues in the initial-value problem of chiral
hydrodynamics

I Spin alignment might not have anything to do with vorticity

Challenges
I What is the decomposition of orbital and spin angular momentum of a

relativistic fluid?

I Causal and stable relativistic spin hydrodynamics?

I Application of spin hydro to polarization observables?
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EXTRA SLIDES
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Dissipative corrections to the spin vector

I Pauli-Lubanski vector

Πµ(p) =
1
2N

∫
dΣλp

λAµ(x , p) ,

I Axial-vector current

Aµ(x , p) =

∫
dS(p) sµf (x , p, s)

I Using our Navier-Stokes values

Πµ
NS ∼

∫
ΣFO

dΣ · pf0
{
εµνρσpνΩρσ +

(
δµν −

uµp〈ν〉
Ep

)

×
[
χ1ε

νραβ
(

Ω̃αβ − $̃αβ
)
uρ−χ2β0σ 〈ρα εσ〉ναβuβp〈ρpσ〉

]}
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Virtual photon emission from a thermal medium

qq̄ → γ∗ → e+e−

π+π− → γ∗ → e+e−

I Thermal average of initial particles momenta p through Fermi or Bose
distribution

f (p) =
1

e(u·p)/T ± 1
I Fluid rest frame uµ = (1, 0, 0, 0) ⇒ Distribution is spherical symmetric

Photon momentum ~q breaks spherical symmetry,
but not azimuthal symmetry

I Photons are only tensor polarized
I |~q| → 0 ⇒ No anisotropy ⇒ No photon polarization
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Boltzmann limit

q + q̄ → γ∗ → e+e−

e+(q = p1 + p2)

e−

q

q̄

γ∗

(p1)

(p2)

π+π− → γ∗ → e+e−

e+

γ∗

e−

π+

π−

ρ

(q = p1 + p2)

(p1)

(p2)

∫
d3p1
E1

d3p2
E2

1
e(u·p1)/T ± 1

1
e(u·p2)/T ± 1

∼ e−(u·q)/T

∫
d3p1
E1

d3p2
E2

I No photon polarization independently of photon momentum

Photon polarization is due to quantum statistics!
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