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Proton helicity structure
The fundamental properties of hadrons, and in particular its spin, are defined by the 
complex dynamics of quarks and gluons which form a strongly bonded many-body 
parton system. This dynamics in the context of spin dependent observables is not 
well understood (spin puzzle, large uncertainties at small-x etc.)
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Figure 9: 90% C.L. uncertainty estimates for the running integrals of the gluon helicity (left), quark helicity
(middle), and orbital angular momentum (right) distribution at Q2 = 10 GeV2 as a function of xmin. The gray-
shaded band denotes the DSSV08 [17] fit which includes primarily DIS data. The blue-shaded band is based on
the DSSV14 fit [18], which includes polarized p+p data from RHIC collected prior to 2012. The yellow-shaded
band is a projection, which accounts for the most recent RHIC data [19]. The region constrained by current data
lies to the right of the vertical dashed lines.

Q2, the spin of the proton can be written in terms
of its constituents using the Ja↵e–Manohar sum
rule [21]
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where 1
2�⌃(x,Q2) represents the quark helicity

contribution, and �g(x,Q2) represents the gluon
helicity contribution to the total spin of the pro-
ton. The respective orbital angular momenta of
quarks and gluons are represented by L(Q2) =P

q

⇥
Lq(Q2) + Lq̄(Q2)

⇤
+ Lg(Q2).

Figure 9 shows an extraction of the integrals of
the quark and gluon contributions in Eq. 2, run-
ning between x = xmin and x = 1 with their 90%
confidence level (C.L) uncertainties. The gray-
shaded band is the outcome of the DSSV08 [17]
analysis, which is almost exclusively based on
the existing DIS data. The blue-shaded band
shows the result of the DSSV14 [18] fit, which in-
cludes polarized p+p data from RHIC. The yellow-
shaded region shows the projected constraints on
the parton distributions once all RHIC data col-
lected through 2015 is included. In the plots, the
region to the right of the dashed vertical line is
constrained by current data. It is clear that preci-

sion data are needed to determine the parton con-
tribution to the proton’s spin, especially at low x.
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Figure 10: Present knowledge of the evolution in x of
the structure function g1, based on the DSSV14 ex-
traction [19]. The dotted lines show the results for
alternative fits that are within the 90% C.L. limit.

The fraction of the spin from angular mo-
menta can be obtained by subtracting 1

2�⌃(Q2)
and �G(Q2) from the total spin of the proton, us-
ing the sum rule in Eq. 2. The right panel in Fig. 9
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There is a lot of interest to study quark and gluon helicity evolution at small x 



Helicity and sub-eikonal corrections at small-x
The analysis is non-trivial since it requires calculation of the sub-eikonal corrections 
at small-x. Indeed, in the leading (eikonal) approximation:

shockwave 
(background field)
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Light-cone Wilson lines contain no information 
on the proton helicity

Impact factor

In the CGC EFT the shockwave background field has an infinitesimally small support and doesn’t have the 
transverse component:
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To include spin effects one has to take into account sub-eikonal corrections, related both to the  component 
and non-zero width of the shock-wave

Ai

Balitsky (1996)

McLerran, Venugopalan (1994)



Sub-eikonal corrections and the role of the anomaly in DIS
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Understanding of the sub-eikonal corrections is essential for revealing of the role of the anomaly high-energy 
scattering

The isosinglet current couples to the topological charge 
density in the polarized proton!
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Fundamental property of the current. The anomaly equation

Hard to see in the standard pQCD calculations!
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Jack Steinberger
(b. 1921)

Transforming the result back to position space,

we arrive at the celebrated Adler-Bell-Jackiw anomaly

Julian Schwinger
(1918-1994)

Having shown that the correlation function of one vector and one axial-vector current does
not contribute to the anomaly of the axial current, we study the second term in Eq. (2.14).
Again, we work in momentum space
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so the quantum conservation equation takes the form
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To find whether the classical Ward identity (2.7) is corrected quantum mechanically, we
have to compute (p + q)µ�µ↵�(p, q). As in the previous computation, the Wick contractions
required to evaluate the previous correlation function can be summarized in terms of Feynman
diagrams. The momentum space correlation function i�µ↵�(p, q) is given at one loop by the
two Feynman diagrams
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whose contributions can be found using the Feynman rules of QED
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Linearly divergent integrals. These integrals are linearly divergent and therefore ambigu-
ous. To see what is meant by this, we look at a the simple integral
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i
. (2.24)

When the integral converges, a simple change of variables shows that I(⇠) = 0. To see what
happens when the integral diverges linearly or logarithmically, we expand the integrand of
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where the conservation equation of the axial-vector current picks up an anomalous term that
survives in the massless limit
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Looking at (2.60) we notice another important point. There is no value of a for which both
Ward identities are simultaneously satisfied. This is a general feature of the axial anomaly.
There is a tension between vector and axial-vector current conservation. Of course, the only
physical choice is the one we took: the vector current coupling to the photon has to be conserved
to preserve the consistency of QED.

To find the corresponding expressions for the expectation value of the axial current diver-
gence in position space, we only have to use Eq. (2.21). After a couple of integrations by parts,
we find

@µhJµ

A
(x)iA =

e
2

16⇡2
✏
µ⌫↵�Fµ⌫F↵� + 2imh (x)�5 (x)iA . (2.63)

The second term is the quantum version of the right-hand side of the classical equation (2.7).
The first term, however, is completely new and independent of the fermion mass. This means
that it survive the limit m ! 0 where the theory is classically invariant under chiral transfor-
mations. This spoils the Ward identity associated with the conservation of the axial current
and the corresponding symmetry is anomalous, i.e. broken by quantum e↵ects. This result is
the celebrated Adler-Bell-Jackiw anomaly [3, 4]
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or in position space
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Here we have restored the powers of ~ to stress the quantum nature of the axial anomaly.
The calculation we have presented highlights the fact that the axial anomaly in QED is

the result of Bose symmetry and both Lorentz and gauge invariance, and is determined by
ultraviolet finite integrals. All ambiguities associated with the linearly divergent integral has
been fixed by requiring that the quantum theory satisfies the vector Ward identity at one
loop. The anomaly can be then calculated using any regularization scheme preserving gauge
invariance, such as Pauli-Villars or dimensional regularization4 (see, for example, [9, 8]). As we
have seen, the anomaly is independent of the particular method used as far as it preserves the
vector Ward identity.

4The use of dimensional regularization requires some care due to the problem of defining the chirality matrix
for general dimensions.
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To find the corresponding expressions for the expectation value of the axial current diver-
gence in position space, we only have to use Eq. (2.21). After a couple of integrations by parts,
we find

@µhJµ

A
(x)iA =

e
2

16⇡2
✏
µ⌫↵�Fµ⌫F↵� + 2imh (x)�5 (x)iA . (2.63)

The second term is the quantum version of the right-hand side of the classical equation (2.7).
The first term, however, is completely new and independent of the fermion mass. This means
that it survive the limit m ! 0 where the theory is classically invariant under chiral transfor-
mations. This spoils the Ward identity associated with the conservation of the axial current
and the corresponding symmetry is anomalous, i.e. broken by quantum e↵ects. This result is
the celebrated Adler-Bell-Jackiw anomaly [3, 4]

(p+ q)µi�µ↵�(p, q) =
ie

2~
2⇡2

✏↵���p
�
q
�
, (2.64)

or in position space

@µhJµ

A
(x)iA =

e
2~

16⇡2
✏
µ⌫↵�Fµ⌫F↵�. (2.65)

Here we have restored the powers of ~ to stress the quantum nature of the axial anomaly.
The calculation we have presented highlights the fact that the axial anomaly in QED is

the result of Bose symmetry and both Lorentz and gauge invariance, and is determined by
ultraviolet finite integrals. All ambiguities associated with the linearly divergent integral has
been fixed by requiring that the quantum theory satisfies the vector Ward identity at one
loop. The anomaly can be then calculated using any regularization scheme preserving gauge
invariance, such as Pauli-Villars or dimensional regularization4 (see, for example, [9, 8]). As we
have seen, the anomaly is independent of the particular method used as far as it preserves the
vector Ward identity.

4The use of dimensional regularization requires some care due to the problem of defining the chirality matrix
for general dimensions.
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infrared pole



Factorization scheme
To define the structure of the sub-eikonal correction one first needs to define the factorization scheme. Since 
we work in the small-x limit we use the rapidity factorization, where all fields are divided based on the value of 
the  componentp−
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Impact factor can be calculated by explicit integration over fast fields ( ), while slow fields ( ) are 
fixed and give rise to the operator

p− > σ p− < σ

fast fields
slow fields



Background field method
The separation of fields into “slow” and “fast” can be formally done in the background field method. We start 
with a matrix element of an arbitrary operator:
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and separate fields into fast (“quantum”) and slow (“background”): 
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as a result the matrix element can be rewritten as
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Õ(Abg, bg,�) =

Z
DAq

Z
D q

O(Aq +Abg, q +  bg)eiSbQCD(Aq, q;Abg, bg)

and the QCD action in the background fields is
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we fix background fields
integrate over quantum fields

Abbott (1981)



Propagators in the background field
Our goal is to perform integration over quantum fields which in general gives the following result
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Integration over quantum fields generates propagators in the background field.
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quark propagator:

Worldline representation of the propagator

background fields
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Eikonal expansion of the gluon propagator (axial gauge)
The general form of the propagators has to be simplified. We construct an eikonal expansion in the shock-
wave approximation of the propagators which is suited to the rapidity factorization
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Helicity evolution and sub-eikonal operators
We find that only two operators contribute to the helicity evolution. There is a genuine helicity dependent 
operator (e.g. see  term in the quark propagator) which gives an amplitude

Helicity evolution which includes this operator has been studied before (Kovchegov, Pitonyak, Sievert 
2016-2019), however the result didn’t match the DGLAP evolution (Bartels, Ermolaev and Ryskin 1996).

Note that this operator doesn’t 
contribute in the collinear limit
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Helicity evolution and sub-eikonal operators
We find another operator at the sub-eikonal level which generates the DGLAP evolution. This operator comes 
from the scalar phase in the propagator when we expand it onto the light-cone direction. In particular at small-
x this operator describes corrections due to non-zero width of the shock-wave.

This operator is related to the Jaffe-Manohar polarized gluon distribution. Can by obtained by expanding the 
exponential factor in the latter:
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The operator can be also rewritten as
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Sub-eikonal corrections and helicity dependent observables

Helicity dependent interaction 
via sub-eikonal operators
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where dipole amplitudes are integrated over impact 
parameter:
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Evolution in the rapidity factorization approach
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µ ,  bg !  ̂q +  ̂bg

Introduce a new scale  and redefine the background fields asσ′ 
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The result of integration yields an evolution equation of the 
following form
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Evolution diagrams
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Figure 3. Diagrams representing the evolution of the fundamental polarized dipole amplitude
Q10. The vertical shaded rectangle represents the shock wave. The square box on the gluon and
quark lines represents the sub-eikonal interaction with the target given by eq. (2.10) for gluons and
eq. (2.5) for quarks. The same square box, but with number 1 in it, on the quark line denotes the
interaction described by V pol[1]

1 only. The black circle denotes the sub-eikonal quark-gluon vertex

generated by the F 12 operator in eq. (2.7a), that is, by the F 12 part of V pol[1]
1 , which, in turn,

contributes to Q10 through eq. (4.1). All momenta flow to the right.

The propagator (4.3) is separated by the square brackets into the interaction with the

shock wave and two free-gluon propagators on either side of the shock wave. It neglects

the instantaneous terms in the free-gluon propagators in the light-cone perturbation theory

(LCPT) terminology [71, 72], which is justified since such terms do not generate longitu-

dinal logarithms, and, hence, do not contribute to the DLA evolution.

Substituting eq. (2.10) into eq. (4.3), summing over polarizations and integrating over

k2 and k2′ (except for k− = k−2 = k−2′) yields

0∫

−∞

dx−2′

∞∫

0

dx−2 aia
⊥ (x−2′ ,x1)a+b(x−2 ,x0)= (4.4)

=− 1
4π3

p−

2∫

0

dk−
[∫

d2x2ln
(

1
x21Λ

)
εijxj

20

x2
20

(Upol[1]
2 )ba−i

∫
d2x2d2x2′ ln

(
1

x2′1Λ

)
xi

20

x2
20

(Upol[2]
2,2′ )ba

]
.

The first term on the right of eq. (4.4) was obtained before in [33].

As can be seen from the diagrams I and I′, or II and II′ in figure 3, the propagator (4.4)

enters the evolution of Q10(zs) together with the similar propagator, with the x−-ordering

of the endpoints reversed, along with the color indices a, b of the gluon fields interchanged,

0∫

−∞

dx−2′

∞∫

0

dx−2 aib
⊥(x−2 ,x1)a+a(x−2′ ,x0)= (4.5)

=− 1
4π3

p−

2∫

0

dk−
[∫

d2x2ln
(

1
x21Λ

)
εijxj

20

x2
20

(Upol[1]
2 )ba+i

∫
d2x2d2x2′ ln

(
1
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)
xi

2′0

x2
2′0

(Upol[2]
2,2′ )ba

]
.

– 22 –

<latexit sha1_base64="rnBeHKpzO2o+/0qOPjZVGc5rzsQ="></latexit>

Q10(�) ⌘
1

2Nc

DD
T tr

h
V0 V

pol[1] †
1

i
+Ttr

h
V pol[1]
1 V †

0

i EE
(�)

sub-eikonal 
interaction

Similar 
diagrams for 

<latexit sha1_base64="pgku3lNkO0i1Gc0+mK7s1kmmrOI="></latexit>

Gi
10(�) ⌘

igP+

2sNc

DD
T tr

2

4V †
0

1Z

�1

dz� z�V1[1, z�]F+i V1[z
�,�1]

3

5+ c.c.
EE
(�)



Evolution equations
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which gives rise to the dipole amplitude . We construct an evolution equation for this amplitude as well. 
The evolution equations contain mixing between two types of operators.
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Evolution equations in the large  limitNc
We obtain a closed system of DLA evolution equations for helicity at large  (four equations in total)Nc
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where amplitudes , ,  and  parametrize operators with dipole amplitudes  and .G Γ G2 Γ2 Gi
10 Q10
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# + two similar equations for  and G2 Γ2

One can construct a numerical solution of these equations, which leads to a result which is consistent with 
the small-x DGLAP evolution and is in complete agreement with the result obtained in the infrared evolution 
equations (IREE) approach (see Bartels, Ermolaev and Ryskin 1996)

Cougoulic, Kovchegov, Tarasov, Tawabutr (2022)
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Summary
• We consider the problem of small Bjorken-x evolution of the gluon and 

flavor-singlet quark helicity distributions in the shock-wave formalism

• We obtain a complete set of the sub-eikonal corrections relevant to the 
small-x helicity evolution 

• We find that the evolution contains not only fields strength operator  and 
quark axial current , but also a sub-eikonal operator 

• The operator  is related to the Jaffe-Manohar polarized gluon 
distribution and has a meaning of the sub-eikonal (covariant) phase 

• We construct novel evolution equations mixing all three operators

• We also construct closed double-logarithmic evolution equations in the 
large-  and large-  limits

F12
ψ̄γ+γ5ψ Di − Di

Di − Di

Nc Nc & Nf
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