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• DIS paradigm: collinear factorization and DGLAP evolution


• Why small x ? A bit of Pomeron history


• BFKL evolution at small x 


• NLL BFKL and the problems with convergence


• Collinear resummation at small x 


• Parton saturation


• Nonlinear evolution equation. Saturation scale


• Impact parameter dependence(*) 

Lecture 1
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• Is BFKL needed ? DGLAP success


• Hints of small x physics in the structure function data


• Two-scales processes


• Forward jet  in DIS


•  at LEP


• Mueller-Navelet jets at pp collider


• Searching for saturation: small x and/or large A


• Diffraction at small x and nuclei

γ*γ*

Lecture 2
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Deep Inelastic Scattering
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Inelastic scattering off proton Elastic scattering off parton
(quark)

total energy of 

electron-proton 

system

total energy of 
photon-proton 
system

Photon virtuality 
resolving power

Bjorken x

Q2 = �q2

x =
Q2

2P · q ' Q2

Q2 +W 2

q(⇠Pµ)

e(kµ)
e(kµ1 )

�(qµ)
p(Pµ)

 has the interpretation of the longitudinal momentum fraction of the proton carried by the 
struck quark (in the frame where proton is fast)
x

x ' ⇠

<latexit sha1_base64="LfWD5xKc/9YB2XmCXLz0BAS48As="></latexit>

s�⇤p ⌘ W 2 = (p+ q)2
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sep = (p+ k)2
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Deep Inelastic Scattering: structure functions
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Inclusive DIS cross section for   (  charged lepton, , )lp → lX l Q2 ≪ M2
Z s ≫ M2

p
<latexit sha1_base64="ivAuzdkBOBhAZvY+tkwZMgG/zDQ="></latexit>

d2�

dxdQ2
=

2⇡↵2
em

Q4x
[(1 + (1� y)2)F2(x,Q

2)� y2FL(x,Q
2)]

structure functions
inelasticity

Structure functions encode all the information about the proton(hadron) structure
<latexit sha1_base64="ySxNs6OkiGUpka97ohPKFfsB4ug="></latexit>

FT (x,Q
2) = F2(x,Q

2)� FL(x,Q
2)
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FL(x,Q
2)

transversely polarized photons

longitudinally polarized photons

<latexit sha1_base64="qh3hJmoQrt2LTXhKHbFw4hcnJ+c="></latexit>

y =
p · q
p · k = Q2/(sx)

Often experiments give reduced cross section
<latexit sha1_base64="a6bcDLyxwSVqKIZnqzRSxqbNKqw="></latexit>

�r,NC =
d2�NC

dxdQ2

Q4x

2⇡↵emY+
= F2 �

y2

Y+
FL

Dominated by the  structure function except for large F2 y
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Y+ = 1 + (1� y)2
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Deep Inelastic Scattering at large Q2
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• Lepton undergoes wide angle scattering at high 

• Over short distance scale the struck parton 

interaction with the rest of target can be neglected

• Incoming parton can be approximately treated as free 

particle

• Single struck quark dominates since other partons 

are separated from it by hadronic scale 

Q2

∼ 1 fm ≫
1
Q

protonlepton

lepton proton
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Collinear factorization
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Parton densities: non-perturbative distributions in longitudinal 
momentum fractions  at a given scale z μ2

<latexit sha1_base64="uCj7MQiLjnAbj39x+BlvMOD+01U="></latexit>

Cj
2,L(x/z,Q

2/µ2,↵s) Coefficient functions: calculable order by order in perturbation theory
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fj(z, µ
2)
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F2,L(x,Q
2) = x

X

q

e2q
X

j

Z 1

x

dz

z
Cj

2,L(x/z,Q
2/µ2,↵s) fj(z, µ

2)

fj

Cj

γ∗

Schematic picture of 


collinear factorization in DIS

p
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Radiation in QCD

8

Parton model

pz

electron

quark

photon
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Radiation in QCD
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Parton model

pz

QCD radiation

pz
↵pz

(1� ↵)pz

electron

quark

photon

gluon
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Radiation in QCD
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Parton model

Pair production of sea quarks

pz

QCD radiation

pz
↵pz

(1� ↵)pz

electron

quark

photon

gluon
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Radiation in QCD
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Parton model

Pair production of sea quarks Gluon splitting

pz

QCD radiation

pz
↵pz

(1� ↵)pz

electron

quark

photon

gluon
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Radiation in QCD
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Parton model

Pair production of sea quarks Gluon splitting

pz

QCD radiation

pz
↵pz

(1� ↵)pz

QED like

QED like

electron

quark

photon

gluon
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Radiation in QCD

8

Parton model

Pair production of sea quarks Gluon splitting

pz

QCD radiation

pz
↵pz

(1� ↵)pz

QED like Unique to non-abelian theory

QED like

electron

quark

photon

gluon
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Radiation in QCD

9

More gluons

...and even more...



Small x physics: from HERA, through LHC to  EIC, CFNS-CTEQ School, Stony Brook, June 15-16, 2023

Radiation in QCD

9

More gluons

...and even more...



Small x physics: from HERA, through LHC to  EIC, CFNS-CTEQ School, Stony Brook, June 15-16, 2023

Radiation in QCD
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More gluons

Arbitrarily many gluon emissions

...and even more...

These emissions 
suppressed by powers of 
coupling constant but 
enhanced by large 
(kinematical) logarithms
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Collinear approach
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Q2 � k21? � k22? � k23? · · · � k2n?

Strong ordering in transverse momenta

Z Q2

µ2
0

dk21?
k21?

g2
Z k2

1?

µ2
0

dk22?
k22?

g2
Z k2

2?

µ2
0

dk23?
k23?

g2· · ·
Z k2

n�1?

µ2
0

dk2n?
k2n?

g2 '
✓
g2 log

Q2

µ2
0

◆n

Q2 ! 1

Resummation of large logarithms

Large parameter

 x is fixed

Q2

kn?

kn�1?

k2?

k3?
sγ*p

Probing small distances

�⇤N as a template

Focusing on gluon 
emissions
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DGLAP evolution
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DGLAP evolution equations for parton densities

Splitting functions calculated perturbatively

Q2

kn?

kn�1?

k2?

k3?
sγ*p <latexit sha1_base64="gXKghTnrqH61AnTA/HG3yNqpcgI="></latexit>

Pab(z,↵s) ⌘ Pb!a(z,↵s) =
↵s

2⇡
P (0)
ab (z) +

�↵s

2⇡

�2
P (1)
ab (z) +

�↵s

2⇡

�3
P (2)
ab (z) + . . .

LO NLO NNLO
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µ2 @

@µ2

✓
qi(x, µ2)
g(x, µ2)

◆
=

X

j

Z 1

x

dz

z

✓
Pqiqj (z,↵s) Pqig(z,↵s)
Pgqj (z,↵s) Pgg(z,↵s)

◆✓
qj(

x
z , µ

2)
g(xz , µ

2)

◆
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P (0)
qq (z) = CF

⇥ 1 + z2

(1� z)+
+

3

2
�(1� z)

⇤

<latexit sha1_base64="5FnGRH3Kf2SRI5czjjzrt8mCFZU="></latexit>

P (0)
qg (z) = TR

⇥
z2 + (1� z)2

⇤

<latexit sha1_base64="eNEmxttmIMzbm8xt8JZOnQwMBZU="></latexit>

P (0)
gq (z) = CF

⇥z2 + (1� z)2

z

⇤
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P (0)
gg (z) = 2CA

⇥ z

(1� z)+
+

1� z

z
+ z(1� z) + �(1� z)

11CA � 4nfTR

6

⇤

Leading order splitting functions

 : quark density,  : gluon densityqj g

Dokshitzer-Gribov-Lipatov-Altarelli-Parisi
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Successful description of HERA data
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H1 and ZEUS

xBj = 0.00005, i=21
xBj = 0.00008, i=20

xBj = 0.00013, i=19
xBj = 0.00020, i=18

xBj = 0.00032, i=17
xBj = 0.0005, i=16

xBj = 0.0008, i=15
xBj = 0.0013, i=14

xBj = 0.0020, i=13
xBj = 0.0032, i=12

xBj = 0.005, i=11
xBj = 0.008, i=10

xBj = 0.013, i=9
xBj = 0.02, i=8

xBj = 0.032, i=7
xBj = 0.05, i=6

xBj = 0.08, i=5

xBj = 0.13, i=4
xBj = 0.18, i=3

xBj = 0.25, i=2

xBj = 0.40, i=1

xBj = 0.65, i=0

Q2/ GeV2

σ
r,

 N
C

 x
 2

i

HERA NC e+p 0.5 fb–1
HERA NC e  p 0.4 fb–1–

√s = 318 GeV
Fixed Target

HERAPDF2.0 e+p NNLO
HERAPDF2.0 e  p NNLO–
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Figure 82: The combined HERA data for the inclusive NC e+p and e−p reduced cross sections
together with fixed-target data [107,108] and the predictions of HERAPDF2.0 NNLO. The
bands represent the total uncertainties on the predictions. Dashed lines indicate extrapolation
into kinematic regions not included in the fit.

129

Reduced cross section at HERA


Combined measurement H1 and ZEUS


Function of  for fixed Q2 x

Excellent description using DGLAP


HERAPDF parton densities

Scaling region : independent of Q2

Scaling violations



Small x physics: from HERA, through LHC to  EIC, CFNS-CTEQ School, Stony Brook, June 15-16, 2023

DGLAP parton densities
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Figure 25: The parton distribution functions xuv, xdv, xS = 2x(Ū+ D̄) and xg of HERAPDF2.0
NLO at µ2f = 10GeV

2 compared to those of HERAPDF2.0 NNLO on logarithmic (top) and
linear (bottom) scales. The bands represent the total uncertainties.
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Gluon density dominates at small x

NLO vs NNLO small x behavior

What happens at small x ?

Small x means large energy
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x =
Q2

Q2 +W 2
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W 2 = s�⇤p
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S-matrix and Regge limit

14

A(s, t)• Lorentz invariance

• crossing 

• unitarity

• analyticity

Properties of S matrix:

ex. 2 to 2 scattering



Small x physics: from HERA, through LHC to  EIC, CFNS-CTEQ School, Stony Brook, June 15-16, 2023

S-matrix and Regge limit

14

s ! 1 t = const

A(s, t)• Lorentz invariance

• crossing 

• unitarity

• analyticity

Properties of S matrix:

Regge limit:

Amplitude dominated by exchange of the Regge trajectory ↵(t) = ↵(0) + ↵0t

↵(t)

negative-t

A(s, t) ⇠ �̃(t)s↵(t)

ex. 2 to 2 scattering



Small x physics: from HERA, through LHC to  EIC, CFNS-CTEQ School, Stony Brook, June 15-16, 2023

S-matrix and Regge limit

14

s ! 1 t = const

A(s, t)• Lorentz invariance

• crossing 

• unitarity

• analyticity

Properties of S matrix:

Regge limit:

Amplitude dominated by exchange of the Regge trajectory ↵(t) = ↵(0) + ↵0t

↵(t)

  

negative-t

A(s, t) ⇠ �̃(t)s↵(t)

ex. 2 to 2 scattering
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Pomeron
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Pomeron: 

•  Reggeon with intercept greater than unity. 

•  Corresponds to the exchange of the vacuum quantum numbers. 

•  Dominates the cross section at asymptotically high energies

Donnachie, Landshoff
Soft Pomeron
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Figure 1: Fit to data for the total cross sections for pp and p̄p scattering. The data are taken from

the PDG compilation[16]. The Tevatron p̄p points are not included in the fit.

In our fit, we will assume that we can neglect the simultaneous exchange of two reggeons, RR, and the
exchange of a reggeon together with the pomeron, RP . So ε± should be regarded as effective powers.
We shall find that the best fit to the data gives values for them close to those from the Chew-Frautschi
plots quoted above, so justifying our assumption that the exchanges RR and RP are small.

As we have said, we do not know how to calculate the term PP . What is known[15] is that it
corresponds to a trajectory

αPP (t) = 1 + 2εP + 1
2α

′
P t (2a)

but that the contribution to the amplitude behaves not just as the simple power sαPP (t); there are
additional logarithmic factors in the denominator. Also, the normalisation is unknown. Our procedure
was to start with the eikonal form and adapt it until we achieved a good fit. Numerous variations of the
eikonal double-exchange form were tried, none of which were ideal. This led us to a PP contribution
of the form

X2
P

32π
e−

1
2 iπαPP (t) (2να′

P )
αPP (t)

[ A2

a+ α′
PL

e
1
2at +

(1−A)2

b+ α′
PL

e
1
2 bt

]

L = log(2να′
P )− 1

2 iπ (2b)

This contains the key ingredients of the eikonal, namely the trajectory, the logarithmic factor in the
denominator and the modification of the argument of the exponentials in the form factor. It differs
from the eikonal form only in that it does not include a cross term involving A(1 − A). Omitting
this term very significantly improves the fit. This should not be a surprise since, as we have said, the
eikonal has no theoretical justification. Indeed, it is quite surprising that this simple modification to
it works so well.

We must also include the term ggg corresponding to triple-gluon exchange. At large t, say for |t| > t0,

it behaves as[20]

g(t) = C
t30
t4

|t| > t0 (3a)

For |t| < t0 we fit this smoothly on to some function that does not diverge as t → 0. By trial and
error we arrived at

g(t) =
C

t0
e2(1−t2/t20) (3b)

3

↵P (t) = 1.11 + 0.165GeV�2t

However, such soft pomeron power behavior is 
potentially in conflict with Froissart bound which 
stems from unitarity requirements:

�tot(s)  C log2(s/s0)

Note: the exact value of the constant C is of crucial 
importance here.

Okun,Pomeranchuk;
Foldy,Peierls
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exchange of a reggeon together with the pomeron, RP . So ε± should be regarded as effective powers.
We shall find that the best fit to the data gives values for them close to those from the Chew-Frautschi
plots quoted above, so justifying our assumption that the exchanges RR and RP are small.

As we have said, we do not know how to calculate the term PP . What is known[15] is that it
corresponds to a trajectory

αPP (t) = 1 + 2εP + 1
2α

′
P t (2a)

but that the contribution to the amplitude behaves not just as the simple power sαPP (t); there are
additional logarithmic factors in the denominator. Also, the normalisation is unknown. Our procedure
was to start with the eikonal form and adapt it until we achieved a good fit. Numerous variations of the
eikonal double-exchange form were tried, none of which were ideal. This led us to a PP contribution
of the form
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This contains the key ingredients of the eikonal, namely the trajectory, the logarithmic factor in the
denominator and the modification of the argument of the exponentials in the form factor. It differs
from the eikonal form only in that it does not include a cross term involving A(1 − A). Omitting
this term very significantly improves the fit. This should not be a surprise since, as we have said, the
eikonal has no theoretical justification. Indeed, it is quite surprising that this simple modification to
it works so well.

We must also include the term ggg corresponding to triple-gluon exchange. At large t, say for |t| > t0,

it behaves as[20]

g(t) = C
t30
t4

|t| > t0 (3a)

For |t| < t0 we fit this smoothly on to some function that does not diverge as t → 0. By trial and
error we arrived at

g(t) =
C

t0
e2(1−t2/t20) (3b)

3

↵P (t) = 1.11 + 0.165GeV�2t

However, such soft pomeron power behavior is 
potentially in conflict with Froissart bound which 
stems from unitarity requirements:

�tot(s)  C log2(s/s0)

Note: the exact value of the constant C is of crucial 
importance here.

�tot ⇠ s↵P (0)�1

Okun,Pomeranchuk;
Foldy,Peierls
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Pomeron in QCD
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↵s ⌧ 1s � |t|

What is a Pomeron in QCD?

High energy limit

 in perturbative QCD:

Low-Nussinov model:

 2 gluon exchange

BFKL Pomeron

gluon ladder in the multi-Regge 
kinematics 
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Gluon emissions at small x

17
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BFKL evolution
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Resummation performed by BFKL evolution equation

K = ↵̄sKLLx + ↵̄2
sKNLLx + ↵̄3

sKNNLLx + . . .

Branching kernel (perturbative expansion)

QCD N=4 SYM

s

Q2

x

x1

x2

x3

xn

@fi(x,Q2)

@ log(Q2)
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X

j

Z 1
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dz

z
Pj!i(z)fj(

x

z
,Q2)compare with DGLAP-

collinear approach

Unintegrated, (transverse momentum 
dependent) gluon density
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Solution to BFKL
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Mellin space:

Mellin variables: � � ln k2
T � � ln 1/x
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Solution to BFKL
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Solution to BFKL
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BFKL vs DGLAP
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ln 1/x

DGLAP: evolution in ln Q2

BFKL: evolution  in ln 1/x
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Diffusion  into infrared

23

Random walk in transverse momenta

|kT |
transverse momentum

Diffusion of transverse momenta towards IR and UV. 

For large energies momenta can diffuse to low scales even when starting from large scales.
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Consider a process with two large scales (ex.  scattering) with 

Large comparable scales to suppress DGLAP, large rapidity for BFKL evolution, keep perturbative
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Diffusion into infrared with running coupling in BFKL

24

Effects of running coupling: 

‘pull’ towards the infrared region
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Large non-perturbative effects for large energies.
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NLL corrections to BFKL

25

NLL corrections to BFKL equation are large and negative

Main sources:


• running coupling (double poles)


• kinematical constraint (triple poles)


• DGLAP anomalous dimension (double poles)

�0(�) = 2 (1)�  (�)�  (1� �)LLx kernel in Mellin space

NLLx kernel in Mellin spaceBFKL kernel eigenvalue [4, 5] which has the following form

χ1(γ) = −
b

2
[χ2

0(γ) + χ′
0(γ)] −

1

4
χ′′

0(γ) −
1

4

(
π

sinπγ

)2 cos πγ

3(1 − 2γ)

(
11 +

γ(1 − γ)

(1 + 2γ)(3 − 2γ)

)

+

(
67

36
−
π2

12

)
χ0(γ) +

3

2
ζ(3) +

π3

4 sin πγ

−
∞∑

n=0

(−1)n
[
ψ(n + 1 + γ) − ψ(1)

(n + γ)2
+
ψ(n + 2 − γ) − ψ(1)

(n + 1 − γ)2

]
. (19)

It turns out that the collinear approximation (18) above reproduces the exact eigenvalue
(19) up to 7% [11,35] accuracy when γ ∈]0, 1[. This suggests that the collinear terms are the
dominant contributions in the NLL kernel.

In the following, we shall normally incorporate the shift of γ-poles in the form

χω
n(γ) = χω

nL(γ + ω
2 ) + χω

nR(1 − γ + ω
2 ) , (20)

where χω
nL (χω

nR) have only γ → −ω
2 (γ → 1+ ω

2 ) singularities of the type in Eq. (16). In this
way the collinear singularities are single logarithmic in both limits k $ k0 and k0 $ k, and
the energy scale dependent terms are automatically resummed. The modified leading-order
eigenvalue that we adopt has the following structure (compare (17)):

χω
0 = 2ψ(1) − ψ(γ + ω

2 ) − ψ(1 − γ + ω
2 ) , (21)

in the case of symmetric choice of energy scale ν0 = kk0. This form of the kernel was
considered previously in [39, 40]. It is obtained from the leading order BFKL kernel by
imposing the so-called kinematical (or consistency) constraint [41, 42, 43] which limits the
virtualities of the transverse momenta of the gluons in the real emission part of the kernel. The
origin of this constraint is the requirement that in the multi-Regge kinematics the virtualities
of the exchanged gluons be dominated by their transverse parts. The NLL contribution of
the resummed kernel, χω

1 was then [11] constructed by the requirement that the collinear
limit in Eq. (17) should be correctly reproduced, and the exact form of the NL kernel (19)
should be obtained also.

The final NLL eigenvalue function proposed in [10,11] reads

χω
1 (γ) = χ1(γ) +

1

2
χ0(γ)

π2

sin2 πγ

−A1(0)ψ
′(γ) − [A1(0) − b]ψ′(1 − γ)

+A1(ω)ψ′(γ + ω
2 ) + [A1(ω) − b]ψ′(1 − γ + ω

2 )

−
π2

6
[χ0(γ) − χω

0 (γ)] . (22)

The first line is the original NLL term χ1(γ) with the subtraction of the cubic poles which
come from the changes of the energy scale and which are resummed by the leading order
ω-dependent kernel (21). The second and third lines contain shifted collinear double poles,
and finally the last line contains the shifted single poles which additionally appear as an
artefact of the resummation procedure.

8



Small x physics: from HERA, through LHC to  EIC, CFNS-CTEQ School, Stony Brook, June 15-16, 2023

Collinear poles in NLL BFKL

26

But Ku
ω and Kl

ω are related to Kω by the ω-dependent similarity transformations (9a,9b),
so that the latter must have the following collinear structure

Kω(k, k′) ! ᾱs(k
2)



 1

k2

(
k′

k

)ω ( ᾱs(k2)

ᾱs(k′2)

)−
A1(ω)

b

Θ(k − k′) +

+
1

k′2

(
k

k′

)ω ( ᾱs(k2)

ᾱs(k′2)

)A1(ω)
b

−1

Θ(k′ − k)



 . (15)

In this expression one can see that the ω-dependence provided by
(

k<

k>

)ω
is essential, because

k>/k< can be a large parameter. We also keep the ω-dependence in A1(ω), in order to take
into account the full one-loop anomalous dimension.

By expanding in bᾱs the renormalisation group logarithms present in the collinear behav-
ior of Eqs. (14,15), we obtain the leading collinear singularities of the coefficient kernels Kω

n

in Eq. (10). This implies that, in γ-space, the corresponding eigenvalues have the following
structure

χω
n(γ) =

1·A1(A1 + b) · · · [A1 + (n − 1)b]

(γ + ω
2 )n+1

+
1·(A1 − b)A1 · · · [A1 − nb]

(1 − γ + ω
2 )n+1

, (16)

where the ω dependence of A1 is left implicit. Therefore the position of the γ → 0 (γ → 1)
poles is shifted by −ω

2 (+ω
2 ) for the kernel (15) with symmetrical scale choice ν0 = kk0.

Through this shift one is able to resum [9] the higher order γ-poles of the kernel that are due
to scale changing effects.

In fact, the leading and next-to-leading eigenvalues corresponding to this symmetrical
choice of scale have the collinear behavior

χω
0 (γ) !

1

γ + ω
2

+
1

1 − γ + ω
2

,

χω
1 (γ) !

A1(ω)

(γ + ω
2 )2

+
A1(ω) − b

(1 − γ + ω
2 )2

. (17)

Now, in order to obtain the NLL coefficient [11] in the ᾱs expansion one has to expand
in ω the term χω

0 (γ) to first order with subsequent identification ω → ᾱsχω=0
0 , and add the

χω=0
1 terms. The result for the NLL eigenvalue in the collinear approximation then reads

χcoll
1 (γ) =

[
ᾱsχ

ω
0 (γ)

∂χω
0

∂ω
+ χω

1

]

ω=0

= −
1

2γ3
−

1

2(1 − γ)3
+

A1(0)

γ2
+

A1(0) − b

(1 − γ)2
+ . . . . (18)

We note that the ω-dependent shift has generated cubic poles 1
γ3 , 1

(1−γ)3 which seem to imply

double logs log2 k2
<

k2
>

, but are actually needed with the choice of scale kk0 in order to recover

the correct Bjorken variable k2
>/s. The collinear terms with A1(ω) have instead generated

double poles 1
γ2 , 1

(1−γ)2 which correspond to single logs, log
k2

<

k2
>

.

The double and cubic poles at γ = 0 and γ = 1 so obtained are precisely those of the full
NLL BFKL kernel eigenvalue. In fact Eq. (18) is a collinear approximation to the full NLL
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Origin of NLL corrections in BFKL

27

NLLx kernel in Mellin space

Running coupling can be resummed into LL kernel

DGLAP anomalous dimension <latexit sha1_base64="glZLEQy3uDQhREvJhngMi2VGBCQ="></latexit>
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BFKL kernel eigenvalue [4, 5] which has the following form

χ1(γ) = −
b

2
[χ2

0(γ) + χ′
0(γ)] −

1

4
χ′′

0(γ) −
1

4

(
π

sinπγ

)2 cos πγ

3(1 − 2γ)

(
11 +

γ(1 − γ)

(1 + 2γ)(3 − 2γ)

)

+

(
67

36
−
π2

12

)
χ0(γ) +

3

2
ζ(3) +

π3

4 sin πγ

−
∞∑

n=0

(−1)n
[
ψ(n + 1 + γ) − ψ(1)

(n + γ)2
+
ψ(n + 2 − γ) − ψ(1)

(n + 1 − γ)2

]
. (19)

It turns out that the collinear approximation (18) above reproduces the exact eigenvalue
(19) up to 7% [11,35] accuracy when γ ∈]0, 1[. This suggests that the collinear terms are the
dominant contributions in the NLL kernel.

In the following, we shall normally incorporate the shift of γ-poles in the form

χω
n(γ) = χω

nL(γ + ω
2 ) + χω

nR(1 − γ + ω
2 ) , (20)

where χω
nL (χω

nR) have only γ → −ω
2 (γ → 1+ ω

2 ) singularities of the type in Eq. (16). In this
way the collinear singularities are single logarithmic in both limits k $ k0 and k0 $ k, and
the energy scale dependent terms are automatically resummed. The modified leading-order
eigenvalue that we adopt has the following structure (compare (17)):

χω
0 = 2ψ(1) − ψ(γ + ω

2 ) − ψ(1 − γ + ω
2 ) , (21)

in the case of symmetric choice of energy scale ν0 = kk0. This form of the kernel was
considered previously in [39, 40]. It is obtained from the leading order BFKL kernel by
imposing the so-called kinematical (or consistency) constraint [41, 42, 43] which limits the
virtualities of the transverse momenta of the gluons in the real emission part of the kernel. The
origin of this constraint is the requirement that in the multi-Regge kinematics the virtualities
of the exchanged gluons be dominated by their transverse parts. The NLL contribution of
the resummed kernel, χω

1 was then [11] constructed by the requirement that the collinear
limit in Eq. (17) should be correctly reproduced, and the exact form of the NL kernel (19)
should be obtained also.

The final NLL eigenvalue function proposed in [10,11] reads

χω
1 (γ) = χ1(γ) +

1

2
χ0(γ)

π2

sin2 πγ

−A1(0)ψ
′(γ) − [A1(0) − b]ψ′(1 − γ)

+A1(ω)ψ′(γ + ω
2 ) + [A1(ω) − b]ψ′(1 − γ + ω

2 )

−
π2

6
[χ0(γ) − χω

0 (γ)] . (22)

The first line is the original NLL term χ1(γ) with the subtraction of the cubic poles which
come from the changes of the energy scale and which are resummed by the leading order
ω-dependent kernel (21). The second and third lines contain shifted collinear double poles,
and finally the last line contains the shifted single poles which additionally appear as an
artefact of the resummation procedure.
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Triple poles: kinematical constraint and energy scales

28

x(1z − z), qT

x, kT

x
z , k

′
T

Figure 1: Schematic diagram representing gluon emission in the BFKL chain. x and x/z are
the longitudinal momentum fractions of the target’s momentum carried by the exchanged gluon.
kT ,k′

T and qT denote the two-dimensional transverse momenta of the exchanged gluons and the
emitted gluon respectively.

2 Kinematical constraints

In this section we shall review the origin and different forms of the kinematical constraints that
appear in the literature. The kinematical constraint in the initial state cascade at low x was
first considered in works [17, 41, 18].

We shall follow here closely the derivation presented in [19], where the kinematical constraint
was implemented both in BFKL and the CCFM equations [17, 41, 42, 43, 44]. The latter
evolution equation is based on the idea of coherence [45] that leads to the angular ordering of
the emissions in the cascade. The BFKL equation for the unintegrated gluon density in the
leading logarithmic approximation [10, 9, 8] can be written as

F(x, k2T ) = F (0)(x, k2T )

+ ᾱs

∫ 1

x

dz

z

∫

d2qT

πq2T

[

F
(x

z
, |kT + qT |2

)

− Θ(k2T − q2T )F
(x

z
, k2T

)]

, (1)

where function F(x, k2T ) is the small x unintegrated gluon density, kT and k′
T = kT + qT are the

transverse momenta of the exchanged gluons and qT is the transverse momentum of the gluon
emitted. The longitudinal momentum fractions of the exchanged gluons are x and x

z respectively.
The flow of the momenta in the BFKL cascade is illustrated in diagram Fig. 1. We will also
use the notation k2T ≡ k2

T for the squared transverse momenta for the rest of the paper. The
rescaled coupling constant is defined as ᾱs ≡ αsNc

π . In the leading logarithmic approximation
the integration over qT in the Eq. (1), is not constrained by an upper limit thus violating the
energy-momentum conservation. Thus for example in the context of the DIS process in principle
there should be a limit on the integration over the transverse momentum

Q2/x ∼ W 2 , (2)

where Q2 is the hard scale of the DIS process, x is the Bjorken variable and W 2 is the c.m.s
energy squared of the photon-proton system in DIS.

3
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In the Mellin space: shift of poles

29
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Scale choices

30

This is related to the scale choice in BFKL. Consider a high energy process

γ∗

γ∗

Impact factor

Impact factor

Gluon Green’s                
function

2 Renormalisation Group improved approach

The size of subleading corrections [4, 5] to the BFKL kernel K(k,k′) and the ensuing insta-
bilities [6, 7, 8] make it mandatory to understand the physical origin of the large terms and
possibly resum them. In a series of papers [9,10,11] (for a review see [35]) it was argued that
most of the large corrections were due to collinear contributions, so as to achieve consistency
of high-energy factorization [27] at subleading level [28] with the renormalisation group. This
requires resummation [9] of both the energy scale-dependent terms of the kernel [5] and of
the leading-log collinear logarithms [10] for both Q ! Q0 and Q " Q0, with Q, Q0 being
the hard scales of the process. In the following we summarize the approach of [11], which
incorporates both the renormalisation group requirements and the known exact forms of the
leading [1] and next-to-leading [4, 5] BFKL kernel. A resummation for anomalous dimen-
sions within a single collinear regime Q ! Q0 has been proposed in [12], and alternative
resummations in [13,14,15].

2.1 k-factorization and high-energy exponents

We consider a general process of scattering of two hard probes A and B with scales Q and
Q0 at high center-of-mass energy

√
s. We assume that the cross section can be written in the

following k-factorized form [27]:

σAB(s;Q,Q0) =

∫
dω

2πi

d2k

k2

d2k0

k2
0

(
s

QQ0

)ω

hA
ω (Q,k) Gω(k,k0) hB

ω (Q0,k0) (1)

where hA and hB are dimensionless impact factors which characterize the probes and ensure
that |k| (|k0|) is of order Q (Q0), and the gluon Green’s function is defined by

Gω(k,k0) = 〈k|[ω −Kω]−1|k0〉 . (2)

The function Kω is the kernel of the small-x equation of the general form

ωGω(k,k0) = δ2(k − k0) +

∫
d2k′

π
Kω(k,k′) Gω(k′,k0) . (3)

The factorization formula (1) involving two-(Regge)gluon exchange, has been justified up to
NL log s level in Refs. [28] for initial partons and in [29, 30] for physical probes. At further
subleading levels, many (Regge)gluon Green’s functions contribute to the cross section as
well, due to the s-channel iteration. However, our purpose here is to incorporate leading-
twist collinear behavior, and at that level the two-gluon contribution is dominant, so that we
shall consider only the contribution (1) in the following.

While k-factorization is supposed to be valid for αs ! ω " 1, we shall sometimes extra-
polate Eq. (1) to sizable values of ω = O(1) and moderate values of s, encouraged by the
stability of our resummation, and by the possibility of incorporating phase space thresholds
in Eq. (1) (cfr. Sec. 6). It should be kept in mind that such a region lies outside the validity
range of Eq. (1), so that the extrapolated Green’s function loses — most probably — its
original meaning as two-(Regge)gluon propagator.

In writing Eq. (1), we have performed the choice of energy scale s0 = QQ0, in terms of
which the high energy kinematics shows a simpler phase space, as explained in more detail
in Sec. 6. Actually, for intermediate subenergies it is more convenient to introduce as energy
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Different possible scale choices:
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DIS type configuration
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Triple poles: scale choice
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Shift of poles: triple poles
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Form of resummed kernel

33

CCSS resummation (RGI renormalization group improved small x evolution):

• Include kinematical constraint : leads to shifts of poles

• Include DGLAP splitting function and running coupling in the leading part

• Suitable subtractions to avoid double counting, guarantee momentum sum rule

• Motivation in Mellin space, final equation in the momentum space
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Figure 1: ωs as a function of αs for different subtraction schemes together with the original
result for the ω-expansion. The calculation is done in the fixed coupling case.

All resummed results for the intercept are significantly reduced in comparison with the LL
result and they all give stable predictions even for large values of ᾱs. As we see from the
plot, the changes of resummation procedure as well as subtraction scheme do not significantly
influence the values of ωs. They give at most 20% change at the highest αs ! 0.35. In Fig. 2
we show the effective kernel eigenvalue as a function of γ. We have considered here the
asymmetric ω-shift, which corresponds to the upper energy scale choice ν0 = k2. In this case
it is easy to show that close to γ = 0 the effective eigenvalues from scheme B and the original
ω-expansion [11] satisfy the momentum sum rule. This is illustrated in Fig. 2 by the fact that
ᾱsχeff(γ = 0, ᾱs) = 1 for all values of ᾱs in these schemes. This can be seen by expanding
around γ = 0, where we have

χω(γ, ᾱs) ∝
1 + ωA1(ω)

γ
(69)

which for γ = 0 gives ωA1(ω) = −1, which has the solution ω = 1. Note that a second fixed
intersection point of curves with different αs occurs at γ = 2. This is expected from energy-
momentum conservation3 in the collinear regime Q2

0 $ Q2, because of a behavior similar to
Eq. (69) around the shifted pole 1 + ω − γ = 0. This intersection has no counterpart in the
approach of Ref. [12].

We also examine the second derivative χ′′
eff(γ, ᾱs) which controls the diffusion properties

of the small-x equation, Fig. 3. As we see from the plot, the second derivative is more model-
dependent than the intercept ωs, though the two models A and B presented in this paper

3Such an intersection occurs in scheme A also (where momentum conservation is not satisfied) as an artefact
of the collision of the shifted pole at γ = 1 + ω with the unshifted one at γ = 2.
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Can the gluon density rise forever ? How fast ?
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Figure 25: The parton distribution functions xuv, xdv, xS = 2x(Ū+ D̄) and xg of HERAPDF2.0
NLO at µ2f = 10GeV
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linear (bottom) scales. The bands represent the total uncertainties.
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NLO at µ2f = 10GeV

2 compared to those of HERAPDF2.0 NNLO on logarithmic (top) and
linear (bottom) scales. The bands represent the total uncertainties.

72

very large density of gluons

Increase 
�

s



Small x physics: from HERA, through LHC to  EIC, CFNS-CTEQ School, Stony Brook, June 15-16, 2023

Gluon density at high energies

35



Small x physics: from HERA, through LHC to  EIC, CFNS-CTEQ School, Stony Brook, June 15-16, 2023

Gluon density at high energies

35

• Gluon recombination need to be taken into account in addition to the radiation 
of gluons at small x.



Small x physics: from HERA, through LHC to  EIC, CFNS-CTEQ School, Stony Brook, June 15-16, 2023

Gluon density at high energies

35

• Gluon recombination need to be taken into account in addition to the radiation 
of gluons at small x.

• On a more fundamental level it is related to the requirement of the unitarity of 
the strong interactions.



Small x physics: from HERA, through LHC to  EIC, CFNS-CTEQ School, Stony Brook, June 15-16, 2023

Gluon density at high energies

35

• Gluon recombination need to be taken into account in addition to the radiation 
of gluons at small x.

• On a more fundamental level it is related to the requirement of the unitarity of 
the strong interactions.

• Different approaches:



Small x physics: from HERA, through LHC to  EIC, CFNS-CTEQ School, Stony Brook, June 15-16, 2023

Gluon density at high energies

35

• Gluon recombination need to be taken into account in addition to the radiation 
of gluons at small x.

• On a more fundamental level it is related to the requirement of the unitarity of 
the strong interactions.

• Different approaches:

• Dipole splitting, evolution and multiple scattering.(Mueller,Kovchegov)



Small x physics: from HERA, through LHC to  EIC, CFNS-CTEQ School, Stony Brook, June 15-16, 2023

Gluon density at high energies

35

• Gluon recombination need to be taken into account in addition to the radiation 
of gluons at small x.

• On a more fundamental level it is related to the requirement of the unitarity of 
the strong interactions.

• Different approaches:

• Dipole splitting, evolution and multiple scattering.(Mueller,Kovchegov)

• Operator product expansion for high energy scattering.(Balitsky)



Small x physics: from HERA, through LHC to  EIC, CFNS-CTEQ School, Stony Brook, June 15-16, 2023

Gluon density at high energies

35

• Gluon recombination need to be taken into account in addition to the radiation 
of gluons at small x.

• On a more fundamental level it is related to the requirement of the unitarity of 
the strong interactions.

• Different approaches:

• Dipole splitting, evolution and multiple scattering.(Mueller,Kovchegov)

• Operator product expansion for high energy scattering.(Balitsky)

• Effective theory with renormalization group equation for the hadron wave 
function: Color Glass Condensate (CGC) (McLerran, 
Venugopalan,Kovner,Leonidov,Iancu,Jalilian-Marian,Weigert...).



Small x physics: from HERA, through LHC to  EIC, CFNS-CTEQ School, Stony Brook, June 15-16, 2023

Gluon density at high energies

35

• Gluon recombination need to be taken into account in addition to the radiation 
of gluons at small x.

• On a more fundamental level it is related to the requirement of the unitarity of 
the strong interactions.

• Different approaches:

• Dipole splitting, evolution and multiple scattering.(Mueller,Kovchegov)

• Operator product expansion for high energy scattering.(Balitsky)

• Effective theory with renormalization group equation for the hadron wave 
function: Color Glass Condensate (CGC) (McLerran, 
Venugopalan,Kovner,Leonidov,Iancu,Jalilian-Marian,Weigert...).

• These approaches have a common limit: Balitsky-Kovchegov (BK ) equation.



Small x physics: from HERA, through LHC to  EIC, CFNS-CTEQ School, Stony Brook, June 15-16, 2023

Gluon density at high energies

35

• Gluon recombination need to be taken into account in addition to the radiation 
of gluons at small x.

• On a more fundamental level it is related to the requirement of the unitarity of 
the strong interactions.

• Different approaches:

• Dipole splitting, evolution and multiple scattering.(Mueller,Kovchegov)

• Operator product expansion for high energy scattering.(Balitsky)

• Effective theory with renormalization group equation for the hadron wave 
function: Color Glass Condensate (CGC) (McLerran, 
Venugopalan,Kovner,Leonidov,Iancu,Jalilian-Marian,Weigert...).

• These approaches have a common limit: Balitsky-Kovchegov (BK ) equation.

• Both small x and large A (nuclear effects) can be addressed in this formalism.
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color chargep+

k+

p+ � k+

k+

⇢
fast quark

Separation of scales

(ordering in energies)

Renormalized charge

The effect of the additional gluon emission is to 
renormalize the effective color charge.

One gluon emission

Radiation of gluons: Bremsstrahlung 

p+

k+ k+
p+
1

p+ � p+
1 � k+

⇢0

probe(for example a quark-antiquark  
pair from the virtual photon in DIS)
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Fast  nucleus

p+

k+

k+

⇢
Single charge( source)

Many  charges (sources)

k+

Towards the non-linear equation
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Recombination vs multiple scattering
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Now the nucleus is at rest. The photon develops a small x wave function in 
terms of many quark-antiquark dipoles

Generating functional for dipoles

Wavefunction with
n dipoles:

z1

1−z1

k

p−k 1

1

p

,

,

Φ(n)(x0,x1,x2, . . . ,xn+1) = Φ(0) δ

δu(x2)
δ

δu(x3)
. . .

δ

δu(xn+1)
Z(x0,x1, z1, u)|u=0

probability of finding n dipoles at positions xk, k = 2, . . . , n.
Generating functional: Z(b01,x01, z1, u = 1) = 1

dZ(b01,x01, y, u)
dy

=
∫

d2x2x2
01

x2
20x2

12

[
Z(b01 +

x12

2
,x20, y, u)Z(b01 −

x20

2
,x12, y, u) − Z(b01,x01, y, u)

]

b01 ≡ x0+x1
2 , x01 ≡ x0 − x1 Nonlinear evolution equations in QCD – p.18/50

Multiple scattering

Need to construct the amplitude for scattering of dipoles on target.
One scattering

pp

Linear evolution

Multiple scatterings

pp

Nonlinear evolution

Dipole number densities:

n1(x01,x,b− b0, Y ) =
δ

δu(b,x)
Z(b01,x01, Y, u)|u=1

Generally for k dipoles:

nk = Πk
i=1

δ

δu(bi,xi)
Z|u=1

Nonlinear evolution equations in QCD – p.19/50

nucleus

Multiple scatterings of different 
components of the small x photon wave 
function on the nucleus. 

Multiple scattering in rest frame of the nucleus is viewed as recombination of gluons in 
the frame in which the nucleus moves very fast.

p multicolor limit
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Balitsky-Kovchegov equation

dN(b01,x01, Y )
dY

= ᾱs

∫
d2x2 x2

01

x2
20 x2

12

[
N(b01+

x12

2
,x20, Y )+N(b01−

x20

2
,x12, Y )

− N(b01,x01, Y ) − N(b01 +
x12

2
,x20, Y )N(b01 −

x20

2
,x12, Y )

]

N(b01,x01, Y ) - amplitude for dipole-hadron scattering
Evolution in Y = ln 1/x rapidity
Need to specify initial conditions
N (0)(b01,x01, Y = 0) which depend on
the target.
αs fixed −→ LLx approximation
b01 impact parameter of dipole, x01

size of the dipole
→ (4 + 1) dimensions

x0

x

x

b
1

01

01

 

Nonlinear evolution equations in QCD – p.22/50

Evolution equation for the dipole-hadron(nucleus) scattering amplitude:

Dipole amplitude is related to 
the unintegrated gluon density 
(impact parameter neglected)

f(x, kT )N(b, r, Y = ln 1/x)
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↵sNc

⇡
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r $ 1

kT

Linear term is the BFKL evolution
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= ᾱs

∫
d2x2 x2

01

x2
20 x2

12

[
N(b01+

x12

2
,x20, Y )+N(b01−

x20

2
,x12, Y )

− N(b01,x01, Y ) − N(b01 +
x12

2
,x20, Y )N(b01 −

x20

2
,x12, Y )

]

N(b01,x01, Y ) - amplitude for dipole-hadron scattering
Evolution in Y = ln 1/x rapidity
Need to specify initial conditions
N (0)(b01,x01, Y = 0) which depend on
the target.
αs fixed −→ LLx approximation
b01 impact parameter of dipole, x01

size of the dipole
→ (4 + 1) dimensions

x0

x

x

b
1

01

01

 

Nonlinear evolution equations in QCD – p.22/50

Evolution equation for the dipole-hadron(nucleus) scattering amplitude:

Dipole amplitude is related to 
the unintegrated gluon density 
(impact parameter neglected)

f(x, kT )N(b, r, Y = ln 1/x)

<latexit sha1_base64="M/W2BGRcNJk8agKoh8dlzneWT5U="></latexit>

@fg(x, kT )

@ ln 1/x
=

Z
d2k0T
⇡k02T

K(kT , k
0
T )fg(x, k

0
T )�

↵sNc

⇡
(fg(x, kT ))

2

<latexit sha1_base64="Xh1DvC374TCcZi3v7AXuiFlxziQ=">AAACCHicbVBNS8NAEN34WetX1KMHF4vgqSQi6rHoxWOFfkETwma7aZduNmF3opTQoxf/ihcPinj1J3jz37htc9DWBwOP92aYmRemgmtwnG9raXlldW29tFHe3Nre2bX39ls6yRRlTZqIRHVCopngkjWBg2CdVDESh4K1w+HNxG/fM6V5IhswSpkfk77kEacEjBTYRwp7gkWgeH8ARKnkAXuRIjR3x/kwaIwDu+JUnSnwInELUkEF6oH95fUSmsVMAhVE667rpODnRAGngo3LXqZZSuiQ9FnXUElipv18+sgYnxilh6NEmZKAp+rviZzEWo/i0HTGBAZ63puI/3ndDKIrP+cyzYBJOlsUZQJDgiep4B5XjIIYGUKo4uZWTAfE5AAmu7IJwZ1/eZG0zqruRdW9O6/Uros4SugQHaNT5KJLVEO3qI6aiKJH9Ixe0Zv1ZL1Y79bHrHXJKmYO0B9Ynz8+3Jog</latexit>

r $ 1

kT

Linear term is the BFKL evolution



Small x physics: from HERA, through LHC to  EIC, CFNS-CTEQ School, Stony Brook, June 15-16, 2023

Gluon density at high energies

40

Nonlinear evolution equation for dipole-hadron(nucleus) scattering amplitude
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= ᾱs

∫
d2x2 x2

01

x2
20 x2

12

[
N(b01+

x12

2
,x20, Y )+N(b01−

x20

2
,x12, Y )

− N(b01,x01, Y ) − N(b01 +
x12

2
,x20, Y )N(b01 −

x20

2
,x12, Y )

]

N(b01,x01, Y ) - amplitude for dipole-hadron scattering
Evolution in Y = ln 1/x rapidity
Need to specify initial conditions
N (0)(b01,x01, Y = 0) which depend on
the target.
αs fixed −→ LLx approximation
b01 impact parameter of dipole, x01

size of the dipole
→ (4 + 1) dimensions

x0

x

x

b
1

01

01

 

Nonlinear evolution equations in QCD – p.22/50



Small x physics: from HERA, through LHC to  EIC, CFNS-CTEQ School, Stony Brook, June 15-16, 2023

Gluon density at high energies

40

Nonlinear evolution equation for dipole-hadron(nucleus) scattering amplitude

Balitsky-Kovchegov equation

dN(b01,x01, Y )
dY

= ᾱs
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Linear term: gluon splitting (governed by BFKL), increase of the density
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Linear term: gluon splitting (governed by BFKL), increase of the density

Nonlinear term: gluon merging, slow down the growth of the density with 
the energy
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= ᾱs

∫
d2x2 x2

01

x2
20 x2

12

[
N(b01+

x12

2
,x20, Y )+N(b01−

x20

2
,x12, Y )

− N(b01,x01, Y ) − N(b01 +
x12

2
,x20, Y )N(b01 −

x20

2
,x12, Y )

]

N(b01,x01, Y ) - amplitude for dipole-hadron scattering
Evolution in Y = ln 1/x rapidity
Need to specify initial conditions
N (0)(b01,x01, Y = 0) which depend on
the target.
αs fixed −→ LLx approximation
b01 impact parameter of dipole, x01

size of the dipole
→ (4 + 1) dimensions

x0

x

x

b
1

01

01

 

Nonlinear evolution equations in QCD – p.22/50

Linear term: gluon splitting (governed by BFKL), increase of the density

Nonlinear term: gluon merging, slow down the growth of the density with 
the energy

Equilibrium: nonlinear term compensates the linear term.
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Nonlinear evolution equation for dipole-hadron(nucleus) scattering amplitude
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Nonlinear evolution equations in QCD – p.22/50

Gluon density saturates: parton saturation

Linear term: gluon splitting (governed by BFKL), increase of the density

Nonlinear term: gluon merging, slow down the growth of the density with 
the energy

Equilibrium: nonlinear term compensates the linear term.
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Dynamically generated 
saturation scale

Regulates the diffusion 
into infrared
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Saturation in perturbative QCD2316

The original approach to implement unitarity and rescattering e↵ects in high-energy hadron scattering was2317

developed by Gribov [56,192,215]. Models based on this non-perturbative Regge-Gribov framework are quite2318

successful in describing existing data on inclusive and di↵ractive ep and eA scattering (see e.g. [216,217] and2319

references therein). However, they lack solid theoretical foundations within QCD.2320

On the other hand, attempts have been going on for the last 30 years to implement parton rescattering2321

or recombination2 in perturbative QCD in order to describe its high-energy behaviour. In the pioneering2322

work in [195,218], a non-linear evolution equation in lnQ2 was proposed to provide the first correction to the2323

linear equations. A non-linear term appeared, which was proportional to the local density of color charges2324

seen by the probe (the virtual photon).2325

An alternative, independent approach was developed in [219], where the amplitudes for di↵ractive pro-2326

cesses in the triple Regge limit were calculated. This resulted in the extraction of the triple Pomeron vertex2327

in QCD at small x, which is responsible for the non-linear term in the evolution equations.2328

Later on these ideas were further developed to include all corrections enhanced by the local parton density,2329

to constitute what is called the Color Glass Condensate (CGC) [196–199,220–227] (see also the most recent2330

developments in [228–231]). The CGC provides a non-perturbative, but weak-coupling, realization of parton2331

saturation ideas within QCD. The linear limit of the basic CGC equation is the BFKL equation, which is2332

the linear evolution equation derived in the high-energy limit. As illustrated in Fig. 5.1, the evolution in the2333

lnQ2
� ln 1/x plane is driven by both linear equations: along lnQ2 for DGLAP and along ln 1/x for BFKL.2334

The basic framework in which saturation ideas are discussed is illustrated in Fig. 5.2. One is considering2335

the hadron wave function at high energy. Its partonic components can be separated into those partons with2336

a large momentum fraction x and those with small x. The large-x components form dilute systems and2337

provide color sources for the corresponding small-x components. Due to multiple splittings of the small-x2338

gluons, a dense system is eventually formed. One can then construct within this formalism an evolution2339

equation for the gluon correlators in the hadron wave function which is a renormalization group equation2340

with respect to the rapidity separating large- and small-x partons. This renormalization procedure assumes2341

perturbative gluon emissions from the large-x partons which imply a redefinition of the source at each step2342

in rapidity.2343

The mean field version of the CGC evolution equations, the Balitsky-Kovchegov (BK) equation [198,199],2344

provides a non-linear evolution equation for the so-called unintegrated gluon densities. These distributions,2345

unlike the standard integrated densities, contain the information about the transverse momenta of the2346

partons. They naturally appear in the theoretical formulations of small-x physics. A detailed description of2347

these distributions as well as the prospects of their precise determination at the LHeC through a variety of2348

processes are discussed in Subsec. 5.2.5.2349

It turns out that the BK approach results in a gluon density which, for a fixed resolution of the probe,2350

is saturated for small longitudinal momentum fractions x, whereas at large values of x, the non-linear2351

term is negligible. The separation between these two limits is given by a dynamically generated saturation2352

momentum Qs(x) which increases with decreasing x (c.f. Fig. 5.1), and therefore saturation is determined2353

by the condition Q < Qs(x). Then, for large energies or small x, the system is in a dense regime of high2354

gluon fields (thus non-perturbative) but the typical gluon momentum, ⇠ Qs, is large (thus the coupling2355

constant which determines gluon interactions is weak). The qualitative behaviour of the saturation scale2356

with energy and nuclear size can be argued as follows. The transition from a dilute to a dense regime occurs2357

when the packing factor (in this case, the product of the density of gluons per unit transverse area times the2358

gluon-gluon cross section) becomes of order unity i.e.2359

A⇥ xg(x,Q2
s)

⇡A2/3
⇥

↵s(Q2
s)

Q2
s

⇠ 1 =) Q2
s ⇠ A1/3Q2

0

✓
1
x

◆�

, (5.2)

where the growth of the gluon density at small x in the dilute system has been approximated by a power2360

law, xg(x,Q2) ⇠ x��, logarithms are neglected and the nucleus is considered a simple superposition of2361

2Note that the rescattering and recombination concepts correspond to the same physical mechanism viewed in the rest frame
and the infinite momentum frame of the hadron, respectively.
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where the growth of the gluon density at small x in the dilute system has been approximated by a power2360

law, xg(x,Q2) ⇠ x��, logarithms are neglected and the nucleus is considered a simple superposition of2361

2Note that the rescattering and recombination concepts correspond to the same physical mechanism viewed in the rest frame
and the infinite momentum frame of the hadron, respectively.
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Figure 1.3: Schematic view of the di�erent regions for the parton densities in the ln 1/x� lnA
plane, for fixed Q2. See the text for comments.

predicted. Ultimately, unitarity constraints become important and a ‘black body’ limit is ap-215

proached [8], in which the cross section reaches the geometrical bound given by the transverse216

proton size. When �s is small enough for quarks and gluons to be good degrees of freedom,217

“Parton saturation” e�ects are therefore expected to occur. In this limit, many striking observ-218

able e�ects are predicted, such as Q2 dependences which di�er fundamentally from the usual219

logarithmic variations and di�ractive cross sections approaching 50% of the total [31]. This220

fairly good phenomenological understanding of the onset of unitarity e�ects is, unfortunately,221

not very quantitative. In particular, the precise location of the saturation scale line in the DIS222

kinematic plane (figure 1.1) is to be determined experimentally. The search for unitarity e�ects223

has therefore been a major issue throughout the lifetime of the HERA project.224

Although no conclusive saturation signals have been observed in parton density fits to exist-225

ing HERA data, hints have been obtained, for example by studying the change in fit quality in226

the NNPDF NLO QCD PDF fit framework as low x and Q2 data are progressively omitted [?]227

(see section 1.1.2).228

A more common approach is to fit the data to dipole models [32–35], which are applicable229

at very low Q2 values, beyond the range in which quarks and gluons can be considered to be230

good degrees of freedom. The typical conclusion [35] is that HERA data in the perturbative231

regime do not exhibit any evidence for saturation. However, when data in the Q2 < 1 GeV2
232

region are included, only models which include saturation e�ects are successful.233

The ‘geometric scaling’ [36] feature of the HERA data (figure 1.4a) reveals that to good234

approximation the low x cross section is a function a single variable ⇥ = Q2/Q2
s(x), where235

Q2
s = Q2

0 x�� is the saturation scale, see Eq. (1.2). This parameterisation works well for236

scattering from both protons and heavy ions, as shown in figure 1.4 [?,37]. This feature supports237

For a nucleus there is an enhancement factor related to the nuclear size. The dense region is 
approached either by selecting larger nucleus and probing smaller impact parameters or by 
decreasing value of x.

Can search for saturation either:


➡ decreasing x


➡ DIS on nuclei


➡ combination of both
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has therefore been a major issue throughout the lifetime of the HERA project.224

Although no conclusive saturation signals have been observed in parton density fits to exist-225

ing HERA data, hints have been obtained, for example by studying the change in fit quality in226

the NNPDF NLO QCD PDF fit framework as low x and Q2 data are progressively omitted [?]227

(see section 1.1.2).228

A more common approach is to fit the data to dipole models [32–35], which are applicable229

at very low Q2 values, beyond the range in which quarks and gluons can be considered to be230

good degrees of freedom. The typical conclusion [35] is that HERA data in the perturbative231

regime do not exhibit any evidence for saturation. However, when data in the Q2 < 1 GeV2
232

region are included, only models which include saturation e�ects are successful.233

The ‘geometric scaling’ [36] feature of the HERA data (figure 1.4a) reveals that to good234

approximation the low x cross section is a function a single variable ⇥ = Q2/Q2
s(x), where235

Q2
s = Q2

0 x�� is the saturation scale, see Eq. (1.2). This parameterisation works well for236

scattering from both protons and heavy ions, as shown in figure 1.4 [?,37]. This feature supports237

For a nucleus there is an enhancement factor related to the nuclear size. The dense region is 
approached either by selecting larger nucleus and probing smaller impact parameters or by 
decreasing value of x.

Saturation in perturbative QCD2316

The original approach to implement unitarity and rescattering e↵ects in high-energy hadron scattering was2317

developed by Gribov [56,192,215]. Models based on this non-perturbative Regge-Gribov framework are quite2318

successful in describing existing data on inclusive and di↵ractive ep and eA scattering (see e.g. [216,217] and2319

references therein). However, they lack solid theoretical foundations within QCD.2320

On the other hand, attempts have been going on for the last 30 years to implement parton rescattering2321

or recombination2 in perturbative QCD in order to describe its high-energy behaviour. In the pioneering2322

work in [195,218], a non-linear evolution equation in lnQ2 was proposed to provide the first correction to the2323

linear equations. A non-linear term appeared, which was proportional to the local density of color charges2324

seen by the probe (the virtual photon).2325

An alternative, independent approach was developed in [219], where the amplitudes for di↵ractive pro-2326

cesses in the triple Regge limit were calculated. This resulted in the extraction of the triple Pomeron vertex2327

in QCD at small x, which is responsible for the non-linear term in the evolution equations.2328

Later on these ideas were further developed to include all corrections enhanced by the local parton density,2329

to constitute what is called the Color Glass Condensate (CGC) [196–199,220–227] (see also the most recent2330

developments in [228–231]). The CGC provides a non-perturbative, but weak-coupling, realization of parton2331

saturation ideas within QCD. The linear limit of the basic CGC equation is the BFKL equation, which is2332

the linear evolution equation derived in the high-energy limit. As illustrated in Fig. 5.1, the evolution in the2333

lnQ2
� ln 1/x plane is driven by both linear equations: along lnQ2 for DGLAP and along ln 1/x for BFKL.2334

The basic framework in which saturation ideas are discussed is illustrated in Fig. 5.2. One is considering2335

the hadron wave function at high energy. Its partonic components can be separated into those partons with2336

a large momentum fraction x and those with small x. The large-x components form dilute systems and2337

provide color sources for the corresponding small-x components. Due to multiple splittings of the small-x2338

gluons, a dense system is eventually formed. One can then construct within this formalism an evolution2339

equation for the gluon correlators in the hadron wave function which is a renormalization group equation2340

with respect to the rapidity separating large- and small-x partons. This renormalization procedure assumes2341

perturbative gluon emissions from the large-x partons which imply a redefinition of the source at each step2342

in rapidity.2343

The mean field version of the CGC evolution equations, the Balitsky-Kovchegov (BK) equation [198,199],2344

provides a non-linear evolution equation for the so-called unintegrated gluon densities. These distributions,2345

unlike the standard integrated densities, contain the information about the transverse momenta of the2346

partons. They naturally appear in the theoretical formulations of small-x physics. A detailed description of2347

these distributions as well as the prospects of their precise determination at the LHeC through a variety of2348

processes are discussed in Subsec. 5.2.5.2349

It turns out that the BK approach results in a gluon density which, for a fixed resolution of the probe,2350

is saturated for small longitudinal momentum fractions x, whereas at large values of x, the non-linear2351

term is negligible. The separation between these two limits is given by a dynamically generated saturation2352

momentum Qs(x) which increases with decreasing x (c.f. Fig. 5.1), and therefore saturation is determined2353

by the condition Q < Qs(x). Then, for large energies or small x, the system is in a dense regime of high2354

gluon fields (thus non-perturbative) but the typical gluon momentum, ⇠ Qs, is large (thus the coupling2355

constant which determines gluon interactions is weak). The qualitative behaviour of the saturation scale2356

with energy and nuclear size can be argued as follows. The transition from a dilute to a dense regime occurs2357

when the packing factor (in this case, the product of the density of gluons per unit transverse area times the2358

gluon-gluon cross section) becomes of order unity i.e.2359

A⇥ xg(x,Q2
s)
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where the growth of the gluon density at small x in the dilute system has been approximated by a power2360

law, xg(x,Q2) ⇠ x��, logarithms are neglected and the nucleus is considered a simple superposition of2361

2Note that the rescattering and recombination concepts correspond to the same physical mechanism viewed in the rest frame
and the infinite momentum frame of the hadron, respectively.
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2Note that the rescattering and recombination concepts correspond to the same physical mechanism viewed in the rest frame
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➡ decreasing x


➡ DIS on nuclei


➡ combination of both
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Solution to the BK equation (no impact parameter dependence)
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Bonus: impact parameter dependence and small x

44
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Impact parameter dependence

45

•The target has infinite size.

•Local approximation suggests that the system 

becomes more  perturbative as the energy grows.

•But this cannot be true everywhere (IR in QCD)


???

Usual approximation:
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Impact parameter representation
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Figure 1: Fit of the TOTEM data – dotted and dash-dotted curves. Dotted curve is calculated with parameter ρ(s, 0) =
0.107 and dash-dotted curve with ρ(s, 0) = 0.148

3

Impact parameter amplitude provides information about the unitarity limit.

Why do we care about impact parameter?

Impact parameter profile can provide the information how close the amplitudes are to the unitarity limit. 
Important to address the issue of correlations and  in the double parton scattering context.

Impact parameter representation for total, elastic and inelastic

Unitarity limit:
7

FIG. 6: Left: The real part of the profile function Re�(b) as a function of the impact parameter (b) at di↵erent
p
s. Right:

Power growth exponent � as a function of b for various reference
p
s pairs.

the experimental uncertainties as uncorrelated. The fit to all data in the scaling variables leads to N0
1 = 10.40± 0.04p

mb GeV�1 , N0
2 = 0.49±0.01

p
mb GeV�1, B0

1 = 5.78±0.17 GeV�2, B0
2 = 1.427±0.014 GeV�2 and � = �2.68±0.01

rad. We fix ✓ = �0.09 rad to satisfy ⇢(t = 0) = Re(A)/Im(A) = 0.10 at high energies, as measured by the TOTEM
experiment. The fit in the whole t⇤⇤ range yields �2/ndof = 8.7 (599 data points). This tension is expected in
this analysis, and is driven by the mismodeling of the low-|t| region (there’s no Coulomb-nuclear interference term
in our fits) and the imperfections of scaling at low-|t|. In the dip and bump region, we have �2/ndof = 1.08 for
0.2 < t⇤⇤ < 1.5 (476 data points). The TOTEM data together with the results of the fit are shown in Fig. 5, left. On
Fig. 5, right, we display the values of d�/d|t| as predicted from the fit (|t| dependence) and scaling (s dependence).

We now turn to the calculation of Re(�(s, b)). The Fourier–Hankel transform of a gaussian is exact
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thus, the profile function is a sum of gaussians in b
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We define the power energy exponent � to characterize the s-dependence of the profile function in impact parameter
space as follows,
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Gribov

Emission of particles, with some transverse momenta 

leads to the diffusion in impact parameter space. Rapidity  plays a role of 
`time’

η

parton distribution in the plane perpendicular to the momentum !p. For that
purpose it is convenient to transform from Ψn(k1⊥, η1, k2⊥, η2, . . . kn⊥, ηn) to the
impact parameter representation Ψn(!ρ1, η1, !ρ2, η2, . . . !ρn, η):

Ψn(!ρn, ηn) =
∫

ei
∑

ki⊥ρiΨ(ki⊥, ηi)δ(
∑

k⊥i)(2π)2
∏ d2ki

(2π)2
. (10)

Let us rank the partons in the order of their decreasing rapidities. Consider a
parton with the rapidity η ! ηp and let us follow its history from the initial
parton. Initially, we will assume that it was produced solely via parton emissions
(Fig.9).

ρ η

Figure 9. Figure 10.

In this case it is clear that if the transversal momenta of all partons are of the
order of µ, than each parton emission leads to a change of the impact parameter
!ρ by ∼ 1

µ . If n emissions are necessary to reduce the rapidity from ηp to η, and

they are independent and random, (∆ρ)2 ∼ n. If every emission changes the
rapidity of the parton by about one unit, then

(∆ρ)2 = γ(ηp − η). (11)

Hence, the process of the subsequent parton emissions results in a kind of diffusion
in the impact parameter plane. The parton distribution in ρ for the rapidity η

11

kT1, ⌘1

kT2, ⌘2

kTn, ⌘n
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• Saturation for small impact parameters

• No saturation for large impact parameters (system is still dilute)

• Initial impact parameter profile is not preserved

• Power tail in impact parameter is generated

It was argued that the nonlinear equation leads to saturation but there will be long 
Coulomb tails due to the massless gluons.
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Figure 6: The amplitude N(r, b, Y ) as a function of impact parameter b for different values
of rapidity Y . The dipole size and orientation are fixed, r = 0.1 and cos θ = 0. The dashed
line is the input distribution (14) with the profile (15).

at large impact parameter b, in the area where the colour field is very weak. In that case
one has U(x) ! U(y) ! 1 and thus N(x,y) ! 0.

The non-vanishing contribution to the r.h.s of equation (2) comes from configurations
of large dipoles with one end-point situated at x, and the other at z, close to the center of
the target where the field is strong. The phase in eikonal (4) oscillates strongly and thus
〈U(z)〉 ! 0. Therefore N(x, z) ! N(y, z) ! 1, and this configuration gives

∫

d2z
(x − y)2

(x − z)2(y − z)2
(Nxz + Nyz − Nxy − NxzNyz) !

r2

b4

∫

d2z !
r2

b4
πR2

0(Y ) (22)

where πR2
0(Y ) is the area of strong field in the target over which we integrate. Strictly

speaking the statement that N(x, z) = 1 for the configuration considered above is valid
only at very high rapidities. Due to the initial conditions (14) at intermediate rapidities
there will be always such b, large enough, for which these configurations will have N(x, z) <
1, however always N(x, z) % N(x,y).

In order to check this statement numerically we perform only one iteration of the BK
equation with very small step in rapidity ∆Y = 0.1, Eq. (12), and divide the integration
region into two parts: |z − b| < r0 and |z − b| > r0 with the cutoff r0 = 1 for the choice

13

Kovner,Wiedemann

power tail

Perturbative LL QCD gives leads to the power tails: lack of confinement, conformal invariance


