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We	measure	nucleon	matrix	elements	using	2+1	flavor	of	chirally-symmetric	domain	wall	fermions.	

For	(i)	form	factor,	and	(ii)	proton	decay	matrix	elements,		

we	compute	them	at	the	physical	point	(mπ=140MeV)	on	48^3	x	96	la_ce	(Lmπ=3.86).	

For	(iii)	we	compute	it	on	32^3	x	64	la_ce	(mπ	~	170	MeV)	and	take	a	chiral	extrapolabon.	

Gauge	ensembles	are	generated	by	RBC/UKQCD	collaborabons.

	Our	goal

Understand	nucleon	structure	and	probe	BSM	physics		

(i)	Nucleon	vector	and	axial-vector	form	factors			

(ii)	Proton	decay	matrix	element		

(iii)	Electric	dipole	moments	induced	by	quark	chromo-electric	dipole	moments
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Electromagnetic	form	factor	of	Nucleon

Electromagnetic form factors from EM current matrix element
between on-shell nucleons (three-point correlation function)

hN(~p
f

)|V EM
µ |N(~p

i

)i = ū(~p
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2+1 Möbius DWF, physical point, 483 ⇥ 96 (a=0.114 fm)
[Blum et al., 2014]
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No disconnected diagrams, low statistics [Syritsyn et al., 2015]

Proton radius given by slope at Q = 0
6

2+1	Mobius	DWF,	Physical	point,	48	x	96	(a=0.114	fm,	Lmπ=3.86)	

No	disconnected	diagram	calculation,	statistics	is	not	good.	
A	large	excited	state	contamination	is	observed.

[Sergey,	et	al.	2015]



The	axial	charge	radius	is	an	important	parameter	for	precision	
measurement	of	neutrino	scattering	off	nucleons.

[Sergey,	et	al.	2015]

Axial form factors
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[Syritsyn et al., 2015]
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(Q2) important for precision neutrino experiments
(NoVA, MicroBooNE, DUNE)

7

gA = GA(0)

(a)

0 2 4 6 8 10 12
�

0.0

0.5

1.0

1.5

2.0

g A

T = 8a

T = 9a

T = 10a

T = 12a

summ

(b)

Figure 5. Plateaus of vector (a) and axial (b) charges of the nucleon. The leftmost point
represents the “summation” value.

plateaus, their central plateau average values and the values obtained with the summation
method [7] (applied to data with all the four separations T ). Although we have not calculated
renormalization factors for the momentum fraction for this ensemble, we can use the factors
from earlier calculations with Domain Wall fermions with heavier pion masses and the identical
lattice spacing [9] to convert bare quantities to the MS scheme at 2 GeV. The nucleon isovector
quark momentum fraction is known to have substantial contributions from excited states (see,
e.g. [1, 11, 12]), and lattice QCD results typically overestimate experiment by 30-60%. Our
initial values for shorter separations also significantly deviate from experiment, while the longest
separation T/a = 12 has insu�cient precision to investigate whether it is excited states that
cause this systematic e↵ect. The “summation” method yields a value that is consistent with
experiment by virtue of its larger statistical uncertainty.

The vector charge plateaus agree for all separations, and we use the central value at T = 8a

as an approximate renormalization factor for the vector and axial-vector current operators,
ZA = ZV =

�
gV

��
T=8a

��1

. The value of the axial charge gA is below the experimental value
gA = 1.2723(23) [13]. We note that the deviation from the experiment is (2 . . . 3)�, and it
can still be attributed to a statistical fluctuation. In addition, the plateaus indicate significant
excited state contamination. Although the value from the summation method (Fig. 5(b)) agrees
with experiment, the central plateau values move away from it with increasing separation T ,
a behavior that was also observed in other studies close to the physical point [1]. Additional
statistics and careful analysis of excited states are required to understand this phenomenon.

The statistics are not yet su�cient to analyze the form factors to extract the radii reliably,
especially with larger separations. Since no chiral extrapolation is needed, it is more informative
to compare the form factors directly to experiment. In Figure 6 we show the isovector Dirac
and Pauli form factors in the region of small momentum transfer 0  Q

2 . 0.6 GeV2, together
with phenomenological fits of experimental data [14]. The Dirac form factor at small separations
T/a = 8, 9, 10 deviates from the experiment, while the values at the largest separation T/a = 12,
as well as the “summation” value, agree within statistics. This indicates that the deviations
are likely caused by excited state contributions, in agreement with earlier findings that the
isovector Dirac radius is subject to large excited state e↵ects [1], although more statistics are
necessary to make a certain conclusion. The isovector Pauli form factor is in better agreement
with phenomenology, although its values are even less precise and the “summation” method

4

Axial	form	factor	of	Nucleon

hN |AEM
µ |N̄i = GA(q

2)�µ�5 +
iGP (q2)

2mN
�5q⌫



Statistical	improvement	for	Nucleon	form	factor

Increase	#	of	Eigenvectors,	in	all-mode	averaging	AMA,		
500	[Blum,	et	al.	2013]	->	2,000		
#	of	measurement	per	configs.	32	->	32	x	4	(coherent)	=	128	
#	of	configs	20	->	100	
(We	use	coherent	sequential	trick	[LHP,		K.	Orginos,	et	al.])	

Goal	:	4%	statistical	error	on	gA	and	10%	axial	charge	radius	at	the	physical	point.	
Having	3	different	time	separations	between	sink	&	source,		
we	will	carry	out	a	careful	study	of	the	excited	state	contamination.	
Finite size correction should be sufficiently small compared to the target 
nucleon quantities (mπL = 3.86).



2.Proton	decay	matrix	elements  
[	E.	Shintani,	et	al.	]

Calculation	done	on	Mπ	>=	300	MeV,	extrapolated	linearly	in	quark	mass	and	q2	.					
Calculation	@	Mπ=140	MeV	is	proposed.		The	chiral	bag	model's	prediction	of	orders	of	

magnitude	suppression	at	a	small	quark	mass	[A.	Martin	and	G.	C.	Stavenga,	2012]



3.	Nucleon	EDM	matrix	elements	

We	will	calculate	these	nucleon	matrix	element	for	CP-odd	operators	

L =
�̄

64�2
GG̃, �̄ = � + arg det M

L = dqEDMq̄(� · F )�5q + dcEDMq̄(� · G)�5q + · · ·

Our	primary	target	:	chromo	EDM	(cEDM)	nucleon	matrix	element	

The	cEDM	is	a	low-energy	effecbve	interacbon	which	is	induced	by	BSM	physics		
The	(c)EDM	may	be	in	the	discovery	reach	of	future	EDM	measurement	
experiments.	

DWF	:	Chiral	symmetry	is	very	important		
No	mixing	with	mass-proporbonal	chromo-magnebc	dipole	(clover)	term		
c.f.	Wilson	fermions	

•



We	will	calculate	4-point	function	with	cEDM	operator	and	
electromagnetic	current	(9	different	types	of	diagrams)

We	use	sequential-source	for	propagators	for	cEDM	insertions	(X)															
and	EM	current	(⚫ ).	
For	cEDM	three-	and	four-	point	functions,	we	have	cross-checked	against	
background	method	with	quark	propagator	
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Figure 1: (Top) Fully connected four-point correlator contractions with chromo-EDM in-
sertions. (Bottom) Singly- and doubly-sequential quark propagators required to compute
the connected 4-point correlators; propagators E and G are evaluated together.

of required “forward propagators” (no insertions of the quark current) is 2 because of the
m

u

= m
d

symmetry, while the number of the backward propagators (with an insertion of
the quark current  ̄� ) is N

pol

N
 

(1+N
q

). In order to extract the parity-mixing angles ↵
q

,
we will also compute nucleon correlation functions with insertions of quark chromo-EDM
operators, separately for u and d quarks.

2.2 Summary of the current status in cEDM project

All the needed ingredients have been implemented, tested, and tuned in Qlua:

• e�cient code for the zMobius operator as an extension of MDWF (A. Pochisky);

• MADWF functionality;

• contractions for cEDM three- and four- point functions, cross-checked against ap-
proximate background method with quark propagator /D

�1 ! ( /D + ✏O)�1 ⇡ /D
�1 �

✏ /D
�1O /D

�1

;

• nucleon source smearing study and optimization were performed in 2011;

Since correlators with cEDM operators are expected to have large stochastic uncer-
tainties due to gauge noise, we have studied how various gauge smearings influence the
correlator variance. For this study, we computed the nucleon correlator with the insertion
of the cEDM operator varying the smearing of the gauge field used in the construction
of the latter. This correlator is necessary to extract the mixing (3) between positive and
negative parity nucleon states. Since the purpose of this calculation was to gauge the
noise caused by the cEDM operator, we fixed the nucleon source and sink separation to
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Preliminary	study	:	CP	mixing	angle	(α)	induced	by	cEDM	operator	

cEDM induces mixing, requires subtraction as before
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Figure 2: The magnitude (left) and the stochastic noise (right) of the correlator in Eq.(3)
with the u-quark chromo-EDM operator depending on the time coordinate of the cEDM
insertion and the number of HEX smearing steps applied to the gauge field. The nucleon
source is at t = 0 and the nucleon sink is at t = 8a. Statistics is 512 exact + 16 sloppy
samples on 16 gauge configurations.

T = 8a ⇡ 1.13 fm and varied the time coordinate of the cEDM insertion (see Fig. 2). Sur-
prisingly, gauge field smearing does not have any e↵ect on the gauge noise; we hope that
this will also hold for the gradient flow and the operators smeared with a wide range of
gradient flow times will not su↵er from increased noise. It is reassuring that the stochastic
precision for ↵

u

is approximately 12% with only 512 sloppy samples on 16 gauge configu-
rations. An analogous study is underway for the cEDM operator with the application of
gradient (Wilson) flow for a range of flow times, from which we will select the three values
the flow time for the renormalization study.

3 Proton decay matrix elements

This study is aimed at further improvement of precision of proton decay matrix elements.
In 2014, proton decay matrix element was computed on a lattice directly [11] in N

f

= 2+1
flavor QCD without any e↵ective theory (i.e. BChPT [12]). Although there are no longer
uncertainty associated with model parameters, lattice uncertainties are still rather large,
which makes it di�cult to constrain the allowed region of GUT theories.

Proton decay matrix elements are matrix elements of e↵ective baryon number violat-
ing operators |�B| = 1 The lowest dimension e↵ective operators can be constructed and
classified starting from color-singlet 3-quark operators:

O��
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�

qj)P
�
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where P
R,L

= (1±�
5

)/2 are chiral projectors and qi,j,k are u, d, or s quarks. Using SU(2)
f

symmetry and parity, the total number of independent operators that we need to calculate
can be reduced to 12 (see Fig. 3), all of which we plan to calculate in this project.

5

Preliminary smearing test. Wilson flow test underway.

Ongoing calculation HOKUSAI, USQCD
2+1 DWF-I-DSDR, 323, 170 MeV pion ensemble
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Test	of	cEDM	operator	smearing.	
cEDM	operator	insertion	time	(t_cedm)	dependence	of	Nucleon	2pt	function.		
Left:	HEX	smearing,	Right:	Wilson	flow	smearing		
t_source=0,	t_sink=8	



Preliminary	study	:	CP	mixing	angle	(α)	induced	by	cEDM	operator	

Wilson	flow	time	dependence	of	total	result	and	its	error.	
Ongoing	calculation:	current	USQCD	allocation,		
2+1	DWF,	32x64,	170	MeV	pion	ensemble	
Study	of	the	renormalization	scheme	using	Wilson	flow	is	underway.

cEDM induces mixing, requires subtraction as before
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with the u-quark chromo-EDM operator depending on the time coordinate of the cEDM
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source is at t = 0 and the nucleon sink is at t = 8a. Statistics is 512 exact + 16 sloppy
samples on 16 gauge configurations.
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(tWF = 0.02⇥N)
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Mobius:	Choose	s-dependent	αs	for	MinMax	polynomial	
[R.Brower,	H.Neff,	K.Orginos	(2006)]

zMobius:	approximate	sea	operator	with	  
complex	αs		and	the	shortest	L5=8...12	possible	  
[T.	Blum,	T.Izubuchi,	S.	Syritsyn,	in	prep.]
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smaller	eigenvectors	for	5D	deflabon	

accelerabon	of	exact	solve	through	 
iterabve	refinement	("zMADCG")

zMobius	accelerabon	of	chiral	fermions
Effecbve	4d	"overlap"	operator

10�1010�910�810�710�610�510�4

internal solver tolerance ✏

10�5

10�4

10�3

10�2

10�1

100

101

|x
�

x
⇤ |/

|x
⇤ |

Shamir L5 = 32
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» On	Physical	point	ensemble,	48	cube	DWF,	

» ~	20	k		CG	iteration	with	Ls=24	DWF	

» Becomes	~220	CG	iteration	with	Ls=10	zMobius,	sloppy	solve	

» This	is	roughly	equivalent	to		 
			5.6	k	Wilson-mult,	or	2.8	k	Wilson	CG	iteration	

» One	overlap	~	600	Wilson	polynomial	to	construct.		Cost	of	
sloppy	zMobius	solve	is	equivalent	of		 
				5.6	/	(2*0.6)	=	4.7		outer	CG	of	overlap.	  
If	low-precision	outer	CG	of	overlap	is	50,		zMobius	is	more	than	
10	times	faster.	

» We	will	consider	low	mode	substitutions	of	ChiQCD	to	further	
reduce	cost,	thanks	to	SPC

Cost	of	One	Solve	 
zMobius	vs	Overlap



Total	compubng:		46.21	M	Jpsi	core	hours	on	Fermilab	clusters		
512	TB	tape	storage,	equivalent	to	1.84	M	Jpsi	core	hours	at	Fermilab	64	TB	disk	storage,			
equivalent	to	2.56	M	Jpsi	core	hours	at	Fermilab		
(50.61	M	Jpsi	core	hours	total	compubng	and	storage)	
16	%	of	proton	decay	calculabon	will	be	removed	due	to	overlapping		
(See	SPC	quesbons	and	our	answers)	
Total	request	change:	50.61	->	47.4	[M	Jpsi	core	hours]

Request:	Summary	table

kinematics). We need to calculate di↵erent backward propagators for u/d and strange
quarks. We expect that the CPU costs for both kinds of propagators will be very similar
thanks to deflation. The forward propagators will be reused from the nucleon form factors
calculation. Thus, for one sample we will have to calculate only 6 backward propagators,
which will also be computed with N

coh

= 4 coherent trick. We plan to analyze 100 gauge
configurations with 32 sloppy and 1 exact sample on each. The CPU costs for the proton
decay calculation are summarized in Tab. 3.

We have not included the cost of computing the eigenvectors since it is negligible
compared to the propagator inversions, and in any case many of eigenvectors are already
computed for both the DSDR ensemble (USQCD allocation) and the 483 (ALCC hadronic
light by light project).

Table 1: CPU costs for cEDM operator based on the current calculation.

323 ⇥ 64 Count M Jpsi core*hours
Propagators, sloppy 888 0.100
Propagators, exact 88 0.0528
TOTAL per cfg 0.153
TOTAL ⇥150 15.3

Table 2: CPU costs for nucleon axial vector form factors based on current CPS tests.
483 ⇥ 96 Count M Jpsi core*hours
Propagators, sloppy 141 0.151
Propagators, exact 13 0.0697
TOTAL per cfg 0.221
TOTAL ⇥100 22.1

Table 3: CPU costs for proton decay matrix elements based on current CPS tests.

483 ⇥ 96 Count M Jpsi core*hours
Propagators, sloppy 224 0.0762
Propagators, exact 7 0.0119
TOTAL per cfg 0.0881
TOTAL ⇥100 8.81

To summarize, we request

• 46.21 M Jpsi core hours on Fermilab clusters,

• 512 TB tape storage, equivalent to 1.84 M Jpsi core hours at Fermilab,
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SPC	questions	



1)	In	your	proposal	you	specify	the	staRsRcal	uncertainRes	you	expect	to	obtain	for	gA	and	
the	Dirac	radius.	What	are	your	expectaRons	for	the	systemaRc	errors?		

Our	central	value	for	pilot	calculabon	for	gA	on	the	physical	point	48	cube	ensemble	turns	out	
to	be	lower	the	experimental	values.	The	plateau	for	gA	indicates	significant	excited	state	
contaminabon,	while	the	value	from	the	summabon	method	is	consistent	with	experiment	but	
with	a	larger	stabsbcal	error	(50%).	
About	the	charge	radii,	the	stabsbcs	are	not	sufficient	to	analyze	the	form	factor	in	parbcular	
with	larger	bme	separabon.	In	both	cases,	addibonal	stabsbcs	will	be	needed	to	reduce	their	
uncertainbes,	which	also	enables	us	to	carry	out	a	careful	analysis	of	excited	state	
contaminabon	and	other	systemabcs.	Volume	is	one	of	the	largest	exisbng	la_ce	(48^3	x	96),	
which	corresponding	to	mπL	=	3.86,	which	should	be	sufficient	to	suppress	finite	volume	
effects	to	below	the	target	stabsbcal	error	for	the	nucleon	quanbbes.	As	for	the	discrebzabon	
error,	we	have	64^3	already	generated	years	ago,	which	we	could	use	to	remove	the	
systemabc	error	from	discrebzabon,	which	would	be	small	for	DWF,	in	following	calculabons	in	
next	years.	

For	proton	decay	matrix	element,		the	calculabon	on	the	physical	quark	mass	has	a	strong	
	mobvabon	due	to	the	chiral	bag	model's	predicbon	of	orders	of	magnitude	suppression	at	a	
small	quark	mass	[5].	Thus,	calculabons	at	the	physical	quark	mass	would	remove	the	claimed	
huge	uncertainty	due	to	chiral	fit	and	extrapolabons.



2)	In	your	proposal	you	request	resources	to	calculate	EDMs,	Nucleon	form	factors,	and	
proton	decay	matrix	elements.	How	much	overlap	is	there	in	the	computaRon	of	the	
three	different	quanRRes?	How	would	the	computaRonal	cost	for	this	project	change,	if	
you	were	to	perform	the	calculaRons	sequenRally?		

16	%	of	proton	decay	calculabon	will	be	overlapping	with	nucleon	form	factor	calculabon.	
We	like	to	emphasis	that	this	overlap	is	besides	the	shared	cost	that	already	computed	
eigenvectors	at	Argonne	g-2	calculabon,	which	we	will	use	to	leverage	both	the	proton	
decay	and	the	form	factor	calculabons.



3)	Since	you	are	planning	to	calculate	gA	for	which	there	already	exists	an	accurate	
measurement,	have	you	considered	performing	a	“blind	analysis”	to	prevent	any	
inadvertent	bias?	To	blind	your	analysis,	you	could	add	an	overall	off-set	factor	to	the	
correlaRon	funcRons	that	would	be	kept	unknown	to	the	people	doing	the	analysis	unRl	
the	systemaRc	error	analysis	is	finalized.		

We	would	certainly	consider	the	blind	analysis.	In	fact,	we	have	already	been	exercising	the	
blind	analysis	in	the	V_us	determinabon	of	tau-inclusive	decay	to	remove	possible	human	
prejudices	(Blum's	proposal).	



4)	With	the	new	resources	at	JLab	being	as	yet	unspecified,	we	would	like	to	know	if	you	
are	in	a	posiRon	to	use	them	efficiently	if	they	are	a)	cpu,	b)	GPU,	c)	KNL.	If	you	are	not,	
that	is	fine,	but	it	will	help	in	our	allocaRon	decisions	to	know	this	informaRon	from	
every	proposal.	

Our	main	measurement		program	is	based	on	Qlua	code,	and	we	are	ready	to	use	CPU	
resources,	at	J-lab.	For	b)	GPU,	c)	KNL,	we	prefer	KNL	due	to	the	exisbng	efficient	code	
based	on	Grid	of	Peter	Boyle.		For	deflabon,	we	would	prefer	to	have	96GB/node	for	KNL.



5)	The	SPC	would	like	you	to	explore	possibiliRes	for	coordinaRng	or	collaboraRng	with	
the	chiQCD	collaboraRon	which	also	has	a	hadron	structure	program	on	the	same	or	
similar	lagces.	

We	have	a	concerns	about	the	potenbal	systemabc	error	due	to	the	parbally	quenched	
effect	in	chQCD's	overlap,	whose	Dirac	kernel	may	be	significantly	different	from	that	of	sea	
quark.	We	note	that	the	4D	kernel	inside	the	approximated	sign	funcbon	of	sea	quark	
acbon	(Mobius	parameter	is	set,	b-c	=	1)		is	different	from	that	in	overlap	(Neuberger)	(b-
c=0),	so	the	unitarity	violabon	may	not	be	removed	simply	by	adjusbng	quark	mass	at	the	
finite	la_ce	spacing.	

Thanks	to	SPC's	suggesbon	we	started	producbve	conversabons	with	Keh-Fei	Liu.		At	this	
point,	both	of	parbes	strongly	feel	having	two	independent	strategies	and	calculabons	
would	be	be�er	and	healthy	especially	considering	about	relabvely	premature	states	of	
nucleon	matrix	element	calculabons	compared	to		meson	calculabons.	It	would	be	good	to	
try	further	various	explorabons	of	methods	as	well	as	different	quark	discrebzabons	
(MDWF	or	Overlap).		We	do,	however,	think	it	would	be	very	beneficial	to	learn	from	each	
other,	especially	about	methods,		to	maximize	the	outcome	of	the	precious	USQCD	
resources.



Thank	you



Backup



Preliminary	study	:	CP	mixing	angle	(α)	induced	by	cEDM	operator	

cEDM induces mixing, requires subtraction as before
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Figure 2: The magnitude (left) and the stochastic noise (right) of the correlator in Eq.(3)
with the u-quark chromo-EDM operator depending on the time coordinate of the cEDM
insertion and the number of HEX smearing steps applied to the gauge field. The nucleon
source is at t = 0 and the nucleon sink is at t = 8a. Statistics is 512 exact + 16 sloppy
samples on 16 gauge configurations.

T = 8a ⇡ 1.13 fm and varied the time coordinate of the cEDM insertion (see Fig. 2). Sur-
prisingly, gauge field smearing does not have any e↵ect on the gauge noise; we hope that
this will also hold for the gradient flow and the operators smeared with a wide range of
gradient flow times will not su↵er from increased noise. It is reassuring that the stochastic
precision for ↵

u

is approximately 12% with only 512 sloppy samples on 16 gauge configu-
rations. An analogous study is underway for the cEDM operator with the application of
gradient (Wilson) flow for a range of flow times, from which we will select the three values
the flow time for the renormalization study.

3 Proton decay matrix elements

This study is aimed at further improvement of precision of proton decay matrix elements.
In 2014, proton decay matrix element was computed on a lattice directly [11] in N

f

= 2+1
flavor QCD without any e↵ective theory (i.e. BChPT [12]). Although there are no longer
uncertainty associated with model parameters, lattice uncertainties are still rather large,
which makes it di�cult to constrain the allowed region of GUT theories.

Proton decay matrix elements are matrix elements of e↵ective baryon number violat-
ing operators |�B| = 1 The lowest dimension e↵ective operators can be constructed and
classified starting from color-singlet 3-quark operators:

O��

0
= ✏ijk(qiTCP

�

qj)P
�

0qk, (5)

where P
R,L

= (1±�
5

)/2 are chiral projectors and qi,j,k are u, d, or s quarks. Using SU(2)
f

symmetry and parity, the total number of independent operators that we need to calculate
can be reduced to 12 (see Fig. 3), all of which we plan to calculate in this project.

5

Preliminary smearing test. Wilson flow test underway.

Ongoing calculation HOKUSAI, USQCD
2+1 DWF-I-DSDR, 323, 170 MeV pion ensemble
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cEDM	operator	insertion	time	(t_cedm)	dependence	of	the	error.	
Left:	HEX	smearing,	Right:	Wilson	flow	smearing		
t_source=0,	s_sink=8


