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Frontiers of QCD and how Lattice QCD can contribute

Nonperturbative quark/gluon distributions are essential for

predicting/describing outcomes from collider experiments

understanding the role of gluon that binds us all
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FIG. 11. Io↵e-time distribution after the implementation of the perturbative matching kernel on the lattice reduced pseudo-
ITD data along with the light-cone ITD calculated for the model: 2-param (Q), in the MS renormalization scheme at 2
GeV.

FIG. 12. Unpolarized gluon PDF (blue band) extracted from our lattice data using the 2-param (Q) model. We compare
our results to gluon PDFs extracted from global fits to experimental data, CT18 [3], NNPDF3.1 [4], and JAM20 [86]. The

normalization of the gluon PDF is performed using the gluon momentum fraction hxiMS
g (µ = 2GeV)=0.427(92) from [34]. The

figures on left and right are the same distributions with di↵erent scales for x g(x) to enhance the view of the large-x region.

and determine the total uncertainty in the PDF. The statistical uncertainty of the gluon PDF determined from the
fit Eq. (35) and the uncertainty from the normalization using hxig are added in quadrature and the final uncertainty
is shown as the outer band in Fig. 12.

As discussed in [85], from the fitting of the ITD constructed from the NNPDF x g(x) distribution, one needs the
lattice data beyond ⌫ ⇠ 15 to evaluate the gluon distribution in the small-x region. In the present calculation, we can
extract the ITD up to ⌫ ⇠ 7.07. Therefore, the larger uncertainty and di↵erence in the small-x region determined from
the lattice data is expected. As a cautionary remark, we also remind the readers that we have not included the mixing
of the gluon operator with the quark singlet sector in the present calculation. Moreover, this calculation is performed
at the unphysical pion mass and in principle, physical pion mass, continuum, and infinite volume extrapolation
should be performed for a proper comparison with the phenomenological distribution. Therefore, it remains a matter
of future investigation to draw a more specific conclusion about the x g(x) distribution extracted from the lattice
QCD calculation in the large-x region. We also note that the shrinking of the statistical uncertainty band in the PDF
near x ⇠ 0.15 results from the correlation of the PDF fit parameters. This feature has also been seen in previous
works [32, 39, 48, 50].

However, within these limitations, we find the large-x distribution is in reasonable agreement with the global fits

Unpolarized gluon PDF
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FIG. 4: Kaon RpITD for the a15m310 (left), a12m310 (middle) ensembles, and pion RpITD for a12m310 (right). The bands
are the gluon PDF fits to each z by minimizing the �2 defined in Eq. 10 to obtain the gluon PDFs.
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FIG. 5: Left plot: The kaon gluon PDF xg(x, µ)/hxig as a function of x obtained from the fit to the lattice data on ensembles
with lattice spacing a ⇡ {0.12, 0.15} fm (inset plot), pion masses M⇡ ⇡ 310 MeV at a ⇡ 0.12 fm, compared with the kaon
gluon PDF from DSE’20 at µ = 2 GeV in the MS scheme. Right plot: Comparison of pion and kaon gluon PDF xg(x, µ)/hxig
as a function of x with lattice spacing a ⇡ 0.12 fm (outer) and 0.15 fm (inset), pion masses M⇡ ⇡ 310 MeV, at µ = 2 GeV in
the MS scheme.

IV. SUMMARY

In this work, we made the first lattice study of kaon
gluon parton distribution, using the pseudo-PDF ap-
proach. We used clover fermions as valence action
and 310-MeV 2+1+1 HISQ configurations generated by
the MILC collaboration at two lattice spacings, 0.15
and 0.12 fm. We used momentum smearing and high-
statistics measurements, up to O(324,000), to reach the
kaon boost momentum around 2 GeV. We carefully stud-
ied the excited-state contributions to the matrix elements
using a two-state fitting strategy and made sure that our
ground-state matrix elements were stably obtained. We
then calculated the reduced pseudo-ITD using the ob-
tained fitted ground-state matrix elements and extracted
the gluon parton distribution. We found that the kaon
gluon PDF at the finer lattice spacing is consistent with
the DSE result [88] within statistical uncertainties, ex-
cept in the small-x region, which our zPz is too small to
constrain. When comparing with the pion PDF result,
we found the kaon PDF to be slightly smaller in central
value for most of the x > 0.2 region. We found that the
kaon gluon PDFs show potential discretization error at
the coarse lattice spacing of 0.15 fm; future study using

an additional lattice spacing of 0.09 fm would give us
a better estimate of the systematics uncertainty in the
0.12 fm results. We suspect the quark-gluon mixing is
smaller than our statistical error based on the prior pion
gluon calculation. Other systematics from sources such
as higher-twist contributions, finite-volume e↵ects, un-
physical pion-mass e↵ects are not included in this pioneer
study. Future studies should aim at improving these sys-
tematics and provide a better determination of the kaon
gluon PDFs for the upcoming experimental e↵orts.
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FIG. 5. (Top) Examples of the RpITDs M reconstructed
bands from fits in Eq. 9 for a09m310 (blue points and light
blue band), a12m220 (green) lattice ensembles. The fit ansatz
is able to describe the data well. (Bottom) Collected data for
all ensembles with a (dashed band) and a

2 (solid band) contin-
uum extrapolation at the physical pion mass. Open symbols
indicates the data point from the same-symbol ensemble but
at the heavier quark mass.

in Eq. 10 by minimizing the �
2 function,

�
2(µ, a,M⇡) =

X

⌫,z

(M fit(⌫, µ, z2, a,M⇡)� M lat(⌫, z2, a,M⇡))2

�2
M (⌫, z2, a,M⇡)

. (12)

Our results for the continuum-physical unpolarized
gluon PDF xg(x, µ)/hxig are shown in Fig. 6, along with
the same determination from the smallest lattice-spacing
ensemble obtained in this work, and selected global-fit
gluon PDFs from CT18 [7] and NNPDF3.1 [6] NNLO
analysis. The gluon distribution in continuum-physical
limit has much larger errors by a factor of 3–5 than
those obtained from single–lattice-spacing analysis, due
to the continuum extrapolation. Overall, the results from
single-ensemble calculations on a09m310 are consistent
with the continuum-physical one (which has much larger
uncertainties). To reduce the errors in the continuum-
physical distribution will be di�cult, since it requires re-

duced errors in all ensembles, increasing the calculation
cost by at least another order of magnitude. Both of our
lattice distributions agree with the global-fit gluon dis-
tribution at mid to large x but deviate for x < 0.3. This
is likely due to lack of large-⌫ lattice data in the input,
which has higher sensitivity to the smaller-x data. Fu-
ture calculations to push for even larger Pz will be needed
to improve the small-x gluon distribution.
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FIG. 6. The unpolarized gluon PDF, xg(x, µ)/hxig as a
function of x and its zoomed in plot, obtained from the fits to
the smallest–lattice-spacing ensemble data compared with the
fit to the data obtained from extrapolation to physical pion
mass and continuum limit. The black solid line is the central
value of the fit to the continuum-physical PDFs, including
the gluon-in-quark term in the matching, using CT18 for the
quark PDF contributions. The results from the global fits
by CT18 [7] and NNPDF3.1 [6] NNLO gluon PDFs are also
shown in the plots, and our gluon PDF results are consistent
with the global fits for x 2 [0.3, 1]

We now consider the systematic uncertainty coming
from neglecting the contribution of the quark term,
Pz
P0

R 1
0 dx

xqS(x,µ2)
hxig Rgq(x⌫, z2µ2) in Eq. 10. We ignored

this contribution initially based on the assumption (mo-
tivated by global fits) that the nucleon total quark PDF
qS(x) is smaller than the gluon PDF. We can estimate the
systematic due to omitting the qS(x) contribution by us-
ing the nucleon flavor-dependent quark PDFs from CT18
at NNLO [7]. Following a similar procedure to Ref. [96],

Nucleon

Fan, Lin, et al (MSU Latt)(2022)

Gluon helicity PDF (Lattice QCD + ML)

Khan, Liu, RSS (2022)



Potential impacts of Lattice QCD on global fits of PDFs
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FIG. 3. The result of xs�(x,Q = 1.3GeV) from the original CT18As fit (blue band), with current

lattice constraints (red slashed area), and expected improvement if current lattice data errors are

reduced by a half (green backslashed area); the black bars are the current lattice data.

IV. CONCLUSION

In this work, we study the impact of the lattice data on the determination of the

strangeness asymmetry distribution s�(x) ⌘ s(x) � s̄(x) in the general CTEQ-TEA global

analysis of parton distribution functions (PDFs) of the proton. We start with the CT18A

NNLO fit [1], rather than the nominal CT18 NNLO fit, since the tensions between the

precision ATLAS
p
s = 7 TeV W , Z data [8] and NuTev [6] and CCFR [7] DIS dimuon

data can be released by introducing s(x) 6= s̄(x), and that the mentioned ATLAS data is

included in the CT18A fit and absent in the CT18 fit. We extend the non-perturbative

parametrisation in the CT18A analysis by allowing a strangeness asymmetry distribution

s�(x) ⌘ s(x)� s̄(x) at the initial Q0 scale. The resulting PDF set from the CT18A data set

is labelled as CT18As, whose quality of fit is similar to the CT18A fit. The constraint from

the lattice data into the PDF global fit is added by using the Lagrange Multiplier method.

We found that the resulting PDF, named as CT18As Lat, present a di↵erent strangeness

asymmetry distribution and a smaller uncertainty band than those of CT18As. We also

investigate the possible constraint of the lattice data with higher precision by performing a

PDF fit with errors in the original lattice data points reduced by half. Our results conclude

that the current lattice data is able to help constraining the strange asymmetry s�(x) in

7

LQCD + CTEQ-TEA global analysis 
[Hou, Lin, et al (2022)]
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FIG. 15: Results on the strange unpolarized (top panel), helicity (center panel) and transversity (bottom panel)
distributions for three values of P3. We compare with the NNPDFPOL1.1 [2, 84] (light blue) and JAM17 [82] (light
purple) phenomenological data. Lattice data for P3 = 0.41, 0.83, 1.24 GeV are shown with green, red and dark blue
bands, respectively.

small uncertainties that show no residual momentum dependence for the two largest momentum values.
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FIG. 16: The strange-quark asymmetry for the unpolarized PDF for three values of P3. We compare with
NNPDF [84] (pink) phenomenological data. Lattice data for P3 = 0.41, 0.83, 1.24 GeV are shown with green, red
and dark blue bands, respectively.

Besides the individual s(x) and s̄(x) distributions, there is also an interest on the strange-quark asymmetry. This
is partly due to the fact that there is no symmetry to suggest that the two distributions have to be the same.

Alexandrou, et al (ETMC)(2021)

quark components, i.e., ⌧ = 5. The coe�cient c⌧ is de-
termined, through Eqs. (8) and (9) by the lattice results
of Gc

E(Q2) and Gc
M(Q2) at the physical limit. We per-

form a fit to the extracted results of Gc
E(Q2)|physical and

Gc
M(Q2)|physical, i.e., the bands in Figs. 2. Since the lat-

tice data from di↵erent ensembles are evaluated at dif-
ferent Q2 values, and have been utilized to determine the
quark mass, lattice spacing, and finite volume e↵ects,
the e↵ective number of data points in the physical limit
is 6 for Gc

E(Q2)|physical and 6 for Gc
M(Q2)|physical

1. To re-
ally capture the uncertainty, we create 200 replicas from
the extracted bands. Each replica is firstly generated by
randomly sampling 6 data points of Gc

E(Q2)|physical and
6 data points of Gc

M(Q2)|physical from the extracted bands
within 0 < Q2 < 1.4 GeV2, which are covered by the
lattice data. Then for each data point, the central value
is resampled with a Gaussian distribution according to
its uncertainty. In addition, we also randomly shift the
value of c within ±5% in each single fit of one replica to
incorporate the theoretical uncertainty. The coe�cient
determined from the fit is c⌧=5 = 0.018(3).

Having obtained the charm coe�cient c⌧=5 from the
lattice computation, we use Eq. (12), to obtain the asym-
metric charm-anticharm distribution function x[c(x) �
c̄(x)] shown in Fig. 3. The result from the fit is in agree-
ment with the qualitative analysis at the beginning of
this section, namely, that the charm quark tends to carry
larger momentum than the anticharm quark based on the
lattice results for the charm quark form factors. From
the x[c(x) � c̄(x)] distribution obtained by combining
LQCD results from Gc

E,M(Q2) and the LFHQCD formal-
ism, we can calculate the first moment of the di↵erence
of c(x) and c̄(x) PDFs to be

hxic�c̄ =

Z 1

0
dx x [c(x) � c̄(x)] = 0.00047(15), (15)

where the total uncertainty is obtained from the fitting
error in c⌧=5 and 5% variation in c. The [c(x) � c̄(x)]
distribution result is about 3 times smaller in magnitude
than the s(x) � s̄(x) distribution obtained with the same
formalism [48]. Although a small asymmetry could
be a result of the cancellation of two relatively large
c(x) and c̄(x) distributions, it is possible that the intrin-
sic charm and anticharm distributions are both small.
Furthermore, the charm and anticharm distributions at
high energy scales are dominated by the extrinsic sea

1For each ensemble we have data points at 6 di↵erent Q2. A si-
multaneous fit of the data from three ensembles (48I, 32I, 24I) with
di↵erent quark masses, lattice spacings, and volumes leads to the re-
sults in the physical limit.

Figure 3: The distribution function x[c(x) � c̄(x)] obtained from the
LFHQCD formalism using the lattice QCD input of charm electro-
magnetic form factors Gc

E,M(Q2). The outer (lighter tinted) cyan mar-
gins represent an estimate of systematic uncertainty in the x[c(x) �
c̄(x)] distribution obtained from a variation of the hadron scale c by
5%.

from perturbative radiation. The experimental observa-
tion and isolation of the intrinsic charm e↵ect are ex-
tremely challenging in such cases. Thus it is not sur-
prising that the recent measurement of J/ and D0 pro-
ductions by the LHCb collaboration [15] found no in-
trinsic charm e↵ect. An ideal place to investigate intrin-
sic charm would be the J/ or open charm productions
at relatively low energies, e.g., at JLab, although it is
also possible to see intrinsic charm e↵ects in very ac-
curate measurements of high energy reactions. In addi-
tion, lepton-nucleon scattering may provide a cleaner
probe than nucleon-nucleon scattering to help reduce
backgrounds and increase the chance to observe the in-
trinsic charm e↵ect, and therefore the future EIC will
provide such opportunities.

The nonzero value of Gc
E(Q2) can also originate

from the interference of the q ! gq ! cc̄q and
q ! ggq ! cc̄q sub-processes, without the exis-
tence of IC. However, as mentioned earlier, this extrin-
sic [c(x) � c̄(x)] asymmetry which arises at the next-to-
next-to-leading order level is negligible [40]. Moreover,
according to [40], this extrinsic asymmetry would re-
sult in a much smaller and negative value of the first
moment of [c(x) � c̄(x)] distribution hxic�c̄ compared to
hxic�c̄ = 0.00047(15) obtained in this calculation. A
negative value for hxic�c̄ would also result in a positive
[c(x) � c̄(x)] distribution at small x and a negative dis-
tribution at large x, in contrast to the [c(x)� c̄(x)] distri-
bution we have obtained here. But the evidence based
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FIG. 1. Comparison of the full SIDIS+lattice fit with the
⇡
+ (filled circles) and ⇡

� (open circles) Collins asymmetries

A
sin(�h+�s)
UT from HERMES [47] and COMPASS [48, 49] (in

percent), as a function of x, z and Ph? (in GeV).

where ⇡(a) is the prior distribution for the vector param-
eters a, and

L(data|a) = exp


�
1

2
�
2(a)

�
(10)

is the likelihood function, with Z =
R
d
n
aL(data|a)⇡(a)

the Bayesian evidence parameter. Using a flat prior, the
nested sampling algorithm constructs a set of MC sam-
ples {ak} with weights {wk}, which are then used to
evaluate the integrals in Eqs. (8).

The results of the fit indicate good overall agreement
with the Collins ⇡

+ and ⇡
� asymmetries, as illustrated

in Fig. 1, for both HERMES [47] and COMPASS [48,
49] data, with marginally better fits for the latter. The
�
2
/datum values for the ⇡+ and ⇡

� data are 28.6/53 and
40.4/53, respectively, for a total of 68.9/106 ⇡ 0.65. The
larger �2 for ⇡� stems from the few outlier points in the
x and z spectra, as evident in Fig. 1. The SIDIS-only fit
is almost indistinguishable, with �

2
SIDIS = 69.2. Clearly,

our MC results do not indicate any tension between the
SIDIS data and lattice QCD calculations of gT , nor any
“transverse spin problem”.

The resulting transversity PDFs hu

1 and h
d

1 and Collins

favored and unfavored FFs, H?(1)
1(fav) and H

?(1)
1(unf), are plot-

ted in Fig. 2 for both the SIDIS-only and SIDIS+lattice
fits. The positive (negative) sign for the u (d) transversity
PDF is consistent with previous extractions, and corre-
lates with the same sign for the Collins FFs in the re-
gion of z directly constrained by data. The larger |h

d

1|

compared with |h
u

1 | reflects the larger magnitude of the
(negative) ⇡

� asymmetry than the (positive) ⇡
� asym-

metry. At lower z values, outside the measured region,
the uncertainties on the Collins FFs become extremely
large. Interestingly, inclusion of the lattice gT datum has
very little e↵ect on the central values of the distributions,
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FIG. 2. Transversity PDFs hu,d
1 and favored zH

?(1)
1(fav) and un-

favored zH
?(1)
1(unf) Collins FFs for the SIDIS+lattice fit (red and

blue bands) at Q
2 = 2 GeV2, compared with the SIDIS-only

fit uncertainties (yellow bands). The range of direct experi-
mental constraints is indicated by the horizontal dashed lines.

but reduces significantly the uncertainty bands. The fit-
ted antiquark transversity is consistent with zero, within
relatively large uncertainties, and is not shown in Fig. 2.
For the transverse momentum widths, our analysis of

the HERMES multiplicities [53] gives a total �2
/datum of

1079/978, with hk
2
?i

q

f1
= 0.59(1) GeV2 and 0.64(6) GeV2

for the unpolarized valence and sea quark PDF widths,

and hp
2
?i

⇡/q

D1
= 0.116(2) GeV2 and 0.140(2) GeV2 for the

unpolarized favored and unfavored FF widths. These
values are compatible with ones found in the analysis
by Anselmino et al. [54] of HERMES and COMPASS
charged hadron multiplicities. On the other hand, the
similar values found for the sea and valence PDF widths
disagree with the chiral soliton model [55], for which the
sea to valence ratio is ⇠ 5. Note also that while there ap-
pear some incompatibilities between the x dependence of
the HERMES and COMPASS Ph?-integrated ⇡

± multi-
plicities, our analysis uses only Ph?-dependent HERMES
data that are given in bins of x, z, Q2 and Ph?.
The transverse momentum widths for the valence and

sea transversity PDFs are hk
2
?i

q

h1
= 0.5(2) GeV2 and

1.0(5) GeV2, respectively, and hp
2
?i

⇡/q

H
?
1

= 0.12(4) GeV2

and 0.06(3) GeV2 for the favored and unfavored Collins
FF widths, respectively. The relatively larger uncertain-
ties on the h1 andH

?
1 widths compared with the unpolar-

ized widths reflect the higher precision of the HERMES
multiplicity data, and the order of magnitude smaller
number of data points for the Collins asymmetries.

Integrating the transversity PDFs over x, the resulting
normalized yields from our MC analysis for the �u and �d

moments are shown in Fig. 3, together with the isovector
combination gT . The most striking feature is the sig-
nificantly narrower distributions evident when the SIDIS
data are supplemented by the lattice gT input. The u

and d tensor charges in Fig. 3(a), for example, change
from �u = 0.3(3) ! 0.3(2) and �d = �0.6(5) ! �0.7(2)
at the scale Q2 = 2 GeV2, while the reduction in the un-
certainty is even more dramatic for the isovector charge
in Fig. 3(b), gT = 0.9(8) ! 1.0(1). The earlier single-
fit analysis of SIDIS data by Kang et al. [21] quotes

Lin, et al (2018)

Transversity PDFs



Summary and Outlook
§ Exciting era using LQCD to study PDFs
§ Overcoming longstanding limitations of moment method
 Bjorken-x dependence of parton distributions are widely studied
 More study of systematics planned for the near future
 Start to address neglected disconnected contributions

obtaining flavor-dependent quantities 

§ Precision and progress are limited on resources
 Challenges = new opportunities quantities 

§ Until next Snowmass for precision PDFs 
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Challenges + Resources                   New opportunities + impactful physics insights 
Precision calculation and study of systematics are planned for near future 

Precision and progress are limited on resources (computing resources, human resources, etc )
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Exciting time for LQCD to study PDFs
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For more : Snowmass 2021 whitepaper: Proton structure at the precision frontier


