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Outline

Ø Introduction
• transverse-momentum-dependent parton distributions (TMDs) in semi-inclusive deep inelastic 

scattering (SIDIS), then radiative corrections (RCs)

Ø Giving more details on SIDIS process and structure functions (SFs)

Ø Discussing QED radiative effects in SIDIS with conventional approach

Ø SIDIS-RC EvGen: MC event generator 
Monte-Carlo (MC) frameworks for evaluation of RC effects in SIDIS

Ø Present numerical results and compare two RC (conventional and factorized) 
approaches

Ø Summary and next steps
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SIDIS-TMD

• Transverse momentum dependent parton distribution (TMD)
• Generalized parton distribution (GPD)

Image from Lorce et al., JHEP 05, 041 (2011)

Semi-Inclusive Deep Inelastic Scattering to access TMDs

Ji, PRL91, 062001 (2003)
Belitsky, Ji, Yuan, PRD69,074014 (2004)

Image from Dudek et al., EPJA 48,187 (2012)
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Ø Radiative Correction is one of dominant sources of systematic uncertainties, due to radiation of 
photons
• taking place with and without polarization of lepton beam and nucleon target

Ø First compute lowest-order model-independent part of QED RCs to SIDIS cross section in 
conventional method
• alternative method of accounting for QED RCs in SIDIS based on factorization approach

Ø SIDIS-RC EvGen: MC event generator for SIDIS processes including RCs
• to generate radiative and non-radiative channels of scattering
• to generate scattered lepton kinematics (i.e., 𝑄! and 𝑥"#) and final-state hadron kinematics 

(i.e., 𝑧$, 𝑃$%, and 𝜙$)
• to generate real photon radiation kinematics
• to calculate full SIDIS cross section in any generated phase-space point with RCs included

Ø SIDIS-RC EvGen aiming to aid in multifaceted efforts for studying
• TMD evolution effects
• nucleon internal spin structure, spin-orbit and quark-gluon correlations
• and nucleon 3D momentum structure in general
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Ø Final-state hadron h detected in coincidence with lepton l ’ scattered off target N

• 𝑘& and 𝑃: to be four-momenta of polarized/unpolarized incident lepton & nucleon target

• 𝑘! and 𝑃$: to be four-momenta of scattered lepton &
detected hadron

• 𝑃' to be four-momentum of unobserved state of all 
undetected hadrons

Ø SIDIS kinematic variables

SIDIS process kinematics in 
one-photon exchange approximation

Drawing made based on 
Trento conventions

SIDIS process SIDIS process

Ø Six-fold differential cross section

𝑑𝜎()*)(
𝑑𝑥"#𝑑𝑦𝑑𝑧$𝑑𝑃$%! 𝑑𝜙$𝑑𝜙+

• 𝜙+ : azimuthal angle related to target-spin direction     
(spin-vector), if transversely polarized targets are 
applied
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Ø SIDIS differential cross section by set of eighteen SFs at leading and subleading order in 1/Q 
expansion

See also Backups
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Leading Twist TMDs

Twist 3 TMDs
Rodini and Vladimirov,
JHEP 08, 031 (2022)

The Solenoidal Large Intensity
Device (SoLID) for JLab 12 GeV
arXiv:2209.13357 [nucl-ex] 
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Ø SIDIS differential cross section expressed by set of eighteen SFs at leading 
and subleading order in 1/Q expansion
• within TMD factorization framework
• 𝜆, denoting lepton beam helicity

Ø In XY subscripts of most SFs

• X = U / L: unpolarized or  
longitudinally polarized beam

• Y = U / L: unpolarized or 
longitudinally polarized target with 
respect to q

• Y = U / T: unpolarized or 
transversely polarized target with 
respect to q

Ø In XY,Z subscripts of remaining SFs

• Z = T / L giving virtual photon polarizations 

Ø Superscript in SF like 𝐹!!
"#$ %! showing

azimuthal dependence

See also Backups
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Ø Factors 𝑐&, 𝑐', 𝑐(, 𝑐), 𝑐*, given by

Ø 𝜀 to be ratio of longitudinal and transverse photon fluxes

Ø Hadron azimuthal angle defined in

Ø Tensors 𝑔+
,- and 𝜖+

,- expressed as

See also Backups
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Ø For TMDs and FFs, Gaussian ansatz used well supported by phenomenological analyses

Ø For given quark flavor, unpolarized TMD and FF given by

• 𝑓-. 𝑥"# being collinear PDF, and 𝐷-. 𝑧$ being collinear FF

• Grid files used by us for both collinear PDF and FF
from Prokudin-Tezgin WW-SIDIS library https://github.com/prokudin /WW-SIDIS

and
from Martin-Stirling-Thorne-Watt MSTWPDF library https://mstwpdf.hepforge.org/
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Ø Other two SFs represented as

• Collins:

• Sivers: 

J. High Energy Phys. 06 (2019) 007

Ø As examples, write down general analytical forms of three SFs in Gaussian approximation
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Ø SIDIS process with incident lepton 𝜉 and target nucleon 𝜼 polarization vectors is

Ø Cross section differential of lowest-order QED (Born) contribution to SIDIS to be given 
by convolution of hadronic (𝑊,-) and leptonic tensors (𝐿.

,-): 

with  

Ø Phase-space parametrized by

• with 𝑘!/ - scattered lepton energy, 
𝑃$/ (𝑃$0) - charged hadron energy (longitudinal momentum)

Ø Following set of variables used

SIDIS process
polarized

SIDIS process
polarized

Feynman diagram describing 
Born SIDIS process 

SIDIS process &
structure functions
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Ø Leptonic tensor given by

Ø Incident lepton polarization vector readsas

with  

Ø Hadronic tensor partitioned to spin-independent 𝐻/0
(2), and spin-dependent 𝐻/04

(5) scalar 
structure functions:

Ø Cross section of Born contribution to SIDIS to be following

See also Backups

See Eq. (16) in
Phys. Rev. D 100(3) (2019)

SIDIS process &
structure functions
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Ø Nucleon polarized three-vector 
𝜼 = (𝜂&, 𝜂', 𝜂() decomposition is

Ø Examples of scalar functions expressed 
through structure functions given by

See also Backups

SIDIS process &
structure functions
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Exclusive radiative tail contributions to NLO RC

Ø Radiative Correction being one of dominant sources of systematic uncertainties, due to 
radiation of photons off leptons, can be calculated by traditional (conventional) method

Next-to-leading (NLO) order RC contribution
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See also BackupsØ Real photon emission in SIDIS given by

• 𝑘 to be four-momentum of radiated real photon 𝛾

Ø Three additional photonic variables introduced

• 𝜙1 to be angle between (𝐤𝟏, 𝐤𝟐) and (𝐤, 𝐪) planes

Ø Cross section differential of real photon radiation from leptonic leg is

SIDIS process
real g emission
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See also Backups
Ø For convenience, designate six-fold differential cross section as

Ø Inelastic tail of SIDIS total cross section (with several RC components included) given by

Ø 𝜎67876. - Born cross section in SIDIS

Ø 𝛿9: - sum of infrared divergent terms that is finite

Ø 𝛿;<"= - contribution of vacuum polarization by leptons

Ø 𝛿;<"> - contribution of vacuum polarization by hadrons

Ø 𝜎:? - infrared free contribution to cross section, obtained after integration over three
photonic variables

Ø 𝜎@AA - anomalous magnetic moment contribution to cross section
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Ø 𝛿9: - sum of infrared divergent terms that is finite

Ø 𝜎:? - infrared free contribution to cross section, obtained after integration over three
photonic variables

Bardin-Shumeiko approach 
D. Yu. Bardin and N. M. Shumeiko, Nucl. Phys. B127, 242 
(1977) 
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Ø 𝛿;<"= - contribution of vacuum polarization by leptons

Ø 𝛿;<"> - contribution of vacuum polarization by hadrons

Ø 𝜎@AA - anomalous magnetic moment contribution to cross section

based on the paper of Akushevich and Ilyichev Phys. Rev. D 100(3) 
(2019) 033005

Ø Inelastic tail of SIDIS total cross section (with several 
RC components included) given by
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Ø Our Generator: 
• as a standalone C++ MC generator

• for generating SIDIS events and 
calculating cross sections

• to calculate SIDIS Born cross section

• to calculate SIDIS RCs at NLO level

• from medium to high beam energies

• with incident unpolarized or 
longitudinally polarized beam

• with unpolarized, longitudinally or 
transversely polarized target

• to compute azimuthal single-target 
asymmetries (SSA) and double-
beam-target spin asymmetries (DSA)
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Ø SIDIS-RC EvGen hosted at https://github.com/duanebyer/sidis

Ø Generator’s core has sidis package divided into two components
• C++ library (library component), called libsidis, for calculating SIDIS cross sections including NLO RCs
• MC generator (binary component), called sidisgen, for producing random events

Ø For purpose of efficiently generating events and calculating cross sections, inelastic 
cross-section formula being used in slightly modified form

Ø Generated events randomly chosen to be either radiative or non-radiative, with chance 
proportional to total radiative/non-radiative cross-section
• radiative cross section given as nine-fold differential cross section, 𝜎()*)(4.5

(six SIDIS degrees of freedom + three photon degrees of freedom)

• non-radiative cross section given as six-fold differential cross section, 𝜎()*)(64.5

Ø Set of functions provided by libsidis for computing 𝜎67876. , 𝜎67876B/C , and 𝜎67876DB/C

Ø Auxiliary functions provided by libsidis for computing SFs, kinematic variables, and
cross-section corrections

See also Backups
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Ø Use FOAM library from ROOT for event generation

Ø FOAM library used by sidisgen as underlying MC engine for both non-radiative and radiative 
sub-generators
• use spatial partitioning method with hyper-cubical 

“foam of cells” based on FOAM library

• constructed through recursive process in which cross 
section is sampled randomly within each foam cell

• cells being divided to minimize variance within each 
daughter cell

• foam creates approximation of cross-section function
using nested tree structure of hyper-cubes

• foam is initialized before events can be generated
• foam allows events to be generated with a weight 

close to 1 using Markov Chain Monte-Carlo method
• foam is produced one time, and then used many 

times to provide events

• during FOAM tree initialization, kinematic cuts can 
be provided

• no out-of-bound events ever produced, and 
never need to be filtered out

Spatial indexing tree foam
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Ø By default, use all eighteen leading-twist and subleading-twist SFs from Wandzura-Wilczek-
type approximation  J. High Energy Phys. 06 (2019) 007
• MATHEMATICA implementation can be found at https://github.com/prokudin/WW-SIDIS

Ø Methods for specifying SFs directly as function of 𝑥.E, 𝑧>, 𝑄', 𝑃>F, or on 4D grid

• Specifying TMDs and FFs (either as functions or on grids), which are then convolved in 2D

• Specifying TMDs and FFs, combined with Gaussian approximation, which can then be analytically
convolved
o Gaussian approximation: Simplifies 𝑘7 and 𝑝7 dependence of TMDs and FFs, allowing for analytic 

evaluation of convolution integrals

• TMDs and FFs are given in gaussian and WW approximations
o Wandzura-Wilczek-type (WW) approximation: use  

GHIH
GHH

≪ 1 to express some TMDs and FFs 
in terms of others, given quark-gluon-quark, 2𝑞𝑔𝑞, correlations and quark-quark, 2𝑞𝑞, correlations

o 2𝑞𝑔𝑞 and 2𝑞𝑞 denote matrix elements that enter definitions of TMDs or FFs
o Reduce down to eight basis functions (six leading-twist TMDs + two leading-twist FFs) for WW 

approximation
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Ø Input parameter file written by user with 
all parameters needed for generator

Ø Call sidisgen --initialize <params>
to produce FOAM tree

Ø Call sidisgen --generate <params>
to generate variable-weighted events

Ø Resulting events provided in ROOT file 
format but can be converted into other 
formats if needed

Ø Check what parameters previous set of 
events were generated with
sidisgen --inspect <ROOT file>

Generator user interface
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Ø Some important observables in electron scattering and hadronic physics to discuss
• Transverse SSAs
• In particular, extensively studied by HERMES, COMPASS and Jlab experiments 

Ø SSA studies essential for cardinal understanding of nucleon 3D momentum structure

Ø Asymmetries generally defined as various ratios of polarized and unpolarized cross sections

Ø Totally five SSAs with unpolarized beam and transversely polarized target existing

Ø Two of these SSAs given as twist-2 observables, due to Collins effect and Sivers effect 

Collins transverse SSA Sivers transverse SSA
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Ø Collins effect emerging from convolution of transversity TMD and Collins FF

Ø Sivers effect stemming from convolution of Sivers TMD and Unpolarized FF

Ø General form of transverse non-separated SSA can be written with all three twist-2
(or leading-twist) and two twist-3 (or subleading-twist) terms

Ø Address following questions with all five transverse SSAs
• whether one can provide high precision test of lattice QCD predictions via tensor charge

• whether there are clear signatures of relativistic effects inside nucleon

• how one can extract quantitative information about contribution of quark orbital angular momentum 
to proton spin

• how to quantify quark transverse motion inside nucleon and observe spin-orbit correlations

Ø Next, we can see RC effects on both Collins and Sivers asymmetries
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Ø Figures showing Collins SSA for positively charged pions as function of 𝑥.E in given kinematic 
bins of 𝑄', 𝑧>, and 𝑃>F
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Ø Figures showing Sivers SSA for positively charged pions as function of 𝑥.E in given kinematic 
bins of 𝑄', 𝑧>, and 𝑃>F
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Ø Figures showing ratios describing RC effects on both Collins SSA and Sivers SSA

Ratios of red circle pseudo-data to green 
upward triangle pseudo-data shown in 

previous two slides

Ratios demonstrating lowest-order RC 
effects on Collins and Sivers SSAs when 

subleading-twist effects are also 
considered

Large error bars of Collins RC ratio in the 
lowest bin of 𝑥"# ∼ 0.15 appearing 

because Collins asymmetry drops to near 
zero at this specific point
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Ø Devoted to comparisons of 
some RC results between

conventional approach
and

factorized approach

Ø QCD-like factorized approach 
to inclusive DIS and SIDIS 
developed in paper of

Liu et al., J. High Energy Phys. 11
(2021) 157

• treating QED and QCD radiation 
on equal footing

• giving good approximation for     
QED radiative contributions by    
collinear factorization

• providing improved approximation 
to extraction of TMDs

Left: JLab kinematic 𝑠 = 4.9 GeV, 𝑄! = 8 GeV/c !, 𝑧" = 0.375, 𝑥#$ = 0.48
Right: EIC kinematic 𝑠 = 140 GeV, 𝑄! = 25 GeV/c !, 𝑧" = 0.5, 𝑥#$ = 0.01

Using JAM3D20 Structure function, Born level cross section from two methods 
are nearly identical. 
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Left panel: RC factor computed using factorized approach (RCF) to 
RC factor computed using traditional / conventional approach (RCT) at 

𝑠 = 140 GeV, 𝑄! = 25 GeV/c !, 𝑧" = 0.5, 𝑥#$ = 0.01, 𝜙" = 0

Right panel: RC factor ratios from two methods at given EIC kinematics

Left panel: RC factor computed using factorized approach (RCF) to 
RC factor computed using traditional / conventional approach (RCT) at 

𝑠 = 4.9 GeV, 𝑄! = 8 GeV/c !, 𝑧" = 0.375, 𝑥#$ = 0.48, 𝜙" = 0

Right panel: RC factor ratios from two methods at given JLab kinematics

RC ratios from factorized approach is 
up to 6% larger compared to those 

from traditional approach in EIC kinematics



Introduction & 
motivation

Summary &  
next steps

SIDIS process &
structure functions

MC event generator 
SIDIS-RC EvGen

Some numerical SSA results &  
convent. vs factor. approaches

QED radiative effects in SIDIS
with conventional approach

31
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Comparison of angular modulations as function of PhT between two different 
approaches in absence of QED radiation. Plots are for EIC kinematics at 

𝑠 = 140 GeV, 𝑄! = 25 GeV/c !, 𝑧" = 0.5, 𝑥#$ = 0.01, 𝜙" = 0

Left: angular modulation sin 𝜙" − 𝜙% .  Right: angular modulation sin 𝜙" + 𝜙%

Comparison of angular modulations as function of PhT between two different 
approaches in presence of QED radiation. Plots are for EIC kinematics at 

𝑠 = 140 GeV, 𝑄! = 25 GeV/c !, 𝑧" = 0.5, 𝑥#$ = 0.01, 𝜙" = 0

Left: angular modulation sin 𝜙" − 𝜙% .  Right: angular modulation sin 𝜙" + 𝜙%

Comparison of RC ratios between 
factorized and traditional approaches 
at different JLab and EIC kinematics
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Comparison of Collins sin 𝜙" + 𝜙% angular modulation “leakage” as function of PhT between two 
different approaches in presence of QED radiation. 

Left: For EIC kinematics at 𝑠 = 140 GeV, 𝑄! = 9 GeV/c !, 𝑧" = 0.5, 𝑥#$ = 0.01, 𝜙" = 0

Right: For EIC kinematics at 𝑠 = 140 GeV, 𝑄! = 25 GeV/c !, 𝑧" = 0.5, 𝑥#$ = 0.01, 𝜙" = 0

Comparison of RC ratios between factorized and traditional approaches at different 
EIC kinematics including “leakage” effect
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Ø C++ coded standalone MC event generator called SIDIS-RC EvGenpresented in this talk

• SIDIS twist-2 and twist-3 SFs (TMDs & FFs) used in Gaussian and WW-type approximations

• Generator’s structure and functionality focusing on its library component for computing cross sections                        
and binary (generator) component for event generation

• Inelastic tail to SIDIS six-fold differential cross section can be obtained, including RCs
• Partonic structure of nucleon in 3D momentum space, using SIDIS with lowest-order RCs

Ø Extensively used for making predictions and preparations for designed experiments

• Some physics models and frameworks used for underlying event generation to understand various
systematic effects in studies of various observables

• RCs in SIDIS giving one source of such systematic effects 

Ø The traditional method used for RC for the generator is compared with factorized method

• Using same structure function, the Born cross section from two methods are almost identical
• RCs ranges from 3% to 6% depending on different kinematics. 
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Ø Future developments and potential prospects related to SIDIS-RC EvGen

• Increase generator’s efficiency by improving foam efficiency, or even replace FOAM algorithm by 
VEGAS algorithm;

• Provide with other options for including state-of-the-art parameterizations of TMDs, used in most recent 
and upcoming phenomenological studies

• Incorporate exclusive SFs into generator’s current framework

• Implement neutron SFs in addition to proton SFs

• Improve parameterization that describes contribution of vacuum polarization by hadrons
(i)   making use of most recent hadronic data for fitting
(ii)  advanced calculations 
(iii) and software package alphaQED of Fred Jegerlehner

• Include higher-order SIDIS RCs in generator’s framework

• Compare generator’s output with data
(i)   with HERMES, COMPASS and JLab SSA data
(ii)  with HERMES, COMPASS and JLab charged hadron multiplicity data
(iii) and make predictions for EIC

• Incorporate SIDIS-RC EvGen into detector simulations,  allowing precise predictions and verification 
for some key aspects of entire experimental setups, such as SoLID, CLAS12 at Jlab, and EIC

Thanks !
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Content

Backups
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Ø 3D nucleon structure in momentum space encoded in transverse momentum dependent 
distribution and fragmentation functions, TMD PDFs and TMD FFs, or just TMDs and FFs

Ø TMDs and FFs being generalizations of collinear PDFs and fragmentation functions appearing 
in the standard collinear factorization  

Ø TMDs and FFs depending on two independent variables: 𝑥.E and 𝑘+ for TMDs, 
as well as 𝑧> and 𝑝+ for FFs
• 𝑘7 to be parton (quark) intrinsic transverse momentum
• 𝑧$ to be fraction of quark momentum transferred to produced (final-state) hadron
• 𝑝7 to be transverse momentum of the same hadron with respect to direction of fragmenting quark

Ø QCD factorization theorems proven for processes with two distinct measured scales, 𝑄& ≪ 𝑄'
• For SIDIS process, Drell-Yan process, and production of two hadrons in 𝑒8𝑒9-annihilation

Ø For SIDIS
• transverse momentum 𝑃$% of produced charged hadron with respect to virtual photon momentum 

playing role of small scale 𝑄&
• virtual photon virtuality 𝑄 playing role of large scale 𝑄!

Introduction & 
motivation

S. Jia & V. Khachatryan:  Precision QCD Predictions for ep Physics at the EIC (II), September 18-22 2023, CFNS
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Ø Currently, exact and more general results existing on six-fold differential cross section
𝑑𝜎()*)(

𝑑𝑥"#𝑑𝑦𝑑𝑧$𝑑𝑃$%! 𝑑𝜙$𝑑𝜙+

• variable 𝜙+ to be another azimuthal angle describing target-spin direction (spin-vector), if transversely         
polarized targets are applied

Ø MC event generator for SIDIS processes including RCs created (called SIDIS-RC EvGen)
• to generate radiative and non-radiative channels of scattering;

for generated events to be selected as either radiative or non-radiative, with probability of being
proportional to radiative/non-radiative cross section

• to generate scattered lepton kinematics (i.e., 𝑄! and 𝑥"#) and final-state hadron kinematics 
(i.e., 𝑧$, 𝑃$%, and 𝜙$)

• to generate real photon radiation kinematics
• to calculate full SIDIS cross section in any generated phase-space point with RCs included

Ø SIDIS-RC EvGen aiming to aid in multifaceted efforts for studying
• TMD evolution effects

• nucleon internal spin structure, spin-orbit and quark-gluon correlations

• and nucleon 3D momentum structure in general



Introduction & 
motivation

Summary &  
next steps

SIDIS process &
structure functions

MC event generator 
SIDIS-RC EvGen

Some numerical SSA results &  
convent. vs factor. approaches

QED radiative effects in SIDIS
with conventional approach

38

Introduction & 
motivation

S. Jia & V. Khachatryan:  Precision QCD Predictions for ep Physics at the EIC (II), September 18-22 2023, CFNS

Illustration of internal structure of  
ep scattering process
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Ø MC and computation frameworks for evaluation of RCs in SIDIS much needed
• to evaluate RC effects, for example, by having information obtained during event generation

Ø Examples below from RADIATIVE CORRECTION HELPDESK https://ily.hep.by/rc.html

Ø RADGEN 1.0: MC generator of polarized/unpolarized DIS radiative events
• applicable for RC generation in inclusive, semi-inclusive and exclusive DIS processes

Ø ELRADGEN 2.0: MC generator for simulation of radiative events in elastic ep scattering of 
polarized particles

Ø POLRAD 2.0: FORTRAN code for treating experimental data with implemented RC procedure, 
in polarized inclusive and semi-inclusive DIS

Ø HAPRAD 2.0: FORTRAN code for calculation of RCs to semi-inclusive hadron leptoproduction 
including radiative tail from exclusive hadron production
• performs RC calculations to five-fold differential cross section of unpolarized particles

𝑑𝜎()*)(
𝑑𝑥"#𝑑𝑦𝑑𝑧$𝑑𝑃$%! 𝑑𝜙$

• variable y to be lepton beam energy fraction carried by virtual photon
• variable 𝜙$ to be hadron azimuthal angle measured with respect to lepton scattering plane
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Ø SIDIS differential cross section expressed by set of eighteen SFs at leading and 
subleading order in 1/Q expansion,
in terms of asymmetries 𝐴JK

LMNOPQ

Ø In XY subscripts of most SFs

• X = U / L referring to unpolarized or  
longitudinally polarized beam

• Y = U / L referring to unpolarized or 
longitudinally polarized target with 
respect to q

• Y = U / T referring to unpolarized or 
transversely polarized target with 
respect to q

Ø In XY,Z subscripts of remaining SFs
• Z = T / L giving virtual photon polarizations 

See slide 7
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See slide 7
Leading order SIDIS cross section

Subleading order 
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Ø Target covariant spin-vector 𝑆𝜈 being decomposed as

Ø For transversely polarized targets, angle 𝜙5 defined as

See slide 8
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ℋ4 to be generalized 
structure function, 
expressed through 

spin-independent 𝐻/0
(2), 

and spin-dependent 𝐻/04
(5)

scalar structure functions

See slides 12 and 13 See slide 13
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See slide 15
Ø Separate leptonic tensor into two parts

Ø First term given by

with

Ø Second term given by

Ø Convolutions of both separated leptonic tensors with shifted hadronic tensor are given by

See Appendix B in
Phys. Rev. D 100(3) (2019)
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See slide 16


