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Parton model

TMD/Collins-Soper-Sterman (CSS) Evolution
Sudakov exponentials (gluon radiation)
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(Collins (1992); 
Anselmino, et al. (2007); 
Kang, et al. (2016); …)
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Parton model

TMD/Collins-Soper-Sterman (CSS) Evolution
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Anselmino, et al. (2007, 2009, 2013, 2015); 
Goldstein, et al. (2014); Kang, et al. (2016); Radici, et al. (2013, 2015, 2018); 

Benel, et al. (2020); D’Alesio, et al. (2020); Cammarota, et al. (2020); 
Gamberg, et al. (2022); Cocuzza, et al. (2023)

He, Ji (1995); 
Barone, et al. (1997);

Schweitzer, et al. (2001); 
Gamberg, Goldstein (2001);

Pasquini, et al. (2005);
Wakamatsu (2007);

Lorce (2009);
Gupta, et al. (2018); 

Yamanaka, et al. (2018); 
Hasan, et al. (2019); 

Alexandrou, et al. (2019, 2023); 
Yamanaka, et al. (2013);

Pitschmann, et al. (2015);
Xu, et al. (2015);

Wang, et al. (2018);
Liu, et al. (2019) 

Herczeg (2001);
Erler, Ramsey-Musolf (2005);

Pospelov, Ritz (2005);
Severijns, et al. (2006);
Cirigliano, et al. (2013);
Courtoy, et al. (2015); 

Yamanaka, et al. (2017);   
Liu, et al. (2018);   

Gonzalez-Alonso, et al. (2019)
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(Yuan (2008); D’Alesio, Murgia, Pisano (2017); Kang, Prokudin, Ringer, Yuan (2017), …)
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Qiu-Sterman term Fragmentation term

1976

AN is a collinear (twist-3) observable
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p"p ! hX

Qiu-Sterman term Fragmentation term

1976

AN is a collinear (twist-3) observable

(Metz, DP (2012); Kanazawa, et al. (2014); 
Cammarota, et al. (2020); Gamberg, et al. (2017, 2022))
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Updated QCD Global Analysis of TSSAs 
for Single-Hadron Fragmentation

D. PitonyakD. Pitonyak

Gamberg, Malda, Miller, DP, Prokudin, Sato, PRD 106, 034014 (2022)

User-friendly jupyter notebook to calculate functions and asymmetries: 
https://colab.research.google.com/github/pitonyak25/jam3d_dev_lib/blob/main/JAM3D_Library.ipynb 

LHAPDF tables available (thanks to C. Cocuzza):
https://github.com/pitonyak25/jam3d_dev_lib/tree/main/LHAPDF_tables



 

D. Pitonyak

H
?(1)
1

FF T h1, FF T , H
?(1)
1 , H̃

D. Pitonyak

h1, FF T , H
?(1)
1 , H̃

6



! Analyze TSSAs in SIDIS, Drell-Yan, e+e- annihilation, and proton-proton 
collisions and extract

      along with the relevant transverse momentum widths for the Sivers,
      transversity, and Collins functions:

! We use a Gaussian ansatz:            where

       NB:               only used for Collins function 

! DGLAP-type evolution for the collinear functions analogous to Duke & 
Owens (1984): double-log Q2-dependent term explicitly added to the 
parameters

  

h1(x), FFT (x, x),H
?(1)
1 (z), H̃(z)

<latexit sha1_base64="a2DCpKTnqUA3QGyg7xjtRsagpvc="></latexit>
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! Additional data/constraints included in the fit compared to 2020:

• Collins and Sivers effects (3D-binned) SIDIS data from HERMES (2020)
•               data (x and z projections only) from HERMES (2020)

• Lattice data on gT at the physical pion mass                                            
from ETMC (Alexandrou, et al. (2019))

• Imposing the Soffer bound on transversity:

  

D. Pitonyak
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Generate “data” (central value and 1-σ uncertainty) 
using recent simultaneous fit of f1 and g1 from 
Cocuzza, et al. (2022) and add to the 𝟀2 if SB is 
violated by more than the uncertainty in the data
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�2/Npts. = 647/634 = 1.02
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First direct 
information 
from 
experiment 
on  
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! Comments on the non-perturbative functions:

• Transversity becomes much more tightly constrained by now imposing the 
SB and including the lattice gT data point, in particular the latter

• Collins and Sivers functions remain basically the same from JAM3D-20+

•  behaves similar to the Collins function (favored and unfavored roughly 
equal in magnitude but opposite in sign) - expected since both are derived 
from the same underlying quark-gluon-quark FF (Kanazawa, et al. (2016))

D. Pitonyak
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! Dihadron (e.g., Radici, Bacchetta (2018); Benel, Courtoy, Ferro-Hernandez (2019)) and TMD 
analyses that only include e+e- and SIDIS Collins effect data (e.g., Kang, et al. (2016)), 
are generally below the lattice values for gT and 𝛅u 

! Note that because of the SB, one initially finds JAM3D-22 has more tension with 
lattice, but this does not imply phenomenology and lattice are incompatible – one 
can only fully answer this by including lattice data in the analysis

! Once the the lattice gT data point is included, we find the non-perturbative 
functions can accommodate it and still describe the experimental data well
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! Slight update (JAM3D-22*) relevant for the next talk by Chris Cocuzza:

• “turn on” transversity antiquarks with "𝑢 = −�̅�

• 𝛅u,𝛅d from ETMC and PNDME are both included in the with lattice fit 
(rather than just gT from ETMC)

• incorporate constraint on the “a” parameter from the small-x asymptotic 
behavior of transversity (Kovchegov, Sievert (2019))

50% uncertainty due to unaccounted for 
1/Nc and NLO corrections

<latexit sha1_base64="qxXKSKPvM+20Ret0zkyMd7qj/vY="></latexit>
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a = 0.24± 0.12
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JAM3D-22

JAM3D-22*
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NB: The experimental data is still described very well even when 
including 𝛅u,𝛅d from lattice in the fit



New DiFF Theory Developments
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DP, Cocuzza, Metz, Prokudin, Sato, arXiv:2305.11995 
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! (TMD) PDFs and (single-hadron) FFs are defined in a way so that they are 
number densities (before renormalization) 
• crucial property for our ability to use them to understand hadronic 

structure (e.g., calculating expectation values)

Constantinou, et al., PDFLattice Report (2020) Barry, et al. (2023) - JAM Collaboration
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! (TMD) PDFs and (single-hadron) FFs are defined in a way so that they are 
number densities (before renormalization) 
• certain sum rules are satisfied that can be used to constrain/cross-check 

phenomenological extractions of PDFs/FFs and model calculations

(B is the baryon number, 
e.g.,= 3 for a proton)

Number sum rules

Momentum sum rules
<latexit sha1_base64="AM8VUAnuwnifDIhzzUVHcYuZZFs="></latexit>X

all i

Z 1

0
dx x f i/N

1 (x) = 1

<latexit sha1_base64="Vap1klQOT/uMW+DqCMtDBSP6V6o="></latexit> X

i=u,d,s,..

Z 1

0
dx [f i/N

1 (x)� f ī/N
1 (x)] = B

(N is the total number of hadrons produced 
when the parton fragments)

<latexit sha1_base64="d2UmiDsnv7VcS3gpVoagSm+yIH0="></latexit>X

h

Z 1

0
dz Dh/i

1 (z) = N

<latexit sha1_base64="7GRo76l+LPaWB2bbazIDGKGkO9g=">AAACEnicbVDLSsNAFJ3UV62vqks3o0VoodREfG2Eoi5cVrAPaNowmU6boZNJmJkIbeg3uPFX3LhQxK0rd/6Nk7YLbT1w4XDOvdx7jxsyKpVpfhuphcWl5ZX0amZtfWNzK7u9U5NBJDCp4oAFouEiSRjlpKqoYqQRCoJ8l5G6279O/PoDEZIG/F4NQtLyUY/TLsVIacnJFmwZ+Y5nU64cs21Be78zhHZxaBdvHKsde0d0lB8WLqGVcbI5s2SOAeeJNSU5MEXFyX7ZnQBHPuEKMyRl0zJD1YqRUBQzMsrYkSQhwn3UI01NOfKJbMXjl0bwUCsd2A2ELq7gWP09ESNfyoHv6k4fKU/Oeon4n9eMVPeiFVMeRopwPFnUjRhUAUzygR0qCFZsoAnCgupbIfaQQFjpFJMQrNmX50ntuGSdlU7vTnLlq2kcabAHDkAeWOAclMEtqIAqwOARPINX8GY8GS/Gu/ExaU0Z05ld8AfG5w8uW5s+</latexit>X

h

Z 1

0
dz z Dh/i

1 (z) = 1

NB: sum rules hold under renormalization
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<latexit sha1_base64="q5BGIJCt2r0IHaPE0Qg1kJIk0Wg="></latexit>

Ph = P1 + P2 R = (P1 � P2)/2 z = z1 + z2 ⇣ = (z1 � z2)/z

From Bianconi, et al. (2000)
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<latexit sha1_base64="sQy7NrEwmhNpYdEfxJq2m18Mwk8="></latexit>

1

64⇡3z1z2
Tr

h
�h1h2/q(z1, z2, ~P1?, ~P2?)�

�
i
= Dh1h2/q

1 (z1, z2, ~P
2
1?, ~P

2
2?, ~P1? · ~P2?)

25

<latexit sha1_base64="aZL5pdHBAIjZBFgTs+48r+g/Pbs="></latexit>

Dh/q
1 (z, ~P 2

?) =
1

Nc

1

4z

X

X

Z Z
d⇠+d2~⇠?
(2⇡)3

eik
�⇠+Tr


h0|W(1, ⇠) q(⇠

+, 0�, ~⇠?)|P ;Xi

⇥ hP ;X| ̄q(0
+, 0�,~0?)W(0,1)|0i ��

�

Single-hadron FF

Dihadron FF
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<latexit sha1_base64="sQy7NrEwmhNpYdEfxJq2m18Mwk8="></latexit>

1

64⇡3z1z2
Tr

h
�h1h2/q(z1, z2, ~P1?, ~P2?)�

�
i
= Dh1h2/q

1 (z1, z2, ~P
2
1?, ~P

2
2?, ~P1? · ~P2?)

This prefactor is key to the number density interpretation of 
dihadron FFs (see also Majumder, Wang (2004)) because in order to 
prove a number sum rule we need to introduce the number 
operator separately for each hadron ( j = 1, 2)

<latexit sha1_base64="J53GKWVq16CTsVutXN03WaKHRDY="></latexit>

N̂hj ⌘
Z

dP�
j d2 ~Pj?

(2⇡)3 2P�
j

â†hj
âhj =

Z
dzjd2 ~Pj?
(2⇡)3 2zj

â†hj
âhj

25
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<latexit sha1_base64="sQy7NrEwmhNpYdEfxJq2m18Mwk8="></latexit>

1

64⇡3z1z2
Tr

h
�h1h2/q(z1, z2, ~P1?, ~P2?)�

�
i
= Dh1h2/q

1 (z1, z2, ~P
2
1?, ~P

2
2?, ~P1? · ~P2?)

・
・
・

<latexit sha1_base64="6ECJZcJbOLOw9HNRoLA09EyM6Co="></latexit>X

h1

Z 1

0
dz1

Z
d2 ~P1?D

h1h2/q
1 (z1, z2, ~P

2
1?, ~P

2
2?, ~P1? · ~P2?) = (N � 1)Dh2/q

1 (z2, ~P
2
2?)

<latexit sha1_base64="pXOmIB7HzUNkZ27ARb9kQL8Tms8="> 4DAc3AA3oIRGAMW0OBT8CX4Gmbh5/Bb+H2VGgbtmvvgrwh//AHsTeaC</latexit>X

h1

X

h2

Z 1

0
dz2

Z 1�z2

0
dz1

Z
d2 ~P1?

Z
d2 ~P2?D

h1h2/q
1 (z1, z2, ~P

2
1?, ~P

2
2?, ~P1? · ~P2?) = N (N � 1)

Total number of hadron pairs 
produced when the parton fragments

25
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<latexit sha1_base64="sQy7NrEwmhNpYdEfxJq2m18Mwk8="></latexit>

1

64⇡3z1z2
Tr

h
�h1h2/q(z1, z2, ~P1?, ~P2?)�

�
i
= Dh1h2/q

1 (z1, z2, ~P
2
1?, ~P

2
2?, ~P1? · ~P2?)

・
・
・

<latexit sha1_base64="6ECJZcJbOLOw9HNRoLA09EyM6Co="></latexit>X

h1

Z 1

0
dz1

Z
d2 ~P1?D

h1h2/q
1 (z1, z2, ~P

2
1?, ~P

2
2?, ~P1? · ~P2?) = (N � 1)Dh2/q

1 (z2, ~P
2
2?)

<latexit sha1_base64="pXOmIB7HzUNkZ27ARb9kQL8Tms8="> 4DAc3AA3oIRGAMW0OBT8CX4Gmbh5/Bb+H2VGgbtmvvgrwh//AHsTeaC</latexit>X

h1

X

h2

Z 1

0
dz2

Z 1�z2

0
dz1

Z
d2 ~P1?

Z
d2 ~P2?D

h1h2/q
1 (z1, z2, ~P

2
1?, ~P

2
2?, ~P1? · ~P2?) = N (N � 1)

Total number of hadron pairs 
produced when the parton fragments

The proof is not possible if a prefactor of 1/(4z) = 1/(4(z1+z2)) is used!
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Number sum rule

is a number density
Jacobian for the variable 

transformation

<latexit sha1_base64="xExHWtfuYRZkvaaOSuv8n87g0Tw="></latexit>

Dh1h2/i
1 (w, x, ~Y 2, ~Z2, ~Y · ~Z) ⌘ J ·Dh1h2/i

1 (z1, z2, ~P
2
1?, ~P

2
2?, ~P1? · ~P2?)

<latexit sha1_base64="ulWIc6sWaWSWmqUIMsH0Euu4CsI="></latexit>X

h1

X

h2

Z 1

0
dz2

Z 1�z2

0
dz1

Z
d2 ~P1?

Z
d2 ~P2?D

h1h2/i
1 (z1, z2, ~P

2
1?, ~P

2
2?, ~P1? · ~P2?) = N (N � 1)
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Number sum rule

is a number density

<latexit sha1_base64="xExHWtfuYRZkvaaOSuv8n87g0Tw="></latexit>

Dh1h2/i
1 (w, x, ~Y 2, ~Z2, ~Y · ~Z) ⌘ J ·Dh1h2/i

1 (z1, z2, ~P
2
1?, ~P

2
2?, ~P1? · ~P2?)

Using our new definition, DiFFs can now be interpreted as 
densities in any momentum variables of choice for the number 

of hadron pairs (h1 h2 ) fragmenting from the parton

Jacobian for the variable 
transformation

<latexit sha1_base64="ulWIc6sWaWSWmqUIMsH0Euu4CsI="></latexit>X

h1

X

h2

Z 1

0
dz2

Z 1�z2

0
dz1

Z
d2 ~P1?

Z
d2 ~P2?D

h1h2/i
1 (z1, z2, ~P

2
1?, ~P

2
2?, ~P1? · ~P2?) = N (N � 1)

NB: number density interpretation holds not only for unpolarized quarks (𝛾⎻ projection) but 
also for longitudinally (𝛾⎻𝛾5 projection) and transversely (iσi ⎻ 𝛾5 projection) polarized quarks
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Number sum rule

Momentum sum rule
<latexit sha1_base64="IuNLJGRmzHwNgtoahwHBgDnqSgY="></latexit>X

h1

Z 1�z2

0
dz1

Z
d2 ~P1? z1 D

h1h2/i
1 (z1, z2, ~P

2
1?, ~P

2
2?, ~P1?· ~P2?) = (1� z2)D

h2/i
1 (z2, ~P

2
2?)

is a number density

<latexit sha1_base64="xExHWtfuYRZkvaaOSuv8n87g0Tw="></latexit>

Dh1h2/i
1 (w, x, ~Y 2, ~Z2, ~Y · ~Z) ⌘ J ·Dh1h2/i

1 (z1, z2, ~P
2
1?, ~P

2
2?, ~P1? · ~P2?)

NB:                                                                                          is a conditional number density
<latexit sha1_base64="Nngi4MLcEdfGpGOlxXgDEklIsP4="></latexit>

Dh1h2/i
1 (z1, z2, ~P

2
1?, ~P

2
2?, ~P1?· ~P2?)/D

h2/i
1 (z2, ~P

2
2?)

<latexit sha1_base64="ulWIc6sWaWSWmqUIMsH0Euu4CsI="></latexit>X

h1

X

h2

Z 1

0
dz2

Z 1�z2

0
dz1

Z
d2 ~P1?

Z
d2 ~P2?D

h1h2/i
1 (z1, z2, ~P

2
1?, ~P

2
2?, ~P1? · ~P2?) = N (N � 1)
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<latexit sha1_base64="q5BGIJCt2r0IHaPE0Qg1kJIk0Wg="></latexit>

Ph = P1 + P2 R = (P1 � P2)/2 z = z1 + z2 ⇣ = (z1 � z2)/z

<latexit sha1_base64="XRufqTz7k2iwBLMhjytzVFMriVc="></latexit>

(z1, z2, ~P1?, ~P2?) �! (z, ⇣,~kT , ~RT ) : J = z3/2
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<latexit sha1_base64="XRufqTz7k2iwBLMhjytzVFMriVc="></latexit>

(z1, z2, ~P1?, ~P2?) �! (z, ⇣,~kT , ~RT ) : J = z3/2

<latexit sha1_base64="sE0I0HmveIuBOi5JGQGSw15QLbI="></latexit>

Dh1h2/q
1 (z, ⇣,~k 2

T , ~R
2
T ,~kT · ~RT ) =

z

32⇡3(1 � ⇣2)
Tr

h
�h1h2/q(z1, z2, ~P1?, ~P2?)�

�
i

is a number density in 
<latexit sha1_base64="m49YreIC6/QZSrpH0Wq5gevPec4=">AAACCnicbZDLSsNAFIYnXmu9RV26iRahQimJeFsW3bis0hs0pUymJ+3QyYWZSaENWbvxVdy4UMStT+DOt3GaZqGtPwx8/OcczpzfCRkV0jS/taXlldW19dxGfnNre2dX39tviCDiBOokYAFvOVgAoz7UJZUMWiEH7DkMms7wdlpvjoALGvg1OQ6h4+G+T11KsFRWVz8qTkr2BCQu2SMg8TDpxrVkxg8pn3b1glk2UxmLYGVQQJmqXf3L7gUk8sCXhGEh2pYZyk6MuaSEQZK3IwEhJkPch7ZCH3sgOnF6SmKcKKdnuAFXz5dG6v6eiLEnxNhzVKeH5UDM16bmf7V2JN3rTkz9MJLgk9kiN2KGDIxpLkaPciCSjRVgwqn6q0EGmGMiVXp5FYI1f/IiNM7K1mX54v68ULnJ4sihQ3SMishCV6iC7lAV1RFBj+gZvaI37Ul70d61j1nrkpbNHKA/0j5/ACftmpU=</latexit>

(z, ⇣,~kT , ~RT )

<latexit sha1_base64="q5BGIJCt2r0IHaPE0Qg1kJIk0Wg="></latexit>

Ph = P1 + P2 R = (P1 � P2)/2 z = z1 + z2 ⇣ = (z1 � z2)/z
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<latexit sha1_base64="sE0I0HmveIuBOi5JGQGSw15QLbI="></latexit>

Dh1h2/q
1 (z, ⇣,~k 2

T , ~R
2
T ,~kT · ~RT ) =

z

32⇡3(1 � ⇣2)
Tr

h
�h1h2/q(z1, z2, ~P1?, ~P2?)�

�
i

is a number density in 
<latexit sha1_base64="m49YreIC6/QZSrpH0Wq5gevPec4=">AAACCnicbZDLSsNAFIYnXmu9RV26iRahQimJeFsW3bis0hs0pUymJ+3QyYWZSaENWbvxVdy4UMStT+DOt3GaZqGtPwx8/OcczpzfCRkV0jS/taXlldW19dxGfnNre2dX39tviCDiBOokYAFvOVgAoz7UJZUMWiEH7DkMms7wdlpvjoALGvg1OQ6h4+G+T11KsFRWVz8qTkr2BCQu2SMg8TDpxrVkxg8pn3b1glk2UxmLYGVQQJmqXf3L7gUk8sCXhGEh2pYZyk6MuaSEQZK3IwEhJkPch7ZCH3sgOnF6SmKcKKdnuAFXz5dG6v6eiLEnxNhzVKeH5UDM16bmf7V2JN3rTkz9MJLgk9kiN2KGDIxpLkaPciCSjRVgwqn6q0EGmGMiVXp5FYI1f/IiNM7K1mX54v68ULnJ4sihQ3SMishCV6iC7lAV1RFBj+gZvaI37Ul70d61j1nrkpbNHKA/0j5/ACftmpU=</latexit>

(z, ⇣,~kT , ~RT )

<latexit sha1_base64="q5BGIJCt2r0IHaPE0Qg1kJIk0Wg="></latexit>

Ph = P1 + P2 R = (P1 � P2)/2 z = z1 + z2 ⇣ = (z1 � z2)/z

<latexit sha1_base64="iqm9GYIcCFkQ+KhDsh41x5u8c0A="></latexit>

Dh1h2/q,BBJR
1 (z, ⇣,~k 2

T , ~R
2
T ,~kT · ~RT ) =

1

4z
Tr

h
�h1h2/q(z1, z2, ~P1?, ~P2?)�

�
i

Compare this to the original definition of Bianconi, Boffi, Jakob, Radici (2000) that 
has been the basis for all dihadron research (sensitive to RT) for the last 20+ years

Does not allow sum rules to be derived that 
justify a number density interpretation

<latexit sha1_base64="XRufqTz7k2iwBLMhjytzVFMriVc="></latexit>

(z1, z2, ~P1?, ~P2?) �! (z, ⇣,~kT , ~RT ) : J = z3/2
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<latexit sha1_base64="qGnsj3B/LioJCw4Xi96qF18k1AY="></latexit>

z

32⇡3(1� ⇣2)

Z
d
2~kT Tr

h
�h1h2/q(z1, z2, ~P1?, ~P2?)�

�
i
= D

h1h2/q
1 (z, ⇣, ~R2

T )

z

32⇡3(1� ⇣2)

Z
d
2~kT Tr

h
�h1h2/q(z1, z2, ~P1?, ~P2?)i�

i�
�5

i
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ij
T R

j
T

Mh
H

^h1h2/q
1 (z, ⇣, ~R2

T )

are number densities in 
<latexit sha1_base64="r7hYLam9HlQ2APMMNAewBhaplAM=">AAAB/nicbVDLSsNAFJ3UV62vqLhyEyxChVIS8bUsunFZpS9oQphMb9uhkwczk0IbAv6KGxeKuPU73Pk3TtsstPXAhcM593LvPV7EqJCm+a3lVlbX1jfym4Wt7Z3dPX3/oCnCmBNokJCFvO1hAYwG0JBUMmhHHLDvMWh5w7up3xoBFzQM6nIcgePjfkB7lGCpJFc/Kk3K9gQkLtsjIMlj6ib19MzVi2bFnMFYJlZGiihDzdW/7G5IYh8CSRgWomOZkXQSzCUlDNKCHQuIMBniPnQUDbAPwklm56fGqVK6Ri/kqgJpzNTfEwn2hRj7nur0sRyIRW8q/ud1Ytm7cRIaRLGEgMwX9WJmyNCYZmF0KQci2VgRTDhVtxpkgDkmUiVWUCFYiy8vk+Z5xbqqXD5cFKu3WRx5dIxOUAlZ6BpV0T2qoQYiKEHP6BW9aU/ai/aufcxbc1o2c4j+QPv8AZ2AlUk=</latexit>

(z, ⇣, ~RT )
chiral-odd “interference” FF (IFF) 

that can couple to transversity
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<latexit sha1_base64="qGnsj3B/LioJCw4Xi96qF18k1AY="></latexit>
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32⇡3(1� ⇣2)

Z
d
2~kT Tr

h
�h1h2/q(z1, z2, ~P1?, ~P2?)�

�
i
= D

h1h2/q
1 (z, ⇣, ~R2

T )

z

32⇡3(1� ⇣2)

Z
d
2~kT Tr

h
�h1h2/q(z1, z2, ~P1?, ~P2?)i�

i�
�5

i
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ij
T R

j
T

Mh
H

^h1h2/q
1 (z, ⇣, ~R2

T )

One cannot simply replace the RT dependence in the DiFF with an Mh and still maintain a 
number density interpretation in Mh 

<latexit sha1_base64="esklVGeBHmwkWDAjgGqJAxUvm5A="></latexit>

~R 2
T =

1� ⇣2

4
M2

h � 1� ⇣

2
M2

1 � 1 + ⇣

2
M2

2

<latexit sha1_base64="NYhFr8orGPtPhEESsOxD/TMcJUc="></latexit>

(z1, z2, ~P1?, ~P2?) �! (z, ⇣,~kT ,Mh,�RT ) : J = z3(1� ⇣2)/8

are number densities in 
<latexit sha1_base64="r7hYLam9HlQ2APMMNAewBhaplAM=">AAAB/nicbVDLSsNAFJ3UV62vqLhyEyxChVIS8bUsunFZpS9oQphMb9uhkwczk0IbAv6KGxeKuPU73Pk3TtsstPXAhcM593LvPV7EqJCm+a3lVlbX1jfym4Wt7Z3dPX3/oCnCmBNokJCFvO1hAYwG0JBUMmhHHLDvMWh5w7up3xoBFzQM6nIcgePjfkB7lGCpJFc/Kk3K9gQkLtsjIMlj6ib19MzVi2bFnMFYJlZGiihDzdW/7G5IYh8CSRgWomOZkXQSzCUlDNKCHQuIMBniPnQUDbAPwklm56fGqVK6Ri/kqgJpzNTfEwn2hRj7nur0sRyIRW8q/ud1Ytm7cRIaRLGEgMwX9WJmyNCYZmF0KQci2VgRTDhVtxpkgDkmUiVWUCFYiy8vk+Z5xbqqXD5cFKu3WRx5dIxOUAlZ6BpV0T2qoQYiKEHP6BW9aU/ai/aufcxbc1o2c4j+QPv8AZ2AlUk=</latexit>

(z, ⇣, ~RT )

NB: Experiments report measurements in terms of Mh 

chiral-odd “interference” FF (IFF) 
that can couple to transversity
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<latexit sha1_base64="zgYnI8IzHcuJqrg5GLx0w0KhYmA="></latexit>

Dh1h2/i
1 (z,Mh) ⌘

⇡

2
Mh

Z 1

�1
d⇣ (1� ⇣2)Dh1h2/i

1 (z, ⇣, ~R2
T )

is a number density in
<latexit sha1_base64="Jk+/w2kxcoQOjUfBrX/NuHbXq5s=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQQcKu+DoGvXgRIpgHJEuYncwmQ2ZnlplZIS75CC8eFPHq93jzb5wke9DEgoaiqpvuriDmTBvX/XZyS8srq2v59cLG5tb2TnF3r6FlogitE8mlagVYU84ErRtmOG3FiuIo4LQZDG8mfvORKs2keDCjmPoR7gsWMoKNlZrlp5O77uC4Wyy5FXcKtEi8jJQgQ61b/Or0JEkiKgzhWOu258bGT7EyjHA6LnQSTWNMhrhP25YKHFHtp9Nzx+jIKj0USmVLGDRVf0+kONJ6FAW2M8JmoOe9ifif105MeOWnTMSJoYLMFoUJR0aiye+oxxQlho8swUQxeysiA6wwMTahgg3Bm395kTROK95F5fz+rFS9zuLIwwEcQhk8uIQq3EIN6kBgCM/wCm9O7Lw4787HrDXnZDP78AfO5w8wBo7V</latexit>

(z,Mh)

<latexit sha1_base64="Eb1bO+agP8+4ksAmb9mVZp3/GXY="></latexit>

hO(z,Mh)i
h1h2/i=

Z
dz dMh O(z,Mh)D

h1h2/i
1 (z,Mh)

Can meaningfully calculate expectation values!



! Experimental measurements are sensitive to the so-called “extended” DiFFs 
where kT (and usually 𝜻) is integrated out
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1 (z,Mh) ⌘

⇡
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�1
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T )

<latexit sha1_base64="rNWuqlY0K5e+sc3ZOMnI4gxS0ZA="></latexit>

H
^h1h2/i
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2
Mh

Z 1

�1
d⇣

|~RT |
Mh

(1� ⇣
2)H^h1h2/i

1 (z, ⇣, ~R2
T )

The analytical formulas in the literature need to be modified 
to account for these new definitions



! Evolution equations for extended DiFFs
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“Homogeneous term” “Inhomogeneous term”
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! Evolution equations for extended DiFFs
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“Homogeneous term” “Inhomogeneous term”
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w(1� w)
Dh1/q

1 (z1/w)D
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1 (z2/(1� w))

1 + w2
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The inhomogeneous terms are not UV divergent when one keeps the dependence on RT 
(see also Ceccopieri, et al. (2007))
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<latexit sha1_base64="PPi3ShrQgklaDyGseMeZdOxVaRg="></latexit>

D = D1 or H^
1where

use unpolarized 
splitting kernels

use transversely polarized 
splitting kernels

The evolution equations of the extended DiFFs 
are the same as single-hadron collinear FFs
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! We have updated our JAM3D-20 analysis using new data from HERMES 
(3D-binned Collins and Sivers effects and            ) as well as constraints 
from lattice QCD (tensor charge gT) and the Soffer bound on transvesity.

 
! Our JAM3D-22 results show it is still possible to accommodate these 

data/constraints and describe all TSSAs.  The newly extracted transversity 
function and associated tensor charges are much more precise.  We also 
have the first direct information from experiment on          .

! We can eventually include x-dependent lattice data on transversity into 
phenomenology (more constraining than the tensor charge data).

! We have introduced a new definition of dihadron fragmentation functions 
that is consistent with a number density interpretation, giving these 
functions a clear physical meaning.
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