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Proton helicity structure
The fundamental properties of hadrons, and in particular its spin, are defined by the 
complex dynamics of quarks and gluons which form a strongly bonded many-body 
parton system. This dynamics in the context of spin dependent observables is not 
well understood (spin puzzle, large uncertainties for spin at small-x etc.)
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Figure 9: 90% C.L. uncertainty estimates for the running integrals of the gluon helicity (left), quark helicity
(middle), and orbital angular momentum (right) distribution at Q2 = 10 GeV2 as a function of xmin. The gray-
shaded band denotes the DSSV08 [17] fit which includes primarily DIS data. The blue-shaded band is based on
the DSSV14 fit [18], which includes polarized p+p data from RHIC collected prior to 2012. The yellow-shaded
band is a projection, which accounts for the most recent RHIC data [19]. The region constrained by current data
lies to the right of the vertical dashed lines.

Q2, the spin of the proton can be written in terms
of its constituents using the Ja↵e–Manohar sum
rule [21]
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where 1
2�⌃(x,Q2) represents the quark helicity

contribution, and �g(x,Q2) represents the gluon
helicity contribution to the total spin of the pro-
ton. The respective orbital angular momenta of
quarks and gluons are represented by L(Q2) =P

q

⇥
Lq(Q2) + Lq̄(Q2)

⇤
+ Lg(Q2).

Figure 9 shows an extraction of the integrals of
the quark and gluon contributions in Eq. 2, run-
ning between x = xmin and x = 1 with their 90%
confidence level (C.L) uncertainties. The gray-
shaded band is the outcome of the DSSV08 [17]
analysis, which is almost exclusively based on
the existing DIS data. The blue-shaded band
shows the result of the DSSV14 [18] fit, which in-
cludes polarized p+p data from RHIC. The yellow-
shaded region shows the projected constraints on
the parton distributions once all RHIC data col-
lected through 2015 is included. In the plots, the
region to the right of the dashed vertical line is
constrained by current data. It is clear that preci-

sion data are needed to determine the parton con-
tribution to the proton’s spin, especially at low x.
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Figure 10: Present knowledge of the evolution in x of
the structure function g1, based on the DSSV14 ex-
traction [19]. The dotted lines show the results for
alternative fits that are within the 90% C.L. limit.

The fraction of the spin from angular mo-
menta can be obtained by subtracting 1

2�⌃(Q2)
and �G(Q2) from the total spin of the proton, us-
ing the sum rule in Eq. 2. The right panel in Fig. 9
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There is a lot of interest in studying proton spin at small-x 



Many-body parton system at small-x
What is a challenge of the small-x proton spin study? What 
is a difference between Bjorken ( ) and Regge 
( ) limits?

Q2 → ∞
xB → 0

1.2.2 The Nucleus, a QCD Laboratory

The nucleus is a QCD “molecule”, with a complex structure corresponding to bound states
of nucleons. Understanding the formation of nuclei in QCD is an ultimate long-term goal of
nuclear physics. With its wide kinematic reach, as shown in Fig. 1.5 (Left), the capability
to probe a variety of nuclei in both inclusive and semi-inclusive DIS measurements, the
EIC will be the first experimental facility capable of exploring the internal 3-dimensional
sea quark and gluon structure of a fast-moving nucleus. Furthermore, the nucleus itself is
an unprecedented QCD laboratory for discovering the collective behavior of gluonic matter
at an unprecedented occupation number of gluons, and for studying the propagation of
fast-moving color charges in a nuclear medium.
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Figure 1.5: Left: The range in the square of the transferred momentum by the electron to the
nucleus, Q2, versus the parton momentum fraction x accessible to the EIC in e-A collisions at
two di↵erent center-of-mass energies, compared with the existing data. Right: The schematic
probe resolution vs. energy landscape, indicating regions of non-perturbative and perturbative
QCD, including in the latter, low to high saturated parton density, and the transition region
between them.

QCD at Extreme Parton Densities
In QCD, the large soft-gluon density enables
the non-linear process of gluon-gluon recom-
bination to limit the density growth. Such a
QCD self-regulation mechanism necessarily
generates a dynamic scale from the interac-
tion of high density massless gluons, known
as the saturation scale, Qs, at which gluon
splitting and recombination reach a balance.
At this scale, the density of gluons is ex-
pected to saturate, producing new and uni-
versal properties of hadronic matter. The
saturation scale Qs separates the condensed
and saturated soft gluonic matter from the
dilute, but confined, quarks and gluons in a
hadron, as shown in Fig. 1.5 (Right).

The existence of such a state of satu-
rated, soft gluon matter, often referred to as
the Color Glass Condensate (CGC), is a di-
rect consequence of gluon self-interactions in
QCD. It has been conjectured that the CGC
of QCD has universal properties common to
nucleons and all nuclei, which could be sys-
tematically computed if the dynamic satu-
ration scale Qs is su�ciently large. How-
ever, such a semi-hard Qs is di�cult to
reach unambiguously in electron-proton scat-
tering without a multi-TeV proton beam.
Heavy ion beams at the EIC could provide
precocious access to the saturation regime
and the properties of the CGC because the
virtual photon in forward lepton scattering

7

• While at large-x the proton can be viewed  as a 
collection of weakly interacting patrons, at small-x the 
proton is characterized by a rapid rise of the number of 
partons leading a constant recombination of partons. At 
small-x we aim to sum multiple interactions between 
partons. This interactions are described by so-called 
dipole amplitudes (similar to TMDs).

• The large logarithms to be resummed are different at 
large- and small-x. While at large-x we resum logarithms 

 originating in transverse integrals, at small-x 
we resum longitudinal logarithms  (rapidity 
divergence).

αs log Q2

αs ln 1/x



Color Glass Condensate
The small-x regime of the many-body parton system can be explored in the framework of CGC. In the CGC 
EFT the target field has an infinitesimally small support (shock-wave) and doesn’t have a transverse 
component:

shockwave 
(background field)
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�⇤(q)

In the leading (eikonal) approximation the operator is constructed 
from light-cone Wilson lines (color dipole) which makes it 
insensitive to spin effects

impact factor
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Balitsky (1996)

McLerran, Venugopalan (1994)

Deep inelastic scattering as a scattering on a shock-wave:

operator describing 
interaction with a target
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Beyond the eikonal approximation
The small-x regime of the many-body parton system can be explored in the framework of CGC. In the CGC 
EFT the target field has an infinitesimally small support (shock-wave) and doesn’t have a transverse 
component:

<latexit sha1_base64="cDB1BN3KVLtW9Bo6lLA/bnTZhLk=">AAAB9XicbVBNSwMxEM36WetX1aOXYBHqpexKUY9FLx4r2A/obstsmm1Dk+yaZJVS+j+8eFDEq//Fm//GtN2Dtj4YeLw3w8y8MOFMG9f9dlZW19Y3NnNb+e2d3b39wsFhQ8epIrROYh6rVgiaciZp3TDDaStRFETIaTMc3kz95iNVmsXy3owSGgjoSxYxAsZKHb8PQkDHB21KD2fdQtEtuzPgZeJlpIgy1LqFL78Xk1RQaQgHrduem5hgDMowwukk76eaJkCG0KdtSyUIqoPx7OoJPrVKD0exsiUNnqm/J8YgtB6J0HYKMAO96E3F/7x2aqKrYMxkkhoqyXxRlHJsYjyNAPeYosTwkSVAFLO3YjIABcTYoPI2BG/x5WXSOC97F+XKXaVYvc7iyKFjdIJKyEOXqIpuUQ3VEUEKPaNX9OY8OS/Ou/Mxb11xspkj9AfO5w8Aa5Iy</latexit>

�⇤(q)

<latexit sha1_base64="wmwHnGUigaxLpm3993dERekAuYw="></latexit>

A+
cl(x) = � 1

@2
?
⇢(x?)�(x

�); A�
cl(x) = Ai

cl(x) = 0

To be sensitive to spin effects one has to go beyond the leading eikonal approximation and include two types 
of corrections:

Helicity dependent interaction 
via sub-eikonal operators

• Non-zero value of the transverse component 
of the background field
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• Non-zero “size” of the shock-wave
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Non-zero value of the transverse component
Originally, the first type of corrections was considered by Kovchegov, Pitonyak, Sievert (2016-2019). 
There are two helicity dependent operators at the sub-eikonal level.

Inclusion of these operators leads to the KPS evolution, which has been extensively studied.
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V pol[1]
x = V G[1]

x + V q[1]
x

This operators generate a polarized dipole amplitude
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KPS evolution
• Sums up powers of  and .
• The equations are closed in the large-  and large-

 limits.
• The equations were obtained in both flavor singlet and 

non-singlet channels.
• The flavour singlet helicity evolution equations were 

solved numerically and analytically in large-  limit. 
• Flavor non-singlet equations at large-  were solved 

analytically.
• A numerical solution of the large-  equations was 

obtained in Y. V. Kovchegov and Y. Tawabutr (2020)

αs ln 1/x αs ln2 1/x
Nc

Nc & Nf

Nc
Nc

Nc & Nf

4

FIG. 2. Comparison of A|| and A1 data (black) at x < 0.1
and Q2 2 [1.73, 19.70] GeV2 with the JAMsmallx fit: proton
(red), deuteron (blue), and 3He (green).

level and the x < 0.1 data on the proton, deuteron, and
3He double-spin asymmetries is shown in Fig. 2, with the
associated gp1 structure function displayed in Fig. 3. We
find a very good fit to the data, with �2/Npts = 1.01.

The precise value of x0 at which KPS evolution sets
in, corresponding to the cut x < x0 applied to the data,
is not known a priori. In Fig. 4, we show �2/Npts

for x0 = {0.05, 0.1, 0.15, 0.2, 0.25, 0.3}, where Npts =
{62, 122, 187, 229, 342, 508}, respectively. We note that
for x0 = 0.2, a few data points from SLAC E80/E130 [54]
survive the x < x0 cut, and for x0 = 0.25, also data from
Je↵erson Lab [55–58] survive that x < x0 cut. However,
the latter data points are not the sole reason for the in-
crease in �2/Npts when x0 � 0.25. Certain data sets from
COMPASS, HERMES, and SLAC that the fit describes
well when only x < 0.2 points are included also have their
individual �2/Npts deteriorate once additional data with
x � 0.25 enter the fit.

The fact that we find good fits up to x0 = 0.2 in-
troduces an additional systematic uncertainty into the
behavior of gp1 down to x = 10�5 in Fig. 3. The error
band in the plot only reflects the uncertainty from the
experimental data and not this systematic uncertainty
due to the choice of x0. This ambiguity in x0 indicates

FIG. 3. JAMsmallx result for the gp1 structure function ob-
tained from existing polarized DIS data (light red band) as
well as with EIC pseudodata (dark red band). For compari-
son, we include gp1 from the DSSV fit to existing data [71, 72]
(light blue band) and with EIC pseudodata at

p
S = 45 and

141 GeV [73] (light purple band). The inset gives the relative
uncertainty �gp1/g

p
1 for each fit at small x.

that current polarized DIS data have not been measured
at small enough x to identify the onset of small-x he-
licity evolution. The data do, however, constrain the
value of x0 by imposing an upper bound. Our fit is
not expected to work at larger values of x0, where the
small-x formalism should become inapplicable. We find
that the data can indeed discriminate this breakdown,
with the fit quality �2/Npts degrading substantially for
x0 ⇠ 0.25 due to the inability of the small-x formalism
to capture the steep (1�x)n (n ⇡ 3) large-x fallo↵ in the
data. We note that the unpolarized evolution resumma-
tion parameter ↵s ln(1/x) at x = 0.01 is approximately
equal to the polarized evolution parameter ↵s ln2(1/x) at
x = 0.1, suggesting comparable accuracy for our helicity
evolution with x0 = 0.1 and the unpolarized small-x evo-
lution [22–25, 59–66] with the commonly used value of
x0 = 0.01 [28, 29, 67–70].

FIG. 4. Plot of �2/Npts versus x0: the numbers next to the
red points indicate the specific �2/Npts values at the given x0.

We also comment that there exist other quantities
with the leading small-x contribution being double-
logarithmic in x. An example would be the flavor non-
singlet unpolarized PDFs, which, at small-x, are domi-

D. Adamiak, Y. V. Kovchegov, W. Melnitchouk, D. Pitonyak, 
N. Sato and M. D. Sievert, PRD 104 (2021) L031501

Kovchegov, Pitonyak, Sievert (2016-2019)
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• Contradicts the asymptotic  obtained in 
the infrared evolution equations (IREE) 
formalism
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Sub-eikonal corrections
Recently a systematic treatment of the sub-eikonal corrections was performed in the background field method 

Cougoulic, Kovchegov, Tarasov, Tawabutr (2022)
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S
We construct an expansion in eikonality for the operator 
and find the structure of the sub-eikonal correction:

leading eikonal term 
(Wilson line)

sub-eikonal correction

Altinoluk, Armesto, Beuf, Martínez, Salgado (2014) 
Balitsky, Tarasov (2015-2016)
Chirilli (2019)



Eikonal expansion of the gluon propagator (axial gauge)
The general form of the propagators has to be simplified. We construct an eikonal expansion in the shock-
wave approximation of the propagators which is suited to the rapidity factorization

<latexit sha1_base64="zH0y00DN5M08b/Ne70+GfHNzP14="></latexit>

T [Ca
µ(x)C

b
⌫(y)] = � 1

2⇡

1Z

0

dp�

2p�
e�ip�(x�y)+

⇥ (x?|(gµi �
nµ

p�
pi)

ace
�i

p2?
2p�

x�
Gij(1,�1)e

i
p2?
2p�

y�
(gj⌫ � pj

n⌫

p�
)db|y?) + . . .

describes interaction with 
the background field 

<latexit sha1_base64="PJujbtMvXQ3uiPGyMfV30stCTr8="></latexit>

Gij(1,�1) = g
ij
U +

g
ij
s

2P+p�
U

q[2] +
i✏

ij
s

2P+p�
U

pol[1]

� igg
ij

2p�
p
k

1Z

�1

dz
�
z
�
U [1, z

�]F�kU [z�,�1]� igg
ij

2p�

1Z

�1

dz
�
z
�
U [1, z

�]F�kU [z�,�1]pk

+
ig

2
g
ij

2p�

1Z

�1

dz
�
1

z�
1Z

�1

dz
�
2 (z�1 � z

�
2 )U [1, z

�
1 ]F�kU [z�1 , z

�
2 ]F�kU [z�2 ,�1] +O

⇣ 1

(p�)2

⌘
.

eikonal contribution

Sub-eikonal corrections are 
suppressed by 1/p−

 termsF12

new terms



A new operator related to a non-zero “size” of the shock-wave
• We find another operator at the sub-eikonal level which generates the small-x DGLAP evolution

• This operator is related to the Jaffe-Manohar polarized gluon distribution  which satisfies the DGLAP 
evolution. It can by obtained by expanding the exponential factor (expansion in ) in the definition of the 
JM distribution

• This operator comes from the scalar phase in the propagator when it is expanded onto the light-cone

• This operator describes sub-eikonal corrections due to a non-zero width of the shock-wave

ΔG
xB
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This operator in turn generates a new type of the polarized dipole amplitude:
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KPS-CTT evolution
• Sums up powers of  and 
• Contains mixing between different types of operators
• Consistent with small-x DGLAP evolution
• The equations are closed in the large-  and large-  limits.
• A system of equations in the large-  limit in the DLA approximation:

αs ln 1/x αs ln2 1/x

Nc Nc & Nf
Nc
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• Large-  equations have been solved numerically (CKTT 2022) and analytically (J. Borden and Y. V. 
Kovchegov, 2023). The result is in agreement with the BER result:

Nc
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+ three similar equations, where amplitudes , ,  and  parametrize dipole amplitudes  and G Γ G2 Γ2 Gi
10 Q10

• Large-  has been recently solved numerically (D. Adamiak, Y. V. Kovchegov and Y. Tawabutr, 
2023) and showed disagreement with IREE of the order of 2-3%

Nc & Nf



Calculation of observables

Helicity dependent interaction 
via sub-eikonal operators
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where dipole amplitudes are integrated over impact 
parameter:
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First moment of the structure function
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The helicity can be extracted from the first moment of the  structure functiong1

−�q(x) =

−�g(x) =

• in QCD: �q(x, µ2), �g(x, µ2)

• DGLAP evolution: 

<latexit sha1_base64="fujhvs37u8XWlFuzx49XcAVihRM=">AAAB+nicbVDLSgNBEJz1GeNro0cvg0GIl7ArQb0IIXrwGME8IFmW2UlvMmT24cysGtZ8ihcPinj1S7z5N06SPWhiQUNR1U13lxdzJpVlfRtLyyura+u5jfzm1vbOrlnYa8ooERQaNOKRaHtEAmchNBRTHNqxABJ4HFre8HLit+5BSBaFt2oUgxOQfsh8RonSkmsWulfAFcF3rl96dGvH+MI1i1bZmgIvEjsjRZSh7ppf3V5EkwBCRTmRsmNbsXJSIhSjHMb5biIhJnRI+tDRNCQBSCednj7GR1rpYT8SukKFp+rviZQEUo4CT3cGRA3kvDcR//M6ifLPnZSFcaIgpLNFfsKxivAkB9xjAqjiI00IFUzfiumACEKVTiuvQ7DnX14kzZOyfVqu3FSK1VoWRw4doENUQjY6Q1V0jeqogSh6QM/oFb0ZT8aL8W58zFqXjGxmH/2B8fkDVGuSwQ==</latexit>

�qf (xB) =

Sµ⌃(Q2) =
1

MN

X

f

hP, S| ̄f�
µ�5 f |P, Si ⌘

1

MN
hP, S|Jµ

5 (0)|P, Si

<latexit sha1_base64="epNzv1FgEu0XsbzYNPQisxAb/Cw="></latexit>

Quark contribution to the proton spin is defined by the isosinglet axial vector current Jμ
5



Anomaly equation

http://www.physics.adelaide.edu.au/theory/staff/leinweber/VisualQCD/QCDvacuum/
Topological charge density 

The fundamental property of the  current is the 
anomaly equation:
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Chern-Simons current:
The isosinglet current couples to the topological charge 
density in the polarized proton!

In the leading order the coupling is generated by the 
triangle diagram:

The anomaly arises from the non-invariance of the path 
integral measure under chiral ( ) rotations. Topological 
properties of the QCD vacuum!

γ5

Kazuo Fujikawa

K. Fujikawa, PRL. 42, 1195 (1979) 
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Quark helicity and the triangle anomaly

The key role of the anomaly is seen from the structure of the 
triangle graph in the off-forward limit. An exact calculation in the 
worldline approach gives 

Exact result!

The triangle diagram is not local! The anomaly 
manifests itself as an infrared pole. Taking a 
divergence we obtain the anomaly equation

Tarasov, Venugopalan (2021) 
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Infrared pole and the structure function g1
We find that  is dominated by the triangle anomaly -  is topological in both asymptotic limits of QCD. 
First moment of  matches calculation of the triangle diagram
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infrared pole

How is the pole cancelled? Interplay between perturbative and non-perturbative physics. The mechanism of 
the cancelation is deeply related to the  problem in QCD - topological mass generation of the .UA(1) m2
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Anomaly pole and the  problemUA(1)
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To resolve the pole one has to take into account exchanges of the  
massless “primordial” ninth Goldstone boson arising from the 
spontaneous symmetry breaking of the flavor group.
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There is no Goldstone pole just as there is no anomaly pole 
in the QCD spectrum

We demonstrate that the dynamical interplay between the physics of 
the anomaly, and that of the isosinglet pseudoscalar  sector of 
QCD resolves both problems simultaneously: the lifting of the  pole 
by topological mass generation of the  and the cancellation of the 
anomaly pole
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This mechanism relates the helicity structure of the proton to the topology of 
the QCD vacuum

However  is not observed. Instead there is a heavy  
( ) - the famous  problem.

η̄ η′ 

mη′ 
≈ 957MeV UA(1)

Factorization, eikonal/twist expansion breaking

possibility to detect sphaleron-like topological transitions at EIC



Wess-Zumino-Witten coupling

Leutwyler (1996); Herrara-Sikody et al (1997); 
Leutwyler-Kaiser (2000)
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We calculate the imaginary part of the effective action which 
generates the isosinglet Wess-Zumino-Witten coupling ∝ η̄FF̃

Tarasov, Venugopalan (2022)
in agreement with the corresponding term in  which was derived 
from chiral perturbation theory

ℒWZW

p↵

<latexit sha1_base64="qSbWG5iO/696KdlZpGcnS+++rqE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2A9oY5lsN+3STbLuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8QAqujet+O4WV1bX1jeJmaWt7Z3evvH/Q1EmqKGvQRCSqHaBmgsesYbgRrC0VwygQrBWMbqZ+64kpzZP43owl8yMcxDzkFI2V2vKhi0IOsVeuuFV3BrJMvJxUIEe9V/7q9hOaRiw2VKDWHc+Vxs9QGU4Fm5S6qWYS6QgHrGNpjBHTfja7d0JOrNInYaJsxYbM1N8TGUZaj6PAdkZohnrRm4r/eZ3UhJd+xmOZGhbT+aIwFcQkZPo86XPFqBFjS5Aqbm8ldIgKqbERlWwI3uLLy6R5VvXOq1d355XadR5HEY7gGE7BgwuowS3UoQEUBDzDK7w5j86L8+58zFsLTj5zCH/gfP4AFtmQBg==</latexit>

q�

<latexit sha1_base64="f/BnzgFqMWdI5BBVjnHp7PW144k=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2A9oY9lsN+3SzSbuToQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+64lrI2J1j+OE+xEdKBEKRtFKrceHbsCR9soVt+rOQJaJl5MK5Kj3yl/dfszSiCtkkhrT8dwE/YxqFEzySambGp5QNqID3rFU0YgbP5udOyEnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NLPhEpS5IrNF4WpJBiT6e+kLzRnKMeWUKaFvZWwIdWUoU2oZEPwFl9eJs2zqndevbo7r9Su8ziKcATHcAoeXEANbqEODWAwgmd4hTcncV6cd+dj3lpw8plD+APn8wdP5o+T</latexit>

l⇢

<latexit sha1_base64="IUDPYPgMczjc7YKndltrdh54o0M=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoN6KXjxWsB/QriWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurOd9o8LK6tr6RnGztLW9s7tX3j9oGpVqyhpUCaXbITFMcMkallvB2olmJA4Fa4Wjm6nfemLacCXv7ThhQUwGkkecEuukpnjo6qHqlSte1ZsBLxM/JxXIUe+Vv7p9RdOYSUsFMabje4kNMqItp4JNSt3UsITQERmwjqOSxMwE2ezaCT5xSh9HSruSFs/U3xMZiY0Zx6HrjIkdmkVvKv7ndVIbXQYZl0lqmaTzRVEqsFV4+jruc82oFWNHCNXc3YrpkGhCrQuo5ELwF19eJs2zqn9evbo7r9Su8ziKcATHcAo+XEANbqEODaDwCM/wCm9IoRf0jj7mrQWUzxzCH6DPH6MtjzE=</latexit>

<latexit sha1_base64="6m+RfNUfgpXEqT3LgfBfsDfcw7M=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh15D9MsVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2LqndZrd3XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gAiC422</latexit>

⇧

<latexit sha1_base64="nWwFofU58f/o0tULfi1Y4v69JVA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY+oF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftMrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1dssjjycwCmcgwdXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AJXLjM4=</latexit>

A
<latexit sha1_base64="nWwFofU58f/o0tULfi1Y4v69JVA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY+oF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftMrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1dssjjycwCmcgwdXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AJXLjM4=</latexit>

A

<latexit sha1_base64="udpF5pLbFhkcwG6WI3xmNwt9RQA="></latexit>

S⌘̄
WZW = �i

p
2nf

F⌘̄

Z
d4x ⌘̄⌦

<latexit sha1_base64="OEDpAK86zpLbGPY26ksfWCCQH+s="></latexit>

⌦ =
↵s

4⇡
Tr

⇣
FF̃

⌘

where  is a massless “primordial” ninth Goldstone boson arising from the 
spontaneous symmetry breaking of the flavor group 

η̄
UL(3) × UR(3)

a b c d

<latexit sha1_base64="bK0h8rnaEqYVGvxS1hyN+ALzeXo=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ac2oUy223bpZhN2N0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZemAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6JmgkvWNNwI1kkUwygUrB2Ob2d++4kpzWP5YCYJCyIcSj7gFI2VHv0QVeYzg9NeueJW3TnIKvFyUoEcjV75y+/HNI2YNFSg1l3PTUyQoTKcCjYt+almCdIxDlnXUokR00E2v3hKzqzSJ4NY2ZKGzNXfExlGWk+i0HZGaEZ62ZuJ/3nd1Ayug4zLJDVM0sWiQSqIicnsfdLnilEjJpYgVdzeSugIFVJjQyrZELzll1dJ66LqXVZr97VK/SaPowgncArn4MEV1OEOGtAEChKe4RXeHO28OO/Ox6K14OQzx/AHzucP0OaRBg==</latexit>

⌘̄
<latexit sha1_base64="DzWvjiddrWkRGkNYct76Pr//Q+o=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJ4KrulqMeiF48V7Ae0a8mm2TY0m6xJtlCW/R1ePCji1R/jzX9j2u5BWx8MPN6bYWZeEHOmjet+O2vrG5tb24Wd4u7e/sFh6ei4pWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb2d+e0KVZlI8mGlM/QgPBQsZwcZKfi9UmKRelvLHatYvld2KOwdaJV5OypCj0S999QaSJBEVhnCsdddzY+OnWBlGOM2KvUTTGJMxHtKupQJHVPvp/OgMnVtlgEKpbAmD5urviRRHWk+jwHZG2Iz0sjcT//O6iQmv/ZSJODFUkMWiMOHISDRLAA2YosTwqSWYKGZvRWSEbQ7G5lS0IXjLL6+SVrXiXVZq97Vy/SaPowCncAYX4MEV1OEOGtAEAk/wDK/w5kycF+fd+Vi0rjn5zAn8gfP5A8GPkho=</latexit>

1

l2

another pole



Pseudovector vs. pseudoscalar coupling
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Pseudoscalar coupling to the polarized protonDirect axial-vector coupling
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The fundamental role in the pole cancellation is played by the Wess-Zumino-Witten (WZW) coupling 
between the topological charge density  to a primordial massless isosinglet .Ω η̄
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Infrared pole cancelation
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related
From the cancellation of the anomaly pole, using Goldberger-
Treiman relation one can relate helicity and the QCD topological 
susceptibility - topological screening
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Anomaly and the DGLAP evolution

S. Bhattacharya, Y. Hatta, W. Vogelsang (2022-2023)
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FIG. 1: Box diagrams for the Compton amplitude in o↵-forward kinematics.

Decades after the initial controversy, infrared sensitivity and the subtleties of taking the forward limit seemed to
have been largely forgotten. Nowadays, forward kinematics is routinely used in the higher-order computations of
polarized cross sections and asymmetries. However, recently the issue of the anomaly pole has been rekindled by
Tarasov and Venugopalan [12, 13] who pursued and crystallized the original suggestion by Ja↵e and Manohar. They
have demonstrated, within the worldline formalism, that the box diagram (see the left diagram in Fig. 1) contains a
pole 1/l2 if it is calculated in o↵-forward kinematics. This may be viewed as a nonlocal generalization of the local
relation (2) unintegrated in the Bjorken variable x. As envisaged in [8] and elaborated in [13], at least after the x-
integration, the pole should be canceled by another massless pole due to the exchange of the ⌘0 meson, the would-be
Nambu-Goldstone boson of UA(1) symmetry breaking. This requirement leads to an independent derivation of the
UA(1) Goldberger-Treiman relation [14–16] between the pseudoscalar and pseudovector form factors.

Motivated by these developments, in this paper we further explore the physics of anomaly poles in two di↵erent
directions. First, we calculate the box diagram in o↵-forward kinematics in the standard perturbation theory. This is
a useful cross-check of the result obtained in the worldline formalism [12]. In addition to reproducing the pole term,
we obtain the ‘usual’ perturbative corrections to the g1(x) structure function which features the DGLAP splitting
function and a coe�cient function. We then interpret the result in terms of the generalized parton distributions
(GPDs) H̃ and Ẽ. The emergence of the pole is potentially problematic for the QCD factorization of the Compton
amplitude. We discuss how factorization may still be justified following the possibility of cancellation of poles.

Second, we point out that entirely analogous poles can arise in unpolarized DIS, or more precisely, in the symmetric
(in Lorentz indices µ⌫) part of the Compton scattering amplitude T

µ⌫ in o↵-forward kinematics. Just as the pole
in the polarized sector is related to the axial (chiral) anomaly, that in the unpolarized sector is related to the trace
anomaly. Indeed, it is known in QED and other gauge theories [17–19] that the o↵-forward photon matrix element of
the energy momentum tensor ⇥µ⌫ has an anomaly pole:

hp2|⇥
µ⌫
|p1i ⇠

1

l2
hp2|F

↵�
F↵� |p1i , (3)

again from the triangle diagram. The residue is proportional to the matrix element of the twist-four scalar operator
hF

↵�
F↵�i (or the ‘gluon condensate’ in QCD) which characterizes the trace anomaly. We shall derive the unintegrated

(in x) version of (3) by evaluating the quark box diagrams and interpret the result in terms of the unpolarized GPDs
H and E. We then make a connection to the gravitational form factors of the proton and discuss the possibility of
cancellation of poles.

II. PRELIMINARIES

In this section, we set up our notations for the kinematical variables that enter the calculation of the quark box
diagrams in DIS. More precisely, since we generalize the calculation to o↵-forward kinematics as explained in the
Introduction, we consider the Compton scattering amplitude
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where J
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µ
 f , with f = u, d, s, .. being a flavor index, is the electromagnetic current and the subscript

‘sym/asym’ refers to the symmetric/antisymmetric part in the photon polarization indices µ, ⌫. |P1,2i are the proton
single-particle states. q = q1+q2

2 is the average of the incoming and outgoing virtual photon momenta, and the
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where xB is the generalized Bjorken variable and ⇠ is the skewness parameter. In forward scattering, xB coincides
with the usual Bjorken variable in DIS. In Deeply Virtual Compton Scattering (DVCS) where q

2
2 = 0, xB ⇡ ⇠.

The quark box diagrams of interest are part of the perturbative expansion of (4) at one-loop. There are three
topologies, see Fig. 1. The diagrams consist of two insertions of photon fields with momenta (q1, q2) and two insertions
of gluon fields with partonic momenta (p1, p2) which we parametrize as
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Note that p2 � p1 = P2 �P1 = l, so the momentum transfer t = l
2
< 0 is the same in both the hadronic and partonic
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The relation x̂q · l = �⇠̂Q
2 will be used in the calculation below. The photon virtualities can be written as
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Finally, the polarization vectors of the incoming and outgoing gluons, ✏(p1) ⌘ ✏1, ✏⇤(p2) ⌘ ✏
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We note that throughout this paper we use the conventions �5 = i�
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3 and ✏0123 = +1. This becomes relevant

for the antisymmetric part of the Compton amplitude (4), to which we turn first.
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Calculation of the box diagram in the 
Feynman diagram approach at  l2 ≠ 0

Anomaly pole previously observed in 
the worldline approach,  operatorFF̃

DGLAP evolution, JM operator

According to this result, there are two independent contributions associated with JM and . But we 
believe that the relation might be much deeper:

FF̃

• There is a  scale in the DGLAP log, but this scale defines the anomaly effects

• First moment of the JM operator coincides with the Chern-Simons current  
in the axial gauge, but 

• If we add higher twist/sub-sub-eikonal corrections, can we relate  to the operator ?

l2

ΔG FF̃
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Summary
• ‘’Missing” spin of the proton may be found at small values of Bjorken-x.

• To study asymptotic of observables at small-x, one has to calculate sub-eikonal corrections

• A complete set of the sub-eikonal corrections relevant to the small-x helicity evolution contains not 
only fields strength operator  and quark axial current , but also a sub-eikonal operator 

• The operator  is related to the Jaffe-Manohar polarized gluon distribution  and has a 
meaning of the sub-eikonal (covariant) phase

• The KPS-CTT helicity evolution equations contains mixing between these operators

• The helicity evolution doesn’t provide a complete picture of the problem since it lacks the anomaly 
contribution

• There is a class of spin-dependent observables which are dominated by the triangle anomaly in both 
Bjorken ( ) and Regge ( ) asymptotic. The anomaly manifests itself as an infrared 
pole which appears in both limits.

• The cancellation of the pole involves a subtle interplay of perturbative and nonperturbative physics 
that is deeply related to the  problem in QCD. This relates  to the properties of the QCD 
vacuum

• We demonstrate the fundamental role of the WZW term both in topological mass generation of the 
 and in the cancellation of the infrared pole

• Relation between  and  and the role of the higher twist/sub-sub-eikonal corrections is not 
fully understood.

F12 ψ̄γ+γ5ψ
Di − Di

Di − Di ΔG

Q2 → ∞ xB → 0

UA(1) g1

η′ 

ΔG FF̃
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