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Global Analysis

NLO corrections

Sub-eikonal corrections
• spin at small-x
• matching between the TMD and the 

CGC formalisms, BFKL based approach
• proper treatment of the collinear corner 

of phase space

Initial/Final states

• next-to-leading order (NLO) computations 
of process-dependent impact factors

• small-x BK and JIMWLK equations to 
next-to-leading logarithmic (NLL) 
accuracy

• initial conditions for evolution 
equations

• fluctuations of the initial state target 
wave function 

• thermalization process



Beyond the eikonal approximation
The small-x regime of the many-body parton system can be explored in the framework of CGC. In the CGC 
EFT the target field has an infinitesimally small support (shock-wave) and doesn’t have a transverse 
component:
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To be sensitive to spin effects one has to go beyond the leading eikonal approximation and include two types 
of corrections:

• Non-zero value of the transverse component 
of the background field
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• Non-zero “size” of the shock-wave
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Sub-eikonal corrections are important!

• The sub-eikonal operator which generates the small-x DGLAP evolution

• The operator is related to the Jaffe-Manohar polarized gluon distribution , which satisfies the DGLAP 
evolution. It can by obtained by expanding the exponential factor (expansion in ) in the definition of the 

 distribution

• This operator comes from the scalar phase in the propagator when it is expanded onto the light-cone

• This operator describes sub-eikonal corrections due to a non-zero width of the shock-wave

ΔG
xB

ΔG

• In the case of the small-x helicity evolution, sub-eikonal corrections are the leading order effect. The 
corrections generate the KPS-CTT evolution (Kovchegov, Pitonyak, Sievert 2016-2019; Cougoulic, 
Kovchegov, Tarasov, Tawabutr, 2022) which is consistent with the small-x polarized DGLAP
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Propagators in the background field: eikonal expansion
• How do we construct the eikonal expansion? Write the most general expression for a propagator
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operator describing 
interaction with a target
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leading eikonal term 
(Wilson line)

sub-eikonal correction
Altinoluk, Armesto, Beuf, Martínez, Salgado (2014) 
Balitsky, Tarasov (2015-2016)
Chirilli (2019)
Cougoulic, Kovchegov, Tarasov, Tawabutr (2022)

shockwave 
(background field)
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• Construct an expansion in powers of 1/p−



Functional integral (worldline) representation of a propagator

sum over all trajectories 
scalar phase (Wilson line) 

• choose an arbitrary direction  (usually the light-cone direction) 
and expand all fields onto it, gradient expansion
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• write the expansion in terms of strength tensors and Wilson lines. Infinite number of terms!
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sub-eikonal corrections (DGLAP evolution,  distribution)ΔG

• The expansion is equivalent to an expansion of the background fields onto a given direction



First moment of the structure function
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Quark contribution to the proton spin is defined by the isosinglet axial vector current Jμ
5

• Does the eikonal/light-cone expansion always work? Can we write it down for all observables and study 
their asymptotic in a particular kinematic limit or the expansion breaks down?

• The expansion breaks down for topological quantities. This effects are not local!



Anomaly equation

http://www.physics.adelaide.edu.au/theory/staff/leinweber/VisualQCD/QCDvacuum/
Topological charge density 

The fundamental property of the  current is the 
anomaly equation:
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Chern-Simons current:
The isosinglet current couples to the topological charge 
density in the polarized proton!

In the leading order the coupling is generated by the 
triangle diagram:

The anomaly arises from the non-invariance of the path 
integral measure under chiral ( ) rotations. Topological 
properties of the QCD vacuum!

γ5

Kazuo Fujikawa

K. Fujikawa, PRL. 42, 1195 (1979) 
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Quark helicity and the triangle anomaly

The key role of the anomaly can be seen from the structure of the 
triangle graph in the off-forward limit. An exact calculation in the 
worldline approach gives 

Exact result, which is obtained without 
performing any light-cone expansion!

Tarasov, Venugopalan (2021) 

Sµ⌃(Q2) =
1

MN

X

f

hP, S| ̄f�
µ�5 f |P, Si ⌘

1

MN
hP, S|Jµ

5 (0)|P, Si

<latexit sha1_base64="epNzv1FgEu0XsbzYNPQisxAb/Cw="></latexit>

<latexit sha1_base64="S+EICEbVfVpoGBxOW8q56Vr7Mlc="></latexit>

hP 0, S|Jµ
5 (0)|P, Si = �i

lµ

l2
↵snf

2⇡
hP 0, S|Tr

�
FF̃

�
|P, Si

infrared (anomaly) pole. 
The anomaly is not local!

topological charge density

Adler-Bell-Jackiw anomaly

R. L. Jaffe, A. Manohar (1990) 
Shore, Veneziano (1990) 
K.-F. Liu (1992)



We use powerful worldline QFT formalism to compute box diagram 
contribution to  in exact kinematics of internal variablesg1

k1

<latexit sha1_base64="6wuQJuDrVp8L9tRa5PbveQ9iIlQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSw7jv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVL1a9fq+Vqnf5HEU4QRO4Rw8uIQ63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wf7s42f</latexit>

k3

<latexit sha1_base64="WbMgSVmoEeiMzwywRAGCEDjb4WQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oN6KXjxWtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHrT4YeLw3w8y8IJHCoOt+OYWV1bX1jeJmaWt7Z3evvH/QMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2L1gJOE+xEdKhEKRtFK9+P+eb9ccavuHOQv8XJSgRyNfvmzN4hZGnGFTFJjup6boJ9RjYJJPi31UsMTysZ0yLuWKhpx42fzU6fkxCoDEsbalkIyV39OZDQyZhIFtjOiODLL3kz8z+umGF76mVBJilyxxaIwlQRjMvubDITmDOXEEsq0sLcSNqKaMrTplGwI3vLLf0nrrOrVqld3tUr9Oo+jCEdwDKfgwQXU4RYa0AQGQ3iCF3h1pPPsvDnvi9aCk88cwi84H9/+u42h</latexit>

⌧1

<latexit sha1_base64="YRrl7iwIA5s72O/3LQCBEXPuauo=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWsB/QhrLZbtq1m03YnQgl9D948aCIV/+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqAScJ9yM6VCIUjKKVWj2kad/rlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr92Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhlZ8JlaTIFVssClNJMCaz18lAaM5QTiyhTAt7K2EjqilDG1DJhuAtv7xKWhdVr1a9vq9V6jd5HEU4gVM4Bw8uoQ530IAmMHiEZ3iFNyd2Xpx352PRWnDymWP4A+fzB0zdjvg=</latexit>

⌧3

<latexit sha1_base64="klLdHl9SiQJTxm18yZYc+k0YX8A=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KokW1FvRi8cK9gPaUDbbTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsGpVqxhtMSaXbATVcipg3UKDk7URzGgWSt4LR7dRvPXFthIofcJxwP6KDWISCUbRSs4s07V30SmW34s5AlomXkzLkqPdKX92+YmnEY2SSGtPx3AT9jGoUTPJJsZsanlA2ogPesTSmETd+Nrt2Qk6t0ieh0rZiJDP190RGI2PGUWA7I4pDs+hNxf+8TorhlZ+JOEmRx2y+KEwlQUWmr5O+0JyhHFtCmRb2VsKGVFOGNqCiDcFbfHmZNM8rXrVyfV8t127yOApwDCdwBh5cQg3uoA4NYPAIz/AKb45yXpx352PeuuLkM0fwB87nD0/ljvo=</latexit>

⌧2

<latexit sha1_base64="pK+f/0leYl6+EKsYQx8vbjKDT9g=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KkkpqLeiF48V7Ae0oWy2m3btJht2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMirVjDeZkkp3Amq4FDFvokDJO4nmNAokbwfj25nffuLaCBU/4CThfkSHsQgFo2ilVg9p2q/2S2W34s5BVomXkzLkaPRLX72BYmnEY2SSGtP13AT9jGoUTPJpsZcanlA2pkPetTSmETd+Nr92Ss6tMiCh0rZiJHP190RGI2MmUWA7I4ojs+zNxP+8borhlZ+JOEmRx2yxKEwlQUVmr5OB0JyhnFhCmRb2VsJGVFOGNqCiDcFbfnmVtKoVr1a5vq+V6zd5HAU4hTO4AA8uoQ530IAmMHiEZ3iFN0c5L86787FoXXPymRP4A+fzB05hjvk=</latexit>

⌧4

<latexit sha1_base64="bX/tu+wDwN5e2KyMX5sp7tX79lU=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWsB/QhrLZbtq1m03YnQgl9D948aCIV/+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqAScJ9yM6VCIUjKKVWj2kab/WL1fcqjsHWSVeTiqQo9Evf/UGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7tlJxZZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDKz8TKkmRK7ZYFKaSYExmr5OB0JyhnFhCmRb2VsJGVFOGNqCSDcFbfnmVtC6qXq16fV+r1G/yOIpwAqdwDh5cQh3uoAFNYPAIz/AKb07svDjvzseiteDkM8fwB87nD1Fpjvs=</latexit>

A↵(k2)

<latexit sha1_base64="DhEK6qXCtV/LKditzAY4iK6RFmo=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHBC9klJOoN9eIRE0ES2Gx6h1mYMPtwZpaEEL7DiweN8erHePNvHGAPClbSSaWqO91dfiK40rb9beXW1jc2t/LbhZ3dvf2D4uFRS8WppKxJYxHLto+KCR6xpuZasHYiGYa+YI/+8HbmP46YVDyOHvQ4YW6I/YgHnKI2knvtdVEkAywPveq5VyzZFXsOskqcjJQgQ8MrfnV7MU1DFmkqUKmOYyfanaDUnAo2LXRTxRKkQ+yzjqERhky5k/nRU3JmlB4JYmkq0mSu/p6YYKjUOPRNZ4h6oJa9mfif10l1cOlOeJSkmkV0sShIBdExmSVAelwyqsXYEKSSm1sJHaBEqk1OBROCs/zyKmlVK06tcnVfK9VvsjjycAKnUAYHLqAOd9CAJlB4gmd4hTdrZL1Y79bHojVnZTPH8AfW5w+TWZFX</latexit>

A�(k4)

<latexit sha1_base64="dGyL2Nk56QNV4q92IAcXEo5BfK4=">AAAB83icbVBNS8NAEN3Ur1q/qh69BItQLyWRgnqrevFYwX5AE8JmO2mXbjZhdyKU0r/hxYMiXv0z3vw3btsctPXBwOO9GWbmhangGh3n2yqsrW9sbhW3Szu7e/sH5cOjtk4yxaDFEpGobkg1CC6hhRwFdFMFNA4FdMLR3czvPIHSPJGPOE7Bj+lA8ogzikbybgIvBKTVUVA/D8oVp+bMYa8SNycVkqMZlL+8fsKyGCQyQbXuuU6K/oQq5EzAtORlGlLKRnQAPUMljUH7k/nNU/vMKH07SpQpifZc/T0xobHW4zg0nTHFoV72ZuJ/Xi/D6MqfcJlmCJItFkWZsDGxZwHYfa6AoRgbQpni5labDamiDE1MJROCu/zyKmlf1Nx67fqhXmnc5nEUyQk5JVXikkvSIPekSVqEkZQ8k1fyZmXWi/VufSxaC1Y+c0z+wPr8Acv4kOU=</latexit>

µ

<latexit sha1_base64="f07fvjvEmfORWUNjRlniwZ57t5Q=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKQb0VvXisaD+gXUo2zbahSXZJskJZ+hO8eFDEq7/Im//GtN2Dtj4YeLw3w8y8MBHcWM/7RoW19Y3NreJ2aWd3b/+gfHjUMnGqKWvSWMS6ExLDBFesabkVrJNoRmQoWDsc38789hPThsfq0U4SFkgyVDzilFgnPfRk2i9XvKo3B14lfk4qkKPRL3/1BjFNJVOWCmJM1/cSG2REW04Fm5Z6qWEJoWMyZF1HFZHMBNn81Ck+c8oAR7F2pSyeq78nMiKNmcjQdUpiR2bZm4n/ed3URldBxlWSWqboYlGUCmxjPPsbD7hm1IqJI4Rq7m7FdEQ0odalU3Ih+Msvr5LWRdWvVa/va5X6TR5HEU7gFM7Bh0uowx00oAkUhvAMr/CGBHpB7+hj0VpA+cwx/AH6/AFhPo3i</latexit>

⌫

<latexit sha1_base64="3C0HiAm+hgVAw6FNqb9y4lWpXE4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQ0+m/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeOVnXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVa9Wvb6vVeo3eRxFOIFTOAcPLqEOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AFiw43j</latexit>

Infrared pole and the structure function g1
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where the vertex corresponds to the interaction of a worldline with 
the external current
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This is the most general expression 
for the box diagram. We identify the 
anomalous contribution in Bjorken 
(large ) and Regge (small ) 
asymptotic limits.

Q2 xB
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This result for the box diagram is noteworthy because the functional dependence on the external momenta of the
gauge fields does not rely on any kinematic assumptions. Further, since the result is insensitive to color or flavor,
at this level, it only depends on these external momenta and not on whether the gauge field corresponding to a
momentum label is a gluon or a photon. As we will show, this property of the box diagram in the worldline formalism
will prove extremely useful. In particular, in the following two sections, we will explore the structure of the box
diagram represented by Eq. (38) in the physically interesting Bjorken and Regge asymptotics respectively. We will
show explicitly in both limits that the leading contribution to the box diagram is given by the triangle anomaly.
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FIG. 2. Two “triangle” limits of the box diagram: a) the Bjorken limit, given by Eq. (39), b) the Regge limit given by Eq. (40).

In the Bjorken limit of QCD, when the virtuality of the incoming photons Q
2 ! 1 and xB = Q2

2P ·q is fixed, the

distance between the points of interaction of the worldline with the incoming photons (⌧1 ! ⌧3) is defined by a
negligibly small number u1 � u3 ⇠ ⇤2

QCD/Q
2, where ⇤QCD ⇡ 200 MeV is the intrinsic non-perturbative scale of the

theory. This limit of the box diagram is illustrated in Fig. 2a. In this limit,
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Corrections to this formula are suppressed by a relative power 1/Q
2.

In a similar fashion, the Regge limit of perturbative QCD (pQCD) is characterized by a fixed virtuality Q
2 � ⇤2

QCD
and xBj ! 0. In these asymptotics, the interaction of the worldline with the background gluons corresponds to an
instantaneous interaction with a shock wave; in the box diagram, this corresponds to ⌧2 ! ⌧4, or equivalently, u2 ' u4,
as shown in Fig. 2b. As a result, in this limit,
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In analogy to the Bjorken limit, corrections to this expression are suppressed by a relative power ⇠ Q
2
s/M

2, where
M

2 = 2xP · q is a large scale when s ! 1. Here x denotes the longitudinal momentum fraction of the proton
momentum carried by the background gluon, and Qs denotes the typical transverse momentum6 of the background

6
We will discuss this emergent scale further in section IV.
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point-like interaction with a 
virtual photon at large Q2 

Lorentz contraction of 
background fields at small xB
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Infrared pole and the structure function g1
We find that  is dominated by the triangle anomaly -  is topological in both asymptotic limits of QCD. 
First moment of  matches calculation of the triangle diagram

g1 g1
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infrared pole

How is the pole cancelled? Interplay between perturbative and non-perturbative physics. The mechanism of 
the cancelation is deeply related to the  problem in QCD - topological mass generation of the .UA(1) m2

η′￼
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Implications for DIS and DVCS



Anomaly pole and the  problemUA(1)
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⌘̄

To resolve the pole one has to take into account exchanges of the  
massless “primordial” ninth Goldstone boson arising from the 
spontaneous symmetry breaking of the flavor group.

η̄
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l2

There is no Goldstone pole just as there is no anomaly pole 
in the QCD spectrum
We demonstrate that the dynamical interplay between the physics of 
the anomaly, and that of the isosinglet pseudoscalar  sector of 
QCD resolves both problems simultaneously: the lifting of the  pole 
by topological mass generation of the  and the cancellation of the 
anomaly pole. The fundamental role in the pole cancellation is played 
by the Wess-Zumino-Witten (WZW) coupling.
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Anomaly and the DGLAP evolution
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FIG. 1: Box diagrams for the Compton amplitude in o↵-forward kinematics.

Decades after the initial controversy, infrared sensitivity and the subtleties of taking the forward limit seemed to
have been largely forgotten. Nowadays, forward kinematics is routinely used in the higher-order computations of
polarized cross sections and asymmetries. However, recently the issue of the anomaly pole has been rekindled by
Tarasov and Venugopalan [12, 13] who pursued and crystallized the original suggestion by Ja↵e and Manohar. They
have demonstrated, within the worldline formalism, that the box diagram (see the left diagram in Fig. 1) contains a
pole 1/l2 if it is calculated in o↵-forward kinematics. This may be viewed as a nonlocal generalization of the local
relation (2) unintegrated in the Bjorken variable x. As envisaged in [8] and elaborated in [13], at least after the x-
integration, the pole should be canceled by another massless pole due to the exchange of the ⌘0 meson, the would-be
Nambu-Goldstone boson of UA(1) symmetry breaking. This requirement leads to an independent derivation of the
UA(1) Goldberger-Treiman relation [14–16] between the pseudoscalar and pseudovector form factors.

Motivated by these developments, in this paper we further explore the physics of anomaly poles in two di↵erent
directions. First, we calculate the box diagram in o↵-forward kinematics in the standard perturbation theory. This is
a useful cross-check of the result obtained in the worldline formalism [12]. In addition to reproducing the pole term,
we obtain the ‘usual’ perturbative corrections to the g1(x) structure function which features the DGLAP splitting
function and a coe�cient function. We then interpret the result in terms of the generalized parton distributions
(GPDs) H̃ and Ẽ. The emergence of the pole is potentially problematic for the QCD factorization of the Compton
amplitude. We discuss how factorization may still be justified following the possibility of cancellation of poles.

Second, we point out that entirely analogous poles can arise in unpolarized DIS, or more precisely, in the symmetric
(in Lorentz indices µ⌫) part of the Compton scattering amplitude T

µ⌫ in o↵-forward kinematics. Just as the pole
in the polarized sector is related to the axial (chiral) anomaly, that in the unpolarized sector is related to the trace
anomaly. Indeed, it is known in QED and other gauge theories [17–19] that the o↵-forward photon matrix element of
the energy momentum tensor ⇥µ⌫ has an anomaly pole:

hp2|⇥
µ⌫
|p1i ⇠

1

l2
hp2|F

↵�
F↵� |p1i , (3)

again from the triangle diagram. The residue is proportional to the matrix element of the twist-four scalar operator
hF

↵�
F↵�i (or the ‘gluon condensate’ in QCD) which characterizes the trace anomaly. We shall derive the unintegrated

(in x) version of (3) by evaluating the quark box diagrams and interpret the result in terms of the unpolarized GPDs
H and E. We then make a connection to the gravitational form factors of the proton and discuss the possibility of
cancellation of poles.

II. PRELIMINARIES

In this section, we set up our notations for the kinematical variables that enter the calculation of the quark box
diagrams in DIS. More precisely, since we generalize the calculation to o↵-forward kinematics as explained in the
Introduction, we consider the Compton scattering amplitude

T
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Z
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4
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e
iq·y

hP2|T{J
µ(y/2)J⌫(�y/2)}|P1i = T

µ⌫
sym + iT

µ⌫
asym , (4)

3

where J
µ =

P
f ef  ̄f�

µ
 f , with f = u, d, s, .. being a flavor index, is the electromagnetic current and the subscript

‘sym/asym’ refers to the symmetric/antisymmetric part in the photon polarization indices µ, ⌫. |P1,2i are the proton
single-particle states. q = q1+q2

2 is the average of the incoming and outgoing virtual photon momenta, and the
momentum transfer is denoted by P2 �P1 = q1 � q2 = l. We assume �q

2
⌘ Q

2
> 0 is large and neglect ‘higher-twist’

terms of order O(M2
/Q

2) where M
2 = P

2
1 = P

2
2 is the proton mass squared. Their inclusion is understood in the

literature [20]. We also assume that t ⌘ l
2
< 0 is much smaller than the hard scale |t| ⌧ Q

2 and neglect terms of
order l2/Q2. We define the following variables

P =
P1 + P2

2
, xB =

Q
2

2P · q
, ⇠ =

q
2
2 � q

2
1

4P · q
⇡

�l
+

2P+
, (5)

where xB is the generalized Bjorken variable and ⇠ is the skewness parameter. In forward scattering, xB coincides
with the usual Bjorken variable in DIS. In Deeply Virtual Compton Scattering (DVCS) where q

2
2 = 0, xB ⇡ ⇠.

The quark box diagrams of interest are part of the perturbative expansion of (4) at one-loop. There are three
topologies, see Fig. 1. The diagrams consist of two insertions of photon fields with momenta (q1, q2) and two insertions
of gluon fields with partonic momenta (p1, p2) which we parametrize as

p1 = p�
l

2
, p2 = p+

l

2
, x ⌘

p · q

P · q
. (6)

Note that p2 � p1 = P2 �P1 = l, so the momentum transfer t = l
2
< 0 is the same in both the hadronic and partonic

processes. We assume the incoming partons to be massless, p21 = p
2
2 = 0, which means p · l = 0 and p

2 = �l
2
/4. The

kinematical variables at the partonic level are defined as
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1
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The relation x̂q · l = �⇠̂Q
2 will be used in the calculation below. The photon virtualities can be written as
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Finally, the polarization vectors of the incoming and outgoing gluons, ✏(p1) ⌘ ✏1, ✏⇤(p2) ⌘ ✏
⇤
2, respectively, satisfy the

physical conditions
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2
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We note that throughout this paper we use the conventions �5 = i�
0
�
1
�
2
�
3 and ✏0123 = +1. This becomes relevant

for the antisymmetric part of the Compton amplitude (4), to which we turn first.

III. ANTISYMMETRIC PART

In the antisymmetric case we define
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! 0, J ↵ = g1(xB)ū(P )�↵�5u(P ) = 2g1(xB)S↵ is proportional to the g1 structure function

in polarized DIS. We have calculated the box diagrams in the near-forward region |l
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| ⌧ Q, using the Mathematica
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0
�
1
�
2
�
3 and ✏0123 = +1. This becomes relevant

for the antisymmetric part of the Compton amplitude (4), to which we turn first.

III. ANTISYMMETRIC PART

In the antisymmetric case we define

J
↵

⌘ �✏
↵�µ⌫

P�ImT
asym
µ⌫ . (10)

In the forward limit l
µ
! 0, J ↵ = g1(xB)ū(P )�↵�5u(P ) = 2g1(xB)S↵ is proportional to the g1 structure function

in polarized DIS. We have calculated the box diagrams in the near-forward region |l
µ
| ⌧ Q, using the Mathematica

package ‘Package-X’ [21]. The result is, for massless quarks in the loop,

J
↵
|box ⇡

1

2

↵s

2⇡

0

@
X

f

e
2
f

1

A ū(P2)

✓
�Pqg ln

Q
2

�l2
+ �C

o↵
g

◆
⌦�G(xB)�

↵
�5 +

l
↵

l2
�C

anom
g ⌦ F̃(xB)�5

�
u(P1) , (11)

Calculation of the box diagram in the 
Feynman diagram approach at  l2 ≠ 0

Anomaly pole previously observed in 
the worldline approach,  operatorFF̃

DGLAP evolution,  distributionΔG

According to this result, there are two independent contributions associated with  
and . But the relation between two quantities might be much deeper:

ΔG ∝ ⟨P, S |F+iF+j |P, S⟩
FF̃

• There is a  scale in the DGLAP log, but this scale defines the anomaly effects

• First moment of the JM operator coincides with the Chern-Simons current  
in the axial gauge: 
 

• If we add higher twist/sub-sub-eikonal corrections, can we relate  to the operator ?

l2

ΔG FF̃
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@µK
µ =

↵s

4⇡
Tr

⇣
Fµ⌫ F̃

µ⌫
⌘<latexit sha1_base64="aeVUpYbOTeNcZ/gnvxo0tCIy0QY="></latexit>Z 1

0
dx�G(x) = �1

2
hP, S|K+|P, Si at the same time



Worldline calculation of the box diagram

2

q2

p2

q1

p1

FIG. 1: Box diagrams for the Compton amplitude in o↵-forward kinematics.

Decades after the initial controversy, infrared sensitivity and the subtleties of taking the forward limit seemed to
have been largely forgotten. Nowadays, forward kinematics is routinely used in the higher-order computations of
polarized cross sections and asymmetries. However, recently the issue of the anomaly pole has been rekindled by
Tarasov and Venugopalan [12, 13] who pursued and crystallized the original suggestion by Ja↵e and Manohar. They
have demonstrated, within the worldline formalism, that the box diagram (see the left diagram in Fig. 1) contains a
pole 1/l2 if it is calculated in o↵-forward kinematics. This may be viewed as a nonlocal generalization of the local
relation (2) unintegrated in the Bjorken variable x. As envisaged in [8] and elaborated in [13], at least after the x-
integration, the pole should be canceled by another massless pole due to the exchange of the ⌘0 meson, the would-be
Nambu-Goldstone boson of UA(1) symmetry breaking. This requirement leads to an independent derivation of the
UA(1) Goldberger-Treiman relation [14–16] between the pseudoscalar and pseudovector form factors.

Motivated by these developments, in this paper we further explore the physics of anomaly poles in two di↵erent
directions. First, we calculate the box diagram in o↵-forward kinematics in the standard perturbation theory. This is
a useful cross-check of the result obtained in the worldline formalism [12]. In addition to reproducing the pole term,
we obtain the ‘usual’ perturbative corrections to the g1(x) structure function which features the DGLAP splitting
function and a coe�cient function. We then interpret the result in terms of the generalized parton distributions
(GPDs) H̃ and Ẽ. The emergence of the pole is potentially problematic for the QCD factorization of the Compton
amplitude. We discuss how factorization may still be justified following the possibility of cancellation of poles.

Second, we point out that entirely analogous poles can arise in unpolarized DIS, or more precisely, in the symmetric
(in Lorentz indices µ⌫) part of the Compton scattering amplitude T

µ⌫ in o↵-forward kinematics. Just as the pole
in the polarized sector is related to the axial (chiral) anomaly, that in the unpolarized sector is related to the trace
anomaly. Indeed, it is known in QED and other gauge theories [17–19] that the o↵-forward photon matrix element of
the energy momentum tensor ⇥µ⌫ has an anomaly pole:

hp2|⇥
µ⌫
|p1i ⇠

1

l2
hp2|F

↵�
F↵� |p1i , (3)

again from the triangle diagram. The residue is proportional to the matrix element of the twist-four scalar operator
hF

↵�
F↵�i (or the ‘gluon condensate’ in QCD) which characterizes the trace anomaly. We shall derive the unintegrated

(in x) version of (3) by evaluating the quark box diagrams and interpret the result in terms of the unpolarized GPDs
H and E. We then make a connection to the gravitational form factors of the proton and discuss the possibility of
cancellation of poles.

II. PRELIMINARIES

In this section, we set up our notations for the kinematical variables that enter the calculation of the quark box
diagrams in DIS. More precisely, since we generalize the calculation to o↵-forward kinematics as explained in the
Introduction, we consider the Compton scattering amplitude

T
µ⌫ = i

Z
d
4
y

2⇡
e
iq·y

hP2|T{J
µ(y/2)J⌫(�y/2)}|P1i = T

µ⌫
sym + iT

µ⌫
asym , (4)

• To resolve an ambiguity introduced by the light-cone expansion, we need 
to perform a complete calculation of the box diagram in the most general 
kinematics, which can be efficiently done in the worldline approach

• In the worldline approach all loop momenta can be integrated out without 
making any eikonal/light-cone expansion

• The result is written in terms of integrals over proper-time variables , related to Feynman parameters, 
and worldline propagators. Integrals over  define the kinematics of the diagram

τ
τ
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�scal(k1; . . . ; k4) = g4
Z 1

0

dT

T
(4⇡T )�

D
2 e�m2T

Z T

0

4Y

i=1

d⌧iQ4(Ġij) exp
h 4X

i,j=1

1

2
Gijki · kj

i

Ahmadiniaza, Schuberta, Villanueva (2013)

• Dependence on background fields  is contained inA
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What is the correct operator?
• The worldline approach relates to gauge invariance, since it leads to the absorption of background fields into 

field strength tensors

• In the off-forward kinematics with , a standard result for the handbag diagram with its 
characteristic  appears in both the DGLAP and ERBL regions

l2 = 0
log(Q2)

Strassler (1992) 
Ahmadiniaza, Lopez-Arcos, Lopez-Lopez,  
Christian Schubert (2020)

• In the low-energy limit 
operator  appearsFF̃
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⌫⇢(k2)F⇢�(k3)F
�µ(k4)

<latexit sha1_base64="5eEK+chDaNmsktFH5LU3/TxOjTg="></latexit>
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+Ġ31Ġ12Ġ24Ġ43Fµ⌫(k3)F
⌫⇢(k1)F⇢�(k2)F

�µ(k4)

Ji, Osborne (1998) 
Friot, Pire, Szymanowski (2007)

Tarasov, Venugopalan, in progress

while (Fp”)P f FL: . - * FL: F/i is given by 

where the starred sum indicates that only terms in which i, is the largest index 

of the set and in which i,-r > ir are to be included (this eliminates all equivalent 

factors of Dp.) 

With this result we may identify the expression (3.10) as 

2. 4: . 32 (F”VFvfl)2 + 8 .I45 FC”“F~pFP”Fu, > 

(E2 - Bi)Z -t f (E * q2} 

(3.15) 

where I have used 

Fp”Fv, = 2(E2 - B2) ; Fp”F,pFPuFucs = 2(E2 - B2)2 + 4(E. B)2 . (3.16) 

(The general relation between electromagnetic fields and (F,‘)P 

pendix B.) For the Dirac spinor the four-photon amplitude is 

is given in ap- 

r4 22 = - 2(4r)2m4 2!14 2 .42 .32 (Fp”F,,)2 - -& F’lYF,,F’CF,p} 
4 (3.17) 

= (4&24 
- -&(E2 - B2)2 + f (E. B)2} 

This is of course the famous Euler-Heisenberg Lagrangian. 

. . 
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• Using this approach one can understand the relation between  and ΔG ∝ ⟨P, S |F+iF+j |P, S⟩ FF̃

Strassler, (1992)



Summary
• Calculation of sub-eikonal corrections in the eikonal expansion is necessary to 

achieve high accuracy in phenomenological estimates of observables 

• For some observables sub-eikonal corrections constitute the leading order effect: 
helicity evolution at small-x

• However, for some observables the eikonal/light-cone expansion breaks down

• Example: contribution of the triangle anomaly in DIS and DVCS. The anomaly 
manifests itself as an infrared pole and is defined by a matrix element of an 
operator 

• The cancellation of the pole involves a subtle interplay of perturbative and 
nonperturbative physics that is deeply related to the  problem in QCD. This 
relates corresponding observables to the properties of the QCD vacuum

• Fundamental role of the WZW term both in topological mass generation of the  
and in the cancellation of the infrared pole

• Relation between eikonal expansion (  distribution) and the anomaly (operator 
) and the role of the higher twist/sub-sub-eikonal corrections is not fully 

understood, but can be efficiently explored in the worldline approach

FF̃

UA(1)

η′￼

ΔG
FF̃
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