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Introduction and Review

POLARIZED DIPOLE AMPLITUDES
BASIS FUNCTIONS

LINEAR COMBINATIONS
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• Note	the	sub-eikonal	vertex	that	transfers	polarization	information.

• We	deconstruct	the	polarized	Wilson	lines	and	dipole	amplitudes	(F.	Cougoulic,	et	al.	2022):

Unpolarized	Wilson	Line Polarized	Wilson	Line

Wilson Lines, Dipole Amplitudes, Observables
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(Kovhegov,	Pitonyak,	Sievert,		2018)
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Evolution and Basis Functions

(F.	Cougoulic,	et	al.	2022)

• Dipole	evolution	à	Helicity	Evolution.
• EE:	Coupled,	Closed,	Linear

*	Just	one	flavor-singlet		example.

*

5	Undetermined	Initial	Conditions:

𝑄!
" = 𝑎! 𝜂 + 𝑏! 𝑠#" + 𝑐!
*𝐺 " = ,𝑎 𝜂 + *𝑏 𝑠#" + �̃�

𝐺$
" = 𝑎$ 𝜂 + 𝑏$ 𝑠#" + 𝑐$

Turn	these	into	15	basis	functions!

𝑸𝒖
𝟎 ∼	0

0𝑮 𝟎  ~ 0.03

𝑮𝟐
𝟎 ∼0.04
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Full Theory Fit: 
Analyzing Asymptotics

ASYMPTOTIC SIGN
CONFIDENCE IN ASYMPTOTICS
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Full Theory Fit: What Can We Know?

𝝌𝟐

𝑵𝒑𝒕𝒔
= 𝟏. 𝟎𝟑

• Prior	ranges	curated	to	ensure	good	𝜒/.
• Computational	Balance:	𝒙𝐦𝐢𝐧 = 𝟏𝟎6𝟕.𝟓

• Hints	at	bimodality?
• Potential	Issues:

• Uncertainty	in	asymptotics?

• How	small	is	small	enough	𝒙𝐦𝐢𝐧?

?

𝒈𝟏
𝒑 =

𝟏
𝟐*

𝒇

𝒁𝒇𝟐𝚫𝒒𝒇*

69%	(+)

31%	(-)
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Ambiguities and Critical Points
• “Asymptotic”	sign	depends	on	𝑥)*+.

• Different	Linear	Combinations	è	
Different	Critical	points

• Quantify	ambiguity	at	some	𝑥′:	

Sign
𝑑𝑔'
𝑑𝑥

=
1+

≠ Sign 𝑔' =
1+

• Only	consider	the	smallest-x	

ambiguity	per	replica	for	probability	

statistics
“Asymptotically”	Positive

“Asymptotically”	Negative

“Ambiguous”

• 																				
Critical	Point

⋅				
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(Not	Asymptotic)



Confidence of Asymptotics

• Approximately	55%	of	replicas	are	
unambiguously	positive.

• All	asymptotically	negative	replicas	have	at	least	
one	ambiguity.

• 95%	of	all	replicas	have	confirmed	asymptotics	
by	𝒙 = 𝟏𝟎6𝟒.𝟔𝟐.

• Conclusion:	Choice	to	compute	replicas	as	low	
as	𝒙 = 𝟏𝟎6𝟕.𝟓	is	justified	with	only	0.4%	
uncertainty.
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Exploration of Parameters

𝑔3 STRUCTURE FUNCTION
RISE OF BIMODALITY

SMALL-𝑥 BEHAVIOR OF OBSERVABLES
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Parameter Distribution: 𝒈𝟏 𝒙 → 𝟎 = ±∞
For	a	given	polarized	dipole	amplitude:

𝑮 = 𝒂 𝜼 + 𝒃 𝒔𝟏𝟎 + 𝒄

• Off	all	basis	functions,	only	*𝑮𝒔𝟏𝟎	has	a	
meaningful	separation.

• Data	is	sensitive	to	amplitudes	only.

𝑎? =
1
2 𝑎 + 𝑏  𝑏? =

1
2 (𝑎 − 𝑏)

𝑮 = 𝒂? 𝜼 + 𝒔𝟏𝟎 + 𝒃? 𝜼 − 𝒔𝟏𝟎 + 𝒄

Standout	Basis	Functions:	
• Asymptotically	negative	solutions	prefer	

*𝑮𝜼"𝒔𝟏𝟎 > 0	and	vice-versa.

• 𝑮𝟐	dipole	consistent	with	zero.
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Small-𝒙 Behavior: The Story of (𝑮 and 𝑮𝟐
0 0

100%	(+)
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69%	(+)

31%	(-)

76.3%	(-)



𝑸𝒖
𝟎 > 𝑸𝒅

𝟎 , 𝑸𝒔
𝟎

0𝑮 𝟎

𝑮𝟐
𝟎

12/18

𝑥Δ𝑢6 ∝ 𝑥𝑔3
7

(𝑥Δ𝑢! ∼ 0.03)

Small	small-𝑥	
Contribution

Large	small-𝑥	
Contribution

Large	small-𝑥	
Contribution
(𝑥Δ𝑢! ∼ 0.04)

Large	Contribution	
in	Data	range

Small	Contribution	
in	Data	range

Large	Contribution	
in	Data	range
(𝑥Δ𝑢! ∼ 0.14)

(𝑥Δ𝑢! ∼ 0.03)

(𝑥Δ𝑢! ∼ 0.07)(𝑥Δ𝑢! ∼ 0)



Small-𝒙 Behavior: Novel Correlations
• Each	replica	is	colored	according	to	the	asymptotic	

sign	of	𝑔'	only.
• ΔqA

"	and	Δ𝐺	also	show	asymptotic	bimodality.

𝑄8, 𝐺9 ):→<
≈ +𝐺

𝒈𝟏~𝚫𝒒𝒇#~ − 𝚫𝑮~ − '𝑮
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The Fall of Bimodality

NORMAL DISTRIBUTION AND PCA
THE RISE (AGAIN?) OF BIMODALITY
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Fall of Bimodality

• Optical	Illusion:	Replicas	are closer	
to zero than	to	each	other.

• Also	confirmed	by	principal	component	
analysis:	No	bimodal	parameters,	all	
correlations	of	parameters	are	equally	
valid.

Conclusion:
𝒈𝟏,	𝚫𝒒𝒇,,	and	𝚫𝑮	are	not	bimodal,	but	
their	small-𝒙	behavior	is	determined	by	0𝑮
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Rise (again) of Bimodality

Consider	the	curvature	of	𝑔':

𝑔' → lim
1→.

𝑔' = 𝑔'. 𝑥6C-

𝑑𝑔'
𝑑 log 𝑥

= 𝑥
𝑑𝑔'
𝑑𝑥

= −𝛼D𝑔'.𝑥6C-

𝑥
𝑔'?

𝑔'
= −Sign 𝑔' 𝛼D
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Conclusions
• Our	Full	Theory,	using	flavor	singlet	and	flavor	non-singlet	evolution,	can	fit	global	data	of	
both	DIS	and	SIDIS	very	well,	 E

!

F./0
= 1.03.

• We	must	choose	the	small-𝑥	resolution	of	our	𝑔',	Δ𝑞G
±,	and	Δ𝐺	replicas.	Statistics	suggest	

asymptotic	sign	uncertainty	of	~5%	when	generating	replicas	to	𝑥 = 106I.
• The	asymptotic	sign	of	all	observables	is	dominated	(through	evolution)	by	the	 L𝐺	polarized	
dipole	amplitude	–	predicting	asymptotic	𝑔'	seemingly	relies	on	 L𝐺-sensitive	data.

• 𝑔'	(and	the	other	observables)	are	not	truly	bimodal,	but	there	is	comparative	bimodality	
in	𝑥 J"+

J"
	between	KPS-CTT	helicity	evolution	and	DGLAP	evolution.
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Future Work
• Our	future	work	is	to	expand	the	theory	to	include	𝑝𝑝	data	–	this	may	provide	some	data	

sensitive	to	𝐺/	but	may	also	require	more	polarized	dipole	amplitudes.
• We	can	also	perform	a	sophisticated	matching	of	our	theory	onto	JAM-DGLAP	large-𝑥	

data	to	further	constrain	our	parameters.
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Extra Slides!

FOR DISCUSSION AND FOR FUN!
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Full Theory Fit: Prior Ranges
• Selection	of	Priors:	Good-Fitting	replicas,	random	distribution	of	parameters.
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Constraining Parameter Space

Good	Priors	(Example) Improved	Priors	(Example)



Small-𝒙 Dominance: (𝑮 vs 𝑮𝟐
0 0 0 0

0𝑮 𝟎 ∼ 0.03
𝑮𝟐

𝟎 ∼ 0.04

100%	(+) 99.8%	(+)



Latest Ambiguities: Positive vs Negative

• 95%	of	asymptotically	
positive	replicas	are	
confirmed	by	𝒙 = 𝟏𝟎/𝟒.𝟗𝟕.

• 95%	of	asymptotically	
negative	replicas	are	
confirmed	by	𝒙 = 𝟏𝟎/𝟑.𝟑𝟕.


