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Femtoscopy Theory (one slide)

SOURCE

phase space cloud
⃗vcm

⃗r

GOAL: Measure  to infer 
For identical bosons: 
Strong/Coulomb makes inversion more complicated

C( ⃗p1, ⃗p2) S( ⃗vcm, ⃗r)
|ϕ |2 = 1 + cos(2 ⃗q ⋅ ⃗r)

wave function

source function

“SOURCE FUNCTION” measures phase space cloud, not source!!!
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=
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d3r1d3r2 fcm(~vcm,~r1, t)fcm(~vcm,~r2, t)�(~r1 � ~r2 � ~r)

R
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FIG. 6. (a}%e show the correlation function calculated from the scenario shown in Fig. 5 (a}. Collective expansion manifests itself
in both cases where the relative momentum k is perpendicular Oower graph) and parallel (upper graph) to the average momentum E.
Since the matter breaks up almost all at once there is little difference between the upper and lower curves. (b} Here the correlation
function is shown for the case described in Fig. 5 (b}. The phase transition is evidenced in the same way as the case with a lower ener-
gy density shown in Figs. 4 and 5. The extended lifetime yields a more narrow correlation function for higher momentum pairs when
the relative momentum k is parallel to the average momentum It (upper graph).

written in such a way that they are independent of longi-
tudinal boosts:

l guz =zlr,
s(r) =s(ru)(rulr) .

(5.2)

Here y, is the Lorentz factor for the velocity v, . The
solution is considered valid only for proper times larger
than some starting time ru This satis.fies the hydro-
dynamic equations of motion for the case where no entro-
py is generated and the transverse degrees of freedom
have been neglected:

a„T~"=O,

T""=(P+p) U"U" Pg"".. — (5.3)

Here T""is the stress energy tensor, U» is the four veloci-
ty and g"" is the metric (g =1}. One can neglect the
transverse degrees of freedom if the matter cannot expand
appreciably in the transverse direction during the longitu-
dinal lifetime of the system. This should be the case when
the transverse size divided by the sound velocity is much
greater than the breakup time ~. %'e consider only this
sifnple case, where the transverse dimensions are kept
fixed in time, and the temperature is considered to be in-
dependent of the transverse position. A first-order phase
transition would slo~ the transverse expansion,
strengthening this assumption.

g(p, z =O, t) =exp( E~/T)5(t ——r) . (5.4}

Using the fact that Ezg(p, x) is a Lorentz invariant the
emission function at any position z is given by

g ( p,z, t) =exp[ y, (Et U,p, )/T—]5(y,—(t U,z) r)— —
X},(E& U,p~ )/E— (5.5)

The correlation function should be invariant to boosts
along the z axis since the emission function is invariant.
Therefore the correlation function only has to be solved
for when the average momentum is perpendicular to the
axis. C(p, q) can be solved for explicitly in this case:

C(p, q) =}+I,I(x,y)I,'I'(x,y)/[P(p}P(q)], (5.6)

where I(x,y) and I, are given by

Here we solve for the correlation function due to such
an expansion where the pions are all emitted at the same
proper time r at a breakup temperature T. The correla-
tion function does not depend on ru since the emission
function only dr~ends on the properties of the matter at
breakup, not at any previous time. In the center-of-mass
frame the matter at z=O reaches the breakup temperature
first. The matter at z breaks up at t=(r +zz}'~. The
emission function at x=0 is

Sideward Sideward

OutwardOutward

Two-Pion Correlation Function
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(3.3)

The energy densities of the two phases are different when
they are at this critical temperature. The bag model has
same support in the fact that a first-order phase transition
also shows up in much more complicated analyses such as
lattice Monte Carlo analyses. Figure 2 (Ref. 8) shaws the
discontinuity in energy density as a function of tempera-
ture for a gluon gas in QCD. There is still great difficulty
in treating the Fermi degrees of freedom effectively. It is
surprising how closely the plasma phase resembles an
ideal gas.

IDEAL GAS

FIG. 1. The first-order phase transition yields a phase of
constant pressure. This phase covers a large range of energy
densities.

There is a range of energy densities between ps(T, ) and
pq(T, ) where the matter is in a mixed phase. The pres-
sure and temperature are constant throughout this range
of energy densities. The fact that the pressure does not
change for a range of entropy densities means that the
sound velocity is zero in a region of mixed phase. The
fluid elements in this region cannot react to adjacent ele-
ments until the adjacent elements have a different pres-
sure. This requires a discontinuity in the energy and en-
tropy densities. If a region of space is static and in the
mixed phase and it is surrounded by matter in the hadron-
ic phase the matter in the mixed phase cannot expand un-
til a shock wave carrying the discontinuity arrives from
the outside. The speed at which the shock wave advances
and the properties of the matter just outside the shock
front can be found by requiring conservation of energy
and momentum across the front while making some as-
sumption about the amount of entropy produced. Shocks
are discussed in Appendix C.
When there is a nonzero baryon number the pressure in

the mixed phase will depend on the energy density and en-
tropy per baryon. A mixture of two phases at equilibrium
will always share the same pressure and the same baryon
chemical potential:

Pq(p„, T)=Ps(p„,T) . (3.4)

This yields p(T) for any temperature that can suppart a
mixed phase. To solve for an isentrope one must pick a
specific ratia of entropy to baryon number. One can now
solve for the temperature and chemical potential for any
ratio of phase mixtures that give the correct entropy. De-
fining fq and fi, as the proportion of the baryon number
in the quark and hadronic phases (fq+ fq ——1) and defin-
ing o as the given ratio of entropy to baryon densities,

o=fq(~q(I, T)«q(I T) j+fs(~s(I T)«s(I T)l

Since fq, f» and o are chosen and p is known as a func-
tion of T fram Eq. (3.4), Eq. (3.5) can be solved for T.
The temperature and pressure will be different for dif-
ferent ratios of the phases. This is usually a difficult pro-
cedure even for simple equations of state. When baryons
are introduced there may be pressure gradients within a
region of mixed phase.

IV. SPHERICALLY EXPLODING PLASMA

IOO 200
I
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FIG. 2 The energy density from a Monte Carlo simulation of
quarkless SU(3) on an 83X3 lattice shows a discontinuity mean-
ing a first-order phase transition. The low-temperature phase
corresponds to massive glueballs while the high-temperature
phase corresponds to perturbative plasma. The solid curves are
calculated from perturbation theory. The dashed line represents
a noninteracting gas of gluons.

The effects of the phase transition on the inter-
ferometry are most apparent when the initial conditions
are such that the difference in pressure due ta the energy
being absorbed into latent heat is most manifest. We give
the computer-generated solutions for three choices of ini-
tial conditions. Each case is solved for both the bag-
model equation of state and for the equation of state of an
ultrarelativistic pion gas without a phase transition. A
plasma that is almost entirely in the mixed phase and ini-
tially static shows the most dramatic change in the dy-
manics when the phase transition is introduced. Here the
pressure is constant in the region of mixed phase and an
initially static plasma requires pressure gradients in order
to accelerate radially and expand. The case where the ini-
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Phase Transition at Low Energy
neutron-neutron correlations at 25A MeV and 58A MeV



Sensitivity to EoS (realistic calc.s)2

FIG. 1: (color online) Gaussian radii reflecting spatial sizes
of outgoing phase space distributions in three directions:
Rout, Rside and Rlong. Data from the STAR collaboration
(red stars) are poorly fit by a model with a first-order
phase transition, no pre-thermal flow, and no viscosity
(solid black squares). Correcting for all those deficiencies,
and using a more appropriate treatment of the relative
wave function in Eq. (1) brings calculations close to the
data (filled black circles). The sequential effects of includ-
ing prethermal acceleration (open blue squares), using a
more realistic equation of state (open green diamonds),
and adding viscosity (open cyan triangles) all make sub-
stantial improvements to fitting the data. An improved
relative wave function yielded modest improvements (com-
pare open cyan triangles to filled black circles).

cascade code. The cascade microscopically simulates
the final stages of the collision and breakup where lo-
cal kinetic equilibrium is lost and hydrodynamics is
unjustified. The times and positions of last collisions
for particles of a specific k were used to calculate the
source function, from which correlation functions were
generated via Eq. (1). These were then fit to corre-
lations from Gaussian sources to extract radii, which
are also displayed in Fig. 1.
As a benchmark, the first calculation (filled squares

in Fig. 1) was parameterized similarly to previous hy-
drodynamic calculations, and failed in a similar man-
ner. Transverse expansion was delayed until 1 fm/c

after the initial collision. A strong first-order phase
transition, which is inconsistent with lattice gauge
theory, was employed, and the viscosities were set to
zero. Additionally, an over-simplified relative wave
function, neglecting Coulomb and strong interactions
between the pions, was used to generate correlation
functions. Since the source functions are not truly
Gaussian, this can lead to different Gaussian radii.
This benchmark calculation overstates the Rout/Rside

ratio by ∼ 40% and overstates Rlong by ∼ 25%.

The second calculation (open squares in Fig. 1) ac-
counts for prethermal acceleration by beginning the
expansion 0.1 fm/c after the initial collision, roughly
the amount of time required for the Lorentz contracted
nuclei to traverse one another. The importance of
pre-thermalized acceleration has been emphasized in
several studies during the last few years [10, 15, 16].
As was shown in Ref. [17], flow during the first 1
fm/c is approximately universal for any system with
a traceless energy tensor, including partonic and field
based pictures, independent of thermalization. Since
the transverse expansion starts earlier, the longitudi-
nal size is smaller at breakup, more in line with data.
The Rout/Rside ratios also drop, moving modestly to-
ward the data.

The second improvement to be considered is to use
a stiffer equation of state. Early studies used an equa-
tion of state with a first order phase transition with
a large latent heat [4, 5, 6]. Such soft equations of
state have constant temperature and pressure for en-
ergy densities between εh and εh + L, where εh is the
maximum density of the hadronic phase. Here, εh
corresponds to a hadronic gas with a temperature of
Tc = 170 MeV, and L is the latent heat. In con-
trast, lattice QCD now suggests a crossover transition
where the pressure rises continuously with energy den-
sity. There indeed exists a soft region, but the speed
of sound, c2s = dP/dε, never falls below 0.1 and the
width of the soft region is somewhat lower than the
latent heat L assumed in the previous studies. The
benchmark calculation, displayed in the upper panel,
assumed a first order transition with a latent heat
L = 1.6 GeV/fm3 with a lower bound to the mixed
phase at εh ≈ 500 MeV/fm3. This is not only inconsis-
tent with lattice calculations, but is also inconsistent
with femtoscopic analyses of data at lower energies.
For heavy ion collisions at the upper AGS and for the
lower SPS beam energies, maximum energy densities
were in the neighborhood of εh + L. For a first order
phase transition the pressure P stays fixed through-
out the mixed phase, and these conditions would have
minimal values of P/ε with minimal explosivity re-
sulting in perhaps dramatically large lifetimes, well
exceeding 20 fm/c. The long duration of the emis-
sion would lead to extended values of the outward
dimensions of the phase-space cloud [18, 19]. This
was not observed. The third calculation (open dia-
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FIG. 1: (color online) Gaussian radii reflecting spatial sizes
of outgoing phase space distributions in three directions:
Rout, Rside and Rlong. Data from the STAR collaboration
(red stars) are poorly fit by a model with a first-order
phase transition, no pre-thermal flow, and no viscosity
(solid black squares). Correcting for all those deficiencies,
and using a more appropriate treatment of the relative
wave function in Eq. (1) brings calculations close to the
data (filled black circles). The sequential effects of includ-
ing prethermal acceleration (open blue squares), using a
more realistic equation of state (open green diamonds),
and adding viscosity (open cyan triangles) all make sub-
stantial improvements to fitting the data. An improved
relative wave function yielded modest improvements (com-
pare open cyan triangles to filled black circles).

cascade code. The cascade microscopically simulates
the final stages of the collision and breakup where lo-
cal kinetic equilibrium is lost and hydrodynamics is
unjustified. The times and positions of last collisions
for particles of a specific k were used to calculate the
source function, from which correlation functions were
generated via Eq. (1). These were then fit to corre-
lations from Gaussian sources to extract radii, which
are also displayed in Fig. 1.
As a benchmark, the first calculation (filled squares

in Fig. 1) was parameterized similarly to previous hy-
drodynamic calculations, and failed in a similar man-
ner. Transverse expansion was delayed until 1 fm/c

after the initial collision. A strong first-order phase
transition, which is inconsistent with lattice gauge
theory, was employed, and the viscosities were set to
zero. Additionally, an over-simplified relative wave
function, neglecting Coulomb and strong interactions
between the pions, was used to generate correlation
functions. Since the source functions are not truly
Gaussian, this can lead to different Gaussian radii.
This benchmark calculation overstates the Rout/Rside

ratio by ∼ 40% and overstates Rlong by ∼ 25%.

The second calculation (open squares in Fig. 1) ac-
counts for prethermal acceleration by beginning the
expansion 0.1 fm/c after the initial collision, roughly
the amount of time required for the Lorentz contracted
nuclei to traverse one another. The importance of
pre-thermalized acceleration has been emphasized in
several studies during the last few years [10, 15, 16].
As was shown in Ref. [17], flow during the first 1
fm/c is approximately universal for any system with
a traceless energy tensor, including partonic and field
based pictures, independent of thermalization. Since
the transverse expansion starts earlier, the longitudi-
nal size is smaller at breakup, more in line with data.
The Rout/Rside ratios also drop, moving modestly to-
ward the data.

The second improvement to be considered is to use
a stiffer equation of state. Early studies used an equa-
tion of state with a first order phase transition with
a large latent heat [4, 5, 6]. Such soft equations of
state have constant temperature and pressure for en-
ergy densities between εh and εh + L, where εh is the
maximum density of the hadronic phase. Here, εh
corresponds to a hadronic gas with a temperature of
Tc = 170 MeV, and L is the latent heat. In con-
trast, lattice QCD now suggests a crossover transition
where the pressure rises continuously with energy den-
sity. There indeed exists a soft region, but the speed
of sound, c2s = dP/dε, never falls below 0.1 and the
width of the soft region is somewhat lower than the
latent heat L assumed in the previous studies. The
benchmark calculation, displayed in the upper panel,
assumed a first order transition with a latent heat
L = 1.6 GeV/fm3 with a lower bound to the mixed
phase at εh ≈ 500 MeV/fm3. This is not only inconsis-
tent with lattice calculations, but is also inconsistent
with femtoscopic analyses of data at lower energies.
For heavy ion collisions at the upper AGS and for the
lower SPS beam energies, maximum energy densities
were in the neighborhood of εh + L. For a first order
phase transition the pressure P stays fixed through-
out the mixed phase, and these conditions would have
minimal values of P/ε with minimal explosivity re-
sulting in perhaps dramatically large lifetimes, well
exceeding 20 fm/c. The long duration of the emis-
sion would lead to extended values of the outward
dimensions of the phase-space cloud [18, 19]. This
was not observed. The third calculation (open dia-

other corrections: initial flow, shear viscosity, better wave function

Lattice EoS

1st order EoS

Au+Au, 100A GeV + 100A GeV

STAR

Model=hydro + cascade
Significant sensitivity to EoS
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FIG. 1. Twenty pion, kaon and proton spectra as measured

by the ALICE collaboration at the LHC (circles for 0-5% and

squares for 20-30%) [14] are compared to model predictions

using parameters randomly taken from the prior parameter

space (panels a-c) and using parameters weighted by the like-

lihood (d-f).

FIG. 2. The pion azimuthal anisotropy v2, often referred

to as elliptic flow, from ALICE [16] for the 20-30% centrality

(circles) are compared to model predictions using parame-

ters randomly taken from the prior parameter space (a), and

weighted by the likelihood (b).

1, 2 and 3 by comparing both full model calculations at
20 random points in parameter space and then again at
20 points chosen proportional to the likelihood defined in
Eq. (1). Calculations are compared to ALICE Collabo-
ration at the LHC. Similarly good representations of the
experimental data are found for RHIC data, with results
very similar to those in [13]. The procedure readily iden-
tified regions of parameter space that matched the exper-
imental data within the 6% uncertainty assumed here.
Nonetheless, it appears that the procedure finds spec-
tra that have transverse momenta that are a few percent
higher than the the experiment, and femtoscopic source
sizes that are a few percent larger. This suggests the fem-
toscopic data and the spectra are competing for agree-
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FIG. 3. Two-particle femtoscopic source sizes from ALICE

[15] (circles for 0-5% and squares for 20-30% centrality) are

compared to model predictions using parameters randomly

taken from the prior parameter space (a-c), and weighted by

the likelihood (d-f).
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FIG. 4. The posterior likelihood for the two parameters that

describe the equation of state, X 0
and R, have a preference

to be along the diagonal. This shows that experiment con-

strains some integrated measure of the overall sti↵ness of the

equation of state, i.e. a softer equation of state just above Tc

is consistent with the data if it is combined with a more rapid

sti↵ening at higher temperature.

ment with the model, as slightly more explosive models
would better match the femtoscopic observations, while
less explosive models would better reproduce the spec-
tra. This implies that improved physics might be needed
if one were to reproduce the experimental results much
better than 6%.
The ability of the procedure to constrain the two pa-
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FIG. 5. (a) Fifty equations of state were generated by ran-

domly choosing X 0
and R in Eq. (2) from the prior distribu-

tion and weighted by the posterior likelihood (b). The two

upper thick lines in each figure represent the range of lat-

tice equations of state shown in [4], and the lower thick line

shows the equation of state of a non-interacting hadron gas.

This suggests that the matter created in heavy-ion collisions

at RHIC and at the LHC has a pressure that is similar, or

slightly softer, to that expected from equilibrated matter.

rameters that determine the equation of state is shown
in Fig. 4. As a function of X 0 and R defined in Eq.
(2), the likelihood is significant for a large band near
the diagonal. Higher values of X 0, which delays the ap-
proach of the speed of sound to one third until higher
energy densities and makes the equation of state softer,
can be compensated by higher values of R, which sends
the speed of sound higher just above Tc and makes the
equation of state sti↵er. Fifty values of X 0 and R were
then taken randomly from both the prior, and weighted
by the posterior likelihood. For each case the speed of
sound is plotted as a function of the temperature in Fig.
2. It is clear that the experimental results significantly
constrain the equation of state and we also note that
the RHIC and LHC data in combination provide a bet-

ter constraint than either can alone. It appears that
the speed of sound cannot fall much below the hadron
gas value, ⇠ 0.15, for any extended range and that it
must rise with temperature. Figure 5 also shows a range
of equations of state from lattice calculations [4]. The
equations of state found here show a preference for being
slightly softer than those from the lattice, but the ranges
overlap.

IV. CONCLUSIONS

Determining the equation of state from experiment
has proven di�cult due to the intertwined links between
model parameters and numerous observables. The sta-
tistical techniques applied here overcome these di�cul-
ties. The resulting constraints suggest the speed of sound
gradually rises as a function of temperature from the
hadron gas value. The band of equations of state from
Fig. 5 is modestly softer than that of lattice calculations,
but has significant overlap. This analysis strengthens the
supposition that the matter created in relativistic heavy
ion collisions has properties similar to that of equilibrated
matter according to lattice calculations and shows that
our model describes the dynamics of heavy ion collisions
well enough to permit the extraction the thermodynamic
and transport properties of equilibrium condensed QCD
matter.
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FIG. 5. The resolving power for determining a pair of parameters, xi, xj , due to a specific observable ya as defined by Rij;a in
Eq. (22). The sensitivity for the two viscosity parameters is shown in the upper panel and that for the two equation-of-state
parameters is displayed in the lower panels. Information about eh viscosity is most strongly determined by measurements of
v2 and the multiplicities. The equation of state is most strongly constrained by femtoscopic radii.

pressures leading to more elongated phase space distributions in the outward direction and that the longitudinal sizes
would increase if transverse expansion was slower, [9, 16, 17]. Additionally, source sizes played a role in measuring
the final entropy, which is also a measure of the equation of state [18]. The mean transverse momentum had long
ago been pointed out as being sensitive to the temperature, and therefore the equations of state, [19], and even v2
had been suggested as a means for extracting early pressure [20]. Therefore, it was not surprising to see the resolving
power for the equation of state in Fig. 5 spread across all observables.

The techniques presented here could play a pivotal role in determining the direction of future experiments. Before
embarking on an expensive experimental program to improve the measure of a specific observable, one could check
to see how that improvement might indeed better determine parameters of greatest interest. For example, one could
determine whether running an accelerator for a specific projectile target combination, or at a new beam energy, or
with higher statistics would best provide insight into better determining the equation of state. In many cases it would
behoove the community to pre-analyze a project with modern statistical techniques before investing the cost and
manpower for the e↵ort.

ACKNOWLEDGMENTS

This work was supported by the National Science Foundation’s Cyber-Enabled Discovery and Innovation Program
through grant NSF-0941373 and by the Department of Energy O�ce of Science through grant number DE-FG02-
03ER41259.

[1] S. Habib, K. Heitmann, D. Higdon, C. Nakhleh and B. Williams, Phys. Rev. D 76, 083503 (2007).
[2] F. A. Gomez, C. E. Coleman-Smith, B. W. O’Shea, J. Tumlinson and R. L. Wolpert, Astrophys. J. 760, 112 (2012).
[3] J. Novak, K. Novak, S. Pratt, J. Vredevoogd, C. E. Coleman-Smith and R. L. Wolpert, Phys. Rev. C 89, 034917 (2014).
[4] S. Pratt, E. Sangaline, P. Sorensen and H. Wang, Phys. Rev. Lett. 114, 202301 (2015).
[5] Particle Data Group, The Review of Particle Physics, http://pdg.lbl.gov (2012).
[6] For an overview of wounded nucleon models see M. L. Miller, K. Reygers, S. J. Sanders and P. Steinberg, Ann. Rev. Nucl.

Part. Sci. 57, 205 (2007).
[7] H. -J. Drescher, A. Dumitru, C. Gombeaud and J. -Y. Ollitrault, Phys. Rev. C 76, 024905 (2007).

E.Sangaline & S.P, PRC 2016

Pionic femtoscopy provided
most of resolving power  

of EoS



Evidence of EoS Stiffening 
 & Softening from v1, v2

10

1−10 1 10 210
 (GeV)N-2mNNs

0.1−

0

0.1

0.2

0.3

0.4

0.5

0.6'=
0

y⏐'yd/ 1vd

(AuAu) Protons (10-30%)HADES 
=0.25-0.45)

0
(AuAu) Protons (bFOPI 
(AuAu) Z=1 (b=2-5.5fm)FOPI 

(AuAu) Z=1 Plastic Ball 
(AuAu) Z=1 (b=2-5.5fm)INDRA 

(AuAu) ProtonsE877 
±(AuAu) hE877 

(AuAu) Protons (10-40%)Star FXT 
(AuAu) Protons (10-25%)Star FXT 

(AuAu) Protons (10-40%)Star BES 
(PbPb) Protons (12.5-33.5%)NA49 

(PbPb) Protons (15-35%)NA61/SHINE 

1−10 1 10 210
 (GeV)N-2mNNs

0.1−

0.05−

0

0.05

0.1

2v

out-of-plane

in-plane

(AuAu) Protons (10-30%)HADES 
(AuAu) Protons (15-29%)FOPI 
(AuAu) Z=1 (20-30%)FOPI 

(AuAu) Z=1 (b=5.5-7.5fm)INDRA 
(AuAu) ProtonsEOS 

(AuAu) Protons (12-25%)E895 
(AuAu) ProtonsE877 

±(AuAu) hE877 
(AuAu) Protons (10-40%)Star FXT 
(AuAu) Protons (0-30%)Star FXT 
(AuAu) Protons (10-40%)Star BES 

 (10-20%)±(AuAu) hStar BES 
 (0-60%)±(AuAu) hStar 

 (0-60%)±(AuAu) hPHOBOS 
(PbPb) Protons (12.5-33.5%)NA49 

 (10-30%)±(PbPb) hWA98 
±(PbAu) hCERES 

FIG. 4. Compilation of the world data on the slope
of the directed flow at mid-rapidity (dv1/dy|y0=0,
top) and the elliptic flow (v2, bottom) as functions
of the reduced center-of-mass energy

p
sNN �2mN

for protons, Z = 1 nuclei, and inclusive charged
particles. Figure modified from [78].

to constrain microscopic interactions in isospin-
asymmetric nuclear matter. At low densities,
this challenge is addressed by experimental and
theoretical analyses of nuclear structure observ-
ables [79–81]. An important objective of nu-
clear many-body theorists is to accurately cal-
culate these observables and reliably deduce the
EOS using microscopic interactions derived within
the framework of chiral e↵ective field theory
(�EFT) [82–84]. Probing the symmetry energy
over a range of densities wider than found in nu-
clei is possible through heavy-ion collisions and
neutron star studies. Often, knowledge of the
isospin-asymmetric EOS is encoded in terms of
constraints on the Taylor expansion coe�cients of
the symmetry energy around n0. Numerous anal-
yses yield consistent constraints on the first few
expansion coe�cients [42] (see Fig. 2), although
they rely on an assumption that the expansion
remains accurate away from n0. The recent ad-
vent of Bayesian inference techniques allows one
to pursue a di↵erent approach, within which the
isospin-asymmetric EOS is described in terms of
the dependence of the pressure on baryon den-
sity [66] (see Fig. 3). Moreover, Bayesian anal-
yses can shed more light on densities at which
measurements constrain the symmetry energy and
quantify the uncertainties of the extracted EOS.
As a result, combining diverse measurements and
using advanced analysis techniques can lead to
significantly tighter constraints, especially on the
high-density behavior of the symmetry energy (or,
equivalently, on the higher-order symmetry energy
expansion coe�cients), so far poorly known.

Constraints on the EOS of neutron-rich matter
at high densities have been dramatically a↵ected by discoveries of heavy neutron stars [85, 86].
Combined with the properties of all known compact stars, these observations indicate that while
the EOS of neutron-rich matter is relatively soft around (1–2)n0, the pressure steeply rises with
density for nB

>⇠ 2n0 [87, 88]. In fact, multiple analyses show that describing the known population
of neutron stars is only possible for EOSs in which the speed of sound in neutron-star matter breaks
the conformal limit at high densities, that is exceeds 1/

p
3 of the speed of light c for nB

>⇠ 2n0 [89–
93]. This striking behavior remains to be understood. In particular, it is currently not known
whether the speed of sound exceeds c/

p
3 above certain densities at all isospin fractions of nuclear

matter or, alternatively, only in neutron-rich matter. Robust constraints on the symmetric matter
EOS at nB

>⇠ 2n0, obtained from heavy-ion collisions at intermediate to high beam energies, would
answer this question as well as put constraints on the isospin-dependent part of the EOS through
comparisons with the EOS inferred from neutron star studies, thus uncovering the magnitude of
isospin-related e↵ects at high baryon density.

.

A.Sorensen et al., nucl-th2301.13253
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FIG. 11. Scatter plot of the pressure as a function of baryon
density, obtained for 50,000 EOSs with K0, c2[2,3]n0

, and

c2[3,4]n0
sampled from the posterior distribution.

of Fig. 12, the c2s in symmetric nuclear matter, calculated
using the central values of the MAP parameters (that is
for K0 = 300 MeV, c2[2,3]n0

= 0.47, c2[3,4]n0
= �0.08,

and setting c2[4,1]n0
= 0.3), is shown with the black solid

line. With yellow long-dashed, green dash-dotted, and
short-dashed blue lines we show the corresponding re-
sults for pure neutron matter, using the three values of
the slope parameter of the symmetry energy L. It is evi-
dent that a smaller (bigger) L results in a smaller (bigger)
c2s in pure neutron matter. Note that for c2s given by the
ASYM1 and ASYM2 curves, the transformation to pure
neutron matter results in a disappearance of the first-
order phase transition. In the bottom panel, we show c2s
for exactly symmetric nuclear matter at three values of
c2[3,4]n0

= {0.06,�0.08,�0.22} (thick black long-dashed,

medium solid, and thin short-dashed line, respectively),
corresponding to the central MAP value and boundary
values within 1 sigma. For the pure neutron matter, we
show two curves of c2s, obtained using a high value of L
for SYM1 (ASYM1, thick long-dashed yellow line) and
a low value of L for SYM3 (ASYM3, thin short-dashed
blue line). The spread between the ASYM1 and ASYM3
curves illustrates the uncertainty in the speed of sound in
pure neutron matter at nB 2 [3, 4]n0 given both the un-
certainty in our results and the uncertainty in the value
of the slope parameter L. We note here that this spread
might be even larger given the large values of the sym-
metry energy slope parameter reported by the PREXII
experiment, L = 106 ± 37 MeV [49]. We also point out
that recently, an extensive study was performed in which
the influence of the symmetry energy expansion parame-
ters on the conversion between neutron matter EOS and
symmetric matter EOS was studied in detail [50].

FIG. 12. Top panel: The speed of sound c2s calculated for
the central values of the MAP parameters for both exactly
symmetric nuclear matter (solid black line) and pure neutron
matter, the latter obtained using three values of the slope pa-
rameter of the symmetry energy L (yellow long-dashed, green
dash-dotted, and blue short-dashed lines); a smaller (bigger)
L results in a smaller (bigger) c2s in pure neutron matter.
Note that for c2s given by the ASYM1 and ASYM2 curves,
the transformation to pure neutron matter results in a dis-
appearance of the first-order phase transition. Bottom panel:
The speed of sound c2s for exactly symmetric nuclear mat-
ter at three values of c2[3,4]n0

= {0.06,�0.08,�0.22} (thick
black long-dashed, medium solid, and thin short-dashed line,
respectively), corresponding to the central MAP value and
values at ±1�, and c2s in pure neutron matter obtained us-
ing a high value of L for SYM1 (ASYM1, thick yellow long-
dashed line) and a low value of L for SYM3 (ASYM3, thin
short-dashed blue line). The spread between the ASYM1 and
ASYM3 curves illustrates the uncertainty in c2s in pure neu-
tron matter at nB 2 [3, 4]n0 given both the uncertainty in our
results and the uncertainty in the value of L.

Given all of the above, we see that in general a lack of
a first-order phase transition in pure neutron matter does
not exclude a first-order phase transition in exactly sym-
metric nuclear matter, and in particular we conclude that
while there is some tension between our results and the
neutron star data, the discrepancy is not significant. At

Calculations has some questions:
• momentum dependence of potential
• role of string/flux-tubes on v1
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Evidence of stiffness for  from 
neutron star observations
—  higher for neutron-rich matter

ρ ∼ 3ρ0
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Figure 6. Representative examples referring to a generic EOS (red solid line), a sub-conformal EOS (blue solid line), and monotonic sound
speed inside neutron stars (green solid line). The left plot shows the sound speed as function of the energy density, with the kinks in the curves
marking the matching points of the various segment used to construct the EOSs. The middle panel shows the corresponding EOSs, together
with the BPS EOS (Baym et al. 1971) (cyan solid line) that we use at low densities. The blue and green bands are the uncertainties from nuclear
theory (Hebeler et al. 2013) and perturbative QCD (Fraga et al. 2014), respectively. Shown in gray is the outer envelope of all constraint-
satisfying EOSs. The right panel reports the corresponding mass-radius curves, together with the outer envelope and various observational
constraints.
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Figure 7. The same as Fig. 1 in the main text, but with the overlay of the sound-speed curves relative to 1000 different EOSs.
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Figure 8. PDFs of the sound speed obtained for different values of the number of segments. More specifically, the first three panels from the
left refer to N = 3, 4, 5, respectively. They clearly show that the steep increase of the distribution beyond c2s ' 1/3 at small energy densities is
a robust result that is independent of the number of segments and filtering. The right-most panel refers instead to a PDF for N = 5 in which the
filtering on the energy-density gradient is applied. Note how the filtering does modify the behaviour of the PDF at very large energy densities
removing the most extreme EOSs.

for the sound speeds can lead to rather extreme EOSs, that is, EOSs having rapidly changing material properties, especially close

ρ0

3ρ0



Source Radii vs Beam Energy
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Fig. 1: (Color online) The √sNN dependence of (a) (R2out −
R2side),
and (b) [(Rside −

√
2R̄)/Rlong] [8].

Fig. 2: Illustration of the Finite-Size (L)
dependence of the peak position, width
and magnitude of the susceptibility χ
(see text).

2. Anatomy of the search strategy for the CEP

The critical point is characterized by several (power law) divergences linked to the divergence of the cor-
relation length ξ ∝ |t|−ν ≡ |T − T cep|−ν. Notable examples are the baryon number fluctuations 〈(δn)〉 ∼ ξγ/ν,
the isobaric heat capacity Cp ∼ ξγ/ν and the isothermal compressibility κT ∼ ξγ/ν. Such divergences sug-
gest that reaction trajectories which are close to the CEP, could drive anomalies in the reaction dynamics to
give distinct non-monotonic patterns for the related experimental observables. Thus, a current experimental
strategy is to carry out beam energy scans which enable a search for non-monotonic excitation functions
over a broad domain of the (T, µB)-plane. In this work we use the non-monotonic excitation functions for
HBT radii combinations that are sensitive to the divergence of the compressibility [7].

The expansion of the pion emission source produced in heavy ion collisions, is driven by the sound speed
c2s = 1/ρκs, where ρ is the density, κs = ςκT is the isentropic compressibility and ς = Cv/Cp is the ratio of the
isochoric and isobaric heat capacities. Thus, an emitting source produced in the vicinity of the CEP, would
be subject to a precipitous drop in the sound speed and the collateral increase in the emission duration [9],
which results from the divergence of the compressibility. The space-time information associated with these
effects, are encoded in the Gaussian HBT radii which serve to characterize the emission source. That is, Rlong
is related to the source lifetime τ, (R2out − R2side) is sensitive to its emission duration ∆τ [10] (an intensive
quantity) and [(Rside −

√
2R̄)/Rlong] gives an estimate for its expansion speed (for small values of mT ), where

R̄ is an estimate of the initial transverse size, obtained via Monte Carlo Glauber model calculations [8, 7].
Therefore, characteristic convex and concave shapes are to be expected for the non-monotonic excitation
functions for (R2out − R2side) and [(Rside −

√
2R̄)/Rlong] respectively.

These predicted patterns are validated in Figs. 1(a) and (b). They reenforce the connection between
(R2out − R2side) and the compressibility and suggest that reaction trajectories spend a fair amount of time near
a soft point in the EOS that coincides with the CEP. We associate (R2out − R2side) with the susceptibility κ and
employ Finite-Size Scaling (FSS) for further validation tests, as well as to extract estimates for the location
of the CEP and the critical exponents which characterize its static and dynamic properties.

3. Characterization of the CEP via Finite-Size Scaling

For infinite volume systems, ξ diverges near T cep. Since ξ ≤ L for a system of finite size Ld (d is
the dimension), only a pseudo-critical point, shifted from the genuine CEP, is observed. This leads to
a characteristic set of Finite-Size Scaling (FSS) relations for the magnitude (χmaxT ), width (δT ) and peak
position (tT ) of the susceptibility [7] as illustrated in Fig. 2; χmaxT (V) ∼ Lγ/ν, δT (V) ∼ L−1/ν and tT (V) ∼

R.Lacey,NPA 2018

softest point?

REMARKABLE! 
Lowering beam energy 
below 19.6 GeV yields  

higher speed of sound 
despite higher  ratio!p/π
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FIG. 4. (Color online) The collision energy dependence of the
RO/RS (top panel) and theR2

O−R2
S (bottom panel) extracted

from freeze-out π−π− without and with various EoS in central
Au+Au collisions compared with the experimental data taken
from Refs. [32–34, 64–67].

(bottom panel) calculated with various EoS with a broad
range of experimental data. One observes that by con-
sidering the CMF EoS, the ratio RO/RS and the square
difference R2

O − R2
S are pulled down in comparison to

the cascade mode, and the present data can be qualita-
tively reproduced. In this energy range the CMF EoS
gives very similar results to the hard Skyrme EoS which
also includes a strong repulsion leading to earlier pion
emission. Generally the effects of the equation of state
decrease with increasing collision energy.

Let us now turn to the EoS with a phase transi-
tion. Here we compare two CMF EoS, both including
a phase transition are adopted. The CMF PT2 EoS in-
cludes a phase transition at low baryon densities, while
the CMF PT3 EoS includes a phase transition at higher
baryon densities (cf. Fig. 1). At the lowest energy
(
√
sNN = 2.4 GeV), the results calculated with all CMF

EoS are similar as the EoS agree up to 2.5 saturation
density. As the collision energy increases, the calculated

results of CMF PT2 EoS gradually increase compared
to the standard CMF (or Hard/CMF PT3) EoS as ex-
pected for the appearance of a phase transition, inter-
estingly and are similar to those with the cascade mode
at

√
sNN = 3.3 GeV (Elab = 4 GeV/nucleon). This is

understood since the pure cascade mode can be consid-
ered a super soft EoS and therefore behaves similarly to
a phase transition. In addition, the results from simula-
tions with the Hard EoS, CMF EoS and CMF PT3 EoS
are close to each other in the whole energy region un-
der investigation. In conjunction with Fig. 1, the above
phenomenon can be well understood. The baryon den-
sity of 0-10% central Au+Au collisions at

√
sNN = 2.4

GeV is less than 3ρ0, and the density reaches about 5ρ0
for 0-10% central Au+Au collisions at

√
sNN = 7.7 GeV

(Elab = 29.7 GeV/nucleon). Thus, the HBT radii calcu-
lated with CMF PT2 are a result of the phase transition
encountered for most collision energies while the transi-
tion in PT3 is never really reached, even for the highest
collision energy. Thus using CMF PT3 shows no signal
of the phase transition in the explored energy regime.
Our results indicate that the pion HBT radii parameters
RO/RS and R2

O − R2
S are very sensitive to the EoS up

to densities of 4-5 times saturation density only and are
consistent with the absence of any strong softening due
to a phase transition up to that point.

C. Discussions

To better understand the results with the different EoS
let us discuss the freeze-out times and coordinates in the
following section.
Fig. 5 shows the freeze-out time distribution of the

π− emission in central Au+Au collisions in the inspected
energy region. The results from the different equations
of state are represented by various coloured lines, respec-
tively. It can be clearly seen that pions are mainly frozen-
out in the time interval 5-25 fm/c, and that the pions are
frozen-out earlier in case of a harder EoS. In addition, at√
sNN = 2.4 GeV, the distributions of the results from

all simulations with potentials are almost identical, and
different from the distribution using cascade mode, sim-
ply because the EoS for such low densities is very similar
for all density dependent potentials used. As the energy
increases, the distributions from simulations with hard,
CMF and CMF PT3 EoS remain the same, while the
distribution from simulations calculated with CMF PT2
EoS gradually approach that of the soft cascade calcu-
lations. At

√
sNN = 7.7 GeV, owing to the CMF and

CMF PT3 EoS being softer than the hard Skyrme po-
tential and stiffer than the CMF PT2 EoS, the distribu-
tions from simulations with CMF and CMF PT3 EoS lie
between the distributions of simulations with hard EoS
and CMF PT2 EoS.
The mean values of the π− freeze-out time [panel (a)]

and the transverse radii [panel (b)] are plotted in Fig. 6
shown as different coloured lines with symbols. It can be

P.Li,J.Steinheimer,A.Kittiratpattana,M.Bleicher & Q.Li
Sci.China, Phys.Mech.Astron. (2023)

Stiffer EoS looks better!



Where to go from here…



Which Beam Energies?

14

new directions in microscopic descriptions of heavy-ion collisions. Possible research directions that
could be addressed within such an e↵ort are described in Section IIA 3.

A. Transport model simulations of heavy-ion collisions

Heavy-ion collisions at low to intermediate beam energies provide the means to probe nuclear
matter at di↵erent baryon densities (from subsaturation to several times the saturation density),
temperatures (from a few MeV to well above one hundred), and neutron to proton ratios (from
nearly symmetric nuclear matter, where Nn/Np ⇡ 1 and � ⇡ 0, to very neutron-rich matter, where
Nn/Np ⇡ 2 and � ⇡ 0.25). An illustrative calculation of the beam-energy-dependence of heavy-ion
collision trajectories in the T -nB phase diagram, obtained from simulations using two schematic
EOSs, can be seen in Fig. 6 (note that the trajectories are only evaluated at times when temperature
extraction is fairly well-defined). These wide ranges of system properties accessed in heavy-ion
collisions position them as a perfect tool to extract the nuclear matter EOS, test predictions and
extrapolations from regions of the QCD phase diagram accessed by other approaches, and provide
a valuable input to nuclear theory and nuclear astrophysics calculations. For example, the density-
and momentum-dependence of the nuclear potential in both symmetric and asymmetric matter,
and thus of the corresponding EOS, can shed light on modeling e↵ective nuclear interactions in
the medium [44, 109–111] or constrain approaches using the density functional theory [112–114].

However, systems created in heavy-ion collisions are short-lived, and their dynamics is out of
equilibrium over significant fractions of the total collision time. The evolution of a colliding system,
which strongly depends on both the energy and centrality of the collision, progresses through initial
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FIG. 6. Phase diagram trajectories of the central
region (cubic box of volume 27 fm3) in Au+Au
collisions at zero impact parameter, obtained from
UrQMD simulations with a soft or a hard (character-
ized by K0 = 200 or K0 = 380 MeV, respectively)
EOS [115, 116]. The trajectories only follow the evo-
lution at times when temperature is fairly well-defined,
from the moment of the highest compression to densi-
ties around 0.5n0.

compression, growth of the compression zone,
development of flows, and overall decompres-
sion with a gradual local equilibration through-
out the process, see Fig. 7. The inherent com-
plexity of the evolution means that the corre-
sponding transport equations cannot be solved
directly due to their high non-linearity, and
therefore any inferences from heavy-ion col-
lision experiments require comparisons to re-
sults of simulations. These are obtained us-
ing transport models which are able to de-
scribe the non-equilibrium evolution of nuclear
matter over substantial ranges of density, as
well as naturally include baryon, strangeness,
and charge di↵usion, and describe e↵ects due
to the interplay between the evolving colli-
sion zone and the spectators, which are cru-
cial for a correct description of, e.g., flow ob-
servables. Beyond modeling the dynamics of
the collisions, the dependence of the evolution
on single-particle interactions provides a con-
nection allowing one to use transport models
for inferring equilibrium properties such as the
EOS [68, 72], transport coe�cients [117], as
well as the in-medium properties and cross-
sections of hadrons [102, 118, 119].

Lower BES (FXT) energies and HADES energies
•explore up to  without becoming QGP
•can then avoid hydro

Isospin degree of freedom
•crucial for astrophysical correction
•FRIB - 400 program? 

≲ 3ρ0

UrQMD  
Oleh Savchuk



What to Measure 
emphasis on sensitivity to EoS

1. Pions  
— tilt and azimuthal sensitivity  
— away from mid-rapidity  
     (important at lower energy) 

2. Protons & Kaons  
— also good shape sensitivity  

3. Non-identical particles  
—  not reflection symmetric  S( ⃗r)

14 Lisa et al.

Figure 3: because particles with heavier masses have smaller thermal velocities,
their source volumes are more strongly confined by collective flow. For longitudi-
nal flow (left panel) this results in smaller values of Rlong for particles with higher

mT =
√

m2 + p2
T . For radial flow (right panel) this confines heavier particles

toward the surface, which results in both a reduced volume and an offset ∆r in
the outward direction.

emitting zero-rapidity particles is determined by the distance one can move be-
fore the collective velocity overwhelms the thermal velocity to force the emission
function back to zero. The size can then be expressed as:

Rlong ≈
Vtherm

dv/dz
= Vtherm〈t〉. (24)

Whereas Rout/Rside gives information about the suddenness of emission, Rlong

provides insight into the mean time at which emission occurs given an estimate
of the thermal velocity.

For a thermal source with relativistic motion, the thermal velocity along the
beam axis is determined by the temperature and the transverse mass, mT =
√

m2 + p2
T (63). For large mT the thermal velocity in the longitudinal direction

becomes non-relativistic, Vtherm =
√

T/mT , and the source size falls as 1/
√

mT

which is referred to as mT scaling (87). This is illustrated in Figure 3. However,
this assumes all particles are emitted with the same Bjorken time τB and tem-
perature, independent of the transverse mass. because particles with high mT

are probably emitted at lower τB, and because the temperature roughly behaves

at τ−4/3
B , the longitudinal size could fall even more quickly than m−1/2

T .
In a boost invariant expansion, emission is a function of the Bjorken time

τB =
√

t2 − z2, not the time t, and because t =
√

τ2
B + z2, those particles emitted

with small z have a head start. This is sometimes referred to as an inside-
outside cascade. The transverse shape of S(r) is then affected non-trivially by the
expansion along the beam. The resulting correlation function can be calculated
analytically in the case of pure identical-particle correlations (88; 89).

Boost invariance is incorporated into blast-wave models with transverse expan-
sion and assumed for many hydrodynamic models. The finite size of the system

→



What to Calculate 
emphasis on sensitivity to EoS

TO DO:
1. Improve Transport Theory  

— Momentum dependence  
— Initial stopping 
— Parameterize possibilities  
     for Bayesian analysis  

2. Improve data/model comparisons  
— Extracting Gaussian radii for pp… 
— Compare angular decompositions?

READY TO GO:
1. CoRAL (Correlations Analysis Library) 

— Calculates 3D Correlations  
— Wide variety of species pairs  
— Need only provide OSCAR output 
— Not turnkey, but easily adaptable  

2. Emulation software for Bayesian Analysis  
— Smooth Emulator  
     (developed at MSU for BAND Collab.) 
— Initial state parameters, EoS, viscosity  
     need to be simultaneously analyzed



What to take away from this talk

I. The physics of high-baryon density in hadron phase is fundamentally interesting 
  — Eq. of state  
   — Astrophysical connection 

II. Femtoscopy will play large role in that effort!


