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Abstract

Momentum space methods in CFT allow to describe quite efficiently the
correlators containing insertions of stress energy tensor (T) and/or axial vector
currents, and affected by conformal and chiral anomalies. (TTT, TTJ5, J5JJ,TTTT)

Analysis have been performed up to 4-point functions (4T).

The hierarchy of the conformal Ward identities (CWIs) constraining such
correlation functions have been investigated using both free field theory
realizations and, nonperturbatively, using their CWIs

By this approach it has also been shown the inconsistency of anomaly
induced actions in the Riegert and in the Fradkin-Vilkovisky beyond 3-point
functions. Corrections identified for a specific correlator (TTJJ)

We will overview the methodology and the main results in this area, and the central
role played by anomaly poles in determining the structure of these interactions.
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TOPOLOGICAL TERMS CAN BE RENDERED DYNAMICS AT D=4, D=6,
VIA A 0/0 PROCEDURE.

He result is a form od dilaton gravity, that can be rendered nonlocal by removing the dilaton.
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Few phenomenological facts about anomalies

Anomalies are quantum violation of classical conservation laws.

For instance, for chiral anomalies, they are related to the presence of chiral interactions

that need to be canceled in the case of chiral gauge theories such as the Standard Model,
but they are perfectly fine for currents associated with global symmetries.

A candidate for dark matter, the axion, comes from the spontaneous breaking of a global U(1) (PQ) symmetry
at a large scale, with a physical Nambu Goldstone mode, whose potential is slightly tilted
(a vacuum misalignment) at the QCD confinement phase transition scale, through instanton effects.

Anomalies can be characterised both by topological and non-topological contributions.
For example, a chiral anomaly is topological (Pontryagin density) a conformal anomaly is related both to
topological (Euler Poincare’ density) and to non topological terms (Weyl tensor squared)

The most important dynamical character of the anomaly, from the point of view of an anomaly amplitude,
appears in momentum space and is associated with anomaly poles.

Anomaly cancelation can be interpreted as cancelation of anomaly poles of a certain interaction.

The interaction mediated by the anomaly pole is, obviously, nonlocal in cooordinate space
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At quantum level these conservation equations are violated.
A certain gauge global or local symmetry is violated at quantum level
in the presence of chiral fermions.

Various methods of computations of such anomalies. Quantum averages are computed
in the presence of background fields (gravitational and/or external gauge fields)
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Similar situation for other symmetries. Diffeomorphism invariance of a certain classical \/§ v
action requires that the stress energy tensor is covariantly conserved. VMT/W =0
gWTW — 0. gW<TW> £ 0. This is a requirement that should

be respected all the time.
But if the action has a conformal symmetry,

There can be a Trace anomaly ¢, (T"") = (3(g)FF then its trace should vanish at classical level.



In the presence of a classical external gravitational field, the anomaly functionals include other contributions
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These constraints generate, by a functional expansion of the quantum averages wrt the external fileds,
An infinite set of anomalous Ward identities which are hierarchical.

In the case of a trace anomaly, when the classical conformal symmetry of the action is violated at quantum
level, we derive an infinite set of conformal Ward identities (CWIs) that constrain these correlators.

Notice that the one can formulated the breaking of conformal symmetry as a violation of Weyl invariance
of a certain action. In each free falling frame, one reobtains, one recovers the ordinary conformal Wis of flat space
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Similar effects are possible in gravity (Faraday rotations on GWs). (Creti, Tommasi, CC). gravitomagnetism
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Rotation of the polarization plane

AE = E(L) — E(0) %ﬁAsoH(O)- Ap = ¢(L) — ¢(0).
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Parity even and parity odd terms in the trace anomaly conjectures since the 70’s

(Deser Isham Duff)

Source of parity violation generate an issue with unitarity in free field theory realizations
(e.g. the Standard Model) due to the fact that the anomaly coefficients are imaginary.

Several subtle issues where identified since the 80’s (M. Duff, P. van Nieuwenhuizen)
concerning topological contributions to the anomaly in free field theories.

Equivalent field redefinitions at classical level generate different anomalies.

Important issues that need to be explored in the context of free CFT realizations
in different dimensions.
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The Standard Model, even with complex phases in the CKM matrix, is unable to generate
significant sources of CP violation.

However, the perturbative realizations of correlators such as T5 JJ, seem to indicate that they are zero
In free field theory (Armillis, Delle Rose, CC) , (Bastianelli, Chiese) , (Abdallah, Franchino-Vinas, Frob)

Issues with unitarity due to complex f’s : They are non zero (L. Bonora et Al)

CWIs seem to indicate that they can be nonzero (Lionetti, maglio, CC) (more later)
It is not clear whether such CFT’s, even for real f’s are consistent.



QUESTION:

What happens when conformal symmetry is broken by an
anomaly ?

Momentum space techniques

are the most effcient way to investigate correlation

functions affected by an anomaly.

We will show that chiral and anomaly interactions can be
completely determined by CFT + anomaly poles
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Einstein Gauss-Bonnet theories as ordinary, Wess-Zumino conformal
anomaly actions
*Phys.Lett.B 828 (2022) 137020 e-Print: 2201.07515 (Maglio, CC)

Conformal field theory in momentum space and anomaly actions in gravity: The
analysis of three- and four-point function
* Phys.Rept. 952 (2022) e-Print: 2005.06873 (Maglio, CC)

The conformal anomaly action to fourth order (4T) in d=4 in momentum space
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CFT Correlators and CP-Violating Trace Anomalies 2307.03038 [hep-th]
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Parity-odd 3-point functions from CFT in momentum
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Signatures of Chiral and Conformal anomalies
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If we change the parameterization of the loop momentum, Al and A2 change.
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This is not the only parameterization. A second one is the longitudinal/transverse (LT) decomposition

1 De Rafael et al
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KTT developed in the study of g-2 of the muon

It corrects an erro r in the book by Kerson Huang on
particle theory
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Topology comes through the Schouten relations .
Armlllis, Delle Rose, CC
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The signature of the chiral anomaly is in the the generation of 1 pole in the axial vector channel



We consider the standard QED lagrangian
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Chiral and trace anomalies are related to anomaly poles.
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Similar pattern as for the TJJ correlator, just more complex.
One single form factor generates the anomaly
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with the constant f independent of any mass (or other) parameter which characterizes the thresholds or the

strengths of the resonant states eventually present in the integration region (s > 0).
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Figure 7: 3-D Plot of the spectral density py in the variables s and m?.
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Trace Anomaly, Massless Scalars and the Gravitational Coupling of QCD.
Armillis, Delle Rose, CC
Published in: Phys.Rev.D 82 (2010) 064023, e-Print: 1005.4173 [hep-ph]
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Functional derivation of
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Semiclassical
Formulation via
the effective action

WI in momentum space
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Notice that the
residui, combined,
equal the beta
function
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lar2s 027 s ] Similar pole in the gluon sector
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®3(5,0,0) = 2898 5 (1lny —65C) — SWA[ BM5(s,0) — 3343(0,0)+sco(s,0,0,0)]

1 5
2) + m? [§+3—D(300m)+C0(300m2) l

= cFopF*f = ———F,gF°.
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4d Einstein Gauss-Bonnet Gravity without a Dilaton ! PoS Corfu 2022

(@) Claudio Coriand, (¥®) Mario Creti, (¥ Stefano Lionetti, (YMatteo Maria Maglio,
(@ Riccardo Tommasi

2 1 2
Ay=V, (V“V” + 2RM — gRg‘“’) V, =0%+2R"V,V, + E(V“R)V# —ghU. Paneitz operator

V—39Asx0 = V/—3 Ayaxo, Weyl invariant if acting on conformal scalars (ie fields of vanishing
scaling dimensions)



CFT in coordinate space (scalar primary operators) in d=4

Ci23
Cij (O1(z1) O2(z2) O3(x3)) = - A A,
(Oi(x;) O(z4)) = |£U-—.’E-i7Ai+AJ" pAITAe Ry (Rt A= AT Aot A=As
i J
dilatation Special conformal
. —~ , 0 & 9 9
;Aﬁjzlxj 507 | (@) Onlan)) = Zl(mgx + 225 2f 5 wa) (O1(x1) ... On(@n)) =0,
— — =

No anomalies yet and no spin !
Recovering the correlators from momentum
The rederivation of these expressions in momentum space is in space may not be easy as in coordinate space,

But once you do it, you can connect with
Solving the Conformal Constraints for Scalar Operators in Momentum Space and ) y 'Y . t .
the Evaluation of Feynman's Master Integrals Amplitudes and test the expressions against

*JHEP 07 (2013) 011 e-Print: 1304.6944 (Delle Rose, Mottola, Serino, CC) Free field theory realizations



https://inspirehep.net/literature/1230355
https://inspirehep.net/literature/1230355
https://arxiv.org/abs/1304.6944
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Transform the egs to momentum space
and solve them. They can be mapped
to generalized hypergeometric functions

)

No anomalies and no spin
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Delle Rose, Serino, Mototla, CC

General solution in terms of a single constant
C123
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4 point functions Maglio, C. C. JHEP 09 (2019) 107 e-Print: 1903.05047

(O(p1) O(p2) O(p3) O(pa)) = ®(p1,p2,P3, P4, 8, 1).
4 3
> A= 3d= Y p o (O(n) O(pa) Olrs) O(p) = 0
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0 0 0
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o { 9 (@241 9 (d-2Mt1) D One specific structure. There are 3 of them.
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op3 P2 ops  Opi P4 Opa
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s 0s ( Bp g Ops p38p3 p48p4> + S ds
N 1; <p2£ +p3a‘z3 p1% _p43p4> L Bt Ay - B2 — A3) gt For some special choices of the scaling dimensions
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+

d ) —
st asat} (plap2ap3ap4’37 ) 0


https://arxiv.org/abs/1903.05047

YANGIAN SYMMETRY: 4 point functions can also be fixed in the scalar case, probably
The reconstruction can be also performed in the tensor case

DUAL CONFORMAL/CONFORMAL



B )= [ L %
Box\P1,P2,P3;P4) =
e k2(k + p1)?(k + p1 + p2)*(k + p1 + p2 + p3)?
and apply the redefinition in terms of momentum variablesy; 7 1
k = ys1, pP1 = Y12, p2 = Y23, p3 = Y34 )
with y;; = y; — y;, thereby rewriting the integral in the form
d%ys Maglio, CC
(I)Boa:(ylay% Y3, y4) — / 2 9 92 9 SO,
Y15Y25Y35Y15
(O(p1)O(p2)O(p3)O(pa)) =
5 2,2\ ¢ 7,2 2\b 2,2 22
ng;c(a,b)[(s%?)&zd (85 (Z2) Fi(aten). 505,/ 0), B2, 221 K _ 3(922 L (@24 +1) 88 o1
| 3 22\ @ / 292\ b 2,2 .22 D; Pi Pi
+ P (B8 (BI) By (afab), 60l 0, 23,0 K = K; — K, .
a b
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'y(a):g—A+l—|—2a, 'y'(b)zg—A—l-l-i-Zb.



The inclusion of anomalies

Tensor correlators in coordinate space had been studied long ago by Osborn and Petkou.

The important step in these analsys was the inclusion of the anomaly contribution in coordinate space
Implications of conformal invariance in field theories for general dimensions

*Annals Phys. 231 (1994) 311-362 e-Print: hep-th/9307010

Conserved currents and the energy momentum tensor in conformally invariant theories for general dimensions
*Nucl.Phys.B 483 (1997) 431-474 e-Print: hep-th/9605009 (Erdmenger Osborn)

Not so practical beyond 3 point functions

Anomalies come from the coalescence of all the external coordinates.


https://inspirehep.net/literature/35315
https://arxiv.org/abs/hep-th/9307010
https://inspirehep.net/literature/418218
https://arxiv.org/abs/hep-th/9605009
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Conservation WI
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while naive scale invariance gives the traceless condition e =,
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Aomalous conformal WI
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Are affected by the anomaly
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the intermediate steps are rather technical (ee BMS, "Implications of conformal symmetry in momentum space")

Ki3A;1 =0 Ko3A1 =0

Ki3A9 = 8A, Koz Ay = 8A;

Ki13A2(p1 <+ p3) = =841 Ka3As2(p1 <+ p3) =0

K13A3(p2 <+ p3) =0 Ka3Az(p2 <+ p3) = —841 primary Wl's
K343 = 24, Ko3A3 = 24

Ki13A3(p1 < p3) = —2A2(p1 < p3) K3 A3(p1 > p3) =

Ki13A3(p2 < p3) = K3 A3(p2 < p3) = —2A2(p2 < p3)
Ki13A4 = —4A3(p2 > p3) K3 Ay = —4A3(p1 < p3)

K13A4(p1 < p3) = 4A2(p2 <> p3) Ko3Ag(p1 <> p3) = 4Aa(p2 <> p3) — 442
K13A4(p2 <+ p3) = 4A2(p1 <> p3) — 442 K3 Ay(p2 <+ p3) = 4A2(p1 <> p3)
Ki3A5 = 2[A4 — Ay(p1 < p3)] Ky3As = 2[Ay — Ayg(p2 < p3)]

and secondary WI's which connect 3- and 2-point functions

The primary can be solved in temrs of 3K integrals and define a generalised hypergeometric system
of Appell type for F4.



The generality of the BMS soluton, needs to be investigated from free field theory

in order to explore whether the structure of the anomalous correlator is the one predicted from free field theory
The free field theory approach is exactly equivalent to the general solutions since at d=4. TTT has 3 constants of
Integration and there are 3 free field theories available for its representations.

Notice that the scaling dimension of T is fixed, equal to d.
THings would be different for arbitrary scalar operators

Drastic simplifications of the 3K Bessel functions integrals, in terms of standard perturbative master integrals

Phys.Lett.B 781 (2018) Maglio, CC

Renormalization, Conformal Ward Identities and the Origin of a
Conformal Anomaly Pole

Conformal field theory in momentum space and
anomaly actions in gravity: The analysis of three-
and four-point function

Maglio, CC, Phys. Reports 2022

4 point functions

Eur.Phys.J.C 80 (2020) 6, 540 . _
e e-Print: 1912.01907 Maglio, Theofilopoulos, CC



https://inspirehep.net/literature/1653161
https://inspirehep.net/literature/1653161
https://arxiv.org/abs/1912.01907

The Tl pole?

Also in this case the
free feld theory can be
Compared with the

general BMS one

0= K34,

0 = K345 + 24,

0= K3A5 —4A;

0 = Ki13A3(p2 < p3)

0 = Ki3A4 — 2A3(p2 <> p3)

A = 4(F7 — F3 — 5) — 2P F9 — 2109,1710
Ay = 2(pi— p3)(Fr — Fs — F3) — 4p3p3(Fs —
&32.%@1 — p3)Fio — QMHJh—Qﬂs
A (pz A\ P3) = Pg(p1 — pz - Ps)FQ — 2P2P3F11 — 2F13
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pi(d—1)

0 = Ka3A;

0 = Ky3A,

0 = KysAs — 44,

0 = Ka3As(p2 <> p3) + 44,

0= Ky3Ay+2A3 — 2A3(p2 < p3).

Fs + Fy) — 2F3

Sa~ Ble) / d'zd*y R (x) (é) (2, y) F* Fu (y),
F1 has a pole coming from the
trace WI, while F2 does not

Anomalies and renormalization are connected.
The result is a true nonlocal interaction
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Figure 3 The Weyl-va contributions from S4 to the renormalized vertex for the 4T with the corresponding bilinear
mixings in d = 4
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MISSING TERMS IN THE NONLOCAL ANOMALY-INDUCED ACTION

Four-Point Functions of Gravitons and Conserved Currents of CFT in
Momentum Space: Testing the Nonlocal Action with the TTJJ
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(Maglio, Theofilopoulos, CC, arXiv:2103.13957 , EPJ C) The action describes the Conformal Backreaction

Maglio, Theofilopoulos, CC
1
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Diagrammatically, for a scalar theory in a flat background, it takes the form
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https://arxiv.org/abs/2103.13957

Zp(g) = N / D509, e=530) — Zp(g) > Sp(g) = — log Zi(g).
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v OVE(d) | Vi Vo2 (d) | Dilaton explicit in the effective action
E — od d=4 c2 — od d=4

Sgp = SR(4) = Sf(4) + Vl’?(4) + VC’,Q(4).



RECENT Proposal

Evading Lovelock's theorem by a renormalization of the coupling (Glavan and Lin; R. Mann et al)

SeeB = Sen + Sea(d) Sep(d) =

S&y?) = / d*z\/3|pE (4G“”( WOV, )

12(Vy

K 2

oV p)? + 4

6VA6V6)

1 1
— (R/w — 59w+ AOQW) + a(Ve(d))w =

This action is quartic



Can we remove the dilaton? ee-Print: 2201.07515 Maglio CC

In DR this is possible by a finite renormalization of the E counterterm

SeeB = Sgy + aVg € 2
’ Ee:z: =F :
‘ +2u—1VR

Several papers, R. Mann et al, Glavan and Lin PRL


https://arxiv.org/abs/2201.07515

1
05S = / d*z.\/go (b O ...C\PE 3 by 4 bng)

(47)2 i
SB)  — 4 a1 [ 4 n () 1 Wpv _ 1w p(1) 1 @y,
anom /d /d /d { 8 R ( >$ /(R 377 R )wl(i)m/xﬂ (GVR )m }
-l / e / dio/ (E9) (E) RO+ 1 / dz R (2H? + (V=5)VRO) (9.

/
So [g] = %/d‘lx — 0z (E — %DR) /d4a:’\/—ga,/ Dy(z,z’) [Z (E — gDR> —I-bCz]

33',

Ay =0+ 2RV ,V, — gRD - 3(v“R)v

Topological Corrections and Conformal Backreaction in the Einstein
Gauss-Bonnet/Weyl Theories of Gravity at D =4 Maglio, CC, Theofilopoulos,



Conclusions

The breaking of conformal symmetry is associated to the the propagation of massless effective states
in the effective action.

For chiral anomalies, the interactions can be reconstructed by a combination of the
Anomaly pole + CWIs. We have shown it in the case of the AVV, for the J5TT (work in preparation)

For parity breaking trace/conformal anomalies, we have also shown that
the reconstruction can also be based entirely on the selection of an anomaly pole to solve the CWis.

We have used the TTJJ correlator to show that the anomaly induced actions either in the Riegert form or in the
Fradkin-Vilkovisky form miss crucial Weyl invariant terms in order to be consistent with the CWiIs

and identified such terms

Applicatons

Condensed Matter theory: application of this class of nonlocal actions in the context of topological
Materials (via Luttinger formula)
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