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Metric on the Space of Collider Events

The Space/Manifold of all possible events

at a collider experiment

Natural Questions:

What is the dimensionality of this space?


What is its topology?


What is its volume?


Where are different events located?
2



Metric on the Space of Collider Events

The Space/Manifold of all possible events

at a collider experiment

Primitive Question:

What is the distance between events     and     ? 
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Reminder: Three Properties of a Metic
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“Identity of Indiscernibles”
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E
Shortest distance from an


event to itself is 0

“Symmetry” (and non-negativity)

Distance from one event to

another equals opposite

“Triangle Inequality”

The most direct route

is the shortest
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First Metric: Energy Mover’s Distance (EMD)

1902.02346

MIT-CTP 5102

The Metric Space of Collider Events

Patrick T. Komiske,⇤ Eric M. Metodiev,† and Jesse Thaler‡

Center for Theoretical Physics, Massachusetts Institute of Technology, Cambridge, MA 02139, USA and
Department of Physics, Harvard University, Cambridge, MA 02138, USA

When are two collider events similar? Despite the simplicity and generality of this question, there
is no established notion of the distance between two events. To address this question, we develop
a metric for the space of collider events based on the earth mover’s distance: the “work” required
to rearrange the radiation pattern of one event into another. We expose interesting connections
between this metric and the structure of infrared- and collinear-safe observables, providing a novel
technique to quantify event modifications due to hadronization, pileup, and detector e↵ects. We
showcase how this metrization unlocks powerful new tools for analyzing and visualizing collider
data without relying upon a choice of observables. More broadly, this framework paves the way for
data-driven collider phenomenology without specialized observables or machine learning models.

High-energy particle collisions produce a tremendous
number of intricately correlated particles, especially
when energetic quarks and gluons are involved. Behind
this apparent complexity, however, the overall flow of
energy in an event is a robust memory of its simpler
partonic origins [1–8]. Surprisingly, no definition of the
similarity between events presently exists that sharply
captures this correspondence. In the absence of a metric,
e↵orts typically fall back upon ad hoc methods such
as comparing specific observables [9–13] or matching
the pixels of calorimeter images [13–17]. These ap-
proaches su↵er from significant pathologies: disparate
event topologies can give rise to identical observable val-
ues, while pixels lack stability under small perturbations.
A theoretically and experimentally robust definition of
the “distance” between events would profoundly expand
our ability to explore the structure of collider data and
unlock entirely new ways to probe events.

In this letter, we advocate for the earth (or energy)
mover’s distance (EMD) [18–22] as a metric for the space
of collider events. We propose a variant of the EMD,
inspired by Refs. [21, 22], that allows events with di↵erent
total energies to be sensibly compared. The EMD is the
minimum “work” required to rearrange one event E into
the other E

0 by movements of energy fij from particle i
in one event to particle j in the other:
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where i and j index particles in events E and E
0, respec-

tively, Ei is the particle energy, ✓ij is an angular distance
between particles, and Emin = min(

P
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P
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j) is the
smaller of the two total energies. R is a parameter
that controls the relative importance of the two terms.
While energies and angles are used here for clarity, we
will use transverse momenta pT and rapidity-azimuth
(y, �) distances for our applications relevant for the Large
Hadron Collider (LHC).
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FIG. 1. The optimal movement to rearrange one top jet
(red) into another (blue). Particles are shown as points in
the rapidity-azimuth plane with areas proportional to their
transverse momenta. Darker lines indicate more transverse
momentum movement. The energy mover’s distance in
Eq. (1) is the total “work” required to perform this rearrange-
ment.

The EMD that we propose in Eq. (1) has dimensions
of energy, where the first term quantifies the di↵erence
between the two radiation patterns and the second term
accounts for the creation or destruction of energy. It is
a true metric (satisfying the triangle inequality) as long
as ✓ij is a metric and R �

1
2✓max, where ✓max is the

maximum attainable angular distance between particles.
For instance, R must be at least the jet radius for conical
jets. Formally, the EMD metrizes the energy flow, as it
treats events di↵ering only by soft particles or collinear
splittings identically. This hints at a deep connection to
infrared and collinear (IRC) safety of observables [23–26],
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Events as Point-Clouds on Detector/Celestial Sphere

Metric is minimal transportation cost to

rearrange one event into another

Monge’s “Earth Mover’s Distance”

applied to colliders

Monge, 1781

Cédric Villani won Fields Medal

in 2010 for Optimal Transport

C. Villani, “Optimal Transport: Old and New” (2009)



Three Issues with EMD and other metrics

6

Must Minimize Over All Labelings to Ensure Particle Permutation Invariance

No Closed-Form Expression for Two-Dimensional Optimal Transport

Non-Zero Distance for Events Related by Isometries

=

=
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POT: Python Optimal Transport
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Particle Permutation Invariance Ensured by Not Labeling Particles

Represent Event as a One-Dimensional Distribution to Use Exact Transport Results

Only Use Relative Angles to Ensure Invariance to Isometries

=

=
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Fundamental Object: “Spectral Function”
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first use: Basham, Brown, Ellis, Love 1977
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Figure 2: pT plot and angular structure function �G(R) for the top jet whose G(R) is
illustrated in Fig. 1. (a) The pT plot depicts the transverse energy deposited in calorimeter
cells of size 0.1 ⇥ 0.1 in (⌘,�) with the area of each red square proportional to the pT .
This top has pT ⇠ 300 GeV and a clean three-pronged substructure. (b) For a minimum
prominence of 4.0, �G(R) has three peaks with R1⇤ = 0.66, R2⇤ = 0.91, and R3⇤ = 1.48.
The red arrows illustrate the prominence of the two peaks at R2⇤ and R3⇤.

profile  (R) as in [28, 29] quantifies the fraction of a jet’s energy that is contained
within an angular distance R of the center of the jet. Although  (R) for a top jet
will exhibit discontinuous cli↵s at particular angular scales, these scales are not useful
for characterizing the substructure of the jet. This is because the resulting angular
scales, which are defined with respect to the jet center, cannot be used to reconstruct
the separations between the three top subjets. In addition, the invariant masses of
pairs of subjets are not accessible from  (R). The angular correlation function G(R)
is closer in spirit to factorial moments as in [30], which were introduced to quantify
scaling behavior in multi-particle production.

In order for the observables derived from G(R) to be useful, care must be taken
in defining them. We find that, instead of directly finding cli↵s in G(R), it is prefer-
able to find peaks in a suitably chosen derivative of G(R). In particular, because
we are interested in ratios of mass scales, we should look for structure in logG(R)‡.
Because QCD is approximately scale invariant, structure in logG(R) should be iden-
tified by calculating derivatives with respect to logR. Since d/d logR = R d/dR,

‡ The normalization in G(R) has been chosen with this logarithm in mind: G(R) increases mono-
tonically from 0 to 1 as R increases from R = 0 to R = max�Rij .

4

1104.1646

Previously Used in Jet Substructure for Identification of Dominant Structure

https://arxiv.org/abs/hep-ph/9601308
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Fundamental Object: “Spectral Function”
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Distribution of Particles on Celestial Sphere can be Reconstructed

(with probability 1, up to isometries)M. Boutin, G. Kemper / Advances in Applied Mathematics 32 (2004) 709–735 713

(a) (b)

Fig. 1. (a) A 100-point configuration, (b) histogram of distances with bin size 0.1470.

(a) (b)

Fig. 2. (a) A 100-point configuration, (b) histogram of distances with bin size 0.1993.

In order to better visualize the information contained in a distribution of distances, one
can plot a histogram of the distances, i.e., one can group the data into bins of a fixed
size and count how many distances lie in each bin. Figures 1–3 show examples of n-point
configurations in the plane together with a histogram of their distances.
Clearly the distribution of distances is invariant under permutations of the points and

under the (simultaneous) action of the Euclidean group. The question is whether an n-point
configuration can be reconstructed from its distribution of distances.

Definition 2.1. An n-point configuration P1, . . . ,Pn ∈ Rm is called reconstructible from
distances if the following holds. If Q1, . . . ,Qn is another n-point configuration with
FP1,...,Pn(X) = FQ1,...,Qn(X), then there exists a permutation π ∈ Sn and a Euclidean
transformation g ∈ Em(R) such that g(Pπ(i)) = Qi holds for all i .

M. Boutin, G. Kemper / Advances in Applied Mathematics 32 (2004) 709–735 713
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Fig. 1. (a) A 100-point configuration, (b) histogram of distances with bin size 0.1470.

(a) (b)

Fig. 2. (a) A 100-point configuration, (b) histogram of distances with bin size 0.1993.

In order to better visualize the information contained in a distribution of distances, one
can plot a histogram of the distances, i.e., one can group the data into bins of a fixed
size and count how many distances lie in each bin. Figures 1–3 show examples of n-point
configurations in the plane together with a histogram of their distances.
Clearly the distribution of distances is invariant under permutations of the points and

under the (simultaneous) action of the Euclidean group. The question is whether an n-point
configuration can be reconstructed from its distribution of distances.

Definition 2.1. An n-point configuration P1, . . . ,Pn ∈ Rm is called reconstructible from
distances if the following holds. If Q1, . . . ,Qn is another n-point configuration with
FP1,...,Pn(X) = FQ1,...,Qn(X), then there exists a permutation π ∈ Sn and a Euclidean
transformation g ∈ Em(R) such that g(Pπ(i)) = Qi holds for all i .

Boutin, Kemper 2003

Theorem 2.6
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t = 0

<latexit sha1_base64="rCGAFbRLgyyBRQH4hElR2LXdKPc=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMevEYwTwkWcLsZDYZMo9lZlYIIV/hxYMiXv0cb/6Nk2QPmljQUFR1090VJZwZ6/vfXm5tfWNzK79d2Nnd2z8oHh41jUo1oQ2iuNLtCBvKmaQNyyyn7URTLCJOW9Hodua3nqg2TMkHO05oKPBAspgRbJ30aMpdJegAn/eKJb/iz4FWSZCREmSo94pf3b4iqaDSEo6N6QR+YsMJ1pYRTqeFbmpogskID2jHUYkFNeFkfvAUnTmlj2KlXUmL5urviQkWxoxF5DoFtkOz7M3E/7xOauPrcMJkkloqyWJRnHJkFZp9j/pMU2L52BFMNHO3IjLEGhPrMiq4EILll1dJ86ISXFaq99VS7SaLIw8ncAplCOAKanAHdWgAAQHP8ApvnvZevHfvY9Ga87KZY/gD7/MHMjKQBg==</latexit>

s(!)

<latexit sha1_base64="BD7iEZVNqU4R4fXx9ewOevnXBZ4=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKexqUI9BLx4jmAdsljA7mSRD5rHM9AphyWd48aCIV7/Gm3/jJNmDJhY0FFXddHfFieAWfP/bK6ytb2xuFbdLO7t7+wflw6OW1amhrEm10KYTE8sEV6wJHATrJIYRGQvWjsd3M7/9xIzlWj3CJGGRJEPFB5wScFLY1ZINSS8LLqe9csWv+nPgVRLkpIJyNHrlr25f01QyBVQQa8PATyDKiAFOBZuWuqllCaFjMmSho4pIZqNsfvIUnzmljwfauFKA5+rviYxIaycydp2SwMguezPxPy9MYXATZVwlKTBFF4sGqcCg8ex/3OeGURATRwg13N2K6YgYQsGlVHIhBMsvr5LWRTW4qtYeapX6bR5HEZ2gU3SOAnSN6ugeNVATUaTRM3pFbx54L96797FoLXj5zDH6A+/zB/rtkRE=</latexit>

!13
<latexit sha1_base64="B3LChceDHjHt6vKxZ+yu5OlpyR8=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyGoB6DXjxGMA9IljA76U2GzGOZmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWaQosqrnQ3IgY4k9CyzHLoJhqIiDh0osnd3O88gTZMyUc7TSAUZCRZzCixTur1lYARGWS1+mxQrvhVfwG8ToKcVFCO5qD81R8qmgqQlnJiTC/wExtmRFtGOcxK/dRAQuiEjKDnqCQCTJgtTp7hC6cMcay0K2nxQv09kRFhzFRErlMQOzar3lz8z+ulNr4JMyaT1IKky0VxyrFVeP4/HjIN1PKpI4Rq5m7FdEw0odalVHIhBKsvr5N2rRpcVesP9UrjNo+jiM7QObpEAbpGDXSPmqiFKFLoGb2iN896L96797FsLXj5zCn6A+/zB/34kRM=</latexit>

!24
<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0

<latexit sha1_base64="DG2xzlKYBSGANlkCmHyaiLAx90s=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5id9CZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNoUkVV7oTEQOcSWhaZjl0Eg1ERBza0fh25refQBum5IOdJBAKMpQsZpRYJ7V6SsCQ9MsVv+rPgVdJkJMKytHol796A0VTAdJSTozpBn5iw4xoyyiHaamXGkgIHZMhdB2VRIAJs/m1U3zmlAGOlXYlLZ6rvycyIoyZiMh1CmJHZtmbif953dTG12HGZJJakHSxKE45tgrPXscDpoFaPnGEUM3crZiOiCbUuoBKLoRg+eVV0rqoBpfV2n2tUr/J4yiiE3SKzlGArlAd3aEGaiKKHtEzekVvnvJevHfvY9Fa8PKZY/QH3ucPkx+PJA==</latexit>

!

<latexit sha1_base64="rCGAFbRLgyyBRQH4hElR2LXdKPc=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMevEYwTwkWcLsZDYZMo9lZlYIIV/hxYMiXv0cb/6Nk2QPmljQUFR1090VJZwZ6/vfXm5tfWNzK79d2Nnd2z8oHh41jUo1oQ2iuNLtCBvKmaQNyyyn7URTLCJOW9Hodua3nqg2TMkHO05oKPBAspgRbJ30aMpdJegAn/eKJb/iz4FWSZCREmSo94pf3b4iqaDSEo6N6QR+YsMJ1pYRTqeFbmpogskID2jHUYkFNeFkfvAUnTmlj2KlXUmL5urviQkWxoxF5DoFtkOz7M3E/7xOauPrcMJkkloqyWJRnHJkFZp9j/pMU2L52BFMNHO3IjLEGhPrMiq4EILll1dJ86ISXFaq99VS7SaLIw8ncAplCOAKanAHdWgAAQHP8ApvnvZevHfvY9Ga87KZY/gD7/MHMjKQBg==</latexit>

s(!)
<latexit sha1_base64="kTl5w6fdiQNfZsFJkyaK/P9BOhY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSZa1ItQ9OKxgmkLbSib7aZdutmE3YlQQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZFySCa3Scb6uwsrq2vlHcLG1t7+zulfcPmjpOFWUejUWs2gHRTHDJPOQoWDtRjESBYK1gdDf1W09MaR7LRxwnzI/IQPKQU4JG8vDGPbvolStO1ZnBXiZuTiqQo9Erf3X7MU0jJpEKonXHdRL0M6KQU8EmpW6qWULoiAxYx1BJIqb9bHbsxD4xSt8OY2VKoj1Tf09kJNJ6HAWmMyI41IveVPzP66QYXvsZl0mKTNL5ojAVNsb29HO7zxWjKMaGEKq4udWmQ6IIRZNPyYTgLr68TJrnVfeyWnuoVeq3eRxFOIJjOAUXrqAO99AADyhweIZXeLOk9WK9Wx/z1oKVzxzCH1ifP7Upjfk=</latexit>

t = 1/3

<latexit sha1_base64="BD7iEZVNqU4R4fXx9ewOevnXBZ4=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKexqUI9BLx4jmAdsljA7mSRD5rHM9AphyWd48aCIV7/Gm3/jJNmDJhY0FFXddHfFieAWfP/bK6ytb2xuFbdLO7t7+wflw6OW1amhrEm10KYTE8sEV6wJHATrJIYRGQvWjsd3M7/9xIzlWj3CJGGRJEPFB5wScFLY1ZINSS8LLqe9csWv+nPgVRLkpIJyNHrlr25f01QyBVQQa8PATyDKiAFOBZuWuqllCaFjMmSho4pIZqNsfvIUnzmljwfauFKA5+rviYxIaycydp2SwMguezPxPy9MYXATZVwlKTBFF4sGqcCg8ex/3OeGURATRwg13N2K6YgYQsGlVHIhBMsvr5LWRTW4qtYeapX6bR5HEZ2gU3SOAnSN6ugeNVATUaTRM3pFbx54L96797FoLXj5zDH6A+/zB/rtkRE=</latexit>

!13
<latexit sha1_base64="B3LChceDHjHt6vKxZ+yu5OlpyR8=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyGoB6DXjxGMA9IljA76U2GzGOZmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWaQosqrnQ3IgY4k9CyzHLoJhqIiDh0osnd3O88gTZMyUc7TSAUZCRZzCixTur1lYARGWS1+mxQrvhVfwG8ToKcVFCO5qD81R8qmgqQlnJiTC/wExtmRFtGOcxK/dRAQuiEjKDnqCQCTJgtTp7hC6cMcay0K2nxQv09kRFhzFRErlMQOzar3lz8z+ulNr4JMyaT1IKky0VxyrFVeP4/HjIN1PKpI4Rq5m7FdEw0odalVHIhBKsvr5N2rRpcVesP9UrjNo+jiM7QObpEAbpGDXSPmqiFKFLoGb2iN896L96797FsLXj5zCn6A+/zB/34kRM=</latexit>

!24
<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0

<latexit sha1_base64="DG2xzlKYBSGANlkCmHyaiLAx90s=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5id9CZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNoUkVV7oTEQOcSWhaZjl0Eg1ERBza0fh25refQBum5IOdJBAKMpQsZpRYJ7V6SsCQ9MsVv+rPgVdJkJMKytHol796A0VTAdJSTozpBn5iw4xoyyiHaamXGkgIHZMhdB2VRIAJs/m1U3zmlAGOlXYlLZ6rvycyIoyZiMh1CmJHZtmbif953dTG12HGZJJakHSxKE45tgrPXscDpoFaPnGEUM3crZiOiCbUuoBKLoRg+eVV0rqoBpfV2n2tUr/J4yiiE3SKzlGArlAd3aEGaiKKHtEzekVvnvJevHfvY9Fa8PKZY/QH3ucPkx+PJA==</latexit>

!

<latexit sha1_base64="rCGAFbRLgyyBRQH4hElR2LXdKPc=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMevEYwTwkWcLsZDYZMo9lZlYIIV/hxYMiXv0cb/6Nk2QPmljQUFR1090VJZwZ6/vfXm5tfWNzK79d2Nnd2z8oHh41jUo1oQ2iuNLtCBvKmaQNyyyn7URTLCJOW9Hodua3nqg2TMkHO05oKPBAspgRbJ30aMpdJegAn/eKJb/iz4FWSZCREmSo94pf3b4iqaDSEo6N6QR+YsMJ1pYRTqeFbmpogskID2jHUYkFNeFkfvAUnTmlj2KlXUmL5urviQkWxoxF5DoFtkOz7M3E/7xOauPrcMJkkloqyWJRnHJkFZp9j/pMU2L52BFMNHO3IjLEGhPrMiq4EILll1dJ86ISXFaq99VS7SaLIw8ncAplCOAKanAHdWgAAQHP8ApvnvZevHfvY9Ga87KZY/gD7/MHMjKQBg==</latexit>

s(!)
<latexit sha1_base64="RWoOWc7FhdTk/iqjENKB7UjRRNs=">AAAB7HicbVBNS8NAEJ34WetX1aOXYBE81aQW9SIUvXisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmBYngGh3n21pZXVvf2CxsFbd3dvf2SweHTR2nijKPxiJW7YBoJrhkHnIUrJ0oRqJAsFYwupv6rSemNI/lI44T5kdkIHnIKUEjeXhTPb/olcpOxZnBXiZuTsqQo9ErfXX7MU0jJpEKonXHdRL0M6KQU8EmxW6qWULoiAxYx1BJIqb9bHbsxD41St8OY2VKoj1Tf09kJNJ6HAWmMyI41IveVPzP66QYXvsZl0mKTNL5ojAVNsb29HO7zxWjKMaGEKq4udWmQ6IIRZNP0YTgLr68TJrVintZqT3UyvXbPI4CHMMJnIELV1CHe2iABxQ4PMMrvFnSerHerY9564qVzxzBH1ifP7avjfo=</latexit>

t = 2/3

<latexit sha1_base64="BD7iEZVNqU4R4fXx9ewOevnXBZ4=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKexqUI9BLx4jmAdsljA7mSRD5rHM9AphyWd48aCIV7/Gm3/jJNmDJhY0FFXddHfFieAWfP/bK6ytb2xuFbdLO7t7+wflw6OW1amhrEm10KYTE8sEV6wJHATrJIYRGQvWjsd3M7/9xIzlWj3CJGGRJEPFB5wScFLY1ZINSS8LLqe9csWv+nPgVRLkpIJyNHrlr25f01QyBVQQa8PATyDKiAFOBZuWuqllCaFjMmSho4pIZqNsfvIUnzmljwfauFKA5+rviYxIaycydp2SwMguezPxPy9MYXATZVwlKTBFF4sGqcCg8ex/3OeGURATRwg13N2K6YgYQsGlVHIhBMsvr5LWRTW4qtYeapX6bR5HEZ2gU3SOAnSN6ugeNVATUaTRM3pFbx54L96797FoLXj5zDH6A+/zB/rtkRE=</latexit>

!13
<latexit sha1_base64="B3LChceDHjHt6vKxZ+yu5OlpyR8=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyGoB6DXjxGMA9IljA76U2GzGOZmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWaQosqrnQ3IgY4k9CyzHLoJhqIiDh0osnd3O88gTZMyUc7TSAUZCRZzCixTur1lYARGWS1+mxQrvhVfwG8ToKcVFCO5qD81R8qmgqQlnJiTC/wExtmRFtGOcxK/dRAQuiEjKDnqCQCTJgtTp7hC6cMcay0K2nxQv09kRFhzFRErlMQOzar3lz8z+ulNr4JMyaT1IKky0VxyrFVeP4/HjIN1PKpI4Rq5m7FdEw0odalVHIhBKsvr5N2rRpcVesP9UrjNo+jiM7QObpEAbpGDXSPmqiFKFLoGb2iN896L96797FsLXj5zCn6A+/zB/34kRM=</latexit>

!24
<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0

<latexit sha1_base64="DG2xzlKYBSGANlkCmHyaiLAx90s=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5id9CZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNoUkVV7oTEQOcSWhaZjl0Eg1ERBza0fh25refQBum5IOdJBAKMpQsZpRYJ7V6SsCQ9MsVv+rPgVdJkJMKytHol796A0VTAdJSTozpBn5iw4xoyyiHaamXGkgIHZMhdB2VRIAJs/m1U3zmlAGOlXYlLZ6rvycyIoyZiMh1CmJHZtmbif953dTG12HGZJJakHSxKE45tgrPXscDpoFaPnGEUM3crZiOiCbUuoBKLoRg+eVV0rqoBpfV2n2tUr/J4yiiE3SKzlGArlAd3aEGaiKKHtEzekVvnvJevHfvY9Fa8PKZY/QH3ucPkx+PJA==</latexit>

!

<latexit sha1_base64="rCGAFbRLgyyBRQH4hElR2LXdKPc=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMevEYwTwkWcLsZDYZMo9lZlYIIV/hxYMiXv0cb/6Nk2QPmljQUFR1090VJZwZ6/vfXm5tfWNzK79d2Nnd2z8oHh41jUo1oQ2iuNLtCBvKmaQNyyyn7URTLCJOW9Hodua3nqg2TMkHO05oKPBAspgRbJ30aMpdJegAn/eKJb/iz4FWSZCREmSo94pf3b4iqaDSEo6N6QR+YsMJ1pYRTqeFbmpogskID2jHUYkFNeFkfvAUnTmlj2KlXUmL5urviQkWxoxF5DoFtkOz7M3E/7xOauPrcMJkkloqyWJRnHJkFZp9j/pMU2L52BFMNHO3IjLEGhPrMiq4EILll1dJ86ISXFaq99VS7SaLIw8ncAplCOAKanAHdWgAAQHP8ApvnvZevHfvY9Ga87KZY/gD7/MHMjKQBg==</latexit>

s(!)
<latexit sha1_base64="iD9AiO6x1iNHT8qJBE1LDrYXpWM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9IDXXq9ccavuDGSZeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPZqRNyYpU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0SjYEb/HlZdI8q3oX1fP780rtJo+jCEdwDKfgwSXU4A7q0AAGA3iGV3hzpPPivDsf89aCk88cwh84nz/UzY2D</latexit>

t = 1

<latexit sha1_base64="BD7iEZVNqU4R4fXx9ewOevnXBZ4=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKexqUI9BLx4jmAdsljA7mSRD5rHM9AphyWd48aCIV7/Gm3/jJNmDJhY0FFXddHfFieAWfP/bK6ytb2xuFbdLO7t7+wflw6OW1amhrEm10KYTE8sEV6wJHATrJIYRGQvWjsd3M7/9xIzlWj3CJGGRJEPFB5wScFLY1ZINSS8LLqe9csWv+nPgVRLkpIJyNHrlr25f01QyBVQQa8PATyDKiAFOBZuWuqllCaFjMmSho4pIZqNsfvIUnzmljwfauFKA5+rviYxIaycydp2SwMguezPxPy9MYXATZVwlKTBFF4sGqcCg8ex/3OeGURATRwg13N2K6YgYQsGlVHIhBMsvr5LWRTW4qtYeapX6bR5HEZ2gU3SOAnSN6ugeNVATUaTRM3pFbx54L96797FoLXj5zDH6A+/zB/rtkRE=</latexit>

!13
<latexit sha1_base64="B3LChceDHjHt6vKxZ+yu5OlpyR8=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyGoB6DXjxGMA9IljA76U2GzGOZmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWaQosqrnQ3IgY4k9CyzHLoJhqIiDh0osnd3O88gTZMyUc7TSAUZCRZzCixTur1lYARGWS1+mxQrvhVfwG8ToKcVFCO5qD81R8qmgqQlnJiTC/wExtmRFtGOcxK/dRAQuiEjKDnqCQCTJgtTp7hC6cMcay0K2nxQv09kRFhzFRErlMQOzar3lz8z+ulNr4JMyaT1IKky0VxyrFVeP4/HjIN1PKpI4Rq5m7FdEw0odalVHIhBKsvr5N2rRpcVesP9UrjNo+jiM7QObpEAbpGDXSPmqiFKFLoGb2iN896L96797FsLXj5zCn6A+/zB/34kRM=</latexit>

!24
<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0

Figure 2: Snapshots of the optimal transport plan between two spectral functions.

The inverse cumulative spectral functions are then:

S
�1

A (x) = ⇥
�
x � (E2

1 + E
2

3)
�
!13 + ⇥(x � E

2) (1 � !13), (2.20)

S
�1

B (x) = ⇥
�
x � (E2

2 + E
2

4)
�
!24 + ⇥(x � E

2) (1 � !24). (2.21)

The optimal transportation plan is simple enough that the inverses in Eq. (2.16) can be taken

analytically, as can the derivative in Eq. (2.17). The final result for the optimal transport

plan spectral function is:

sOTP(!; t) = ⇥(E2E4 � E1E3)
h
�(!)(E2

2 + E
2

4) + �(! � t !24)(2E2E4 � 2E1E3) (2.22)

+ �(! � (1 � t) !13 � t !24) 2E1E3

i

+ ⇥(E1E3 � E2E4)
h
�(!)(E2

1 + E
2

3) + �(! � (1 � t) !13)(2E1E3 � 2E2E4)

+ �(! � (1 � t) !13 � t !24) 2E2E4

i
.

As required, this spectral function reduces to sA(!) and sB(!) at t = 0 and t = 1, respectively.

An example of this optimal transport plan is illustrated in Fig. 2, for the case of

E1E3 =
E

2

6
, E2E4 =

E
2

4
, !13 =

2

3
, !24 =

1

3
. (2.23)

Note that the intermediate spectral functions at times t 2 (0, 1) have two peaks away from

z = 0. A collection of n particles on the plane has
�n
2

�
pairwise angles and of course there

is no integer n for which
�n
2

�
= 2. Thus, these intermediate spectral functions cannot be

mapped to a generic collection of particles on the plane. In this way, the optimal transport

plan between spectral functions does not generically correspond to a rearrangement of the

particles.

This behavior is distinct from original EMD behavior in Ref. [10], where the optimal

transportation plan directly measures the cost of rearranging particles on the plane. Since

the spectral function is blind to isometries, it is not surprising that the spectral optimal

transportation plan does not have a particle interpretation. In our view, this is not a problem

but simply a choice. What it does imply, though, is that the space of jets as defined by their
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<latexit sha1_base64="CJBjwhN8cPsQkZGOd4aQCZQ55l8="></latexit>

sE(!) =
X

i,j2E
EiEj �(! � !ij)

angle between particles i and jsum runs over all i,j

(including i = j)

weighted by product of energies

name: hep-ph/9601308
first use: Basham, Brown, Ellis, Love 1977

Distance Between Events is then Cost to Rearrange Spectral Functions

<latexit sha1_base64="DG2xzlKYBSGANlkCmHyaiLAx90s=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5id9CZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNoUkVV7oTEQOcSWhaZjl0Eg1ERBza0fh25refQBum5IOdJBAKMpQsZpRYJ7V6SsCQ9MsVv+rPgVdJkJMKytHol796A0VTAdJSTozpBn5iw4xoyyiHaamXGkgIHZMhdB2VRIAJs/m1U3zmlAGOlXYlLZ6rvycyIoyZiMh1CmJHZtmbif953dTG12HGZJJakHSxKE45tgrPXscDpoFaPnGEUM3crZiOiCbUuoBKLoRg+eVV0rqoBpfV2n2tUr/J4yiiE3SKzlGArlAd3aEGaiKKHtEzekVvnvJevHfvY9Fa8PKZY/QH3ucPkx+PJA==</latexit>

!

<latexit sha1_base64="nPnpmxENyuuNurHMaKiIE+/9tEM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9IDXbq9ccavuDGSZeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPZqRNyYpU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0SjYEb/HlZdI8q3oX1fP780rtJo+jCEdwDKfgwSXU4A7q0AAGA3iGV3hzpPPivDsf89aCk88cwh84nz/TSY2C</latexit>

t = 0

<latexit sha1_base64="rCGAFbRLgyyBRQH4hElR2LXdKPc=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMevEYwTwkWcLsZDYZMo9lZlYIIV/hxYMiXv0cb/6Nk2QPmljQUFR1090VJZwZ6/vfXm5tfWNzK79d2Nnd2z8oHh41jUo1oQ2iuNLtCBvKmaQNyyyn7URTLCJOW9Hodua3nqg2TMkHO05oKPBAspgRbJ30aMpdJegAn/eKJb/iz4FWSZCREmSo94pf3b4iqaDSEo6N6QR+YsMJ1pYRTqeFbmpogskID2jHUYkFNeFkfvAUnTmlj2KlXUmL5urviQkWxoxF5DoFtkOz7M3E/7xOauPrcMJkkloqyWJRnHJkFZp9j/pMU2L52BFMNHO3IjLEGhPrMiq4EILll1dJ86ISXFaq99VS7SaLIw8ncAplCOAKanAHdWgAAQHP8ApvnvZevHfvY9Ga87KZY/gD7/MHMjKQBg==</latexit>

s(!)

<latexit sha1_base64="BD7iEZVNqU4R4fXx9ewOevnXBZ4=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKexqUI9BLx4jmAdsljA7mSRD5rHM9AphyWd48aCIV7/Gm3/jJNmDJhY0FFXddHfFieAWfP/bK6ytb2xuFbdLO7t7+wflw6OW1amhrEm10KYTE8sEV6wJHATrJIYRGQvWjsd3M7/9xIzlWj3CJGGRJEPFB5wScFLY1ZINSS8LLqe9csWv+nPgVRLkpIJyNHrlr25f01QyBVQQa8PATyDKiAFOBZuWuqllCaFjMmSho4pIZqNsfvIUnzmljwfauFKA5+rviYxIaycydp2SwMguezPxPy9MYXATZVwlKTBFF4sGqcCg8ex/3OeGURATRwg13N2K6YgYQsGlVHIhBMsvr5LWRTW4qtYeapX6bR5HEZ2gU3SOAnSN6ugeNVATUaTRM3pFbx54L96797FoLXj5zDH6A+/zB/rtkRE=</latexit>

!13
<latexit sha1_base64="B3LChceDHjHt6vKxZ+yu5OlpyR8=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyGoB6DXjxGMA9IljA76U2GzGOZmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWaQosqrnQ3IgY4k9CyzHLoJhqIiDh0osnd3O88gTZMyUc7TSAUZCRZzCixTur1lYARGWS1+mxQrvhVfwG8ToKcVFCO5qD81R8qmgqQlnJiTC/wExtmRFtGOcxK/dRAQuiEjKDnqCQCTJgtTp7hC6cMcay0K2nxQv09kRFhzFRErlMQOzar3lz8z+ulNr4JMyaT1IKky0VxyrFVeP4/HjIN1PKpI4Rq5m7FdEw0odalVHIhBKsvr5N2rRpcVesP9UrjNo+jiM7QObpEAbpGDXSPmqiFKFLoGb2iN896L96797FsLXj5zCn6A+/zB/34kRM=</latexit>

!24
<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0

<latexit sha1_base64="DG2xzlKYBSGANlkCmHyaiLAx90s=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5id9CZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNoUkVV7oTEQOcSWhaZjl0Eg1ERBza0fh25refQBum5IOdJBAKMpQsZpRYJ7V6SsCQ9MsVv+rPgVdJkJMKytHol796A0VTAdJSTozpBn5iw4xoyyiHaamXGkgIHZMhdB2VRIAJs/m1U3zmlAGOlXYlLZ6rvycyIoyZiMh1CmJHZtmbif953dTG12HGZJJakHSxKE45tgrPXscDpoFaPnGEUM3crZiOiCbUuoBKLoRg+eVV0rqoBpfV2n2tUr/J4yiiE3SKzlGArlAd3aEGaiKKHtEzekVvnvJevHfvY9Fa8PKZY/QH3ucPkx+PJA==</latexit>

!

<latexit sha1_base64="rCGAFbRLgyyBRQH4hElR2LXdKPc=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMevEYwTwkWcLsZDYZMo9lZlYIIV/hxYMiXv0cb/6Nk2QPmljQUFR1090VJZwZ6/vfXm5tfWNzK79d2Nnd2z8oHh41jUo1oQ2iuNLtCBvKmaQNyyyn7URTLCJOW9Hodua3nqg2TMkHO05oKPBAspgRbJ30aMpdJegAn/eKJb/iz4FWSZCREmSo94pf3b4iqaDSEo6N6QR+YsMJ1pYRTqeFbmpogskID2jHUYkFNeFkfvAUnTmlj2KlXUmL5urviQkWxoxF5DoFtkOz7M3E/7xOauPrcMJkkloqyWJRnHJkFZp9j/pMU2L52BFMNHO3IjLEGhPrMiq4EILll1dJ86ISXFaq99VS7SaLIw8ncAplCOAKanAHdWgAAQHP8ApvnvZevHfvY9Ga87KZY/gD7/MHMjKQBg==</latexit>

s(!)
<latexit sha1_base64="kTl5w6fdiQNfZsFJkyaK/P9BOhY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSZa1ItQ9OKxgmkLbSib7aZdutmE3YlQQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZFySCa3Scb6uwsrq2vlHcLG1t7+zulfcPmjpOFWUejUWs2gHRTHDJPOQoWDtRjESBYK1gdDf1W09MaR7LRxwnzI/IQPKQU4JG8vDGPbvolStO1ZnBXiZuTiqQo9Erf3X7MU0jJpEKonXHdRL0M6KQU8EmpW6qWULoiAxYx1BJIqb9bHbsxD4xSt8OY2VKoj1Tf09kJNJ6HAWmMyI41IveVPzP66QYXvsZl0mKTNL5ojAVNsb29HO7zxWjKMaGEKq4udWmQ6IIRZNPyYTgLr68TJrnVfeyWnuoVeq3eRxFOIJjOAUXrqAO99AADyhweIZXeLOk9WK9Wx/z1oKVzxzCH1ifP7Upjfk=</latexit>

t = 1/3

<latexit sha1_base64="BD7iEZVNqU4R4fXx9ewOevnXBZ4=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKexqUI9BLx4jmAdsljA7mSRD5rHM9AphyWd48aCIV7/Gm3/jJNmDJhY0FFXddHfFieAWfP/bK6ytb2xuFbdLO7t7+wflw6OW1amhrEm10KYTE8sEV6wJHATrJIYRGQvWjsd3M7/9xIzlWj3CJGGRJEPFB5wScFLY1ZINSS8LLqe9csWv+nPgVRLkpIJyNHrlr25f01QyBVQQa8PATyDKiAFOBZuWuqllCaFjMmSho4pIZqNsfvIUnzmljwfauFKA5+rviYxIaycydp2SwMguezPxPy9MYXATZVwlKTBFF4sGqcCg8ex/3OeGURATRwg13N2K6YgYQsGlVHIhBMsvr5LWRTW4qtYeapX6bR5HEZ2gU3SOAnSN6ugeNVATUaTRM3pFbx54L96797FoLXj5zDH6A+/zB/rtkRE=</latexit>

!13
<latexit sha1_base64="B3LChceDHjHt6vKxZ+yu5OlpyR8=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyGoB6DXjxGMA9IljA76U2GzGOZmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWaQosqrnQ3IgY4k9CyzHLoJhqIiDh0osnd3O88gTZMyUc7TSAUZCRZzCixTur1lYARGWS1+mxQrvhVfwG8ToKcVFCO5qD81R8qmgqQlnJiTC/wExtmRFtGOcxK/dRAQuiEjKDnqCQCTJgtTp7hC6cMcay0K2nxQv09kRFhzFRErlMQOzar3lz8z+ulNr4JMyaT1IKky0VxyrFVeP4/HjIN1PKpI4Rq5m7FdEw0odalVHIhBKsvr5N2rRpcVesP9UrjNo+jiM7QObpEAbpGDXSPmqiFKFLoGb2iN896L96797FsLXj5zCn6A+/zB/34kRM=</latexit>

!24
<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0

<latexit sha1_base64="DG2xzlKYBSGANlkCmHyaiLAx90s=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5id9CZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNoUkVV7oTEQOcSWhaZjl0Eg1ERBza0fh25refQBum5IOdJBAKMpQsZpRYJ7V6SsCQ9MsVv+rPgVdJkJMKytHol796A0VTAdJSTozpBn5iw4xoyyiHaamXGkgIHZMhdB2VRIAJs/m1U3zmlAGOlXYlLZ6rvycyIoyZiMh1CmJHZtmbif953dTG12HGZJJakHSxKE45tgrPXscDpoFaPnGEUM3crZiOiCbUuoBKLoRg+eVV0rqoBpfV2n2tUr/J4yiiE3SKzlGArlAd3aEGaiKKHtEzekVvnvJevHfvY9Fa8PKZY/QH3ucPkx+PJA==</latexit>

!

<latexit sha1_base64="rCGAFbRLgyyBRQH4hElR2LXdKPc=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMevEYwTwkWcLsZDYZMo9lZlYIIV/hxYMiXv0cb/6Nk2QPmljQUFR1090VJZwZ6/vfXm5tfWNzK79d2Nnd2z8oHh41jUo1oQ2iuNLtCBvKmaQNyyyn7URTLCJOW9Hodua3nqg2TMkHO05oKPBAspgRbJ30aMpdJegAn/eKJb/iz4FWSZCREmSo94pf3b4iqaDSEo6N6QR+YsMJ1pYRTqeFbmpogskID2jHUYkFNeFkfvAUnTmlj2KlXUmL5urviQkWxoxF5DoFtkOz7M3E/7xOauPrcMJkkloqyWJRnHJkFZp9j/pMU2L52BFMNHO3IjLEGhPrMiq4EILll1dJ86ISXFaq99VS7SaLIw8ncAplCOAKanAHdWgAAQHP8ApvnvZevHfvY9Ga87KZY/gD7/MHMjKQBg==</latexit>

s(!)
<latexit sha1_base64="RWoOWc7FhdTk/iqjENKB7UjRRNs=">AAAB7HicbVBNS8NAEJ34WetX1aOXYBE81aQW9SIUvXisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmBYngGh3n21pZXVvf2CxsFbd3dvf2SweHTR2nijKPxiJW7YBoJrhkHnIUrJ0oRqJAsFYwupv6rSemNI/lI44T5kdkIHnIKUEjeXhTPb/olcpOxZnBXiZuTsqQo9ErfXX7MU0jJpEKonXHdRL0M6KQU8EmxW6qWULoiAxYx1BJIqb9bHbsxD41St8OY2VKoj1Tf09kJNJ6HAWmMyI41IveVPzP66QYXvsZl0mKTNL5ojAVNsb29HO7zxWjKMaGEKq4udWmQ6IIRZNP0YTgLr68TJrVintZqT3UyvXbPI4CHMMJnIELV1CHe2iABxQ4PMMrvFnSerHerY9564qVzxzBH1ifP7avjfo=</latexit>

t = 2/3

<latexit sha1_base64="BD7iEZVNqU4R4fXx9ewOevnXBZ4=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKexqUI9BLx4jmAdsljA7mSRD5rHM9AphyWd48aCIV7/Gm3/jJNmDJhY0FFXddHfFieAWfP/bK6ytb2xuFbdLO7t7+wflw6OW1amhrEm10KYTE8sEV6wJHATrJIYRGQvWjsd3M7/9xIzlWj3CJGGRJEPFB5wScFLY1ZINSS8LLqe9csWv+nPgVRLkpIJyNHrlr25f01QyBVQQa8PATyDKiAFOBZuWuqllCaFjMmSho4pIZqNsfvIUnzmljwfauFKA5+rviYxIaycydp2SwMguezPxPy9MYXATZVwlKTBFF4sGqcCg8ex/3OeGURATRwg13N2K6YgYQsGlVHIhBMsvr5LWRTW4qtYeapX6bR5HEZ2gU3SOAnSN6ugeNVATUaTRM3pFbx54L96797FoLXj5zDH6A+/zB/rtkRE=</latexit>

!13
<latexit sha1_base64="B3LChceDHjHt6vKxZ+yu5OlpyR8=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyGoB6DXjxGMA9IljA76U2GzGOZmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWaQosqrnQ3IgY4k9CyzHLoJhqIiDh0osnd3O88gTZMyUc7TSAUZCRZzCixTur1lYARGWS1+mxQrvhVfwG8ToKcVFCO5qD81R8qmgqQlnJiTC/wExtmRFtGOcxK/dRAQuiEjKDnqCQCTJgtTp7hC6cMcay0K2nxQv09kRFhzFRErlMQOzar3lz8z+ulNr4JMyaT1IKky0VxyrFVeP4/HjIN1PKpI4Rq5m7FdEw0odalVHIhBKsvr5N2rRpcVesP9UrjNo+jiM7QObpEAbpGDXSPmqiFKFLoGb2iN896L96797FsLXj5zCn6A+/zB/34kRM=</latexit>

!24
<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0

<latexit sha1_base64="DG2xzlKYBSGANlkCmHyaiLAx90s=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5id9CZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNoUkVV7oTEQOcSWhaZjl0Eg1ERBza0fh25refQBum5IOdJBAKMpQsZpRYJ7V6SsCQ9MsVv+rPgVdJkJMKytHol796A0VTAdJSTozpBn5iw4xoyyiHaamXGkgIHZMhdB2VRIAJs/m1U3zmlAGOlXYlLZ6rvycyIoyZiMh1CmJHZtmbif953dTG12HGZJJakHSxKE45tgrPXscDpoFaPnGEUM3crZiOiCbUuoBKLoRg+eVV0rqoBpfV2n2tUr/J4yiiE3SKzlGArlAd3aEGaiKKHtEzekVvnvJevHfvY9Fa8PKZY/QH3ucPkx+PJA==</latexit>

!

<latexit sha1_base64="rCGAFbRLgyyBRQH4hElR2LXdKPc=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMevEYwTwkWcLsZDYZMo9lZlYIIV/hxYMiXv0cb/6Nk2QPmljQUFR1090VJZwZ6/vfXm5tfWNzK79d2Nnd2z8oHh41jUo1oQ2iuNLtCBvKmaQNyyyn7URTLCJOW9Hodua3nqg2TMkHO05oKPBAspgRbJ30aMpdJegAn/eKJb/iz4FWSZCREmSo94pf3b4iqaDSEo6N6QR+YsMJ1pYRTqeFbmpogskID2jHUYkFNeFkfvAUnTmlj2KlXUmL5urviQkWxoxF5DoFtkOz7M3E/7xOauPrcMJkkloqyWJRnHJkFZp9j/pMU2L52BFMNHO3IjLEGhPrMiq4EILll1dJ86ISXFaq99VS7SaLIw8ncAplCOAKanAHdWgAAQHP8ApvnvZevHfvY9Ga87KZY/gD7/MHMjKQBg==</latexit>

s(!)
<latexit sha1_base64="iD9AiO6x1iNHT8qJBE1LDrYXpWM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9IDXXq9ccavuDGSZeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPZqRNyYpU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0SjYEb/HlZdI8q3oX1fP780rtJo+jCEdwDKfgwSXU4A7q0AAGA3iGV3hzpPPivDsf89aCk88cwh84nz/UzY2D</latexit>

t = 1

<latexit sha1_base64="BD7iEZVNqU4R4fXx9ewOevnXBZ4=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKexqUI9BLx4jmAdsljA7mSRD5rHM9AphyWd48aCIV7/Gm3/jJNmDJhY0FFXddHfFieAWfP/bK6ytb2xuFbdLO7t7+wflw6OW1amhrEm10KYTE8sEV6wJHATrJIYRGQvWjsd3M7/9xIzlWj3CJGGRJEPFB5wScFLY1ZINSS8LLqe9csWv+nPgVRLkpIJyNHrlr25f01QyBVQQa8PATyDKiAFOBZuWuqllCaFjMmSho4pIZqNsfvIUnzmljwfauFKA5+rviYxIaycydp2SwMguezPxPy9MYXATZVwlKTBFF4sGqcCg8ex/3OeGURATRwg13N2K6YgYQsGlVHIhBMsvr5LWRTW4qtYeapX6bR5HEZ2gU3SOAnSN6ugeNVATUaTRM3pFbx54L96797FoLXj5zDH6A+/zB/rtkRE=</latexit>

!13
<latexit sha1_base64="B3LChceDHjHt6vKxZ+yu5OlpyR8=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyGoB6DXjxGMA9IljA76U2GzGOZmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWaQosqrnQ3IgY4k9CyzHLoJhqIiDh0osnd3O88gTZMyUc7TSAUZCRZzCixTur1lYARGWS1+mxQrvhVfwG8ToKcVFCO5qD81R8qmgqQlnJiTC/wExtmRFtGOcxK/dRAQuiEjKDnqCQCTJgtTp7hC6cMcay0K2nxQv09kRFhzFRErlMQOzar3lz8z+ulNr4JMyaT1IKky0VxyrFVeP4/HjIN1PKpI4Rq5m7FdEw0odalVHIhBKsvr5N2rRpcVesP9UrjNo+jiM7QObpEAbpGDXSPmqiFKFLoGb2iN896L96797FsLXj5zCn6A+/zB/34kRM=</latexit>

!24
<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0

Figure 2: Snapshots of the optimal transport plan between two spectral functions.

The inverse cumulative spectral functions are then:

S
�1

A (x) = ⇥
�
x � (E2

1 + E
2

3)
�
!13 + ⇥(x � E

2) (1 � !13), (2.20)

S
�1

B (x) = ⇥
�
x � (E2

2 + E
2

4)
�
!24 + ⇥(x � E

2) (1 � !24). (2.21)

The optimal transportation plan is simple enough that the inverses in Eq. (2.16) can be taken

analytically, as can the derivative in Eq. (2.17). The final result for the optimal transport

plan spectral function is:

sOTP(!; t) = ⇥(E2E4 � E1E3)
h
�(!)(E2

2 + E
2

4) + �(! � t !24)(2E2E4 � 2E1E3) (2.22)

+ �(! � (1 � t) !13 � t !24) 2E1E3

i

+ ⇥(E1E3 � E2E4)
h
�(!)(E2

1 + E
2

3) + �(! � (1 � t) !13)(2E1E3 � 2E2E4)

+ �(! � (1 � t) !13 � t !24) 2E2E4

i
.

As required, this spectral function reduces to sA(!) and sB(!) at t = 0 and t = 1, respectively.

An example of this optimal transport plan is illustrated in Fig. 2, for the case of

E1E3 =
E

2

6
, E2E4 =

E
2

4
, !13 =

2

3
, !24 =

1

3
. (2.23)

Note that the intermediate spectral functions at times t 2 (0, 1) have two peaks away from

z = 0. A collection of n particles on the plane has
�n
2

�
pairwise angles and of course there

is no integer n for which
�n
2

�
= 2. Thus, these intermediate spectral functions cannot be

mapped to a generic collection of particles on the plane. In this way, the optimal transport

plan between spectral functions does not generically correspond to a rearrangement of the

particles.

This behavior is distinct from original EMD behavior in Ref. [10], where the optimal

transportation plan directly measures the cost of rearranging particles on the plane. Since

the spectral function is blind to isometries, it is not surprising that the spectral optimal

transportation plan does not have a particle interpretation. In our view, this is not a problem

but simply a choice. What it does imply, though, is that the space of jets as defined by their
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<latexit sha1_base64="DG2xzlKYBSGANlkCmHyaiLAx90s=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5id9CZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNoUkVV7oTEQOcSWhaZjl0Eg1ERBza0fh25refQBum5IOdJBAKMpQsZpRYJ7V6SsCQ9MsVv+rPgVdJkJMKytHol796A0VTAdJSTozpBn5iw4xoyyiHaamXGkgIHZMhdB2VRIAJs/m1U3zmlAGOlXYlLZ6rvycyIoyZiMh1CmJHZtmbif953dTG12HGZJJakHSxKE45tgrPXscDpoFaPnGEUM3crZiOiCbUuoBKLoRg+eVV0rqoBpfV2n2tUr/J4yiiE3SKzlGArlAd3aEGaiKKHtEzekVvnvJevHfvY9Fa8PKZY/QH3ucPkx+PJA==</latexit>

!

<latexit sha1_base64="nPnpmxENyuuNurHMaKiIE+/9tEM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9IDXbq9ccavuDGSZeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPZqRNyYpU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0SjYEb/HlZdI8q3oX1fP780rtJo+jCEdwDKfgwSXU4A7q0AAGA3iGV3hzpPPivDsf89aCk88cwh84nz/TSY2C</latexit>

t = 0

<latexit sha1_base64="rCGAFbRLgyyBRQH4hElR2LXdKPc=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMevEYwTwkWcLsZDYZMo9lZlYIIV/hxYMiXv0cb/6Nk2QPmljQUFR1090VJZwZ6/vfXm5tfWNzK79d2Nnd2z8oHh41jUo1oQ2iuNLtCBvKmaQNyyyn7URTLCJOW9Hodua3nqg2TMkHO05oKPBAspgRbJ30aMpdJegAn/eKJb/iz4FWSZCREmSo94pf3b4iqaDSEo6N6QR+YsMJ1pYRTqeFbmpogskID2jHUYkFNeFkfvAUnTmlj2KlXUmL5urviQkWxoxF5DoFtkOz7M3E/7xOauPrcMJkkloqyWJRnHJkFZp9j/pMU2L52BFMNHO3IjLEGhPrMiq4EILll1dJ86ISXFaq99VS7SaLIw8ncAplCOAKanAHdWgAAQHP8ApvnvZevHfvY9Ga87KZY/gD7/MHMjKQBg==</latexit>

s(!)

<latexit sha1_base64="BD7iEZVNqU4R4fXx9ewOevnXBZ4=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKexqUI9BLx4jmAdsljA7mSRD5rHM9AphyWd48aCIV7/Gm3/jJNmDJhY0FFXddHfFieAWfP/bK6ytb2xuFbdLO7t7+wflw6OW1amhrEm10KYTE8sEV6wJHATrJIYRGQvWjsd3M7/9xIzlWj3CJGGRJEPFB5wScFLY1ZINSS8LLqe9csWv+nPgVRLkpIJyNHrlr25f01QyBVQQa8PATyDKiAFOBZuWuqllCaFjMmSho4pIZqNsfvIUnzmljwfauFKA5+rviYxIaycydp2SwMguezPxPy9MYXATZVwlKTBFF4sGqcCg8ex/3OeGURATRwg13N2K6YgYQsGlVHIhBMsvr5LWRTW4qtYeapX6bR5HEZ2gU3SOAnSN6ugeNVATUaTRM3pFbx54L96797FoLXj5zDH6A+/zB/rtkRE=</latexit>

!13
<latexit sha1_base64="B3LChceDHjHt6vKxZ+yu5OlpyR8=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyGoB6DXjxGMA9IljA76U2GzGOZmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWaQosqrnQ3IgY4k9CyzHLoJhqIiDh0osnd3O88gTZMyUc7TSAUZCRZzCixTur1lYARGWS1+mxQrvhVfwG8ToKcVFCO5qD81R8qmgqQlnJiTC/wExtmRFtGOcxK/dRAQuiEjKDnqCQCTJgtTp7hC6cMcay0K2nxQv09kRFhzFRErlMQOzar3lz8z+ulNr4JMyaT1IKky0VxyrFVeP4/HjIN1PKpI4Rq5m7FdEw0odalVHIhBKsvr5N2rRpcVesP9UrjNo+jiM7QObpEAbpGDXSPmqiFKFLoGb2iN896L96797FsLXj5zCn6A+/zB/34kRM=</latexit>

!24
<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0

<latexit sha1_base64="DG2xzlKYBSGANlkCmHyaiLAx90s=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5id9CZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNoUkVV7oTEQOcSWhaZjl0Eg1ERBza0fh25refQBum5IOdJBAKMpQsZpRYJ7V6SsCQ9MsVv+rPgVdJkJMKytHol796A0VTAdJSTozpBn5iw4xoyyiHaamXGkgIHZMhdB2VRIAJs/m1U3zmlAGOlXYlLZ6rvycyIoyZiMh1CmJHZtmbif953dTG12HGZJJakHSxKE45tgrPXscDpoFaPnGEUM3crZiOiCbUuoBKLoRg+eVV0rqoBpfV2n2tUr/J4yiiE3SKzlGArlAd3aEGaiKKHtEzekVvnvJevHfvY9Fa8PKZY/QH3ucPkx+PJA==</latexit>

!

<latexit sha1_base64="rCGAFbRLgyyBRQH4hElR2LXdKPc=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMevEYwTwkWcLsZDYZMo9lZlYIIV/hxYMiXv0cb/6Nk2QPmljQUFR1090VJZwZ6/vfXm5tfWNzK79d2Nnd2z8oHh41jUo1oQ2iuNLtCBvKmaQNyyyn7URTLCJOW9Hodua3nqg2TMkHO05oKPBAspgRbJ30aMpdJegAn/eKJb/iz4FWSZCREmSo94pf3b4iqaDSEo6N6QR+YsMJ1pYRTqeFbmpogskID2jHUYkFNeFkfvAUnTmlj2KlXUmL5urviQkWxoxF5DoFtkOz7M3E/7xOauPrcMJkkloqyWJRnHJkFZp9j/pMU2L52BFMNHO3IjLEGhPrMiq4EILll1dJ86ISXFaq99VS7SaLIw8ncAplCOAKanAHdWgAAQHP8ApvnvZevHfvY9Ga87KZY/gD7/MHMjKQBg==</latexit>

s(!)
<latexit sha1_base64="kTl5w6fdiQNfZsFJkyaK/P9BOhY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSZa1ItQ9OKxgmkLbSib7aZdutmE3YlQQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZFySCa3Scb6uwsrq2vlHcLG1t7+zulfcPmjpOFWUejUWs2gHRTHDJPOQoWDtRjESBYK1gdDf1W09MaR7LRxwnzI/IQPKQU4JG8vDGPbvolStO1ZnBXiZuTiqQo9Erf3X7MU0jJpEKonXHdRL0M6KQU8EmpW6qWULoiAxYx1BJIqb9bHbsxD4xSt8OY2VKoj1Tf09kJNJ6HAWmMyI41IveVPzP66QYXvsZl0mKTNL5ojAVNsb29HO7zxWjKMaGEKq4udWmQ6IIRZNPyYTgLr68TJrnVfeyWnuoVeq3eRxFOIJjOAUXrqAO99AADyhweIZXeLOk9WK9Wx/z1oKVzxzCH1ifP7Upjfk=</latexit>

t = 1/3

<latexit sha1_base64="BD7iEZVNqU4R4fXx9ewOevnXBZ4=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKexqUI9BLx4jmAdsljA7mSRD5rHM9AphyWd48aCIV7/Gm3/jJNmDJhY0FFXddHfFieAWfP/bK6ytb2xuFbdLO7t7+wflw6OW1amhrEm10KYTE8sEV6wJHATrJIYRGQvWjsd3M7/9xIzlWj3CJGGRJEPFB5wScFLY1ZINSS8LLqe9csWv+nPgVRLkpIJyNHrlr25f01QyBVQQa8PATyDKiAFOBZuWuqllCaFjMmSho4pIZqNsfvIUnzmljwfauFKA5+rviYxIaycydp2SwMguezPxPy9MYXATZVwlKTBFF4sGqcCg8ex/3OeGURATRwg13N2K6YgYQsGlVHIhBMsvr5LWRTW4qtYeapX6bR5HEZ2gU3SOAnSN6ugeNVATUaTRM3pFbx54L96797FoLXj5zDH6A+/zB/rtkRE=</latexit>

!13
<latexit sha1_base64="B3LChceDHjHt6vKxZ+yu5OlpyR8=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyGoB6DXjxGMA9IljA76U2GzGOZmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWaQosqrnQ3IgY4k9CyzHLoJhqIiDh0osnd3O88gTZMyUc7TSAUZCRZzCixTur1lYARGWS1+mxQrvhVfwG8ToKcVFCO5qD81R8qmgqQlnJiTC/wExtmRFtGOcxK/dRAQuiEjKDnqCQCTJgtTp7hC6cMcay0K2nxQv09kRFhzFRErlMQOzar3lz8z+ulNr4JMyaT1IKky0VxyrFVeP4/HjIN1PKpI4Rq5m7FdEw0odalVHIhBKsvr5N2rRpcVesP9UrjNo+jiM7QObpEAbpGDXSPmqiFKFLoGb2iN896L96797FsLXj5zCn6A+/zB/34kRM=</latexit>

!24
<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0

<latexit sha1_base64="DG2xzlKYBSGANlkCmHyaiLAx90s=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5id9CZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNoUkVV7oTEQOcSWhaZjl0Eg1ERBza0fh25refQBum5IOdJBAKMpQsZpRYJ7V6SsCQ9MsVv+rPgVdJkJMKytHol796A0VTAdJSTozpBn5iw4xoyyiHaamXGkgIHZMhdB2VRIAJs/m1U3zmlAGOlXYlLZ6rvycyIoyZiMh1CmJHZtmbif953dTG12HGZJJakHSxKE45tgrPXscDpoFaPnGEUM3crZiOiCbUuoBKLoRg+eVV0rqoBpfV2n2tUr/J4yiiE3SKzlGArlAd3aEGaiKKHtEzekVvnvJevHfvY9Fa8PKZY/QH3ucPkx+PJA==</latexit>

!

<latexit sha1_base64="rCGAFbRLgyyBRQH4hElR2LXdKPc=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMevEYwTwkWcLsZDYZMo9lZlYIIV/hxYMiXv0cb/6Nk2QPmljQUFR1090VJZwZ6/vfXm5tfWNzK79d2Nnd2z8oHh41jUo1oQ2iuNLtCBvKmaQNyyyn7URTLCJOW9Hodua3nqg2TMkHO05oKPBAspgRbJ30aMpdJegAn/eKJb/iz4FWSZCREmSo94pf3b4iqaDSEo6N6QR+YsMJ1pYRTqeFbmpogskID2jHUYkFNeFkfvAUnTmlj2KlXUmL5urviQkWxoxF5DoFtkOz7M3E/7xOauPrcMJkkloqyWJRnHJkFZp9j/pMU2L52BFMNHO3IjLEGhPrMiq4EILll1dJ86ISXFaq99VS7SaLIw8ncAplCOAKanAHdWgAAQHP8ApvnvZevHfvY9Ga87KZY/gD7/MHMjKQBg==</latexit>

s(!)
<latexit sha1_base64="RWoOWc7FhdTk/iqjENKB7UjRRNs=">AAAB7HicbVBNS8NAEJ34WetX1aOXYBE81aQW9SIUvXisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmBYngGh3n21pZXVvf2CxsFbd3dvf2SweHTR2nijKPxiJW7YBoJrhkHnIUrJ0oRqJAsFYwupv6rSemNI/lI44T5kdkIHnIKUEjeXhTPb/olcpOxZnBXiZuTsqQo9ErfXX7MU0jJpEKonXHdRL0M6KQU8EmxW6qWULoiAxYx1BJIqb9bHbsxD41St8OY2VKoj1Tf09kJNJ6HAWmMyI41IveVPzP66QYXvsZl0mKTNL5ojAVNsb29HO7zxWjKMaGEKq4udWmQ6IIRZNP0YTgLr68TJrVintZqT3UyvXbPI4CHMMJnIELV1CHe2iABxQ4PMMrvFnSerHerY9564qVzxzBH1ifP7avjfo=</latexit>

t = 2/3

<latexit sha1_base64="BD7iEZVNqU4R4fXx9ewOevnXBZ4=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKexqUI9BLx4jmAdsljA7mSRD5rHM9AphyWd48aCIV7/Gm3/jJNmDJhY0FFXddHfFieAWfP/bK6ytb2xuFbdLO7t7+wflw6OW1amhrEm10KYTE8sEV6wJHATrJIYRGQvWjsd3M7/9xIzlWj3CJGGRJEPFB5wScFLY1ZINSS8LLqe9csWv+nPgVRLkpIJyNHrlr25f01QyBVQQa8PATyDKiAFOBZuWuqllCaFjMmSho4pIZqNsfvIUnzmljwfauFKA5+rviYxIaycydp2SwMguezPxPy9MYXATZVwlKTBFF4sGqcCg8ex/3OeGURATRwg13N2K6YgYQsGlVHIhBMsvr5LWRTW4qtYeapX6bR5HEZ2gU3SOAnSN6ugeNVATUaTRM3pFbx54L96797FoLXj5zDH6A+/zB/rtkRE=</latexit>

!13
<latexit sha1_base64="B3LChceDHjHt6vKxZ+yu5OlpyR8=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyGoB6DXjxGMA9IljA76U2GzGOZmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWaQosqrnQ3IgY4k9CyzHLoJhqIiDh0osnd3O88gTZMyUc7TSAUZCRZzCixTur1lYARGWS1+mxQrvhVfwG8ToKcVFCO5qD81R8qmgqQlnJiTC/wExtmRFtGOcxK/dRAQuiEjKDnqCQCTJgtTp7hC6cMcay0K2nxQv09kRFhzFRErlMQOzar3lz8z+ulNr4JMyaT1IKky0VxyrFVeP4/HjIN1PKpI4Rq5m7FdEw0odalVHIhBKsvr5N2rRpcVesP9UrjNo+jiM7QObpEAbpGDXSPmqiFKFLoGb2iN896L96797FsLXj5zCn6A+/zB/34kRM=</latexit>

!24
<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0

<latexit sha1_base64="DG2xzlKYBSGANlkCmHyaiLAx90s=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5id9CZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNoUkVV7oTEQOcSWhaZjl0Eg1ERBza0fh25refQBum5IOdJBAKMpQsZpRYJ7V6SsCQ9MsVv+rPgVdJkJMKytHol796A0VTAdJSTozpBn5iw4xoyyiHaamXGkgIHZMhdB2VRIAJs/m1U3zmlAGOlXYlLZ6rvycyIoyZiMh1CmJHZtmbif953dTG12HGZJJakHSxKE45tgrPXscDpoFaPnGEUM3crZiOiCbUuoBKLoRg+eVV0rqoBpfV2n2tUr/J4yiiE3SKzlGArlAd3aEGaiKKHtEzekVvnvJevHfvY9Fa8PKZY/QH3ucPkx+PJA==</latexit>

!

<latexit sha1_base64="rCGAFbRLgyyBRQH4hElR2LXdKPc=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMevEYwTwkWcLsZDYZMo9lZlYIIV/hxYMiXv0cb/6Nk2QPmljQUFR1090VJZwZ6/vfXm5tfWNzK79d2Nnd2z8oHh41jUo1oQ2iuNLtCBvKmaQNyyyn7URTLCJOW9Hodua3nqg2TMkHO05oKPBAspgRbJ30aMpdJegAn/eKJb/iz4FWSZCREmSo94pf3b4iqaDSEo6N6QR+YsMJ1pYRTqeFbmpogskID2jHUYkFNeFkfvAUnTmlj2KlXUmL5urviQkWxoxF5DoFtkOz7M3E/7xOauPrcMJkkloqyWJRnHJkFZp9j/pMU2L52BFMNHO3IjLEGhPrMiq4EILll1dJ86ISXFaq99VS7SaLIw8ncAplCOAKanAHdWgAAQHP8ApvnvZevHfvY9Ga87KZY/gD7/MHMjKQBg==</latexit>

s(!)
<latexit sha1_base64="iD9AiO6x1iNHT8qJBE1LDrYXpWM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9IDXXq9ccavuDGSZeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPZqRNyYpU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0SjYEb/HlZdI8q3oX1fP780rtJo+jCEdwDKfgwSXU4A7q0AAGA3iGV3hzpPPivDsf89aCk88cwh84nz/UzY2D</latexit>

t = 1

<latexit sha1_base64="BD7iEZVNqU4R4fXx9ewOevnXBZ4=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKexqUI9BLx4jmAdsljA7mSRD5rHM9AphyWd48aCIV7/Gm3/jJNmDJhY0FFXddHfFieAWfP/bK6ytb2xuFbdLO7t7+wflw6OW1amhrEm10KYTE8sEV6wJHATrJIYRGQvWjsd3M7/9xIzlWj3CJGGRJEPFB5wScFLY1ZINSS8LLqe9csWv+nPgVRLkpIJyNHrlr25f01QyBVQQa8PATyDKiAFOBZuWuqllCaFjMmSho4pIZqNsfvIUnzmljwfauFKA5+rviYxIaycydp2SwMguezPxPy9MYXATZVwlKTBFF4sGqcCg8ex/3OeGURATRwg13N2K6YgYQsGlVHIhBMsvr5LWRTW4qtYeapX6bR5HEZ2gU3SOAnSN6ugeNVATUaTRM3pFbx54L96797FoLXj5zDH6A+/zB/rtkRE=</latexit>

!13
<latexit sha1_base64="B3LChceDHjHt6vKxZ+yu5OlpyR8=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyGoB6DXjxGMA9IljA76U2GzGOZmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWaQosqrnQ3IgY4k9CyzHLoJhqIiDh0osnd3O88gTZMyUc7TSAUZCRZzCixTur1lYARGWS1+mxQrvhVfwG8ToKcVFCO5qD81R8qmgqQlnJiTC/wExtmRFtGOcxK/dRAQuiEjKDnqCQCTJgtTp7hC6cMcay0K2nxQv09kRFhzFRErlMQOzar3lz8z+ulNr4JMyaT1IKky0VxyrFVeP4/HjIN1PKpI4Rq5m7FdEw0odalVHIhBKsvr5N2rRpcVesP9UrjNo+jiM7QObpEAbpGDXSPmqiFKFLoGb2iN896L96797FsLXj5zCn6A+/zB/34kRM=</latexit>

!24
<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0

Figure 2: Snapshots of the optimal transport plan between two spectral functions.

The inverse cumulative spectral functions are then:

S
�1

A (x) = ⇥
�
x � (E2

1 + E
2

3)
�
!13 + ⇥(x � E

2) (1 � !13), (2.20)

S
�1

B (x) = ⇥
�
x � (E2

2 + E
2

4)
�
!24 + ⇥(x � E

2) (1 � !24). (2.21)

The optimal transportation plan is simple enough that the inverses in Eq. (2.16) can be taken

analytically, as can the derivative in Eq. (2.17). The final result for the optimal transport

plan spectral function is:

sOTP(!; t) = ⇥(E2E4 � E1E3)
h
�(!)(E2

2 + E
2

4) + �(! � t !24)(2E2E4 � 2E1E3) (2.22)

+ �(! � (1 � t) !13 � t !24) 2E1E3

i

+ ⇥(E1E3 � E2E4)
h
�(!)(E2

1 + E
2

3) + �(! � (1 � t) !13)(2E1E3 � 2E2E4)

+ �(! � (1 � t) !13 � t !24) 2E2E4

i
.

As required, this spectral function reduces to sA(!) and sB(!) at t = 0 and t = 1, respectively.

An example of this optimal transport plan is illustrated in Fig. 2, for the case of

E1E3 =
E

2

6
, E2E4 =

E
2

4
, !13 =

2

3
, !24 =

1

3
. (2.23)

Note that the intermediate spectral functions at times t 2 (0, 1) have two peaks away from

z = 0. A collection of n particles on the plane has
�n
2

�
pairwise angles and of course there

is no integer n for which
�n
2

�
= 2. Thus, these intermediate spectral functions cannot be

mapped to a generic collection of particles on the plane. In this way, the optimal transport

plan between spectral functions does not generically correspond to a rearrangement of the

particles.

This behavior is distinct from original EMD behavior in Ref. [10], where the optimal

transportation plan directly measures the cost of rearranging particles on the plane. Since

the spectral function is blind to isometries, it is not surprising that the spectral optimal

transportation plan does not have a particle interpretation. In our view, this is not a problem

but simply a choice. What it does imply, though, is that the space of jets as defined by their
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<latexit sha1_base64="DG2xzlKYBSGANlkCmHyaiLAx90s=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5id9CZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNoUkVV7oTEQOcSWhaZjl0Eg1ERBza0fh25refQBum5IOdJBAKMpQsZpRYJ7V6SsCQ9MsVv+rPgVdJkJMKytHol796A0VTAdJSTozpBn5iw4xoyyiHaamXGkgIHZMhdB2VRIAJs/m1U3zmlAGOlXYlLZ6rvycyIoyZiMh1CmJHZtmbif953dTG12HGZJJakHSxKE45tgrPXscDpoFaPnGEUM3crZiOiCbUuoBKLoRg+eVV0rqoBpfV2n2tUr/J4yiiE3SKzlGArlAd3aEGaiKKHtEzekVvnvJevHfvY9Fa8PKZY/QH3ucPkx+PJA==</latexit>

!

<latexit sha1_base64="nPnpmxENyuuNurHMaKiIE+/9tEM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9IDXbq9ccavuDGSZeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPZqRNyYpU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0SjYEb/HlZdI8q3oX1fP780rtJo+jCEdwDKfgwSXU4A7q0AAGA3iGV3hzpPPivDsf89aCk88cwh84nz/TSY2C</latexit>

t = 0

<latexit sha1_base64="rCGAFbRLgyyBRQH4hElR2LXdKPc=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMevEYwTwkWcLsZDYZMo9lZlYIIV/hxYMiXv0cb/6Nk2QPmljQUFR1090VJZwZ6/vfXm5tfWNzK79d2Nnd2z8oHh41jUo1oQ2iuNLtCBvKmaQNyyyn7URTLCJOW9Hodua3nqg2TMkHO05oKPBAspgRbJ30aMpdJegAn/eKJb/iz4FWSZCREmSo94pf3b4iqaDSEo6N6QR+YsMJ1pYRTqeFbmpogskID2jHUYkFNeFkfvAUnTmlj2KlXUmL5urviQkWxoxF5DoFtkOz7M3E/7xOauPrcMJkkloqyWJRnHJkFZp9j/pMU2L52BFMNHO3IjLEGhPrMiq4EILll1dJ86ISXFaq99VS7SaLIw8ncAplCOAKanAHdWgAAQHP8ApvnvZevHfvY9Ga87KZY/gD7/MHMjKQBg==</latexit>

s(!)

<latexit sha1_base64="BD7iEZVNqU4R4fXx9ewOevnXBZ4=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKexqUI9BLx4jmAdsljA7mSRD5rHM9AphyWd48aCIV7/Gm3/jJNmDJhY0FFXddHfFieAWfP/bK6ytb2xuFbdLO7t7+wflw6OW1amhrEm10KYTE8sEV6wJHATrJIYRGQvWjsd3M7/9xIzlWj3CJGGRJEPFB5wScFLY1ZINSS8LLqe9csWv+nPgVRLkpIJyNHrlr25f01QyBVQQa8PATyDKiAFOBZuWuqllCaFjMmSho4pIZqNsfvIUnzmljwfauFKA5+rviYxIaycydp2SwMguezPxPy9MYXATZVwlKTBFF4sGqcCg8ex/3OeGURATRwg13N2K6YgYQsGlVHIhBMsvr5LWRTW4qtYeapX6bR5HEZ2gU3SOAnSN6ugeNVATUaTRM3pFbx54L96797FoLXj5zDH6A+/zB/rtkRE=</latexit>

!13
<latexit sha1_base64="B3LChceDHjHt6vKxZ+yu5OlpyR8=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyGoB6DXjxGMA9IljA76U2GzGOZmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWaQosqrnQ3IgY4k9CyzHLoJhqIiDh0osnd3O88gTZMyUc7TSAUZCRZzCixTur1lYARGWS1+mxQrvhVfwG8ToKcVFCO5qD81R8qmgqQlnJiTC/wExtmRFtGOcxK/dRAQuiEjKDnqCQCTJgtTp7hC6cMcay0K2nxQv09kRFhzFRErlMQOzar3lz8z+ulNr4JMyaT1IKky0VxyrFVeP4/HjIN1PKpI4Rq5m7FdEw0odalVHIhBKsvr5N2rRpcVesP9UrjNo+jiM7QObpEAbpGDXSPmqiFKFLoGb2iN896L96797FsLXj5zCn6A+/zB/34kRM=</latexit>

!24
<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0

<latexit sha1_base64="DG2xzlKYBSGANlkCmHyaiLAx90s=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5id9CZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNoUkVV7oTEQOcSWhaZjl0Eg1ERBza0fh25refQBum5IOdJBAKMpQsZpRYJ7V6SsCQ9MsVv+rPgVdJkJMKytHol796A0VTAdJSTozpBn5iw4xoyyiHaamXGkgIHZMhdB2VRIAJs/m1U3zmlAGOlXYlLZ6rvycyIoyZiMh1CmJHZtmbif953dTG12HGZJJakHSxKE45tgrPXscDpoFaPnGEUM3crZiOiCbUuoBKLoRg+eVV0rqoBpfV2n2tUr/J4yiiE3SKzlGArlAd3aEGaiKKHtEzekVvnvJevHfvY9Fa8PKZY/QH3ucPkx+PJA==</latexit>

!

<latexit sha1_base64="rCGAFbRLgyyBRQH4hElR2LXdKPc=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMevEYwTwkWcLsZDYZMo9lZlYIIV/hxYMiXv0cb/6Nk2QPmljQUFR1090VJZwZ6/vfXm5tfWNzK79d2Nnd2z8oHh41jUo1oQ2iuNLtCBvKmaQNyyyn7URTLCJOW9Hodua3nqg2TMkHO05oKPBAspgRbJ30aMpdJegAn/eKJb/iz4FWSZCREmSo94pf3b4iqaDSEo6N6QR+YsMJ1pYRTqeFbmpogskID2jHUYkFNeFkfvAUnTmlj2KlXUmL5urviQkWxoxF5DoFtkOz7M3E/7xOauPrcMJkkloqyWJRnHJkFZp9j/pMU2L52BFMNHO3IjLEGhPrMiq4EILll1dJ86ISXFaq99VS7SaLIw8ncAplCOAKanAHdWgAAQHP8ApvnvZevHfvY9Ga87KZY/gD7/MHMjKQBg==</latexit>

s(!)
<latexit sha1_base64="kTl5w6fdiQNfZsFJkyaK/P9BOhY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSZa1ItQ9OKxgmkLbSib7aZdutmE3YlQQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZFySCa3Scb6uwsrq2vlHcLG1t7+zulfcPmjpOFWUejUWs2gHRTHDJPOQoWDtRjESBYK1gdDf1W09MaR7LRxwnzI/IQPKQU4JG8vDGPbvolStO1ZnBXiZuTiqQo9Erf3X7MU0jJpEKonXHdRL0M6KQU8EmpW6qWULoiAxYx1BJIqb9bHbsxD4xSt8OY2VKoj1Tf09kJNJ6HAWmMyI41IveVPzP66QYXvsZl0mKTNL5ojAVNsb29HO7zxWjKMaGEKq4udWmQ6IIRZNPyYTgLr68TJrnVfeyWnuoVeq3eRxFOIJjOAUXrqAO99AADyhweIZXeLOk9WK9Wx/z1oKVzxzCH1ifP7Upjfk=</latexit>

t = 1/3

<latexit sha1_base64="BD7iEZVNqU4R4fXx9ewOevnXBZ4=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKexqUI9BLx4jmAdsljA7mSRD5rHM9AphyWd48aCIV7/Gm3/jJNmDJhY0FFXddHfFieAWfP/bK6ytb2xuFbdLO7t7+wflw6OW1amhrEm10KYTE8sEV6wJHATrJIYRGQvWjsd3M7/9xIzlWj3CJGGRJEPFB5wScFLY1ZINSS8LLqe9csWv+nPgVRLkpIJyNHrlr25f01QyBVQQa8PATyDKiAFOBZuWuqllCaFjMmSho4pIZqNsfvIUnzmljwfauFKA5+rviYxIaycydp2SwMguezPxPy9MYXATZVwlKTBFF4sGqcCg8ex/3OeGURATRwg13N2K6YgYQsGlVHIhBMsvr5LWRTW4qtYeapX6bR5HEZ2gU3SOAnSN6ugeNVATUaTRM3pFbx54L96797FoLXj5zDH6A+/zB/rtkRE=</latexit>

!13
<latexit sha1_base64="B3LChceDHjHt6vKxZ+yu5OlpyR8=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyGoB6DXjxGMA9IljA76U2GzGOZmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWaQosqrnQ3IgY4k9CyzHLoJhqIiDh0osnd3O88gTZMyUc7TSAUZCRZzCixTur1lYARGWS1+mxQrvhVfwG8ToKcVFCO5qD81R8qmgqQlnJiTC/wExtmRFtGOcxK/dRAQuiEjKDnqCQCTJgtTp7hC6cMcay0K2nxQv09kRFhzFRErlMQOzar3lz8z+ulNr4JMyaT1IKky0VxyrFVeP4/HjIN1PKpI4Rq5m7FdEw0odalVHIhBKsvr5N2rRpcVesP9UrjNo+jiM7QObpEAbpGDXSPmqiFKFLoGb2iN896L96797FsLXj5zCn6A+/zB/34kRM=</latexit>

!24
<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0

<latexit sha1_base64="DG2xzlKYBSGANlkCmHyaiLAx90s=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5id9CZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNoUkVV7oTEQOcSWhaZjl0Eg1ERBza0fh25refQBum5IOdJBAKMpQsZpRYJ7V6SsCQ9MsVv+rPgVdJkJMKytHol796A0VTAdJSTozpBn5iw4xoyyiHaamXGkgIHZMhdB2VRIAJs/m1U3zmlAGOlXYlLZ6rvycyIoyZiMh1CmJHZtmbif953dTG12HGZJJakHSxKE45tgrPXscDpoFaPnGEUM3crZiOiCbUuoBKLoRg+eVV0rqoBpfV2n2tUr/J4yiiE3SKzlGArlAd3aEGaiKKHtEzekVvnvJevHfvY9Fa8PKZY/QH3ucPkx+PJA==</latexit>

!

<latexit sha1_base64="rCGAFbRLgyyBRQH4hElR2LXdKPc=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMevEYwTwkWcLsZDYZMo9lZlYIIV/hxYMiXv0cb/6Nk2QPmljQUFR1090VJZwZ6/vfXm5tfWNzK79d2Nnd2z8oHh41jUo1oQ2iuNLtCBvKmaQNyyyn7URTLCJOW9Hodua3nqg2TMkHO05oKPBAspgRbJ30aMpdJegAn/eKJb/iz4FWSZCREmSo94pf3b4iqaDSEo6N6QR+YsMJ1pYRTqeFbmpogskID2jHUYkFNeFkfvAUnTmlj2KlXUmL5urviQkWxoxF5DoFtkOz7M3E/7xOauPrcMJkkloqyWJRnHJkFZp9j/pMU2L52BFMNHO3IjLEGhPrMiq4EILll1dJ86ISXFaq99VS7SaLIw8ncAplCOAKanAHdWgAAQHP8ApvnvZevHfvY9Ga87KZY/gD7/MHMjKQBg==</latexit>

s(!)
<latexit sha1_base64="RWoOWc7FhdTk/iqjENKB7UjRRNs=">AAAB7HicbVBNS8NAEJ34WetX1aOXYBE81aQW9SIUvXisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmBYngGh3n21pZXVvf2CxsFbd3dvf2SweHTR2nijKPxiJW7YBoJrhkHnIUrJ0oRqJAsFYwupv6rSemNI/lI44T5kdkIHnIKUEjeXhTPb/olcpOxZnBXiZuTsqQo9ErfXX7MU0jJpEKonXHdRL0M6KQU8EmxW6qWULoiAxYx1BJIqb9bHbsxD41St8OY2VKoj1Tf09kJNJ6HAWmMyI41IveVPzP66QYXvsZl0mKTNL5ojAVNsb29HO7zxWjKMaGEKq4udWmQ6IIRZNP0YTgLr68TJrVintZqT3UyvXbPI4CHMMJnIELV1CHe2iABxQ4PMMrvFnSerHerY9564qVzxzBH1ifP7avjfo=</latexit>

t = 2/3

<latexit sha1_base64="BD7iEZVNqU4R4fXx9ewOevnXBZ4=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKexqUI9BLx4jmAdsljA7mSRD5rHM9AphyWd48aCIV7/Gm3/jJNmDJhY0FFXddHfFieAWfP/bK6ytb2xuFbdLO7t7+wflw6OW1amhrEm10KYTE8sEV6wJHATrJIYRGQvWjsd3M7/9xIzlWj3CJGGRJEPFB5wScFLY1ZINSS8LLqe9csWv+nPgVRLkpIJyNHrlr25f01QyBVQQa8PATyDKiAFOBZuWuqllCaFjMmSho4pIZqNsfvIUnzmljwfauFKA5+rviYxIaycydp2SwMguezPxPy9MYXATZVwlKTBFF4sGqcCg8ex/3OeGURATRwg13N2K6YgYQsGlVHIhBMsvr5LWRTW4qtYeapX6bR5HEZ2gU3SOAnSN6ugeNVATUaTRM3pFbx54L96797FoLXj5zDH6A+/zB/rtkRE=</latexit>

!13
<latexit sha1_base64="B3LChceDHjHt6vKxZ+yu5OlpyR8=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyGoB6DXjxGMA9IljA76U2GzGOZmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWaQosqrnQ3IgY4k9CyzHLoJhqIiDh0osnd3O88gTZMyUc7TSAUZCRZzCixTur1lYARGWS1+mxQrvhVfwG8ToKcVFCO5qD81R8qmgqQlnJiTC/wExtmRFtGOcxK/dRAQuiEjKDnqCQCTJgtTp7hC6cMcay0K2nxQv09kRFhzFRErlMQOzar3lz8z+ulNr4JMyaT1IKky0VxyrFVeP4/HjIN1PKpI4Rq5m7FdEw0odalVHIhBKsvr5N2rRpcVesP9UrjNo+jiM7QObpEAbpGDXSPmqiFKFLoGb2iN896L96797FsLXj5zCn6A+/zB/34kRM=</latexit>

!24
<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0

<latexit sha1_base64="DG2xzlKYBSGANlkCmHyaiLAx90s=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5id9CZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNoUkVV7oTEQOcSWhaZjl0Eg1ERBza0fh25refQBum5IOdJBAKMpQsZpRYJ7V6SsCQ9MsVv+rPgVdJkJMKytHol796A0VTAdJSTozpBn5iw4xoyyiHaamXGkgIHZMhdB2VRIAJs/m1U3zmlAGOlXYlLZ6rvycyIoyZiMh1CmJHZtmbif953dTG12HGZJJakHSxKE45tgrPXscDpoFaPnGEUM3crZiOiCbUuoBKLoRg+eVV0rqoBpfV2n2tUr/J4yiiE3SKzlGArlAd3aEGaiKKHtEzekVvnvJevHfvY9Fa8PKZY/QH3ucPkx+PJA==</latexit>

!

<latexit sha1_base64="rCGAFbRLgyyBRQH4hElR2LXdKPc=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMevEYwTwkWcLsZDYZMo9lZlYIIV/hxYMiXv0cb/6Nk2QPmljQUFR1090VJZwZ6/vfXm5tfWNzK79d2Nnd2z8oHh41jUo1oQ2iuNLtCBvKmaQNyyyn7URTLCJOW9Hodua3nqg2TMkHO05oKPBAspgRbJ30aMpdJegAn/eKJb/iz4FWSZCREmSo94pf3b4iqaDSEo6N6QR+YsMJ1pYRTqeFbmpogskID2jHUYkFNeFkfvAUnTmlj2KlXUmL5urviQkWxoxF5DoFtkOz7M3E/7xOauPrcMJkkloqyWJRnHJkFZp9j/pMU2L52BFMNHO3IjLEGhPrMiq4EILll1dJ86ISXFaq99VS7SaLIw8ncAplCOAKanAHdWgAAQHP8ApvnvZevHfvY9Ga87KZY/gD7/MHMjKQBg==</latexit>

s(!)
<latexit sha1_base64="iD9AiO6x1iNHT8qJBE1LDrYXpWM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9IDXXq9ccavuDGSZeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPZqRNyYpU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0SjYEb/HlZdI8q3oX1fP780rtJo+jCEdwDKfgwSXU4A7q0AAGA3iGV3hzpPPivDsf89aCk88cwh84nz/UzY2D</latexit>

t = 1

<latexit sha1_base64="BD7iEZVNqU4R4fXx9ewOevnXBZ4=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKexqUI9BLx4jmAdsljA7mSRD5rHM9AphyWd48aCIV7/Gm3/jJNmDJhY0FFXddHfFieAWfP/bK6ytb2xuFbdLO7t7+wflw6OW1amhrEm10KYTE8sEV6wJHATrJIYRGQvWjsd3M7/9xIzlWj3CJGGRJEPFB5wScFLY1ZINSS8LLqe9csWv+nPgVRLkpIJyNHrlr25f01QyBVQQa8PATyDKiAFOBZuWuqllCaFjMmSho4pIZqNsfvIUnzmljwfauFKA5+rviYxIaycydp2SwMguezPxPy9MYXATZVwlKTBFF4sGqcCg8ex/3OeGURATRwg13N2K6YgYQsGlVHIhBMsvr5LWRTW4qtYeapX6bR5HEZ2gU3SOAnSN6ugeNVATUaTRM3pFbx54L96797FoLXj5zDH6A+/zB/rtkRE=</latexit>

!13
<latexit sha1_base64="B3LChceDHjHt6vKxZ+yu5OlpyR8=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyGoB6DXjxGMA9IljA76U2GzGOZmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWaQosqrnQ3IgY4k9CyzHLoJhqIiDh0osnd3O88gTZMyUc7TSAUZCRZzCixTur1lYARGWS1+mxQrvhVfwG8ToKcVFCO5qD81R8qmgqQlnJiTC/wExtmRFtGOcxK/dRAQuiEjKDnqCQCTJgtTp7hC6cMcay0K2nxQv09kRFhzFRErlMQOzar3lz8z+ulNr4JMyaT1IKky0VxyrFVeP4/HjIN1PKpI4Rq5m7FdEw0odalVHIhBKsvr5N2rRpcVesP9UrjNo+jiM7QObpEAbpGDXSPmqiFKFLoGb2iN896L96797FsLXj5zCn6A+/zB/34kRM=</latexit>

!24
<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0

Figure 2: Snapshots of the optimal transport plan between two spectral functions.

The inverse cumulative spectral functions are then:

S
�1

A (x) = ⇥
�
x � (E2

1 + E
2

3)
�
!13 + ⇥(x � E

2) (1 � !13), (2.20)

S
�1

B (x) = ⇥
�
x � (E2

2 + E
2

4)
�
!24 + ⇥(x � E

2) (1 � !24). (2.21)

The optimal transportation plan is simple enough that the inverses in Eq. (2.16) can be taken

analytically, as can the derivative in Eq. (2.17). The final result for the optimal transport

plan spectral function is:

sOTP(!; t) = ⇥(E2E4 � E1E3)
h
�(!)(E2

2 + E
2

4) + �(! � t !24)(2E2E4 � 2E1E3) (2.22)

+ �(! � (1 � t) !13 � t !24) 2E1E3

i

+ ⇥(E1E3 � E2E4)
h
�(!)(E2

1 + E
2

3) + �(! � (1 � t) !13)(2E1E3 � 2E2E4)

+ �(! � (1 � t) !13 � t !24) 2E2E4

i
.

As required, this spectral function reduces to sA(!) and sB(!) at t = 0 and t = 1, respectively.

An example of this optimal transport plan is illustrated in Fig. 2, for the case of

E1E3 =
E

2

6
, E2E4 =

E
2

4
, !13 =

2

3
, !24 =

1

3
. (2.23)

Note that the intermediate spectral functions at times t 2 (0, 1) have two peaks away from

z = 0. A collection of n particles on the plane has
�n
2

�
pairwise angles and of course there

is no integer n for which
�n
2

�
= 2. Thus, these intermediate spectral functions cannot be

mapped to a generic collection of particles on the plane. In this way, the optimal transport

plan between spectral functions does not generically correspond to a rearrangement of the

particles.

This behavior is distinct from original EMD behavior in Ref. [10], where the optimal

transportation plan directly measures the cost of rearranging particles on the plane. Since

the spectral function is blind to isometries, it is not surprising that the spectral optimal

transportation plan does not have a particle interpretation. In our view, this is not a problem

but simply a choice. What it does imply, though, is that the space of jets as defined by their

– 9 –

2305.03751

“p-Wasserstein” Metric
<latexit sha1_base64="v7Y7tLjIdderzR/s+wCWDi0H45Y="></latexit>

dp(E , E 0) =

Z
dE2

��S�1
E (E2)� S�1

E0 (E2)
��p

Only a one-dimensional integral to evaluate!
<latexit sha1_base64="YG8UVVLFuwNVY6AKgSUAXQDsaDQ=">AAAB8nicbVBNS8NAEJ34WetX1aOXYBHqwZKUoh6LInisaD8gTctmu2mXbnbD7kYooT/DiwdFvPprvPlv3LY5aOuDgcd7M8zMC2JGlXacb2tldW19YzO3ld/e2d3bLxwcNpVIJCYNLJiQ7QApwignDU01I+1YEhQFjLSC0c3Ubz0Rqajgj3ocEz9CA05DipE2kvfQTc/dSem2WznrFYpO2ZnBXiZuRoqQod4rfHX6AicR4RozpJTnOrH2UyQ1xYxM8p1EkRjhERoQz1COIqL8dHbyxD41St8OhTTFtT1Tf0+kKFJqHAWmM0J6qBa9qfif5yU6vPJTyuNEE47ni8KE2VrY0//tPpUEazY2BGFJza02HiKJsDYp5U0I7uLLy6RZKbsX5ep9tVi7zuLIwTGcQAlcuIQa3EEdGoBBwDO8wpulrRfr3fqYt65Y2cwR/IH1+QOGqpAe</latexit>

S�1(E2) =  Inverse Cumulative Spectral Function

Kantorovich 1939
Wasserstein 1969
Dobrushin 1970
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“p-Wasserstein” Metric
<latexit sha1_base64="v7Y7tLjIdderzR/s+wCWDi0H45Y="></latexit>

dp(E , E 0) =

Z
dE2

��S�1
E (E2)� S�1

E0 (E2)
��p

Cumulative Spectral Function Inverse Cumulative Spectral Function

<latexit sha1_base64="DG2xzlKYBSGANlkCmHyaiLAx90s=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5id9CZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNoUkVV7oTEQOcSWhaZjl0Eg1ERBza0fh25refQBum5IOdJBAKMpQsZpRYJ7V6SsCQ9MsVv+rPgVdJkJMKytHol796A0VTAdJSTozpBn5iw4xoyyiHaamXGkgIHZMhdB2VRIAJs/m1U3zmlAGOlXYlLZ6rvycyIoyZiMh1CmJHZtmbif953dTG12HGZJJakHSxKE45tgrPXscDpoFaPnGEUM3crZiOiCbUuoBKLoRg+eVV0rqoBpfV2n2tUr/J4yiiE3SKzlGArlAd3aEGaiKKHtEzekVvnvJevHfvY9Fa8PKZY/QH3ucPkx+PJA==</latexit>!

<latexit sha1_base64="zaHDsXOEcjVt0zUvZl+oFoWF0CM=">AAAB8HicbVDLSgNBEJz1GeMr6tHLYBDiJexKUI9BLx4jmockS5id9CZD5rHMzAoh5Cu8eFDEq5/jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YzG3lt3d29/YLB4cNo1JNoU4VV7oVEQOcSahbZjm0Eg1ERBya0fBm6jefQBum5IMdJRAK0pcsZpRYJz3elzpKQJ+cdQtFv+zPgJdJkJEiylDrFr46PUVTAdJSToxpB35iwzHRllEOk3wnNZAQOiR9aDsqiQATjmcHT/CpU3o4VtqVtHim/p4YE2HMSESuUxA7MIveVPzPa6c2vgrHTCapBUnni+KUY6vw9HvcYxqo5SNHCNXM3YrpgGhCrcso70IIFl9eJo3zcnBRrtxVitXrLI4cOkYnqIQCdImq6BbVUB1RJNAzekVvnvZevHfvY9664mUzR+gPvM8fALKP5g==</latexit>

S(!)

<latexit sha1_base64="Lmq2/OIi6rWWH6Ja1g9NwVae7hY="></latexit>

S(!) =
X

i,j2E
EiEj⇥(! � !ij)

rotate 90º

<latexit sha1_base64="YG8UVVLFuwNVY6AKgSUAXQDsaDQ=">AAAB8nicbVBNS8NAEJ34WetX1aOXYBHqwZKUoh6LInisaD8gTctmu2mXbnbD7kYooT/DiwdFvPprvPlv3LY5aOuDgcd7M8zMC2JGlXacb2tldW19YzO3ld/e2d3bLxwcNpVIJCYNLJiQ7QApwignDU01I+1YEhQFjLSC0c3Ubz0Rqajgj3ocEz9CA05DipE2kvfQTc/dSem2WznrFYpO2ZnBXiZuRoqQod4rfHX6AicR4RozpJTnOrH2UyQ1xYxM8p1EkRjhERoQz1COIqL8dHbyxD41St8OhTTFtT1Tf0+kKFJqHAWmM0J6qBa9qfif5yU6vPJTyuNEE47ni8KE2VrY0//tPpUEazY2BGFJza02HiKJsDYp5U0I7uLLy6RZKbsX5ep9tVi7zuLIwTGcQAlcuIQa3EEdGoBBwDO8wpulrRfr3fqYt65Y2cwR/IH1+QOGqpAe</latexit>

S�1(E2)

<latexit sha1_base64="AVRV4EiNYf6bOjchl4Ou2/nPEsA=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0Q1GNQBI8RzQOSNcxOepMhs7PLzKwQQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/nZXVtfWNzdxWfntnd2+/cHDY0HGqGNZZLGLVCqhGwSXWDTcCW4lCGgUCm8Hweuo3n1BpHssHM0rQj2hf8pAzaqx0f/NY7haKbsmdgSwTLyNFyFDrFr46vZilEUrDBNW67bmJ8cdUGc4ETvKdVGNC2ZD2sW2ppBFqfzw7dUJOrdIjYaxsSUNm6u+JMY20HkWB7YyoGehFbyr+57VTE176Yy6T1KBk80VhKoiJyfRv0uMKmREjSyhT3N5K2IAqyoxNJ29D8BZfXiaNcsk7L1XuKsXqVRZHDo7hBM7Agwuowi3UoA4M+vAMr/DmCOfFeXc+5q0rTjZzBH/gfP4AwNyNdg==</latexit>

E2

<latexit sha1_base64="DuFvff/74XF9baqcdEvJkEtBBtA=">AAAB73icbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5id9CZD5rHOzAphyU948aCIV3/Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNoUkVV7oTEQOcSWhaZjl0Eg1ERBza0fh25refQBum5IOdJBAKMpQsZpRYJ3V6SsCQ9GW/XPGr/hx4lQQ5qaAcjX75qzdQNBUgLeXEmG7gJzbMiLaMcpiWeqmBhNAxGULXUUkEmDCb3zvFZ04Z4FhpV9Liufp7IiPCmImIXKcgdmSWvZn4n9dNbXwdZkwmqQVJF4vilGOr8Ox5PGAaqOUTRwjVzN2K6YhoQq2LqORCCJZfXiWti2pwWa3d1yr1mzyOIjpBp+gcBegK1dEdaqAmooijZ/SK3rxH78V79z4WrQUvnzlGf+B9/gAY+JAF</latexit>!n

<latexit sha1_base64="kzzv+ccizRxfLDoSjlwB1ddKUx4=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoMgCGFXgnoMevEYwTwgu4TZSScZMo9lZlYIS37DiwdFvPoz3vwbJ8keNLGgoajqprsrTjgz1ve/vcLa+sbmVnG7tLO7t39QPjxqGZVqCk2quNKdmBjgTELTMsuhk2ggIubQjsd3M7/9BNowJR/tJIFIkKFkA0aJdVIYKgFD0svkRTDtlSt+1Z8Dr5IgJxWUo9Erf4V9RVMB0lJOjOkGfmKjjGjLKIdpKUwNJISOyRC6jkoiwETZ/OYpPnNKHw+UdiUtnqu/JzIijJmI2HUKYkdm2ZuJ/3nd1A5uoozJJLUg6WLRIOXYKjwLAPeZBmr5xBFCNXO3YjoimlDrYiq5EILll1dJ67IaXFVrD7VK/TaPo4hO0Ck6RwG6RnV0jxqoiShK0DN6RW9e6r14797HorXg5TPH6A+8zx+/B5GB</latexit>!n+1

<latexit sha1_base64="u4CpyPTpJzeKCMCekRKqhKCNdig="></latexit>X

i2E
E2

i +
X

m<n2E2

(2EE)m



Closed-Form Expression for 2-Wasserstein Spectral Metric
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<latexit sha1_base64="a1dl40axu8PGZWHLUrrwPRq1t1w="></latexit>

d2(E1, E2) =
X

i<j2E1

2EiEj!
2
ij +

X

i<j2E2

2EiEj!
2
ij

� 2
X

n2E2
1 , l2E2

2
!n<!n+1
!l<!l+1

!n!l

0

@min

2

4
X

nm2E2
1

(2EE)m,
X

lk2E2
2

(2EE)k

3

5�max

2

4
X

n<m2E2
1

(2EE)m,
X

l<k2E2
2

(2EE)k

3

5

1

A

⇥⇥

0

@min

2

4
X

nm2E2
1

(2EE)m,
X

lk2E2
2

(2EE)k

3

5�max

2

4
X

n<m2E2
1

(2EE)m,
X

l<k2E2
2

(2EE)k

3

5

1

A

Computational cost is due to ordering ~N2 angles

Memory costs may be significant for high-multiplicities:

~40 kB to record 4-vectors of 1000 particles


~10 MB to record spectral function of 1000 particles

May be ways to compress spectral function information

c.f., spectral function versus Fourier transform



Summary
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By exploiting the information in the spectral function, we can construct 

a metric on events that is invariant to isometries and expressed in closed form

Preliminary studies also indicate that the EMD is significantly more

computationally intensive that the spectral metric (at least a factor of N slower)

Simple, differentiable, closed form expressions for the spectral metric enable

first-principles theory calculations that are impossible with the EMD 

Look forward to more applications and public code in the near future!



Bonus



One-Dimensional Optimal Transport
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“p-Wasserstein” Metric
<latexit sha1_base64="v7Y7tLjIdderzR/s+wCWDi0H45Y="></latexit>

dp(E , E 0) =

Z
dE2

��S�1
E (E2)� S�1

E0 (E2)
��p

<latexit sha1_base64="8WkLqdK+7Cf9d4+UojXNoT1xM50="></latexit>

S�1(E2) =
X

n2E2

!n<!n+1

!n ⇥

0

@
X

i2E
E2

i +
X

mn2E2

(2EE)m � E2

1

A⇥

 
E2 �

X

i2E
E2

i �
X

m<n2E2

(2EE)m

!
Inverse Cumulative Spectral Function in Gory Detail:

Need to sort pairwise angles in increasing value

Explicitly permutation and isometry invariant

Overcomplete event information: order-N2 pairwise angles,

but only need order-N to triangulate the plane (Euler characteristic)

27

jet

1
2
3...

3M � 4 dimensional phase space

M

� ⇠
Z MY

i=1


d4pi
(2⇡)4

2⇡�(p2i �m2
i )

�
�(4)

 
Q�

MX

i=1

pi

!
|M|2

Human Learning on Jets

Measure observables to 
resolve M-body phase space

In general: 
M - 1 relative pT fractions 

2M - 3 relative angles
4 particle 
example



Example: 2-Wasserstein Metric for Jets with 2 Particles Each
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<latexit sha1_base64="DG2xzlKYBSGANlkCmHyaiLAx90s=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5id9CZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNoUkVV7oTEQOcSWhaZjl0Eg1ERBza0fh25refQBum5IOdJBAKMpQsZpRYJ7V6SsCQ9MsVv+rPgVdJkJMKytHol796A0VTAdJSTozpBn5iw4xoyyiHaamXGkgIHZMhdB2VRIAJs/m1U3zmlAGOlXYlLZ6rvycyIoyZiMh1CmJHZtmbif953dTG12HGZJJakHSxKE45tgrPXscDpoFaPnGEUM3crZiOiCbUuoBKLoRg+eVV0rqoBpfV2n2tUr/J4yiiE3SKzlGArlAd3aEGaiKKHtEzekVvnvJevHfvY9Fa8PKZY/QH3ucPkx+PJA==</latexit>

!

<latexit sha1_base64="nPnpmxENyuuNurHMaKiIE+/9tEM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9IDXbq9ccavuDGSZeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPZqRNyYpU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0SjYEb/HlZdI8q3oX1fP780rtJo+jCEdwDKfgwSXU4A7q0AAGA3iGV3hzpPPivDsf89aCk88cwh84nz/TSY2C</latexit>

t = 0

<latexit sha1_base64="rCGAFbRLgyyBRQH4hElR2LXdKPc=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMevEYwTwkWcLsZDYZMo9lZlYIIV/hxYMiXv0cb/6Nk2QPmljQUFR1090VJZwZ6/vfXm5tfWNzK79d2Nnd2z8oHh41jUo1oQ2iuNLtCBvKmaQNyyyn7URTLCJOW9Hodua3nqg2TMkHO05oKPBAspgRbJ30aMpdJegAn/eKJb/iz4FWSZCREmSo94pf3b4iqaDSEo6N6QR+YsMJ1pYRTqeFbmpogskID2jHUYkFNeFkfvAUnTmlj2KlXUmL5urviQkWxoxF5DoFtkOz7M3E/7xOauPrcMJkkloqyWJRnHJkFZp9j/pMU2L52BFMNHO3IjLEGhPrMiq4EILll1dJ86ISXFaq99VS7SaLIw8ncAplCOAKanAHdWgAAQHP8ApvnvZevHfvY9Ga87KZY/gD7/MHMjKQBg==</latexit>

s(!)

<latexit sha1_base64="BD7iEZVNqU4R4fXx9ewOevnXBZ4=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKexqUI9BLx4jmAdsljA7mSRD5rHM9AphyWd48aCIV7/Gm3/jJNmDJhY0FFXddHfFieAWfP/bK6ytb2xuFbdLO7t7+wflw6OW1amhrEm10KYTE8sEV6wJHATrJIYRGQvWjsd3M7/9xIzlWj3CJGGRJEPFB5wScFLY1ZINSS8LLqe9csWv+nPgVRLkpIJyNHrlr25f01QyBVQQa8PATyDKiAFOBZuWuqllCaFjMmSho4pIZqNsfvIUnzmljwfauFKA5+rviYxIaycydp2SwMguezPxPy9MYXATZVwlKTBFF4sGqcCg8ex/3OeGURATRwg13N2K6YgYQsGlVHIhBMsvr5LWRTW4qtYeapX6bR5HEZ2gU3SOAnSN6ugeNVATUaTRM3pFbx54L96797FoLXj5zDH6A+/zB/rtkRE=</latexit>

!13
<latexit sha1_base64="B3LChceDHjHt6vKxZ+yu5OlpyR8=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyGoB6DXjxGMA9IljA76U2GzGOZmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWaQosqrnQ3IgY4k9CyzHLoJhqIiDh0osnd3O88gTZMyUc7TSAUZCRZzCixTur1lYARGWS1+mxQrvhVfwG8ToKcVFCO5qD81R8qmgqQlnJiTC/wExtmRFtGOcxK/dRAQuiEjKDnqCQCTJgtTp7hC6cMcay0K2nxQv09kRFhzFRErlMQOzar3lz8z+ulNr4JMyaT1IKky0VxyrFVeP4/HjIN1PKpI4Rq5m7FdEw0odalVHIhBKsvr5N2rRpcVesP9UrjNo+jiM7QObpEAbpGDXSPmqiFKFLoGb2iN896L96797FsLXj5zCn6A+/zB/34kRM=</latexit>

!24
<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0

<latexit sha1_base64="DG2xzlKYBSGANlkCmHyaiLAx90s=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5id9CZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNoUkVV7oTEQOcSWhaZjl0Eg1ERBza0fh25refQBum5IOdJBAKMpQsZpRYJ7V6SsCQ9MsVv+rPgVdJkJMKytHol796A0VTAdJSTozpBn5iw4xoyyiHaamXGkgIHZMhdB2VRIAJs/m1U3zmlAGOlXYlLZ6rvycyIoyZiMh1CmJHZtmbif953dTG12HGZJJakHSxKE45tgrPXscDpoFaPnGEUM3crZiOiCbUuoBKLoRg+eVV0rqoBpfV2n2tUr/J4yiiE3SKzlGArlAd3aEGaiKKHtEzekVvnvJevHfvY9Fa8PKZY/QH3ucPkx+PJA==</latexit>

!

<latexit sha1_base64="rCGAFbRLgyyBRQH4hElR2LXdKPc=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMevEYwTwkWcLsZDYZMo9lZlYIIV/hxYMiXv0cb/6Nk2QPmljQUFR1090VJZwZ6/vfXm5tfWNzK79d2Nnd2z8oHh41jUo1oQ2iuNLtCBvKmaQNyyyn7URTLCJOW9Hodua3nqg2TMkHO05oKPBAspgRbJ30aMpdJegAn/eKJb/iz4FWSZCREmSo94pf3b4iqaDSEo6N6QR+YsMJ1pYRTqeFbmpogskID2jHUYkFNeFkfvAUnTmlj2KlXUmL5urviQkWxoxF5DoFtkOz7M3E/7xOauPrcMJkkloqyWJRnHJkFZp9j/pMU2L52BFMNHO3IjLEGhPrMiq4EILll1dJ86ISXFaq99VS7SaLIw8ncAplCOAKanAHdWgAAQHP8ApvnvZevHfvY9Ga87KZY/gD7/MHMjKQBg==</latexit>

s(!)
<latexit sha1_base64="kTl5w6fdiQNfZsFJkyaK/P9BOhY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSZa1ItQ9OKxgmkLbSib7aZdutmE3YlQQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZFySCa3Scb6uwsrq2vlHcLG1t7+zulfcPmjpOFWUejUWs2gHRTHDJPOQoWDtRjESBYK1gdDf1W09MaR7LRxwnzI/IQPKQU4JG8vDGPbvolStO1ZnBXiZuTiqQo9Erf3X7MU0jJpEKonXHdRL0M6KQU8EmpW6qWULoiAxYx1BJIqb9bHbsxD4xSt8OY2VKoj1Tf09kJNJ6HAWmMyI41IveVPzP66QYXvsZl0mKTNL5ojAVNsb29HO7zxWjKMaGEKq4udWmQ6IIRZNPyYTgLr68TJrnVfeyWnuoVeq3eRxFOIJjOAUXrqAO99AADyhweIZXeLOk9WK9Wx/z1oKVzxzCH1ifP7Upjfk=</latexit>

t = 1/3

<latexit sha1_base64="BD7iEZVNqU4R4fXx9ewOevnXBZ4=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKexqUI9BLx4jmAdsljA7mSRD5rHM9AphyWd48aCIV7/Gm3/jJNmDJhY0FFXddHfFieAWfP/bK6ytb2xuFbdLO7t7+wflw6OW1amhrEm10KYTE8sEV6wJHATrJIYRGQvWjsd3M7/9xIzlWj3CJGGRJEPFB5wScFLY1ZINSS8LLqe9csWv+nPgVRLkpIJyNHrlr25f01QyBVQQa8PATyDKiAFOBZuWuqllCaFjMmSho4pIZqNsfvIUnzmljwfauFKA5+rviYxIaycydp2SwMguezPxPy9MYXATZVwlKTBFF4sGqcCg8ex/3OeGURATRwg13N2K6YgYQsGlVHIhBMsvr5LWRTW4qtYeapX6bR5HEZ2gU3SOAnSN6ugeNVATUaTRM3pFbx54L96797FoLXj5zDH6A+/zB/rtkRE=</latexit>

!13
<latexit sha1_base64="B3LChceDHjHt6vKxZ+yu5OlpyR8=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyGoB6DXjxGMA9IljA76U2GzGOZmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWaQosqrnQ3IgY4k9CyzHLoJhqIiDh0osnd3O88gTZMyUc7TSAUZCRZzCixTur1lYARGWS1+mxQrvhVfwG8ToKcVFCO5qD81R8qmgqQlnJiTC/wExtmRFtGOcxK/dRAQuiEjKDnqCQCTJgtTp7hC6cMcay0K2nxQv09kRFhzFRErlMQOzar3lz8z+ulNr4JMyaT1IKky0VxyrFVeP4/HjIN1PKpI4Rq5m7FdEw0odalVHIhBKsvr5N2rRpcVesP9UrjNo+jiM7QObpEAbpGDXSPmqiFKFLoGb2iN896L96797FsLXj5zCn6A+/zB/34kRM=</latexit>

!24
<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0

<latexit sha1_base64="DG2xzlKYBSGANlkCmHyaiLAx90s=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5id9CZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNoUkVV7oTEQOcSWhaZjl0Eg1ERBza0fh25refQBum5IOdJBAKMpQsZpRYJ7V6SsCQ9MsVv+rPgVdJkJMKytHol796A0VTAdJSTozpBn5iw4xoyyiHaamXGkgIHZMhdB2VRIAJs/m1U3zmlAGOlXYlLZ6rvycyIoyZiMh1CmJHZtmbif953dTG12HGZJJakHSxKE45tgrPXscDpoFaPnGEUM3crZiOiCbUuoBKLoRg+eVV0rqoBpfV2n2tUr/J4yiiE3SKzlGArlAd3aEGaiKKHtEzekVvnvJevHfvY9Fa8PKZY/QH3ucPkx+PJA==</latexit>

!

<latexit sha1_base64="rCGAFbRLgyyBRQH4hElR2LXdKPc=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMevEYwTwkWcLsZDYZMo9lZlYIIV/hxYMiXv0cb/6Nk2QPmljQUFR1090VJZwZ6/vfXm5tfWNzK79d2Nnd2z8oHh41jUo1oQ2iuNLtCBvKmaQNyyyn7URTLCJOW9Hodua3nqg2TMkHO05oKPBAspgRbJ30aMpdJegAn/eKJb/iz4FWSZCREmSo94pf3b4iqaDSEo6N6QR+YsMJ1pYRTqeFbmpogskID2jHUYkFNeFkfvAUnTmlj2KlXUmL5urviQkWxoxF5DoFtkOz7M3E/7xOauPrcMJkkloqyWJRnHJkFZp9j/pMU2L52BFMNHO3IjLEGhPrMiq4EILll1dJ86ISXFaq99VS7SaLIw8ncAplCOAKanAHdWgAAQHP8ApvnvZevHfvY9Ga87KZY/gD7/MHMjKQBg==</latexit>

s(!)
<latexit sha1_base64="RWoOWc7FhdTk/iqjENKB7UjRRNs=">AAAB7HicbVBNS8NAEJ34WetX1aOXYBE81aQW9SIUvXisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmBYngGh3n21pZXVvf2CxsFbd3dvf2SweHTR2nijKPxiJW7YBoJrhkHnIUrJ0oRqJAsFYwupv6rSemNI/lI44T5kdkIHnIKUEjeXhTPb/olcpOxZnBXiZuTsqQo9ErfXX7MU0jJpEKonXHdRL0M6KQU8EmxW6qWULoiAxYx1BJIqb9bHbsxD41St8OY2VKoj1Tf09kJNJ6HAWmMyI41IveVPzP66QYXvsZl0mKTNL5ojAVNsb29HO7zxWjKMaGEKq4udWmQ6IIRZNP0YTgLr68TJrVintZqT3UyvXbPI4CHMMJnIELV1CHe2iABxQ4PMMrvFnSerHerY9564qVzxzBH1ifP7avjfo=</latexit>

t = 2/3

<latexit sha1_base64="BD7iEZVNqU4R4fXx9ewOevnXBZ4=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKexqUI9BLx4jmAdsljA7mSRD5rHM9AphyWd48aCIV7/Gm3/jJNmDJhY0FFXddHfFieAWfP/bK6ytb2xuFbdLO7t7+wflw6OW1amhrEm10KYTE8sEV6wJHATrJIYRGQvWjsd3M7/9xIzlWj3CJGGRJEPFB5wScFLY1ZINSS8LLqe9csWv+nPgVRLkpIJyNHrlr25f01QyBVQQa8PATyDKiAFOBZuWuqllCaFjMmSho4pIZqNsfvIUnzmljwfauFKA5+rviYxIaycydp2SwMguezPxPy9MYXATZVwlKTBFF4sGqcCg8ex/3OeGURATRwg13N2K6YgYQsGlVHIhBMsvr5LWRTW4qtYeapX6bR5HEZ2gU3SOAnSN6ugeNVATUaTRM3pFbx54L96797FoLXj5zDH6A+/zB/rtkRE=</latexit>

!13
<latexit sha1_base64="B3LChceDHjHt6vKxZ+yu5OlpyR8=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyGoB6DXjxGMA9IljA76U2GzGOZmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWaQosqrnQ3IgY4k9CyzHLoJhqIiDh0osnd3O88gTZMyUc7TSAUZCRZzCixTur1lYARGWS1+mxQrvhVfwG8ToKcVFCO5qD81R8qmgqQlnJiTC/wExtmRFtGOcxK/dRAQuiEjKDnqCQCTJgtTp7hC6cMcay0K2nxQv09kRFhzFRErlMQOzar3lz8z+ulNr4JMyaT1IKky0VxyrFVeP4/HjIN1PKpI4Rq5m7FdEw0odalVHIhBKsvr5N2rRpcVesP9UrjNo+jiM7QObpEAbpGDXSPmqiFKFLoGb2iN896L96797FsLXj5zCn6A+/zB/34kRM=</latexit>

!24
<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0

<latexit sha1_base64="DG2xzlKYBSGANlkCmHyaiLAx90s=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5id9CZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNoUkVV7oTEQOcSWhaZjl0Eg1ERBza0fh25refQBum5IOdJBAKMpQsZpRYJ7V6SsCQ9MsVv+rPgVdJkJMKytHol796A0VTAdJSTozpBn5iw4xoyyiHaamXGkgIHZMhdB2VRIAJs/m1U3zmlAGOlXYlLZ6rvycyIoyZiMh1CmJHZtmbif953dTG12HGZJJakHSxKE45tgrPXscDpoFaPnGEUM3crZiOiCbUuoBKLoRg+eVV0rqoBpfV2n2tUr/J4yiiE3SKzlGArlAd3aEGaiKKHtEzekVvnvJevHfvY9Fa8PKZY/QH3ucPkx+PJA==</latexit>

!

<latexit sha1_base64="rCGAFbRLgyyBRQH4hElR2LXdKPc=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMevEYwTwkWcLsZDYZMo9lZlYIIV/hxYMiXv0cb/6Nk2QPmljQUFR1090VJZwZ6/vfXm5tfWNzK79d2Nnd2z8oHh41jUo1oQ2iuNLtCBvKmaQNyyyn7URTLCJOW9Hodua3nqg2TMkHO05oKPBAspgRbJ30aMpdJegAn/eKJb/iz4FWSZCREmSo94pf3b4iqaDSEo6N6QR+YsMJ1pYRTqeFbmpogskID2jHUYkFNeFkfvAUnTmlj2KlXUmL5urviQkWxoxF5DoFtkOz7M3E/7xOauPrcMJkkloqyWJRnHJkFZp9j/pMU2L52BFMNHO3IjLEGhPrMiq4EILll1dJ86ISXFaq99VS7SaLIw8ncAplCOAKanAHdWgAAQHP8ApvnvZevHfvY9Ga87KZY/gD7/MHMjKQBg==</latexit>

s(!)
<latexit sha1_base64="iD9AiO6x1iNHT8qJBE1LDrYXpWM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9IDXXq9ccavuDGSZeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPZqRNyYpU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0SjYEb/HlZdI8q3oX1fP780rtJo+jCEdwDKfgwSXU4A7q0AAGA3iGV3hzpPPivDsf89aCk88cwh84nz/UzY2D</latexit>

t = 1

<latexit sha1_base64="BD7iEZVNqU4R4fXx9ewOevnXBZ4=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKexqUI9BLx4jmAdsljA7mSRD5rHM9AphyWd48aCIV7/Gm3/jJNmDJhY0FFXddHfFieAWfP/bK6ytb2xuFbdLO7t7+wflw6OW1amhrEm10KYTE8sEV6wJHATrJIYRGQvWjsd3M7/9xIzlWj3CJGGRJEPFB5wScFLY1ZINSS8LLqe9csWv+nPgVRLkpIJyNHrlr25f01QyBVQQa8PATyDKiAFOBZuWuqllCaFjMmSho4pIZqNsfvIUnzmljwfauFKA5+rviYxIaycydp2SwMguezPxPy9MYXATZVwlKTBFF4sGqcCg8ex/3OeGURATRwg13N2K6YgYQsGlVHIhBMsvr5LWRTW4qtYeapX6bR5HEZ2gU3SOAnSN6ugeNVATUaTRM3pFbx54L96797FoLXj5zDH6A+/zB/rtkRE=</latexit>

!13
<latexit sha1_base64="B3LChceDHjHt6vKxZ+yu5OlpyR8=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyGoB6DXjxGMA9IljA76U2GzGOZmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWaQosqrnQ3IgY4k9CyzHLoJhqIiDh0osnd3O88gTZMyUc7TSAUZCRZzCixTur1lYARGWS1+mxQrvhVfwG8ToKcVFCO5qD81R8qmgqQlnJiTC/wExtmRFtGOcxK/dRAQuiEjKDnqCQCTJgtTp7hC6cMcay0K2nxQv09kRFhzFRErlMQOzar3lz8z+ulNr4JMyaT1IKky0VxyrFVeP4/HjIN1PKpI4Rq5m7FdEw0odalVHIhBKsvr5N2rRpcVesP9UrjNo+jiM7QObpEAbpGDXSPmqiFKFLoGb2iN896L96797FsLXj5zCn6A+/zB/34kRM=</latexit>

!24
<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0

Figure 2: Snapshots of the optimal transport plan between two spectral functions.

The inverse cumulative spectral functions are then:

S
�1

A (x) = ⇥
�
x � (E2

1 + E
2

3)
�
!13 + ⇥(x � E

2) (1 � !13), (2.20)

S
�1

B (x) = ⇥
�
x � (E2

2 + E
2

4)
�
!24 + ⇥(x � E

2) (1 � !24). (2.21)

The optimal transportation plan is simple enough that the inverses in Eq. (2.16) can be taken

analytically, as can the derivative in Eq. (2.17). The final result for the optimal transport

plan spectral function is:

sOTP(!; t) = ⇥(E2E4 � E1E3)
h
�(!)(E2

2 + E
2

4) + �(! � t !24)(2E2E4 � 2E1E3) (2.22)

+ �(! � (1 � t) !13 � t !24) 2E1E3

i

+ ⇥(E1E3 � E2E4)
h
�(!)(E2

1 + E
2

3) + �(! � (1 � t) !13)(2E1E3 � 2E2E4)

+ �(! � (1 � t) !13 � t !24) 2E2E4

i
.

As required, this spectral function reduces to sA(!) and sB(!) at t = 0 and t = 1, respectively.

An example of this optimal transport plan is illustrated in Fig. 2, for the case of

E1E3 =
E

2

6
, E2E4 =

E
2

4
, !13 =

2

3
, !24 =

1

3
. (2.23)

Note that the intermediate spectral functions at times t 2 (0, 1) have two peaks away from

z = 0. A collection of n particles on the plane has
�n
2

�
pairwise angles and of course there

is no integer n for which
�n
2

�
= 2. Thus, these intermediate spectral functions cannot be

mapped to a generic collection of particles on the plane. In this way, the optimal transport

plan between spectral functions does not generically correspond to a rearrangement of the

particles.

This behavior is distinct from original EMD behavior in Ref. [10], where the optimal

transportation plan directly measures the cost of rearranging particles on the plane. Since

the spectral function is blind to isometries, it is not surprising that the spectral optimal

transportation plan does not have a particle interpretation. In our view, this is not a problem

but simply a choice. What it does imply, though, is that the space of jets as defined by their
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<latexit sha1_base64="DG2xzlKYBSGANlkCmHyaiLAx90s=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5id9CZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNoUkVV7oTEQOcSWhaZjl0Eg1ERBza0fh25refQBum5IOdJBAKMpQsZpRYJ7V6SsCQ9MsVv+rPgVdJkJMKytHol796A0VTAdJSTozpBn5iw4xoyyiHaamXGkgIHZMhdB2VRIAJs/m1U3zmlAGOlXYlLZ6rvycyIoyZiMh1CmJHZtmbif953dTG12HGZJJakHSxKE45tgrPXscDpoFaPnGEUM3crZiOiCbUuoBKLoRg+eVV0rqoBpfV2n2tUr/J4yiiE3SKzlGArlAd3aEGaiKKHtEzekVvnvJevHfvY9Fa8PKZY/QH3ucPkx+PJA==</latexit>

!

<latexit sha1_base64="nPnpmxENyuuNurHMaKiIE+/9tEM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9IDXbq9ccavuDGSZeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPZqRNyYpU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0SjYEb/HlZdI8q3oX1fP780rtJo+jCEdwDKfgwSXU4A7q0AAGA3iGV3hzpPPivDsf89aCk88cwh84nz/TSY2C</latexit>

t = 0

<latexit sha1_base64="rCGAFbRLgyyBRQH4hElR2LXdKPc=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMevEYwTwkWcLsZDYZMo9lZlYIIV/hxYMiXv0cb/6Nk2QPmljQUFR1090VJZwZ6/vfXm5tfWNzK79d2Nnd2z8oHh41jUo1oQ2iuNLtCBvKmaQNyyyn7URTLCJOW9Hodua3nqg2TMkHO05oKPBAspgRbJ30aMpdJegAn/eKJb/iz4FWSZCREmSo94pf3b4iqaDSEo6N6QR+YsMJ1pYRTqeFbmpogskID2jHUYkFNeFkfvAUnTmlj2KlXUmL5urviQkWxoxF5DoFtkOz7M3E/7xOauPrcMJkkloqyWJRnHJkFZp9j/pMU2L52BFMNHO3IjLEGhPrMiq4EILll1dJ86ISXFaq99VS7SaLIw8ncAplCOAKanAHdWgAAQHP8ApvnvZevHfvY9Ga87KZY/gD7/MHMjKQBg==</latexit>

s(!)

<latexit sha1_base64="BD7iEZVNqU4R4fXx9ewOevnXBZ4=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKexqUI9BLx4jmAdsljA7mSRD5rHM9AphyWd48aCIV7/Gm3/jJNmDJhY0FFXddHfFieAWfP/bK6ytb2xuFbdLO7t7+wflw6OW1amhrEm10KYTE8sEV6wJHATrJIYRGQvWjsd3M7/9xIzlWj3CJGGRJEPFB5wScFLY1ZINSS8LLqe9csWv+nPgVRLkpIJyNHrlr25f01QyBVQQa8PATyDKiAFOBZuWuqllCaFjMmSho4pIZqNsfvIUnzmljwfauFKA5+rviYxIaycydp2SwMguezPxPy9MYXATZVwlKTBFF4sGqcCg8ex/3OeGURATRwg13N2K6YgYQsGlVHIhBMsvr5LWRTW4qtYeapX6bR5HEZ2gU3SOAnSN6ugeNVATUaTRM3pFbx54L96797FoLXj5zDH6A+/zB/rtkRE=</latexit>

!13
<latexit sha1_base64="B3LChceDHjHt6vKxZ+yu5OlpyR8=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyGoB6DXjxGMA9IljA76U2GzGOZmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWaQosqrnQ3IgY4k9CyzHLoJhqIiDh0osnd3O88gTZMyUc7TSAUZCRZzCixTur1lYARGWS1+mxQrvhVfwG8ToKcVFCO5qD81R8qmgqQlnJiTC/wExtmRFtGOcxK/dRAQuiEjKDnqCQCTJgtTp7hC6cMcay0K2nxQv09kRFhzFRErlMQOzar3lz8z+ulNr4JMyaT1IKky0VxyrFVeP4/HjIN1PKpI4Rq5m7FdEw0odalVHIhBKsvr5N2rRpcVesP9UrjNo+jiM7QObpEAbpGDXSPmqiFKFLoGb2iN896L96797FsLXj5zCn6A+/zB/34kRM=</latexit>

!24
<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0

<latexit sha1_base64="DG2xzlKYBSGANlkCmHyaiLAx90s=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5id9CZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNoUkVV7oTEQOcSWhaZjl0Eg1ERBza0fh25refQBum5IOdJBAKMpQsZpRYJ7V6SsCQ9MsVv+rPgVdJkJMKytHol796A0VTAdJSTozpBn5iw4xoyyiHaamXGkgIHZMhdB2VRIAJs/m1U3zmlAGOlXYlLZ6rvycyIoyZiMh1CmJHZtmbif953dTG12HGZJJakHSxKE45tgrPXscDpoFaPnGEUM3crZiOiCbUuoBKLoRg+eVV0rqoBpfV2n2tUr/J4yiiE3SKzlGArlAd3aEGaiKKHtEzekVvnvJevHfvY9Fa8PKZY/QH3ucPkx+PJA==</latexit>

!

<latexit sha1_base64="rCGAFbRLgyyBRQH4hElR2LXdKPc=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMevEYwTwkWcLsZDYZMo9lZlYIIV/hxYMiXv0cb/6Nk2QPmljQUFR1090VJZwZ6/vfXm5tfWNzK79d2Nnd2z8oHh41jUo1oQ2iuNLtCBvKmaQNyyyn7URTLCJOW9Hodua3nqg2TMkHO05oKPBAspgRbJ30aMpdJegAn/eKJb/iz4FWSZCREmSo94pf3b4iqaDSEo6N6QR+YsMJ1pYRTqeFbmpogskID2jHUYkFNeFkfvAUnTmlj2KlXUmL5urviQkWxoxF5DoFtkOz7M3E/7xOauPrcMJkkloqyWJRnHJkFZp9j/pMU2L52BFMNHO3IjLEGhPrMiq4EILll1dJ86ISXFaq99VS7SaLIw8ncAplCOAKanAHdWgAAQHP8ApvnvZevHfvY9Ga87KZY/gD7/MHMjKQBg==</latexit>

s(!)
<latexit sha1_base64="kTl5w6fdiQNfZsFJkyaK/P9BOhY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSZa1ItQ9OKxgmkLbSib7aZdutmE3YlQQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZFySCa3Scb6uwsrq2vlHcLG1t7+zulfcPmjpOFWUejUWs2gHRTHDJPOQoWDtRjESBYK1gdDf1W09MaR7LRxwnzI/IQPKQU4JG8vDGPbvolStO1ZnBXiZuTiqQo9Erf3X7MU0jJpEKonXHdRL0M6KQU8EmpW6qWULoiAxYx1BJIqb9bHbsxD4xSt8OY2VKoj1Tf09kJNJ6HAWmMyI41IveVPzP66QYXvsZl0mKTNL5ojAVNsb29HO7zxWjKMaGEKq4udWmQ6IIRZNPyYTgLr68TJrnVfeyWnuoVeq3eRxFOIJjOAUXrqAO99AADyhweIZXeLOk9WK9Wx/z1oKVzxzCH1ifP7Upjfk=</latexit>

t = 1/3

<latexit sha1_base64="BD7iEZVNqU4R4fXx9ewOevnXBZ4=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKexqUI9BLx4jmAdsljA7mSRD5rHM9AphyWd48aCIV7/Gm3/jJNmDJhY0FFXddHfFieAWfP/bK6ytb2xuFbdLO7t7+wflw6OW1amhrEm10KYTE8sEV6wJHATrJIYRGQvWjsd3M7/9xIzlWj3CJGGRJEPFB5wScFLY1ZINSS8LLqe9csWv+nPgVRLkpIJyNHrlr25f01QyBVQQa8PATyDKiAFOBZuWuqllCaFjMmSho4pIZqNsfvIUnzmljwfauFKA5+rviYxIaycydp2SwMguezPxPy9MYXATZVwlKTBFF4sGqcCg8ex/3OeGURATRwg13N2K6YgYQsGlVHIhBMsvr5LWRTW4qtYeapX6bR5HEZ2gU3SOAnSN6ugeNVATUaTRM3pFbx54L96797FoLXj5zDH6A+/zB/rtkRE=</latexit>

!13
<latexit sha1_base64="B3LChceDHjHt6vKxZ+yu5OlpyR8=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyGoB6DXjxGMA9IljA76U2GzGOZmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWaQosqrnQ3IgY4k9CyzHLoJhqIiDh0osnd3O88gTZMyUc7TSAUZCRZzCixTur1lYARGWS1+mxQrvhVfwG8ToKcVFCO5qD81R8qmgqQlnJiTC/wExtmRFtGOcxK/dRAQuiEjKDnqCQCTJgtTp7hC6cMcay0K2nxQv09kRFhzFRErlMQOzar3lz8z+ulNr4JMyaT1IKky0VxyrFVeP4/HjIN1PKpI4Rq5m7FdEw0odalVHIhBKsvr5N2rRpcVesP9UrjNo+jiM7QObpEAbpGDXSPmqiFKFLoGb2iN896L96797FsLXj5zCn6A+/zB/34kRM=</latexit>

!24
<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0

<latexit sha1_base64="DG2xzlKYBSGANlkCmHyaiLAx90s=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5id9CZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNoUkVV7oTEQOcSWhaZjl0Eg1ERBza0fh25refQBum5IOdJBAKMpQsZpRYJ7V6SsCQ9MsVv+rPgVdJkJMKytHol796A0VTAdJSTozpBn5iw4xoyyiHaamXGkgIHZMhdB2VRIAJs/m1U3zmlAGOlXYlLZ6rvycyIoyZiMh1CmJHZtmbif953dTG12HGZJJakHSxKE45tgrPXscDpoFaPnGEUM3crZiOiCbUuoBKLoRg+eVV0rqoBpfV2n2tUr/J4yiiE3SKzlGArlAd3aEGaiKKHtEzekVvnvJevHfvY9Fa8PKZY/QH3ucPkx+PJA==</latexit>

!

<latexit sha1_base64="rCGAFbRLgyyBRQH4hElR2LXdKPc=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMevEYwTwkWcLsZDYZMo9lZlYIIV/hxYMiXv0cb/6Nk2QPmljQUFR1090VJZwZ6/vfXm5tfWNzK79d2Nnd2z8oHh41jUo1oQ2iuNLtCBvKmaQNyyyn7URTLCJOW9Hodua3nqg2TMkHO05oKPBAspgRbJ30aMpdJegAn/eKJb/iz4FWSZCREmSo94pf3b4iqaDSEo6N6QR+YsMJ1pYRTqeFbmpogskID2jHUYkFNeFkfvAUnTmlj2KlXUmL5urviQkWxoxF5DoFtkOz7M3E/7xOauPrcMJkkloqyWJRnHJkFZp9j/pMU2L52BFMNHO3IjLEGhPrMiq4EILll1dJ86ISXFaq99VS7SaLIw8ncAplCOAKanAHdWgAAQHP8ApvnvZevHfvY9Ga87KZY/gD7/MHMjKQBg==</latexit>

s(!)
<latexit sha1_base64="RWoOWc7FhdTk/iqjENKB7UjRRNs=">AAAB7HicbVBNS8NAEJ34WetX1aOXYBE81aQW9SIUvXisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmBYngGh3n21pZXVvf2CxsFbd3dvf2SweHTR2nijKPxiJW7YBoJrhkHnIUrJ0oRqJAsFYwupv6rSemNI/lI44T5kdkIHnIKUEjeXhTPb/olcpOxZnBXiZuTsqQo9ErfXX7MU0jJpEKonXHdRL0M6KQU8EmxW6qWULoiAxYx1BJIqb9bHbsxD41St8OY2VKoj1Tf09kJNJ6HAWmMyI41IveVPzP66QYXvsZl0mKTNL5ojAVNsb29HO7zxWjKMaGEKq4udWmQ6IIRZNP0YTgLr68TJrVintZqT3UyvXbPI4CHMMJnIELV1CHe2iABxQ4PMMrvFnSerHerY9564qVzxzBH1ifP7avjfo=</latexit>

t = 2/3

<latexit sha1_base64="BD7iEZVNqU4R4fXx9ewOevnXBZ4=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKexqUI9BLx4jmAdsljA7mSRD5rHM9AphyWd48aCIV7/Gm3/jJNmDJhY0FFXddHfFieAWfP/bK6ytb2xuFbdLO7t7+wflw6OW1amhrEm10KYTE8sEV6wJHATrJIYRGQvWjsd3M7/9xIzlWj3CJGGRJEPFB5wScFLY1ZINSS8LLqe9csWv+nPgVRLkpIJyNHrlr25f01QyBVQQa8PATyDKiAFOBZuWuqllCaFjMmSho4pIZqNsfvIUnzmljwfauFKA5+rviYxIaycydp2SwMguezPxPy9MYXATZVwlKTBFF4sGqcCg8ex/3OeGURATRwg13N2K6YgYQsGlVHIhBMsvr5LWRTW4qtYeapX6bR5HEZ2gU3SOAnSN6ugeNVATUaTRM3pFbx54L96797FoLXj5zDH6A+/zB/rtkRE=</latexit>

!13
<latexit sha1_base64="B3LChceDHjHt6vKxZ+yu5OlpyR8=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyGoB6DXjxGMA9IljA76U2GzGOZmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWaQosqrnQ3IgY4k9CyzHLoJhqIiDh0osnd3O88gTZMyUc7TSAUZCRZzCixTur1lYARGWS1+mxQrvhVfwG8ToKcVFCO5qD81R8qmgqQlnJiTC/wExtmRFtGOcxK/dRAQuiEjKDnqCQCTJgtTp7hC6cMcay0K2nxQv09kRFhzFRErlMQOzar3lz8z+ulNr4JMyaT1IKky0VxyrFVeP4/HjIN1PKpI4Rq5m7FdEw0odalVHIhBKsvr5N2rRpcVesP9UrjNo+jiM7QObpEAbpGDXSPmqiFKFLoGb2iN896L96797FsLXj5zCn6A+/zB/34kRM=</latexit>

!24
<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0

<latexit sha1_base64="DG2xzlKYBSGANlkCmHyaiLAx90s=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5id9CZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNoUkVV7oTEQOcSWhaZjl0Eg1ERBza0fh25refQBum5IOdJBAKMpQsZpRYJ7V6SsCQ9MsVv+rPgVdJkJMKytHol796A0VTAdJSTozpBn5iw4xoyyiHaamXGkgIHZMhdB2VRIAJs/m1U3zmlAGOlXYlLZ6rvycyIoyZiMh1CmJHZtmbif953dTG12HGZJJakHSxKE45tgrPXscDpoFaPnGEUM3crZiOiCbUuoBKLoRg+eVV0rqoBpfV2n2tUr/J4yiiE3SKzlGArlAd3aEGaiKKHtEzekVvnvJevHfvY9Fa8PKZY/QH3ucPkx+PJA==</latexit>

!

<latexit sha1_base64="rCGAFbRLgyyBRQH4hElR2LXdKPc=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMevEYwTwkWcLsZDYZMo9lZlYIIV/hxYMiXv0cb/6Nk2QPmljQUFR1090VJZwZ6/vfXm5tfWNzK79d2Nnd2z8oHh41jUo1oQ2iuNLtCBvKmaQNyyyn7URTLCJOW9Hodua3nqg2TMkHO05oKPBAspgRbJ30aMpdJegAn/eKJb/iz4FWSZCREmSo94pf3b4iqaDSEo6N6QR+YsMJ1pYRTqeFbmpogskID2jHUYkFNeFkfvAUnTmlj2KlXUmL5urviQkWxoxF5DoFtkOz7M3E/7xOauPrcMJkkloqyWJRnHJkFZp9j/pMU2L52BFMNHO3IjLEGhPrMiq4EILll1dJ86ISXFaq99VS7SaLIw8ncAplCOAKanAHdWgAAQHP8ApvnvZevHfvY9Ga87KZY/gD7/MHMjKQBg==</latexit>

s(!)
<latexit sha1_base64="iD9AiO6x1iNHT8qJBE1LDrYXpWM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9IDXXq9ccavuDGSZeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPZqRNyYpU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0SjYEb/HlZdI8q3oX1fP780rtJo+jCEdwDKfgwSXU4A7q0AAGA3iGV3hzpPPivDsf89aCk88cwh84nz/UzY2D</latexit>

t = 1

<latexit sha1_base64="BD7iEZVNqU4R4fXx9ewOevnXBZ4=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKexqUI9BLx4jmAdsljA7mSRD5rHM9AphyWd48aCIV7/Gm3/jJNmDJhY0FFXddHfFieAWfP/bK6ytb2xuFbdLO7t7+wflw6OW1amhrEm10KYTE8sEV6wJHATrJIYRGQvWjsd3M7/9xIzlWj3CJGGRJEPFB5wScFLY1ZINSS8LLqe9csWv+nPgVRLkpIJyNHrlr25f01QyBVQQa8PATyDKiAFOBZuWuqllCaFjMmSho4pIZqNsfvIUnzmljwfauFKA5+rviYxIaycydp2SwMguezPxPy9MYXATZVwlKTBFF4sGqcCg8ex/3OeGURATRwg13N2K6YgYQsGlVHIhBMsvr5LWRTW4qtYeapX6bR5HEZ2gU3SOAnSN6ugeNVATUaTRM3pFbx54L96797FoLXj5zDH6A+/zB/rtkRE=</latexit>

!13
<latexit sha1_base64="B3LChceDHjHt6vKxZ+yu5OlpyR8=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyGoB6DXjxGMA9IljA76U2GzGOZmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWaQosqrnQ3IgY4k9CyzHLoJhqIiDh0osnd3O88gTZMyUc7TSAUZCRZzCixTur1lYARGWS1+mxQrvhVfwG8ToKcVFCO5qD81R8qmgqQlnJiTC/wExtmRFtGOcxK/dRAQuiEjKDnqCQCTJgtTp7hC6cMcay0K2nxQv09kRFhzFRErlMQOzar3lz8z+ulNr4JMyaT1IKky0VxyrFVeP4/HjIN1PKpI4Rq5m7FdEw0odalVHIhBKsvr5N2rRpcVesP9UrjNo+jiM7QObpEAbpGDXSPmqiFKFLoGb2iN896L96797FsLXj5zCn6A+/zB/34kRM=</latexit>

!24
<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0

Figure 2: Snapshots of the optimal transport plan between two spectral functions.

The inverse cumulative spectral functions are then:

S
�1

A (x) = ⇥
�
x � (E2

1 + E
2

3)
�
!13 + ⇥(x � E

2) (1 � !13), (2.20)

S
�1

B (x) = ⇥
�
x � (E2

2 + E
2

4)
�
!24 + ⇥(x � E

2) (1 � !24). (2.21)

The optimal transportation plan is simple enough that the inverses in Eq. (2.16) can be taken

analytically, as can the derivative in Eq. (2.17). The final result for the optimal transport

plan spectral function is:

sOTP(!; t) = ⇥(E2E4 � E1E3)
h
�(!)(E2

2 + E
2

4) + �(! � t !24)(2E2E4 � 2E1E3) (2.22)

+ �(! � (1 � t) !13 � t !24) 2E1E3

i

+ ⇥(E1E3 � E2E4)
h
�(!)(E2

1 + E
2

3) + �(! � (1 � t) !13)(2E1E3 � 2E2E4)

+ �(! � (1 � t) !13 � t !24) 2E2E4

i
.

As required, this spectral function reduces to sA(!) and sB(!) at t = 0 and t = 1, respectively.

An example of this optimal transport plan is illustrated in Fig. 2, for the case of

E1E3 =
E

2

6
, E2E4 =

E
2

4
, !13 =

2

3
, !24 =

1

3
. (2.23)

Note that the intermediate spectral functions at times t 2 (0, 1) have two peaks away from

z = 0. A collection of n particles on the plane has
�n
2

�
pairwise angles and of course there

is no integer n for which
�n
2

�
= 2. Thus, these intermediate spectral functions cannot be

mapped to a generic collection of particles on the plane. In this way, the optimal transport

plan between spectral functions does not generically correspond to a rearrangement of the

particles.

This behavior is distinct from original EMD behavior in Ref. [10], where the optimal

transportation plan directly measures the cost of rearranging particles on the plane. Since

the spectral function is blind to isometries, it is not surprising that the spectral optimal

transportation plan does not have a particle interpretation. In our view, this is not a problem

but simply a choice. What it does imply, though, is that the space of jets as defined by their

– 9 –

<latexit sha1_base64="aNv8+AMVdhuLektcT5C5QGEw2D4="></latexit>

d2(E1, E2) = 2E1E3!
2
13 + 2E2E4!

2
24 � 4min[E1E3, E2E4]!13!24



Example: 2-Wasserstein Metric for Jets with 2 Particles Each

18

<latexit sha1_base64="DG2xzlKYBSGANlkCmHyaiLAx90s=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5id9CZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNoUkVV7oTEQOcSWhaZjl0Eg1ERBza0fh25refQBum5IOdJBAKMpQsZpRYJ7V6SsCQ9MsVv+rPgVdJkJMKytHol796A0VTAdJSTozpBn5iw4xoyyiHaamXGkgIHZMhdB2VRIAJs/m1U3zmlAGOlXYlLZ6rvycyIoyZiMh1CmJHZtmbif953dTG12HGZJJakHSxKE45tgrPXscDpoFaPnGEUM3crZiOiCbUuoBKLoRg+eVV0rqoBpfV2n2tUr/J4yiiE3SKzlGArlAd3aEGaiKKHtEzekVvnvJevHfvY9Fa8PKZY/QH3ucPkx+PJA==</latexit>

!

<latexit sha1_base64="nPnpmxENyuuNurHMaKiIE+/9tEM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9IDXbq9ccavuDGSZeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPZqRNyYpU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0SjYEb/HlZdI8q3oX1fP780rtJo+jCEdwDKfgwSXU4A7q0AAGA3iGV3hzpPPivDsf89aCk88cwh84nz/TSY2C</latexit>

t = 0

<latexit sha1_base64="rCGAFbRLgyyBRQH4hElR2LXdKPc=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMevEYwTwkWcLsZDYZMo9lZlYIIV/hxYMiXv0cb/6Nk2QPmljQUFR1090VJZwZ6/vfXm5tfWNzK79d2Nnd2z8oHh41jUo1oQ2iuNLtCBvKmaQNyyyn7URTLCJOW9Hodua3nqg2TMkHO05oKPBAspgRbJ30aMpdJegAn/eKJb/iz4FWSZCREmSo94pf3b4iqaDSEo6N6QR+YsMJ1pYRTqeFbmpogskID2jHUYkFNeFkfvAUnTmlj2KlXUmL5urviQkWxoxF5DoFtkOz7M3E/7xOauPrcMJkkloqyWJRnHJkFZp9j/pMU2L52BFMNHO3IjLEGhPrMiq4EILll1dJ86ISXFaq99VS7SaLIw8ncAplCOAKanAHdWgAAQHP8ApvnvZevHfvY9Ga87KZY/gD7/MHMjKQBg==</latexit>

s(!)

<latexit sha1_base64="BD7iEZVNqU4R4fXx9ewOevnXBZ4=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKexqUI9BLx4jmAdsljA7mSRD5rHM9AphyWd48aCIV7/Gm3/jJNmDJhY0FFXddHfFieAWfP/bK6ytb2xuFbdLO7t7+wflw6OW1amhrEm10KYTE8sEV6wJHATrJIYRGQvWjsd3M7/9xIzlWj3CJGGRJEPFB5wScFLY1ZINSS8LLqe9csWv+nPgVRLkpIJyNHrlr25f01QyBVQQa8PATyDKiAFOBZuWuqllCaFjMmSho4pIZqNsfvIUnzmljwfauFKA5+rviYxIaycydp2SwMguezPxPy9MYXATZVwlKTBFF4sGqcCg8ex/3OeGURATRwg13N2K6YgYQsGlVHIhBMsvr5LWRTW4qtYeapX6bR5HEZ2gU3SOAnSN6ugeNVATUaTRM3pFbx54L96797FoLXj5zDH6A+/zB/rtkRE=</latexit>

!13
<latexit sha1_base64="B3LChceDHjHt6vKxZ+yu5OlpyR8=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyGoB6DXjxGMA9IljA76U2GzGOZmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWaQosqrnQ3IgY4k9CyzHLoJhqIiDh0osnd3O88gTZMyUc7TSAUZCRZzCixTur1lYARGWS1+mxQrvhVfwG8ToKcVFCO5qD81R8qmgqQlnJiTC/wExtmRFtGOcxK/dRAQuiEjKDnqCQCTJgtTp7hC6cMcay0K2nxQv09kRFhzFRErlMQOzar3lz8z+ulNr4JMyaT1IKky0VxyrFVeP4/HjIN1PKpI4Rq5m7FdEw0odalVHIhBKsvr5N2rRpcVesP9UrjNo+jiM7QObpEAbpGDXSPmqiFKFLoGb2iN896L96797FsLXj5zCn6A+/zB/34kRM=</latexit>

!24
<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0

<latexit sha1_base64="DG2xzlKYBSGANlkCmHyaiLAx90s=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5id9CZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNoUkVV7oTEQOcSWhaZjl0Eg1ERBza0fh25refQBum5IOdJBAKMpQsZpRYJ7V6SsCQ9MsVv+rPgVdJkJMKytHol796A0VTAdJSTozpBn5iw4xoyyiHaamXGkgIHZMhdB2VRIAJs/m1U3zmlAGOlXYlLZ6rvycyIoyZiMh1CmJHZtmbif953dTG12HGZJJakHSxKE45tgrPXscDpoFaPnGEUM3crZiOiCbUuoBKLoRg+eVV0rqoBpfV2n2tUr/J4yiiE3SKzlGArlAd3aEGaiKKHtEzekVvnvJevHfvY9Fa8PKZY/QH3ucPkx+PJA==</latexit>

!

<latexit sha1_base64="rCGAFbRLgyyBRQH4hElR2LXdKPc=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMevEYwTwkWcLsZDYZMo9lZlYIIV/hxYMiXv0cb/6Nk2QPmljQUFR1090VJZwZ6/vfXm5tfWNzK79d2Nnd2z8oHh41jUo1oQ2iuNLtCBvKmaQNyyyn7URTLCJOW9Hodua3nqg2TMkHO05oKPBAspgRbJ30aMpdJegAn/eKJb/iz4FWSZCREmSo94pf3b4iqaDSEo6N6QR+YsMJ1pYRTqeFbmpogskID2jHUYkFNeFkfvAUnTmlj2KlXUmL5urviQkWxoxF5DoFtkOz7M3E/7xOauPrcMJkkloqyWJRnHJkFZp9j/pMU2L52BFMNHO3IjLEGhPrMiq4EILll1dJ86ISXFaq99VS7SaLIw8ncAplCOAKanAHdWgAAQHP8ApvnvZevHfvY9Ga87KZY/gD7/MHMjKQBg==</latexit>

s(!)
<latexit sha1_base64="kTl5w6fdiQNfZsFJkyaK/P9BOhY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSZa1ItQ9OKxgmkLbSib7aZdutmE3YlQQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZFySCa3Scb6uwsrq2vlHcLG1t7+zulfcPmjpOFWUejUWs2gHRTHDJPOQoWDtRjESBYK1gdDf1W09MaR7LRxwnzI/IQPKQU4JG8vDGPbvolStO1ZnBXiZuTiqQo9Erf3X7MU0jJpEKonXHdRL0M6KQU8EmpW6qWULoiAxYx1BJIqb9bHbsxD4xSt8OY2VKoj1Tf09kJNJ6HAWmMyI41IveVPzP66QYXvsZl0mKTNL5ojAVNsb29HO7zxWjKMaGEKq4udWmQ6IIRZNPyYTgLr68TJrnVfeyWnuoVeq3eRxFOIJjOAUXrqAO99AADyhweIZXeLOk9WK9Wx/z1oKVzxzCH1ifP7Upjfk=</latexit>

t = 1/3

<latexit sha1_base64="BD7iEZVNqU4R4fXx9ewOevnXBZ4=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKexqUI9BLx4jmAdsljA7mSRD5rHM9AphyWd48aCIV7/Gm3/jJNmDJhY0FFXddHfFieAWfP/bK6ytb2xuFbdLO7t7+wflw6OW1amhrEm10KYTE8sEV6wJHATrJIYRGQvWjsd3M7/9xIzlWj3CJGGRJEPFB5wScFLY1ZINSS8LLqe9csWv+nPgVRLkpIJyNHrlr25f01QyBVQQa8PATyDKiAFOBZuWuqllCaFjMmSho4pIZqNsfvIUnzmljwfauFKA5+rviYxIaycydp2SwMguezPxPy9MYXATZVwlKTBFF4sGqcCg8ex/3OeGURATRwg13N2K6YgYQsGlVHIhBMsvr5LWRTW4qtYeapX6bR5HEZ2gU3SOAnSN6ugeNVATUaTRM3pFbx54L96797FoLXj5zDH6A+/zB/rtkRE=</latexit>

!13
<latexit sha1_base64="B3LChceDHjHt6vKxZ+yu5OlpyR8=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyGoB6DXjxGMA9IljA76U2GzGOZmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWaQosqrnQ3IgY4k9CyzHLoJhqIiDh0osnd3O88gTZMyUc7TSAUZCRZzCixTur1lYARGWS1+mxQrvhVfwG8ToKcVFCO5qD81R8qmgqQlnJiTC/wExtmRFtGOcxK/dRAQuiEjKDnqCQCTJgtTp7hC6cMcay0K2nxQv09kRFhzFRErlMQOzar3lz8z+ulNr4JMyaT1IKky0VxyrFVeP4/HjIN1PKpI4Rq5m7FdEw0odalVHIhBKsvr5N2rRpcVesP9UrjNo+jiM7QObpEAbpGDXSPmqiFKFLoGb2iN896L96797FsLXj5zCn6A+/zB/34kRM=</latexit>

!24
<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0

<latexit sha1_base64="DG2xzlKYBSGANlkCmHyaiLAx90s=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5id9CZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNoUkVV7oTEQOcSWhaZjl0Eg1ERBza0fh25refQBum5IOdJBAKMpQsZpRYJ7V6SsCQ9MsVv+rPgVdJkJMKytHol796A0VTAdJSTozpBn5iw4xoyyiHaamXGkgIHZMhdB2VRIAJs/m1U3zmlAGOlXYlLZ6rvycyIoyZiMh1CmJHZtmbif953dTG12HGZJJakHSxKE45tgrPXscDpoFaPnGEUM3crZiOiCbUuoBKLoRg+eVV0rqoBpfV2n2tUr/J4yiiE3SKzlGArlAd3aEGaiKKHtEzekVvnvJevHfvY9Fa8PKZY/QH3ucPkx+PJA==</latexit>

!

<latexit sha1_base64="rCGAFbRLgyyBRQH4hElR2LXdKPc=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMevEYwTwkWcLsZDYZMo9lZlYIIV/hxYMiXv0cb/6Nk2QPmljQUFR1090VJZwZ6/vfXm5tfWNzK79d2Nnd2z8oHh41jUo1oQ2iuNLtCBvKmaQNyyyn7URTLCJOW9Hodua3nqg2TMkHO05oKPBAspgRbJ30aMpdJegAn/eKJb/iz4FWSZCREmSo94pf3b4iqaDSEo6N6QR+YsMJ1pYRTqeFbmpogskID2jHUYkFNeFkfvAUnTmlj2KlXUmL5urviQkWxoxF5DoFtkOz7M3E/7xOauPrcMJkkloqyWJRnHJkFZp9j/pMU2L52BFMNHO3IjLEGhPrMiq4EILll1dJ86ISXFaq99VS7SaLIw8ncAplCOAKanAHdWgAAQHP8ApvnvZevHfvY9Ga87KZY/gD7/MHMjKQBg==</latexit>

s(!)
<latexit sha1_base64="RWoOWc7FhdTk/iqjENKB7UjRRNs=">AAAB7HicbVBNS8NAEJ34WetX1aOXYBE81aQW9SIUvXisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmBYngGh3n21pZXVvf2CxsFbd3dvf2SweHTR2nijKPxiJW7YBoJrhkHnIUrJ0oRqJAsFYwupv6rSemNI/lI44T5kdkIHnIKUEjeXhTPb/olcpOxZnBXiZuTsqQo9ErfXX7MU0jJpEKonXHdRL0M6KQU8EmxW6qWULoiAxYx1BJIqb9bHbsxD41St8OY2VKoj1Tf09kJNJ6HAWmMyI41IveVPzP66QYXvsZl0mKTNL5ojAVNsb29HO7zxWjKMaGEKq4udWmQ6IIRZNP0YTgLr68TJrVintZqT3UyvXbPI4CHMMJnIELV1CHe2iABxQ4PMMrvFnSerHerY9564qVzxzBH1ifP7avjfo=</latexit>

t = 2/3

<latexit sha1_base64="BD7iEZVNqU4R4fXx9ewOevnXBZ4=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKexqUI9BLx4jmAdsljA7mSRD5rHM9AphyWd48aCIV7/Gm3/jJNmDJhY0FFXddHfFieAWfP/bK6ytb2xuFbdLO7t7+wflw6OW1amhrEm10KYTE8sEV6wJHATrJIYRGQvWjsd3M7/9xIzlWj3CJGGRJEPFB5wScFLY1ZINSS8LLqe9csWv+nPgVRLkpIJyNHrlr25f01QyBVQQa8PATyDKiAFOBZuWuqllCaFjMmSho4pIZqNsfvIUnzmljwfauFKA5+rviYxIaycydp2SwMguezPxPy9MYXATZVwlKTBFF4sGqcCg8ex/3OeGURATRwg13N2K6YgYQsGlVHIhBMsvr5LWRTW4qtYeapX6bR5HEZ2gU3SOAnSN6ugeNVATUaTRM3pFbx54L96797FoLXj5zDH6A+/zB/rtkRE=</latexit>

!13
<latexit sha1_base64="B3LChceDHjHt6vKxZ+yu5OlpyR8=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyGoB6DXjxGMA9IljA76U2GzGOZmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWaQosqrnQ3IgY4k9CyzHLoJhqIiDh0osnd3O88gTZMyUc7TSAUZCRZzCixTur1lYARGWS1+mxQrvhVfwG8ToKcVFCO5qD81R8qmgqQlnJiTC/wExtmRFtGOcxK/dRAQuiEjKDnqCQCTJgtTp7hC6cMcay0K2nxQv09kRFhzFRErlMQOzar3lz8z+ulNr4JMyaT1IKky0VxyrFVeP4/HjIN1PKpI4Rq5m7FdEw0odalVHIhBKsvr5N2rRpcVesP9UrjNo+jiM7QObpEAbpGDXSPmqiFKFLoGb2iN896L96797FsLXj5zCn6A+/zB/34kRM=</latexit>

!24
<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0

<latexit sha1_base64="DG2xzlKYBSGANlkCmHyaiLAx90s=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5id9CZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNoUkVV7oTEQOcSWhaZjl0Eg1ERBza0fh25refQBum5IOdJBAKMpQsZpRYJ7V6SsCQ9MsVv+rPgVdJkJMKytHol796A0VTAdJSTozpBn5iw4xoyyiHaamXGkgIHZMhdB2VRIAJs/m1U3zmlAGOlXYlLZ6rvycyIoyZiMh1CmJHZtmbif953dTG12HGZJJakHSxKE45tgrPXscDpoFaPnGEUM3crZiOiCbUuoBKLoRg+eVV0rqoBpfV2n2tUr/J4yiiE3SKzlGArlAd3aEGaiKKHtEzekVvnvJevHfvY9Fa8PKZY/QH3ucPkx+PJA==</latexit>

!

<latexit sha1_base64="rCGAFbRLgyyBRQH4hElR2LXdKPc=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMevEYwTwkWcLsZDYZMo9lZlYIIV/hxYMiXv0cb/6Nk2QPmljQUFR1090VJZwZ6/vfXm5tfWNzK79d2Nnd2z8oHh41jUo1oQ2iuNLtCBvKmaQNyyyn7URTLCJOW9Hodua3nqg2TMkHO05oKPBAspgRbJ30aMpdJegAn/eKJb/iz4FWSZCREmSo94pf3b4iqaDSEo6N6QR+YsMJ1pYRTqeFbmpogskID2jHUYkFNeFkfvAUnTmlj2KlXUmL5urviQkWxoxF5DoFtkOz7M3E/7xOauPrcMJkkloqyWJRnHJkFZp9j/pMU2L52BFMNHO3IjLEGhPrMiq4EILll1dJ86ISXFaq99VS7SaLIw8ncAplCOAKanAHdWgAAQHP8ApvnvZevHfvY9Ga87KZY/gD7/MHMjKQBg==</latexit>

s(!)
<latexit sha1_base64="iD9AiO6x1iNHT8qJBE1LDrYXpWM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9IDXXq9ccavuDGSZeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPZqRNyYpU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0SjYEb/HlZdI8q3oX1fP780rtJo+jCEdwDKfgwSXU4A7q0AAGA3iGV3hzpPPivDsf89aCk88cwh84nz/UzY2D</latexit>

t = 1

<latexit sha1_base64="BD7iEZVNqU4R4fXx9ewOevnXBZ4=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKexqUI9BLx4jmAdsljA7mSRD5rHM9AphyWd48aCIV7/Gm3/jJNmDJhY0FFXddHfFieAWfP/bK6ytb2xuFbdLO7t7+wflw6OW1amhrEm10KYTE8sEV6wJHATrJIYRGQvWjsd3M7/9xIzlWj3CJGGRJEPFB5wScFLY1ZINSS8LLqe9csWv+nPgVRLkpIJyNHrlr25f01QyBVQQa8PATyDKiAFOBZuWuqllCaFjMmSho4pIZqNsfvIUnzmljwfauFKA5+rviYxIaycydp2SwMguezPxPy9MYXATZVwlKTBFF4sGqcCg8ex/3OeGURATRwg13N2K6YgYQsGlVHIhBMsvr5LWRTW4qtYeapX6bR5HEZ2gU3SOAnSN6ugeNVATUaTRM3pFbx54L96797FoLXj5zDH6A+/zB/rtkRE=</latexit>

!13
<latexit sha1_base64="B3LChceDHjHt6vKxZ+yu5OlpyR8=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyGoB6DXjxGMA9IljA76U2GzGOZmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWaQosqrnQ3IgY4k9CyzHLoJhqIiDh0osnd3O88gTZMyUc7TSAUZCRZzCixTur1lYARGWS1+mxQrvhVfwG8ToKcVFCO5qD81R8qmgqQlnJiTC/wExtmRFtGOcxK/dRAQuiEjKDnqCQCTJgtTp7hC6cMcay0K2nxQv09kRFhzFRErlMQOzar3lz8z+ulNr4JMyaT1IKky0VxyrFVeP4/HjIN1PKpI4Rq5m7FdEw0odalVHIhBKsvr5N2rRpcVesP9UrjNo+jiM7QObpEAbpGDXSPmqiFKFLoGb2iN896L96797FsLXj5zCn6A+/zB/34kRM=</latexit>

!24
<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0

Figure 2: Snapshots of the optimal transport plan between two spectral functions.

The inverse cumulative spectral functions are then:

S
�1

A (x) = ⇥
�
x � (E2

1 + E
2

3)
�
!13 + ⇥(x � E

2) (1 � !13), (2.20)

S
�1

B (x) = ⇥
�
x � (E2

2 + E
2

4)
�
!24 + ⇥(x � E

2) (1 � !24). (2.21)

The optimal transportation plan is simple enough that the inverses in Eq. (2.16) can be taken

analytically, as can the derivative in Eq. (2.17). The final result for the optimal transport

plan spectral function is:

sOTP(!; t) = ⇥(E2E4 � E1E3)
h
�(!)(E2

2 + E
2

4) + �(! � t !24)(2E2E4 � 2E1E3) (2.22)

+ �(! � (1 � t) !13 � t !24) 2E1E3

i

+ ⇥(E1E3 � E2E4)
h
�(!)(E2

1 + E
2

3) + �(! � (1 � t) !13)(2E1E3 � 2E2E4)

+ �(! � (1 � t) !13 � t !24) 2E2E4

i
.

As required, this spectral function reduces to sA(!) and sB(!) at t = 0 and t = 1, respectively.

An example of this optimal transport plan is illustrated in Fig. 2, for the case of

E1E3 =
E

2

6
, E2E4 =

E
2

4
, !13 =

2

3
, !24 =

1

3
. (2.23)

Note that the intermediate spectral functions at times t 2 (0, 1) have two peaks away from

z = 0. A collection of n particles on the plane has
�n
2

�
pairwise angles and of course there

is no integer n for which
�n
2

�
= 2. Thus, these intermediate spectral functions cannot be

mapped to a generic collection of particles on the plane. In this way, the optimal transport

plan between spectral functions does not generically correspond to a rearrangement of the

particles.

This behavior is distinct from original EMD behavior in Ref. [10], where the optimal

transportation plan directly measures the cost of rearranging particles on the plane. Since

the spectral function is blind to isometries, it is not surprising that the spectral optimal

transportation plan does not have a particle interpretation. In our view, this is not a problem

but simply a choice. What it does imply, though, is that the space of jets as defined by their

– 9 –

<latexit sha1_base64="DG2xzlKYBSGANlkCmHyaiLAx90s=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5id9CZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNoUkVV7oTEQOcSWhaZjl0Eg1ERBza0fh25refQBum5IOdJBAKMpQsZpRYJ7V6SsCQ9MsVv+rPgVdJkJMKytHol796A0VTAdJSTozpBn5iw4xoyyiHaamXGkgIHZMhdB2VRIAJs/m1U3zmlAGOlXYlLZ6rvycyIoyZiMh1CmJHZtmbif953dTG12HGZJJakHSxKE45tgrPXscDpoFaPnGEUM3crZiOiCbUuoBKLoRg+eVV0rqoBpfV2n2tUr/J4yiiE3SKzlGArlAd3aEGaiKKHtEzekVvnvJevHfvY9Fa8PKZY/QH3ucPkx+PJA==</latexit>

!

<latexit sha1_base64="nPnpmxENyuuNurHMaKiIE+/9tEM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9IDXbq9ccavuDGSZeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPZqRNyYpU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0SjYEb/HlZdI8q3oX1fP780rtJo+jCEdwDKfgwSXU4A7q0AAGA3iGV3hzpPPivDsf89aCk88cwh84nz/TSY2C</latexit>

t = 0

<latexit sha1_base64="rCGAFbRLgyyBRQH4hElR2LXdKPc=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMevEYwTwkWcLsZDYZMo9lZlYIIV/hxYMiXv0cb/6Nk2QPmljQUFR1090VJZwZ6/vfXm5tfWNzK79d2Nnd2z8oHh41jUo1oQ2iuNLtCBvKmaQNyyyn7URTLCJOW9Hodua3nqg2TMkHO05oKPBAspgRbJ30aMpdJegAn/eKJb/iz4FWSZCREmSo94pf3b4iqaDSEo6N6QR+YsMJ1pYRTqeFbmpogskID2jHUYkFNeFkfvAUnTmlj2KlXUmL5urviQkWxoxF5DoFtkOz7M3E/7xOauPrcMJkkloqyWJRnHJkFZp9j/pMU2L52BFMNHO3IjLEGhPrMiq4EILll1dJ86ISXFaq99VS7SaLIw8ncAplCOAKanAHdWgAAQHP8ApvnvZevHfvY9Ga87KZY/gD7/MHMjKQBg==</latexit>

s(!)

<latexit sha1_base64="BD7iEZVNqU4R4fXx9ewOevnXBZ4=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKexqUI9BLx4jmAdsljA7mSRD5rHM9AphyWd48aCIV7/Gm3/jJNmDJhY0FFXddHfFieAWfP/bK6ytb2xuFbdLO7t7+wflw6OW1amhrEm10KYTE8sEV6wJHATrJIYRGQvWjsd3M7/9xIzlWj3CJGGRJEPFB5wScFLY1ZINSS8LLqe9csWv+nPgVRLkpIJyNHrlr25f01QyBVQQa8PATyDKiAFOBZuWuqllCaFjMmSho4pIZqNsfvIUnzmljwfauFKA5+rviYxIaycydp2SwMguezPxPy9MYXATZVwlKTBFF4sGqcCg8ex/3OeGURATRwg13N2K6YgYQsGlVHIhBMsvr5LWRTW4qtYeapX6bR5HEZ2gU3SOAnSN6ugeNVATUaTRM3pFbx54L96797FoLXj5zDH6A+/zB/rtkRE=</latexit>

!13
<latexit sha1_base64="B3LChceDHjHt6vKxZ+yu5OlpyR8=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyGoB6DXjxGMA9IljA76U2GzGOZmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWaQosqrnQ3IgY4k9CyzHLoJhqIiDh0osnd3O88gTZMyUc7TSAUZCRZzCixTur1lYARGWS1+mxQrvhVfwG8ToKcVFCO5qD81R8qmgqQlnJiTC/wExtmRFtGOcxK/dRAQuiEjKDnqCQCTJgtTp7hC6cMcay0K2nxQv09kRFhzFRErlMQOzar3lz8z+ulNr4JMyaT1IKky0VxyrFVeP4/HjIN1PKpI4Rq5m7FdEw0odalVHIhBKsvr5N2rRpcVesP9UrjNo+jiM7QObpEAbpGDXSPmqiFKFLoGb2iN896L96797FsLXj5zCn6A+/zB/34kRM=</latexit>

!24
<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0

<latexit sha1_base64="DG2xzlKYBSGANlkCmHyaiLAx90s=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5id9CZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNoUkVV7oTEQOcSWhaZjl0Eg1ERBza0fh25refQBum5IOdJBAKMpQsZpRYJ7V6SsCQ9MsVv+rPgVdJkJMKytHol796A0VTAdJSTozpBn5iw4xoyyiHaamXGkgIHZMhdB2VRIAJs/m1U3zmlAGOlXYlLZ6rvycyIoyZiMh1CmJHZtmbif953dTG12HGZJJakHSxKE45tgrPXscDpoFaPnGEUM3crZiOiCbUuoBKLoRg+eVV0rqoBpfV2n2tUr/J4yiiE3SKzlGArlAd3aEGaiKKHtEzekVvnvJevHfvY9Fa8PKZY/QH3ucPkx+PJA==</latexit>

!

<latexit sha1_base64="rCGAFbRLgyyBRQH4hElR2LXdKPc=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMevEYwTwkWcLsZDYZMo9lZlYIIV/hxYMiXv0cb/6Nk2QPmljQUFR1090VJZwZ6/vfXm5tfWNzK79d2Nnd2z8oHh41jUo1oQ2iuNLtCBvKmaQNyyyn7URTLCJOW9Hodua3nqg2TMkHO05oKPBAspgRbJ30aMpdJegAn/eKJb/iz4FWSZCREmSo94pf3b4iqaDSEo6N6QR+YsMJ1pYRTqeFbmpogskID2jHUYkFNeFkfvAUnTmlj2KlXUmL5urviQkWxoxF5DoFtkOz7M3E/7xOauPrcMJkkloqyWJRnHJkFZp9j/pMU2L52BFMNHO3IjLEGhPrMiq4EILll1dJ86ISXFaq99VS7SaLIw8ncAplCOAKanAHdWgAAQHP8ApvnvZevHfvY9Ga87KZY/gD7/MHMjKQBg==</latexit>

s(!)
<latexit sha1_base64="kTl5w6fdiQNfZsFJkyaK/P9BOhY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSZa1ItQ9OKxgmkLbSib7aZdutmE3YlQQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZFySCa3Scb6uwsrq2vlHcLG1t7+zulfcPmjpOFWUejUWs2gHRTHDJPOQoWDtRjESBYK1gdDf1W09MaR7LRxwnzI/IQPKQU4JG8vDGPbvolStO1ZnBXiZuTiqQo9Erf3X7MU0jJpEKonXHdRL0M6KQU8EmpW6qWULoiAxYx1BJIqb9bHbsxD4xSt8OY2VKoj1Tf09kJNJ6HAWmMyI41IveVPzP66QYXvsZl0mKTNL5ojAVNsb29HO7zxWjKMaGEKq4udWmQ6IIRZNPyYTgLr68TJrnVfeyWnuoVeq3eRxFOIJjOAUXrqAO99AADyhweIZXeLOk9WK9Wx/z1oKVzxzCH1ifP7Upjfk=</latexit>

t = 1/3

<latexit sha1_base64="BD7iEZVNqU4R4fXx9ewOevnXBZ4=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKexqUI9BLx4jmAdsljA7mSRD5rHM9AphyWd48aCIV7/Gm3/jJNmDJhY0FFXddHfFieAWfP/bK6ytb2xuFbdLO7t7+wflw6OW1amhrEm10KYTE8sEV6wJHATrJIYRGQvWjsd3M7/9xIzlWj3CJGGRJEPFB5wScFLY1ZINSS8LLqe9csWv+nPgVRLkpIJyNHrlr25f01QyBVQQa8PATyDKiAFOBZuWuqllCaFjMmSho4pIZqNsfvIUnzmljwfauFKA5+rviYxIaycydp2SwMguezPxPy9MYXATZVwlKTBFF4sGqcCg8ex/3OeGURATRwg13N2K6YgYQsGlVHIhBMsvr5LWRTW4qtYeapX6bR5HEZ2gU3SOAnSN6ugeNVATUaTRM3pFbx54L96797FoLXj5zDH6A+/zB/rtkRE=</latexit>

!13
<latexit sha1_base64="B3LChceDHjHt6vKxZ+yu5OlpyR8=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyGoB6DXjxGMA9IljA76U2GzGOZmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWaQosqrnQ3IgY4k9CyzHLoJhqIiDh0osnd3O88gTZMyUc7TSAUZCRZzCixTur1lYARGWS1+mxQrvhVfwG8ToKcVFCO5qD81R8qmgqQlnJiTC/wExtmRFtGOcxK/dRAQuiEjKDnqCQCTJgtTp7hC6cMcay0K2nxQv09kRFhzFRErlMQOzar3lz8z+ulNr4JMyaT1IKky0VxyrFVeP4/HjIN1PKpI4Rq5m7FdEw0odalVHIhBKsvr5N2rRpcVesP9UrjNo+jiM7QObpEAbpGDXSPmqiFKFLoGb2iN896L96797FsLXj5zCn6A+/zB/34kRM=</latexit>

!24
<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0

<latexit sha1_base64="DG2xzlKYBSGANlkCmHyaiLAx90s=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5id9CZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNoUkVV7oTEQOcSWhaZjl0Eg1ERBza0fh25refQBum5IOdJBAKMpQsZpRYJ7V6SsCQ9MsVv+rPgVdJkJMKytHol796A0VTAdJSTozpBn5iw4xoyyiHaamXGkgIHZMhdB2VRIAJs/m1U3zmlAGOlXYlLZ6rvycyIoyZiMh1CmJHZtmbif953dTG12HGZJJakHSxKE45tgrPXscDpoFaPnGEUM3crZiOiCbUuoBKLoRg+eVV0rqoBpfV2n2tUr/J4yiiE3SKzlGArlAd3aEGaiKKHtEzekVvnvJevHfvY9Fa8PKZY/QH3ucPkx+PJA==</latexit>

!

<latexit sha1_base64="rCGAFbRLgyyBRQH4hElR2LXdKPc=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMevEYwTwkWcLsZDYZMo9lZlYIIV/hxYMiXv0cb/6Nk2QPmljQUFR1090VJZwZ6/vfXm5tfWNzK79d2Nnd2z8oHh41jUo1oQ2iuNLtCBvKmaQNyyyn7URTLCJOW9Hodua3nqg2TMkHO05oKPBAspgRbJ30aMpdJegAn/eKJb/iz4FWSZCREmSo94pf3b4iqaDSEo6N6QR+YsMJ1pYRTqeFbmpogskID2jHUYkFNeFkfvAUnTmlj2KlXUmL5urviQkWxoxF5DoFtkOz7M3E/7xOauPrcMJkkloqyWJRnHJkFZp9j/pMU2L52BFMNHO3IjLEGhPrMiq4EILll1dJ86ISXFaq99VS7SaLIw8ncAplCOAKanAHdWgAAQHP8ApvnvZevHfvY9Ga87KZY/gD7/MHMjKQBg==</latexit>

s(!)
<latexit sha1_base64="RWoOWc7FhdTk/iqjENKB7UjRRNs=">AAAB7HicbVBNS8NAEJ34WetX1aOXYBE81aQW9SIUvXisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmBYngGh3n21pZXVvf2CxsFbd3dvf2SweHTR2nijKPxiJW7YBoJrhkHnIUrJ0oRqJAsFYwupv6rSemNI/lI44T5kdkIHnIKUEjeXhTPb/olcpOxZnBXiZuTsqQo9ErfXX7MU0jJpEKonXHdRL0M6KQU8EmxW6qWULoiAxYx1BJIqb9bHbsxD41St8OY2VKoj1Tf09kJNJ6HAWmMyI41IveVPzP66QYXvsZl0mKTNL5ojAVNsb29HO7zxWjKMaGEKq4udWmQ6IIRZNP0YTgLr68TJrVintZqT3UyvXbPI4CHMMJnIELV1CHe2iABxQ4PMMrvFnSerHerY9564qVzxzBH1ifP7avjfo=</latexit>

t = 2/3

<latexit sha1_base64="BD7iEZVNqU4R4fXx9ewOevnXBZ4=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKexqUI9BLx4jmAdsljA7mSRD5rHM9AphyWd48aCIV7/Gm3/jJNmDJhY0FFXddHfFieAWfP/bK6ytb2xuFbdLO7t7+wflw6OW1amhrEm10KYTE8sEV6wJHATrJIYRGQvWjsd3M7/9xIzlWj3CJGGRJEPFB5wScFLY1ZINSS8LLqe9csWv+nPgVRLkpIJyNHrlr25f01QyBVQQa8PATyDKiAFOBZuWuqllCaFjMmSho4pIZqNsfvIUnzmljwfauFKA5+rviYxIaycydp2SwMguezPxPy9MYXATZVwlKTBFF4sGqcCg8ex/3OeGURATRwg13N2K6YgYQsGlVHIhBMsvr5LWRTW4qtYeapX6bR5HEZ2gU3SOAnSN6ugeNVATUaTRM3pFbx54L96797FoLXj5zDH6A+/zB/rtkRE=</latexit>

!13
<latexit sha1_base64="B3LChceDHjHt6vKxZ+yu5OlpyR8=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyGoB6DXjxGMA9IljA76U2GzGOZmRXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWaQosqrnQ3IgY4k9CyzHLoJhqIiDh0osnd3O88gTZMyUc7TSAUZCRZzCixTur1lYARGWS1+mxQrvhVfwG8ToKcVFCO5qD81R8qmgqQlnJiTC/wExtmRFtGOcxK/dRAQuiEjKDnqCQCTJgtTp7hC6cMcay0K2nxQv09kRFhzFRErlMQOzar3lz8z+ulNr4JMyaT1IKky0VxyrFVeP4/HjIN1PKpI4Rq5m7FdEw0odalVHIhBKsvr5N2rRpcVesP9UrjNo+jiM7QObpEAbpGDXSPmqiFKFLoGb2iN896L96797FsLXj5zCn6A+/zB/34kRM=</latexit>

!24
<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0

<latexit sha1_base64="DG2xzlKYBSGANlkCmHyaiLAx90s=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5id9CZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNoUkVV7oTEQOcSWhaZjl0Eg1ERBza0fh25refQBum5IOdJBAKMpQsZpRYJ7V6SsCQ9MsVv+rPgVdJkJMKytHol796A0VTAdJSTozpBn5iw4xoyyiHaamXGkgIHZMhdB2VRIAJs/m1U3zmlAGOlXYlLZ6rvycyIoyZiMh1CmJHZtmbif953dTG12HGZJJakHSxKE45tgrPXscDpoFaPnGEUM3crZiOiCbUuoBKLoRg+eVV0rqoBpfV2n2tUr/J4yiiE3SKzlGArlAd3aEGaiKKHtEzekVvnvJevHfvY9Fa8PKZY/QH3ucPkx+PJA==</latexit>

!

<latexit sha1_base64="rCGAFbRLgyyBRQH4hElR2LXdKPc=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMevEYwTwkWcLsZDYZMo9lZlYIIV/hxYMiXv0cb/6Nk2QPmljQUFR1090VJZwZ6/vfXm5tfWNzK79d2Nnd2z8oHh41jUo1oQ2iuNLtCBvKmaQNyyyn7URTLCJOW9Hodua3nqg2TMkHO05oKPBAspgRbJ30aMpdJegAn/eKJb/iz4FWSZCREmSo94pf3b4iqaDSEo6N6QR+YsMJ1pYRTqeFbmpogskID2jHUYkFNeFkfvAUnTmlj2KlXUmL5urviQkWxoxF5DoFtkOz7M3E/7xOauPrcMJkkloqyWJRnHJkFZp9j/pMU2L52BFMNHO3IjLEGhPrMiq4EILll1dJ86ISXFaq99VS7SaLIw8ncAplCOAKanAHdWgAAQHP8ApvnvZevHfvY9Ga87KZY/gD7/MHMjKQBg==</latexit>

s(!)
<latexit sha1_base64="iD9AiO6x1iNHT8qJBE1LDrYXpWM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9IDXXq9ccavuDGSZeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPZqRNyYpU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0SjYEb/HlZdI8q3oX1fP780rtJo+jCEdwDKfgwSXU4A7q0AAGA3iGV3hzpPPivDsf89aCk88cwh84nz/UzY2D</latexit>

t = 1
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Figure 2: Snapshots of the optimal transport plan between two spectral functions.

The inverse cumulative spectral functions are then:
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The optimal transportation plan is simple enough that the inverses in Eq. (2.16) can be taken

analytically, as can the derivative in Eq. (2.17). The final result for the optimal transport

plan spectral function is:

sOTP(!; t) = ⇥(E2E4 � E1E3)
h
�(!)(E2

2 + E
2

4) + �(! � t !24)(2E2E4 � 2E1E3) (2.22)
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h
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2

3) + �(! � (1 � t) !13)(2E1E3 � 2E2E4)

+ �(! � (1 � t) !13 � t !24) 2E2E4

i
.

As required, this spectral function reduces to sA(!) and sB(!) at t = 0 and t = 1, respectively.

An example of this optimal transport plan is illustrated in Fig. 2, for the case of

E1E3 =
E

2

6
, E2E4 =

E
2

4
, !13 =

2

3
, !24 =

1

3
. (2.23)

Note that the intermediate spectral functions at times t 2 (0, 1) have two peaks away from

z = 0. A collection of n particles on the plane has
�n
2

�
pairwise angles and of course there

is no integer n for which
�n
2

�
= 2. Thus, these intermediate spectral functions cannot be

mapped to a generic collection of particles on the plane. In this way, the optimal transport

plan between spectral functions does not generically correspond to a rearrangement of the

particles.

This behavior is distinct from original EMD behavior in Ref. [10], where the optimal

transportation plan directly measures the cost of rearranging particles on the plane. Since

the spectral function is blind to isometries, it is not surprising that the spectral optimal

transportation plan does not have a particle interpretation. In our view, this is not a problem

but simply a choice. What it does imply, though, is that the space of jets as defined by their
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d2(E1, E2) = 2E1E3!
2
13 + 2E2E4!

2
24 � 4min[E1E3, E2E4]!13!24

sum of jets’ two-point energy correlation functions

Differentiable in all pairwise angles: extremization is easy

Non-analytic in energies: extremization is a discrete partitioning problem
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NEEMo: 2209.15624
EMD CNN: 2306.04712

SHAPER: 2302.12266

Construct a new neural network for geometric fitting of particles in event 

Model complex shapes by large numbers of points and then use POT 
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SHAPER: 2302.12266

“1-Ringiness” with SHAPER/EMD

Closed-Form “1-Ringiness” with Spectral EMD:
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Can easily analytically optimize for ring radius R


