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Hadron as a many-body parton system

1 fm ⇠ 5 GeV �1

• The typical hadron scale is small  

• Due to running of the coupling constant one has to understand the hadron 
as a strongly bonded many-body parton system 

• Hadron is characterized by complex dynamics of parton interactions 

• Cannot distinguish individual quarks and gluons 

• How do we study this system?



The system at different scales
• The system exhibits different 

properties at different scales 
with relevant degrees of 
freedom 

• An appropriate effective model 
should be used for each energy 
scale (ex: Lund model) 

• Lattice calculations proved to be 
very efficient with, however, 
certain limitations 

• Potential application of 
quantum computers 

• The typical scale is small. But 
what if we introduce a large 
external scale?



Oeep inelastic scattering: Comparisons with the quark model
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EARLY RESULTS

In the latter half of 1967 a group of physicists from the
Stanford Linear Accelerator Center (SLAC) and the
Massachusetts Institute of Technology (MIT) embarked
on a program of inelastic electron-proton scattering after
completing an initial study (Coward et al. , 1968) of elas-
tic scattering with physicists from the California Institute
of Technology. This work was done on the newly com-
pleted 20 GeV Stanford linear accelerator. The main
purpose of the inelastic program was to study the elec-
troproduction of resonances as a function of momentum
transfer. It was thought that higher-mass resonances
might become more prominent when excited with virtual
photons, and it was our intent to search for these at the
very highest masses that could be reached. For com-
pleteness we also wanted to look at the inelastic continu-
um, since this was a new energy region which had not
been previously explored. The proton resonances that we
were able to measure' showed no unexpected kinematic
behavior. Their transition form factors fell about as rap-
idly as the elastic proton form factor with increasing
values of the four-momentum transfer q. However, we
found two surprising features when we investigated the
continuum region (now commonly called the deep inelas-
tic region).

as a function of the square of the four-momentum
transfer, q =2EE'(1—cos8), for constant values of the
invariant mass of the recoiling target system 8' where
W =2M(E E')—+M q. —The quantity E is the ener-
gy of the incident electron, E' is the energy of the final
electron, and 8 is the scattering angle, all defined in the
laboratory system; M is the mass of the proton. The
cross section is divided by the Mott cross section in order
to remove the major part of the well-known four-
momentum-transfer dependence arising from the photon
propagator. The q dependence that remains is related
primarily to the properties of the target system. Results
from 10' are shown in the figure for each value of 8'. As
8 increases, the q dependence appears to decrease. The
striking difference between the behavior of the deep in-
elastic and elastic cross sections is also illustrated in this
figure, where the elastic cross section, divided by the
Mott cross section for 0= 10, is shown.
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(1)Weak q2 dependence

The first unexpected feature of thes~ early results
(Bloom et al. , 1969; Breidenbach et al. , 1969) was that
the deep inelastic cross sections showed a weak falloff
with increasing q . The scattering yields at the larger
values of q were between one and two orders of magni-
tude greater than expected.
The weak momentum-transfer dependence of the in-

elastic cross sections for excitations well beyond the reso-
nance region is illustrated in Fig. 1. The differential cross
section divided by the Mott cross section o.M,« is plotted
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*This lecture was delivered 8 December, 1990, on the occasion
of the presentation of the 1990Nobel Prize in Physics.
~W. K. H. Panofsky, in Proceedings of the XIV International
Conference on High Energy Physics, Vienna (1968), p. 23. The
experimental report, presented by the author, is not published
in the Conference Proceedings. It was, however, produced as a
SLAC preprint.
The Mott cross section,

FICr. 1. (d o./dQdE')/oM«„ in GeV ', vs q for 8 =2, 3, and
3.5 GeV. The lines drawn through the data are meant to guide
the eye. Also shown is the cross section for elastic e-p scatter-
ing divided by o-M«„(do-/d0)/o. M«„calculated for 0=10', us-
ing the dipole form factor. The relatively slow variation with q
of the inelastic cross section compared with the elastic cross
section is clearly shown.
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High-energy probe, external scale

QED-like behavior

q
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Richard E. Taylor: Deep inelastic scattering
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FIG. 21. Schematic drawing of the counter system inside the 8 GeV shielding hut.

tor, giving large pulse height in the counters. In most
cases pions wi11 not shower, giving an almost independent
indication of their identity. By the time of the erst in-
elastic scattering experiments using the 8 GeV spectrom-
eter, a gas Cerenkov counter had been added in front of

the trigger counter as a further tool for particle discrim-
ination. The dE/dx system was used only for the lowest
secondary energies where the pion-electron ratios were
large. The 20 GeV spectrometer's counter system (Fig.
22) was similar to that in the 8 GeV spectrometer, with
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FIG. 22. Schematic of the 20 GeV spectrometer indicating the various computer control and readout functions. Also shown is a
schematic of the 20 GeV counter system. Particle identification in the spectrometer was somewhat more complex than for the 8 GeV
instrument, partly because of the higher energies involved, but also because it was sometimes desirable to identify m mesons in a large
electron background in the 20 CxeV spectrometer.

Rev. Mod. Phys. , Vol. 63, No. 3, July 1991

• How does the strongly bonded system respond to a high-energy probe? 

• The existence of perturbative phase in the system was discovered 

• It became the foundation of the parton model and perturbative QCD
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Hadron as a many-body parton system
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• Interacting with external probe the 
hadron reveals different types of 
parton dynamics, we have 
separation of different scales 

• There is a strong correlation 
between different phases, i.e. 
perturbative and non-perturbative 
components. 

• The dense QCD medium strongly 
interacts with the probe 

• If we study perturbative phase at a 
large energy scale, we can extract 
information about a non-
perturbative many-body parton 
structure of the hadron



Factoriza-on
• The perturbative phase is under 

control - different types of 
reactions, different kinematic limits 

• The phases are not independent. 
The information about the 
perturbative phase can be accessed 
indirectly 

• The non-perturbative phase 
interacts with the perturbative one 
in a dynamical way - evolution 
equations 

• This is formalized in terms of 
factorization theorems. Details of 
the factorization scheme are 
essential!

Perturba-ve

Non-perturba-ve

Factoriza-on scale
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Deep inelas-c scaRering (DIS)

• Ordering of the transverse 
momenta  etc. 

• Factorization in the transverse 
momentum 

• The background gluons can be 
approximated with collinear 
particles 

• It’s convenient to choose the 
factorization scale as  

• Resummation of transverse 
logarithms 

k1⊥ ≫ k2⊥ ≫ k3⊥

Q2

ln Q2

Perturba-ve

Non-perturba-ve

Factoriza-on scale
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Collins, FoundaCons of perturbaCve QCD



Deep inelas-c scaRering (DIS)

Perturba-ve

Non-perturba-ve

Factoriza-on scale
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k2?

Non-perturba-ve

Perturba-ve

<latexit sha1_base64="6a5uHuub6jeL7R694Ps/VHhVFPk=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0WoICUpvpalblxWsA9oY5hMJ+3QmSTOQ6yhX+LGhSJu/RR3/o3TNgttPXDhcM693HtPkDAqleN8W0vLK6tr67mN/ObW9k7B3t1rylgLTBo4ZrFoB0gSRiPSUFQx0k4EQTxgpBUMryZ+64EISePoVo0S4nHUj2hIMVJG8u3CvR+WHv3aCexyfVc59u2iU3amgIvEzUgRZKj79le3F2PNSaQwQ1J2XCdRXoqEopiRcb6rJUkQHqI+6RgaIU6kl04PH8Mjo/RgGAtTkYJT9fdEiriUIx6YTo7UQM57E/E/r6NVeOmlNEq0IhGeLQo1gyqGkxRgjwqCFRsZgrCg5laIB0ggrExWeROCO//yImlWyu55+ezmtFitZXHkwAE4BCXgggtQBdegDhoAAw2ewSt4s56sF+vd+pi1LlnZzD74A+vzB/5EkgU=</latexit>

qf (xB , µ
2)



Semi-inclusive deep inelas-c scaRering (SIDIS)

• The TMD factorization structure is 
more involved comparing to DIS 

• Resummation of transverse  and 
rapidity logarithms  

• TMD distribution functions depend 
on two scales

Lb
ln ν

<latexit sha1_base64="tMXkXVQmLubB7z2RIW6SXqM8Z8Q="></latexit>

xB , Q
2

<latexit sha1_base64="UdC2ilnRNAXPjiJbtA1lgeNUELg="></latexit>

zh, Ph?

<latexit sha1_base64="wu4e0wKjW5AJ65X/RjD3pHE58Ds=">AAACGXicbVDLSsNAFJ3UV42vVpduBovgQkIitOpCLLrpsgX7gLaUyWTSDp3MhMxELKFf4FZXLv0SV4pbF+LfOG0sWOuFC4dz7+Xcc9yQUals+8vILC2vrK5l182Nza3tnVx+tyFFHGFSx4KJqOUiSRjlpK6oYqQVRgQFLiNNd3g9mTdvSSSp4DdqFJJugPqc+hQjpalapZcr2JY9LWhbRds5LznQmTEzULh8NS/C50+z2ssbmY4ncBwQrjBDUrYdO1THkCHuSYy0QuIKMRybnViSEOEh6pO2hhwFRHaT6cdjeKgZD/oi0s0VnLK/LxIUSDkKXL0ZIDWQf2cT8r9ZO1b+WTehPIwV4TgV8mMGlYAT+9CjEcGKjTRAOKKKYogHKEJY6ZDmVKQ2NyDenJHkLv1fp7aQ0SJonFhOySrW7EL5CqSVBfvgABwBB5yCMqiAKqgDDAi4Bw/g0XgyXow34z1dzRg/N3tgroyPb/2yo24=</latexit>

H

<latexit sha1_base64="URf6yRNIHmFBadIYG9b35HkXuaQ=">AAACG3icbVC7SgNBFJ2NrxhfiZaKDAbBQsKukKhd0MYyQfOAJITZ2dlkyOzMMjMrhiWlpa1W/kd6O7G18Bv8CSdZA0a9cOFwzr2ce48bMqq0bX9YqYXFpeWV9GpmbX1jcyub264rEUlMalgwIZsuUoRRTmqaakaaoSQocBlpuIPLid64JVJRwW/0MCSdAPU49SlG2lDXftfpZvN2wZ4WtAtF2zkvOdCZMTOQL++Nq5/3++NKN2el2p7AUUC4xgwp1XLsUB9DhrinMDIesSvEYJRpR4qECA9Qj7QM5CggqhNPbx7BQ8N40BfSNNdwyv7ciFGg1DBwzWSAdF/91ibkf1or0v5ZJ6Y8jDThODHyIwa1gJMAoEclwZoNDUBYUk0xxH0kEdYmpjkXZZ7rE2/ukfguud+k9iejv6B+UnBKhWLVxHcBkkqDXXAAjoADTkEZXIEKqAEMeuABPIIn69l6sV6tt2Q0ZX3v7IC5st6/ABPvpJo=</latexit>

f1

<latexit sha1_base64="Hbr+DwyfQ8aM4BdAhcstZDaCNC8=">AAACG3icbVDLTgIxFG3xhfgCTdy4aSQmLgyZMQF1R9CFS4giJEBIp9OBhk47mXaMZMInuNWVn+BX6Mq4deHGb7Ewkoh4k5ucnHNvzr3HCThT2rI+YWphcWl5Jb2aWVvf2NzK5rZvlIxCQutEchk2HawoZ4LWNdOcNoOQYt/htOEMzsd645aGiklxrYcB7fi4J5jHCNaGurro2t1s3ipYk0JWoWjZZyUb2VNmCvLl3doXe668Vrs5mGq7kkQ+FZpwrFTLtgJ9hDgWriLYeMSOlINRph0pGmAywD3aMlBgn6pOPLl5hA4M4yJPhqaFRhP290aMfaWGvmMmfaz76q82Jv/TWpH2TjsxE0GkqSCJkRdxpCUaB4BcFlKi+dAATEKmGUGkj0NMtIlpxkWZ5/rUnXkkvkvuN6nNZTQPbo4LdqlQrJn4KiCpNNgD++AQ2OAElMElqII6IKAH7sEDeIRP8AW+wfdkNAV/dnbATMGPb8lRpG4=</latexit>

D1

<latexit sha1_base64="1e6t3GrC6FiKeJUNEk00S3rJrUg="></latexit>

FUU,T (xB , zh, P
2
h?, Q

2) / H(Q2
, µ
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Semi-inclusive deep inelas-c scaRering (SIDIS). Factoriza-on

• To compensate the overlap 
between collinear modes, a soft 
factor S should be introduced <latexit sha1_base64="QBJrPsYs1sfNdxcxWQwfmTRYz1A=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5IUXxuh6MZlBfuANg2T6W07dJKMMxOhhn6JGxeKuPVT3Pk3TtsstPXAhcM593LvPYHgTGnH+bZyK6tr6xv5zcLW9s5u0d7bb6g4kRTqNOaxbAVEAWcR1DXTHFpCAgkDDs1gdDP1m48gFYujez0W4IVkELE+o0QbybeLolvBV/ihW/E7AqTw7ZJTdmbAy8TNSAllqPn2V6cX0ySESFNOlGq7jtBeSqRmlMOk0EkUCEJHZABtQyMSgvLS2eETfGyUHu7H0lSk8Uz9PZGSUKlxGJjOkOihWvSm4n9eO9H9Sy9lkUg0RHS+qJ9wrGM8TQH3mASq+dgQQiUzt2I6JJJQbbIqmBDcxZeXSaNSds/LZ3enpep1FkceHaIjdIJcdIGq6BbVUB1RlKBn9IrerCfrxXq3PuatOSubOUB/YH3+AEwPkjs=</latexit>

p2 = q2?

<latexit sha1_base64="NwTVhUwpMxoGcj0+kwjDlfTQ8uE=">AAAB63icbVBNS8NAEN3Ur1q/qh69BIvgqSTi17HoxWMFawttKJvtpF26uwm7E6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvTAQ36HnfTmlldW19o7xZ2dre2d2r7h88mjjVDFosFrHuhNSA4ApayFFAJ9FAZSigHY5vc7/9BNrwWD3gJIFA0qHiEWcUc6kHSPvVmlf3ZnCXiV+QGinQ7Fe/eoOYpRIUMkGN6fpegkFGNXImYFrppQYSysZ0CF1LFZVggmx269Q9scrAjWJtS6E7U39PZFQaM5Gh7ZQUR2bRy8X/vG6K0XWQcZWkCIrNF0WpcDF288fdAdfAUEwsoUxze6vLRlRThjaeig3BX3x5mTye1f3L+sX9ea1xU8RRJkfkmJwSn1yRBrkjTdIijIzIM3klb450Xpx352PeWnKKmUPyB87nDwwijkI=</latexit>⌘

<latexit sha1_base64="NwTVhUwpMxoGcj0+kwjDlfTQ8uE=">AAAB63icbVBNS8NAEN3Ur1q/qh69BIvgqSTi17HoxWMFawttKJvtpF26uwm7E6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvTAQ36HnfTmlldW19o7xZ2dre2d2r7h88mjjVDFosFrHuhNSA4ApayFFAJ9FAZSigHY5vc7/9BNrwWD3gJIFA0qHiEWcUc6kHSPvVmlf3ZnCXiV+QGinQ7Fe/eoOYpRIUMkGN6fpegkFGNXImYFrppQYSysZ0CF1LFZVggmx269Q9scrAjWJtS6E7U39PZFQaM5Gh7ZQUR2bRy8X/vG6K0XWQcZWkCIrNF0WpcDF288fdAdfAUEwsoUxze6vLRlRThjaeig3BX3x5mTye1f3L+sX9ea1xU8RRJkfkmJwSn1yRBrkjTdIijIzIM3klb450Xpx352PeWnKKmUPyB87nDwwijkI=</latexit>⌘

<latexit sha1_base64="aCPgLDuRc65hKHCT+gKGvOzFVpw=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4McyI2zHoxWNEs0Ayhp5OT9Kkp2forhHCkE/w4kERr36RN//GznLQxAcFj/eqqKoXJFIYdN1vJ7e0vLK6ll8vbGxube8Ud/fqJk414zUWy1g3A2q4FIrXUKDkzURzGgWSN4LBzdhvPHFtRKwecJhwP6I9JULBKFrpfvB40imW3LI7AVkk3oyUYIZqp/jV7sYsjbhCJqkxLc9N0M+oRsEkHxXaqeEJZQPa4y1LFY248bPJqSNyZJUuCWNtSyGZqL8nMhoZM4wC2xlR7Jt5byz+57VSDK/8TKgkRa7YdFGYSoIxGf9NukJzhnJoCWVa2FsJ61NNGdp0CjYEb/7lRVI/LXsX5fO7s1LlehZHHg7gEI7Bg0uowC1UoQYMevAMr/DmSOfFeXc+pq05ZzazD3/gfP4A836NmA==</latexit>

k�

<latexit sha1_base64="b2TuNOEnZy2e2IvSWvXVj1wGQUg=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiAIQpgRt2PQi8eIZoFkDD2dnqRJT8/QXSOEIZ/gxYMiXv0ib/6NneWgiQ8KHu9VUVUvSKQw6LrfTm5peWV1Lb9e2Njc2t4p7u7VTZxqxmsslrFuBtRwKRSvoUDJm4nmNAokbwSDm7HfeOLaiFg94DDhfkR7SoSCUbTS/eDxpFMsuWV3ArJIvBkpwQzVTvGr3Y1ZGnGFTFJjWp6boJ9RjYJJPiq0U8MTyga0x1uWKhpx42eTU0fkyCpdEsbalkIyUX9PZDQyZhgFtjOi2Dfz3lj8z2ulGF75mVBJilyx6aIwlQRjMv6bdIXmDOXQEsq0sLcS1qeaMrTpFGwI3vzLi6R+WvYuyud3Z6XK9SyOPBzAIRyDB5dQgVuoQg0Y9OAZXuHNkc6L8+58TFtzzmxmH/7A+fwB8HaNlg==</latexit>

k+

<latexit sha1_base64="lBus13npjsJP4AWBbMO57e7MXhA=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6yIEvXhMwDwk2YTZyWwyZGZ2mZkVwpKv8OJBEa9+jjf/xkmyB00saCiquunuCmLOtHHdb2dldW19YzO3ld/e2d3bLxwcNnSUKELrJOKRagVYU84krRtmOG3FimIRcNoMRndTv/lElWaRfDDjmPoCDyQLGcHGSo9xt4xuUK1b7hWKbsmdAS0TLyNFyFDtFb46/YgkgkpDONa67bmx8VOsDCOcTvKdRNMYkxEe0LalEguq/XR28ASdWqWPwkjZkgbN1N8TKRZaj0VgOwU2Q73oTcX/vHZiwms/ZTJODJVkvihMODIRmn6P+kxRYvjYEkwUs7ciMsQKE2MzytsQvMWXl0mjXPIuSxe182LlNosjB8dwAmfgwRVU4B6qUAcCAp7hFd4c5bw4787HvHXFyWaO4A+czx/71488</latexit>

p2 = Q2

<latexit sha1_base64="fxvz2qhcnWR4JPsP4zdva7jGhSk="></latexit>

fTMD =
p
SBTMD

Collinear:

An--collinear:

SoX:

<latexit sha1_base64="U9TncPM79BODk4dA+tOlYoHmyXk="></latexit>

pµ ⇠ Q(1,�2,�)

<latexit sha1_base64="ABiuOn7phW11GK2U/hE65TuSNMg="></latexit>

pµ ⇠ Q(�2, 1,�)

<latexit sha1_base64="ScMwPGXixQyxTd5Q1fYkllMGgJs="></latexit>

pµ ⇠ Q(�,�,�)

<latexit sha1_base64="Y1hJizHldN0mHgwN50bchS+3n+E=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV671S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHrl2M3w==</latexit>

Q

<latexit sha1_base64="Y1hJizHldN0mHgwN50bchS+3n+E=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV671S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHrl2M3w==</latexit>

Q

<latexit sha1_base64="WNShP9H3FTq0bvLf3zo3rQKOJYA=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVZdFNy5bsA9ph5LJZNrQJDMkGaEM/Qo3LhRx6+e4829M21lo64HA4Zxzyb0nSDjTxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVhLZIzGPVDbCmnEnaMsxw2k0UxSLgtBOM72Z+54kqzWL5YCYJ9QUeShYxgo2VHvvcRkOMmoNyxa26c6BV4uWkAjkag/JXP4xJKqg0hGOte56bGD/DyjDC6bTUTzVNMBnjIe1ZKrGg2s/mC0/RmVVCFMXKPmnQXP09kWGh9UQENimwGellbyb+5/VSE934GZNJaqgki4+ilCMTo9n1KGSKEsMnlmCimN0VkRFWmBjbUcmW4C2fvEraF1XvqlprXlbqt3kdRTiBUzgHD66hDvfQgBYQEPAMr/DmKOfFeXc+FtGCk88cwx84nz861JAM</latexit>

�Q

<latexit sha1_base64="WNShP9H3FTq0bvLf3zo3rQKOJYA=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVZdFNy5bsA9ph5LJZNrQJDMkGaEM/Qo3LhRx6+e4829M21lo64HA4Zxzyb0nSDjTxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVhLZIzGPVDbCmnEnaMsxw2k0UxSLgtBOM72Z+54kqzWL5YCYJ9QUeShYxgo2VHvvcRkOMmoNyxa26c6BV4uWkAjkag/JXP4xJKqg0hGOte56bGD/DyjDC6bTUTzVNMBnjIe1ZKrGg2s/mC0/RmVVCFMXKPmnQXP09kWGh9UQENimwGellbyb+5/VSE934GZNJaqgki4+ilCMTo9n1KGSKEsMnlmCimN0VkRFWmBjbUcmW4C2fvEraF1XvqlprXlbqt3kdRTiBUzgHD66hDvfQgBYQEPAMr/DmKOfFeXc+FtGCk88cwx84nz861JAM</latexit>

�Q

<latexit sha1_base64="6PQYf+o9hEd3gudygMSQTkT6IE4=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjPF17LoxmUL9gHTsWQymTY0kwzJHaGUfoYbF4q49Wvc+Tem7Sy09UDgcM655N4TpoIbcN1vp7C2vrG5Vdwu7ezu7R+UD4/aRmWashZVQuluSAwTXLIWcBCsm2pGklCwTji6m/mdJ6YNV/IBxikLEjKQPOaUgJX8nrDRiDzWcLNfrrhVdw68SrycVFCORr/81YsUzRImgQpijO+5KQQTooFTwaalXmZYSuiIDJhvqSQJM8FkvvIUn1klwrHS9knAc/X3xIQkxoyT0CYTAkOz7M3E/zw/g/gmmHCZZsAkXXwUZwKDwrP7ccQ1oyDGlhCqud0V0yHRhIJtqWRL8JZPXiXtWtW7ql42Lyr127yOIjpBp+gceega1dE9aqAWokihZ/SK3hxwXpx352MRLTj5zDH6A+fzB2YFkLA=</latexit>

�2Q

<latexit sha1_base64="6PQYf+o9hEd3gudygMSQTkT6IE4=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjPF17LoxmUL9gHTsWQymTY0kwzJHaGUfoYbF4q49Wvc+Tem7Sy09UDgcM655N4TpoIbcN1vp7C2vrG5Vdwu7ezu7R+UD4/aRmWashZVQuluSAwTXLIWcBCsm2pGklCwTji6m/mdJ6YNV/IBxikLEjKQPOaUgJX8nrDRiDzWcLNfrrhVdw68SrycVFCORr/81YsUzRImgQpijO+5KQQTooFTwaalXmZYSuiIDJhvqSQJM8FkvvIUn1klwrHS9knAc/X3xIQkxoyT0CYTAkOz7M3E/zw/g/gmmHCZZsAkXXwUZwKDwrP7ccQ1oyDGlhCqud0V0yHRhIJtqWRL8JZPXiXtWtW7ql42Lyr127yOIjpBp+gceega1dE9aqAWokihZ/SK3hxwXpx352MRLTj5zDH6A+fzB2YFkLA=</latexit>

�2Q



DIS at small-x

• Ordering of the longitudinal momenta 
;  

• Factorization in the longitudinal  
momentum fraction 

• The background gluons are described with 
an unintegrated distribution which 
depends on a transverse momentum 

• It’s convenient to choose the factorization 
scale as  

• Resummation of rapidity logarithms 

k−
1 ≫ k−

2 ≫ k−
3 k+

1 ≪ k+
2 ≪ k+

3

xB

ln 1/xB

Perturba-ve

Non-perturba-ve

Factoriza-on scale

<latexit sha1_base64="ZGxaELrhsPH/Vm4RGw8mYPQFpHk="></latexit>

� /
Z

d2p?
4⇡2

I(p?, q?)Tr{V (p?)V
†(q? � p?)}

<latexit sha1_base64="eOOKdhZJ7s6/STmlm6+Ezm4+sVA=">AAAB83icbVDLSsNAFL2pr1pfVZduBosgqCURX8uiG5cV7APaNEymk3bIZBJmJkIJ/Q03LhRx68+482+ctllo64ELh3Pu5d57/IQzpW372yosLa+srhXXSxubW9s75d29popTSWiDxDyWbR8rypmgDc00p+1EUhz5nLb88G7it56oVCwWj3qUUDfCA8ECRrA2UjfsnXnOKQp7J57jlSt21Z4CLRInJxXIUffKX91+TNKICk04Vqrj2Il2Myw1I5yOS91U0QSTEA9ox1CBI6rcbHrzGB0ZpY+CWJoSGk3V3xMZjpQaRb7pjLAeqnlvIv7ndVId3LgZE0mqqSCzRUHKkY7RJADUZ5ISzUeGYCKZuRWRIZaYaBNTyYTgzL+8SJrnVeeqevlwUand5nEU4QAO4RgcuIYa3EMdGkAggWd4hTcrtV6sd+tj1lqw8pl9+APr8wfr0ZBS</latexit>

k�1 , k
+
1

<latexit sha1_base64="guQULNiDgoVV0uLyystBEfVCp6M=">AAAB83icbVDLSsNAFL2pr1pfVZduBosgqCUpvpZFNy4r2Ae0aZhMJ+2QySTMTIQS+htuXCji1p9x5984bbPQ6oELh3Pu5d57/IQzpW37yyosLa+srhXXSxubW9s75d29lopTSWiTxDyWHR8rypmgTc00p51EUhz5nLb98Hbqtx+pVCwWD3qcUDfCQ8ECRrA2Ui/sn3m1UxT2T7yaV67YVXsG9Jc4OalAjoZX/uwNYpJGVGjCsVJdx060m2GpGeF0UuqliiaYhHhIu4YKHFHlZrObJ+jIKAMUxNKU0Gim/pzIcKTUOPJNZ4T1SC16U/E/r5vq4NrNmEhSTQWZLwpSjnSMpgGgAZOUaD42BBPJzK2IjLDERJuYSiYEZ/Hlv6RVqzqX1Yv780r9Jo+jCAdwCMfgwBXU4Q4a0AQCCTzBC7xaqfVsvVnv89aClc/swy9YH9/u4JBU</latexit>

k�2 , k
+
2

<latexit sha1_base64="w7f30vt1GpdePxqxe0ZR4wym+bw=">AAAB83icbVDLSsNAFL2pr1pfVZduBosgqCWxvpZFNy4r2Ae0aZhMJ+2QySTMTIQS+htuXCji1p9x5984fSy09cCFwzn3cu89fsKZ0rb9beWWlldW1/LrhY3Nre2d4u5eQ8WpJLROYh7Llo8V5UzQumaa01YiKY58Tpt+eDf2m09UKhaLRz1MqBvhvmABI1gbqRN2z7zKKQq7J17FK5bssj0BWiTOjJRghppX/Or0YpJGVGjCsVJtx060m2GpGeF0VOikiiaYhLhP24YKHFHlZpObR+jIKD0UxNKU0Gii/p7IcKTUMPJNZ4T1QM17Y/E/r53q4MbNmEhSTQWZLgpSjnSMxgGgHpOUaD40BBPJzK2IDLDERJuYCiYEZ/7lRdI4LztX5cuHi1L1dhZHHg7gEI7BgWuowj3UoA4EEniGV3izUuvFerc+pq05azazD39gff4A8e+QVg==</latexit>

k�3 , k
+
3

Balitsky (1996)

<latexit sha1_base64="i9jy5UJdQLcgbTowXoH5m6BWqVE=">AAAB/XicbVDLSgMxFM34rPU1PnZugkWomzIjvpZFQVxWsA/oDEMmzbShmUxIMkIdir/ixoUibv0Pd/6NmXYW2nogcDjnXu7JCQWjSjvOt7WwuLS8slpaK69vbG5t2zu7LZWkEpMmTlgiOyFShFFOmppqRjpCEhSHjLTD4XXutx+IVDTh93okiB+jPqcRxUgbKbD3vRjpAUYsuxlXh4EniBTHgV1xas4EcJ64BamAAo3A/vJ6CU5jwjVmSKmu6wjtZ0hqihkZl71UEYHwEPVJ11COYqL8bJJ+DI+M0oNRIs3jGk7U3xsZipUaxaGZzLOqWS8X//O6qY4u/YxykWrC8fRQlDKoE5hXAXtUEqzZyBCEJTVZIR4gibA2hZVNCe7sl+dJ66TmntfO7k4r9auijhI4AIegClxwAergFjRAE2DwCJ7BK3iznqwX6936mI4uWMXOHvgD6/MHRyKVHw==</latexit>

F(k?)



Rapidity factoriza-on with rigid cut-offs

Perturba-ve

Non-perturba-ve

Factoriza-on scale

<latexit sha1_base64="NwTVhUwpMxoGcj0+kwjDlfTQ8uE=">AAAB63icbVBNS8NAEN3Ur1q/qh69BIvgqSTi17HoxWMFawttKJvtpF26uwm7E6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvTAQ36HnfTmlldW19o7xZ2dre2d2r7h88mjjVDFosFrHuhNSA4ApayFFAJ9FAZSigHY5vc7/9BNrwWD3gJIFA0qHiEWcUc6kHSPvVmlf3ZnCXiV+QGinQ7Fe/eoOYpRIUMkGN6fpegkFGNXImYFrppQYSysZ0CF1LFZVggmx269Q9scrAjWJtS6E7U39PZFQaM5Gh7ZQUR2bRy8X/vG6K0XWQcZWkCIrNF0WpcDF288fdAdfAUEwsoUxze6vLRlRThjaeig3BX3x5mTye1f3L+sX9ea1xU8RRJkfkmJwSn1yRBrkjTdIijIzIM3klb450Xpx352PeWnKKmUPyB87nDwwijkI=</latexit>⌘

<latexit sha1_base64="NwTVhUwpMxoGcj0+kwjDlfTQ8uE=">AAAB63icbVBNS8NAEN3Ur1q/qh69BIvgqSTi17HoxWMFawttKJvtpF26uwm7E6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvTAQ36HnfTmlldW19o7xZ2dre2d2r7h88mjjVDFosFrHuhNSA4ApayFFAJ9FAZSigHY5vc7/9BNrwWD3gJIFA0qHiEWcUc6kHSPvVmlf3ZnCXiV+QGinQ7Fe/eoOYpRIUMkGN6fpegkFGNXImYFrppQYSysZ0CF1LFZVggmx269Q9scrAjWJtS6E7U39PZFQaM5Gh7ZQUR2bRy8X/vG6K0XWQcZWkCIrNF0WpcDF288fdAdfAUEwsoUxze6vLRlRThjaeig3BX3x5mTye1f3L+sX9ea1xU8RRJkfkmJwSn1yRBrkjTdIijIzIM3klb450Xpx352PeWnKKmUPyB87nDwwijkI=</latexit>⌘

<latexit sha1_base64="aCPgLDuRc65hKHCT+gKGvOzFVpw=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4McyI2zHoxWNEs0Ayhp5OT9Kkp2forhHCkE/w4kERr36RN//GznLQxAcFj/eqqKoXJFIYdN1vJ7e0vLK6ll8vbGxube8Ud/fqJk414zUWy1g3A2q4FIrXUKDkzURzGgWSN4LBzdhvPHFtRKwecJhwP6I9JULBKFrpfvB40imW3LI7AVkk3oyUYIZqp/jV7sYsjbhCJqkxLc9N0M+oRsEkHxXaqeEJZQPa4y1LFY248bPJqSNyZJUuCWNtSyGZqL8nMhoZM4wC2xlR7Jt5byz+57VSDK/8TKgkRa7YdFGYSoIxGf9NukJzhnJoCWVa2FsJ61NNGdp0CjYEb/7lRVI/LXsX5fO7s1LlehZHHg7gEI7Bg0uowC1UoQYMevAMr/DmSOfFeXc+pq05ZzazD3/gfP4A836NmA==</latexit>

k�

<latexit sha1_base64="b2TuNOEnZy2e2IvSWvXVj1wGQUg=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiAIQpgRt2PQi8eIZoFkDD2dnqRJT8/QXSOEIZ/gxYMiXv0ib/6NneWgiQ8KHu9VUVUvSKQw6LrfTm5peWV1Lb9e2Njc2t4p7u7VTZxqxmsslrFuBtRwKRSvoUDJm4nmNAokbwSDm7HfeOLaiFg94DDhfkR7SoSCUbTS/eDxpFMsuWV3ArJIvBkpwQzVTvGr3Y1ZGnGFTFJjWp6boJ9RjYJJPiq0U8MTyga0x1uWKhpx42eTU0fkyCpdEsbalkIyUX9PZDQyZhgFtjOi2Dfz3lj8z2ulGF75mVBJilyx6aIwlQRjMv6bdIXmDOXQEsq0sLcS1qeaMrTpFGwI3vzLi6R+WvYuyud3Z6XK9SyOPBzAIRyDB5dQgVuoQg0Y9OAZXuHNkc6L8+58TFtzzmxmH/7A+fwB8HaNlg==</latexit>

k+

<latexit sha1_base64="AXaysGEqr18g/leOnUuOmlqMZls="></latexit>Z ⌘

⌘0

dk�

k�

• Factorization in the longitudinal 
momentum fraction which is strictly 
ordered



DIS at small-x

<latexit sha1_base64="ZwKkaJcdU3hHlnhMyVD4tdz55QM=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZo1kwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOl5jQY=</latexit>x<latexit sha1_base64="tmEvmksfb9cWDAa5xB1ckWUhUbQ=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVx71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH6v2NBw==</latexit>y

<latexit sha1_base64="GJihYV6AH4tnH+JCwCpsvphTfO8="></latexit>
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<latexit sha1_base64="nyGqruu6cck/pvDEuZhApxQAEd0=">AAACrnicbVFNb9s </latexit>

=
1

2⇡

Z 1

0

dp�

2p�
e�ip�(x�y)+

Z 1

�1

dp+

2⇡
e�ip+(x�y)�(x?|

1

p+ � p2
?

2p� + i✏
|y?)

<latexit sha1_base64="YcVzSp+0/kfnBsaoaWVuYtgvNS0="></latexit>
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DIS at small-x

<latexit sha1_base64="ZwKkaJcdU3hHlnhMyVD4tdz55QM=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZo1kwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOl5jQY=</latexit>x<latexit sha1_base64="tmEvmksfb9cWDAa5xB1ckWUhUbQ=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVx71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH6v2NBw==</latexit>y

<latexit sha1_base64="xwMoruV3ZGCRVjELC6fkbME3vyM="></latexit>
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<latexit sha1_base64="kGGHawqtlFMM8gYSlYtb4h2x0dU=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgxbArvo5RLx4jmgckS5idTJIhs7PLTK8QlnyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXEEth0HW/ndzS8srqWn69sLG5tb1T3N2rmyjRjNdYJCPdDKjhUiheQ4GSN2PNaRhI3giGtxO/8cS1EZF6xFHM/ZD2legJRtFKD9edk06x5JbdKcgi8TJSggzVTvGr3Y1YEnKFTFJjWp4bo59SjYJJPi60E8Njyoa0z1uWKhpy46fTU8fkyCpd0ou0LYVkqv6eSGlozCgMbGdIcWDmvYn4n9dKsHflp0LFCXLFZot6iSQYkcnfpCs0ZyhHllCmhb2VsAHVlKFNp2BD8OZfXiT107J3UT6/PytVbrI48nAAh3AMHlxCBe6gCjVg0IdneIU3RzovzrvzMWvNOdnMPvyB8/kDtQeNbw==</latexit>

A�

<latexit sha1_base64="AA5G9UwbqJv4l9PC4+EH/QELF2M=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgQcOu+DoGvXiMYB6QXcPsZDYZMjs7zMwKYclvePGgiFd/xpt/4yTZgyYWNBRV3XR3hZIzbVz32yksLa+srhXXSxubW9s75d29pk5SRWiDJDxR7RBrypmgDcMMp22pKI5DTlvh8Hbit56o0iwRD2YkaRDjvmARI9hYyZePpydIdn1JleyWK27VnQItEi8nFchR75a//F5C0pgKQzjWuuO50gQZVoYRTsclP9VUYjLEfdqxVOCY6iCb3jxGR1bpoShRtoRBU/X3RIZjrUdxaDtjbAZ63puI/3md1ETXQcaETA0VZLYoSjkyCZoEgHpMUWL4yBJMFLO3IjLAChNjYyrZELz5lxdJ86zqXVYv7s8rtZs8jiIcwCEcgwdXUIM7qEMDCEh4hld4c1LnxXl3PmatBSef2Yc/cD5/AC03kSU=</latexit>

p�, p?

<latexit sha1_base64="TS5KYnG4mHk2xZ4hERo5l8xOkBY=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgQcOu+DoGvXiMYB6QXcPsZDYZMjs7zMwKYclvePGgiFd/xpt/4yTZgyYWNBRV3XR3hZIzbVz32yksLa+srhXXSxubW9s75d29pk5SRWiDJDxR7RBrypmgDcMMp22pKI5DTlvh8Hbit56o0iwRD2YkaRDjvmARI9hYyeePpyeId31JleyWK27VnQItEi8nFchR75a//F5C0pgKQzjWuuO50gQZVoYRTsclP9VUYjLEfdqxVOCY6iCb3jxGR1bpoShRtoRBU/X3RIZjrUdxaDtjbAZ63puI/3md1ETXQcaETA0VZLYoSjkyCZoEgHpMUWL4yBJMFLO3IjLAChNjYyrZELz5lxdJ86zqXVYv7s8rtZs8jiIcwCEcgwdXUIM7qEMDCEh4hld4c1LnxXl3PmatBSef2Yc/cD5/ACDTkR0=</latexit>

l�, l?

<latexit sha1_base64="tNSwnHDoSCb9WsofRcDLqpyZggk=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgQcOu+DoGvXiMYB6QXcPspDcZMjs7zMwKYclvePGgiFd/xpt/4yTZgyYWNBRV3XR3hZIzbVz32yksLa+srhXXSxubW9s75d29pk5SRaFBE56odkg0cCagYZjh0JYKSBxyaIXD24nfegKlWSIezEhCEJO+YBGjxFjJl4+nJ3jY9SUo2S1X3Ko7BV4kXk4qKEe9W/7yewlNYxCGcqJ1x3OlCTKiDKMcxiU/1SAJHZI+dCwVJAYdZNObx/jIKj0cJcqWMHiq/p7ISKz1KA5tZ0zMQM97E/E/r5Oa6DrImJCpAUFni6KUY5PgSQC4xxRQw0eWEKqYvRXTAVGEGhtTyYbgzb+8SJpnVe+yenF/Xqnd5HEU0QE6RMfIQ1eohu5QHTUQRRI9o1f05qTOi/PufMxaC04+s4/+wPn8ASWFkSA=</latexit>

p�, k?

<latexit sha1_base64="m8YynDghQhw5HiwOPEUcrDrmoZ8=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBC8JOyKr2PQi8cI5gGbTZidzG6GzM4sM71CCPkMLx4U8erXePNvnCR70MSChqKqm+6uMBXcgOt+Oyura+sbm4Wt4vbO7t5+6eCwaVSmKWtQJZRuh8QwwSVrAAfB2qlmJAkFa4XDu6nfemLacCUfYZSyICGx5BGnBKzkp90K7sQxFt1Kr1R2q+4MeJl4OSmjHPVe6avTVzRLmAQqiDG+56YQjIkGTgWbFDuZYSmhQxIz31JJEmaC8ezkCT61Sh9HStuSgGfq74kxSYwZJaHtTAgMzKI3Ff/z/Ayim2DMZZoBk3S+KMoEBoWn/+M+14yCGFlCqOb2VkwHRBMKNqWiDcFbfHmZNM+r3lX18uGiXLvN4yigY3SCzpCHrlEN3aM6aiCKFHpGr+jNAefFeXc+5q0rTj5zhP7A+fwBzfiQTg==</latexit>

p� � l�
• Rapidity factorization

<latexit sha1_base64="avpIzz95+pyhmLyNDKMYTdnPHf4="></latexit>
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DIS at small-x

<latexit sha1_base64="xwMoruV3ZGCRVjELC6fkbME3vyM="></latexit>
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<latexit sha1_base64="ZwKkaJcdU3hHlnhMyVD4tdz55QM=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZo1kwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOl5jQY=</latexit>x<latexit sha1_base64="tmEvmksfb9cWDAa5xB1ckWUhUbQ=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVx71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH6v2NBw==</latexit>y

<latexit sha1_base64="kGGHawqtlFMM8gYSlYtb4h2x0dU=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgxbArvo5RLx4jmgckS5idTJIhs7PLTK8QlnyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXEEth0HW/ndzS8srqWn69sLG5tb1T3N2rmyjRjNdYJCPdDKjhUiheQ4GSN2PNaRhI3giGtxO/8cS1EZF6xFHM/ZD2legJRtFKD9edk06x5JbdKcgi8TJSggzVTvGr3Y1YEnKFTFJjWp4bo59SjYJJPi60E8Njyoa0z1uWKhpy46fTU8fkyCpd0ou0LYVkqv6eSGlozCgMbGdIcWDmvYn4n9dKsHflp0LFCXLFZot6iSQYkcnfpCs0ZyhHllCmhb2VsAHVlKFNp2BD8OZfXiT107J3UT6/PytVbrI48nAAh3AMHlxCBe6gCjVg0IdneIU3RzovzrvzMWvNOdnMPvyB8/kDtQeNbw==</latexit>

A�

<latexit sha1_base64="AA5G9UwbqJv4l9PC4+EH/QELF2M=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgQcOu+DoGvXiMYB6QXcPsZDYZMjs7zMwKYclvePGgiFd/xpt/4yTZgyYWNBRV3XR3hZIzbVz32yksLa+srhXXSxubW9s75d29pk5SRWiDJDxR7RBrypmgDcMMp22pKI5DTlvh8Hbit56o0iwRD2YkaRDjvmARI9hYyZePpydIdn1JleyWK27VnQItEi8nFchR75a//F5C0pgKQzjWuuO50gQZVoYRTsclP9VUYjLEfdqxVOCY6iCb3jxGR1bpoShRtoRBU/X3RIZjrUdxaDtjbAZ63puI/3md1ETXQcaETA0VZLYoSjkyCZoEgHpMUWL4yBJMFLO3IjLAChNjYyrZELz5lxdJ86zqXVYv7s8rtZs8jiIcwCEcgwdXUIM7qEMDCEh4hld4c1LnxXl3PmatBSef2Yc/cD5/AC03kSU=</latexit>

p�, p?

<latexit sha1_base64="TS5KYnG4mHk2xZ4hERo5l8xOkBY=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgQcOu+DoGvXiMYB6QXcPsZDYZMjs7zMwKYclvePGgiFd/xpt/4yTZgyYWNBRV3XR3hZIzbVz32yksLa+srhXXSxubW9s75d29pk5SRWiDJDxR7RBrypmgDcMMp22pKI5DTlvh8Hbit56o0iwRD2YkaRDjvmARI9hYyeePpyeId31JleyWK27VnQItEi8nFchR75a//F5C0pgKQzjWuuO50gQZVoYRTsclP9VUYjLEfdqxVOCY6iCb3jxGR1bpoShRtoRBU/X3RIZjrUdxaDtjbAZ63puI/3md1ETXQcaETA0VZLYoSjkyCZoEgHpMUWL4yBJMFLO3IjLAChNjYyrZELz5lxdJ86zqXVYv7s8rtZs8jiIcwCEcgwdXUIM7qEMDCEh4hld4c1LnxXl3PmatBSef2Yc/cD5/ACDTkR0=</latexit>

l�, l?

<latexit sha1_base64="tNSwnHDoSCb9WsofRcDLqpyZggk=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgQcOu+DoGvXiMYB6QXcPspDcZMjs7zMwKYclvePGgiFd/xpt/4yTZgyYWNBRV3XR3hZIzbVz32yksLa+srhXXSxubW9s75d29pk5SRaFBE56odkg0cCagYZjh0JYKSBxyaIXD24nfegKlWSIezEhCEJO+YBGjxFjJl4+nJ3jY9SUo2S1X3Ko7BV4kXk4qKEe9W/7yewlNYxCGcqJ1x3OlCTKiDKMcxiU/1SAJHZI+dCwVJAYdZNObx/jIKj0cJcqWMHiq/p7ISKz1KA5tZ0zMQM97E/E/r5Oa6DrImJCpAUFni6KUY5PgSQC4xxRQw0eWEKqYvRXTAVGEGhtTyYbgzb+8SJpnVe+yenF/Xqnd5HEU0QE6RMfIQ1eohu5QHTUQRRI9o1f05qTOi/PufMxaC04+s4/+wPn8ASWFkSA=</latexit>

p�, k?

<latexit sha1_base64="m8YynDghQhw5HiwOPEUcrDrmoZ8=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBC8JOyKr2PQi8cI5gGbTZidzG6GzM4sM71CCPkMLx4U8erXePNvnCR70MSChqKqm+6uMBXcgOt+Oyura+sbm4Wt4vbO7t5+6eCwaVSmKWtQJZRuh8QwwSVrAAfB2qlmJAkFa4XDu6nfemLacCUfYZSyICGx5BGnBKzkp90K7sQxFt1Kr1R2q+4MeJl4OSmjHPVe6avTVzRLmAQqiDG+56YQjIkGTgWbFDuZYSmhQxIz31JJEmaC8ezkCT61Sh9HStuSgGfq74kxSYwZJaHtTAgMzKI3Ff/z/Ayim2DMZZoBk3S+KMoEBoWn/+M+14yCGFlCqOb2VkwHRBMKNqWiDcFbfHmZNM+r3lX18uGiXLvN4yigY3SCzpCHrlEN3aM6aiCKFHpGr+jNAefFeXc+5q0rTj5zhP7A+fwBzfiQTg==</latexit>

p� � l�
• Rapidity factorization

<latexit sha1_base64="avpIzz95+pyhmLyNDKMYTdnPHf4="></latexit>
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Expansion parameter



DIS at small-x

<latexit sha1_base64="xwMoruV3ZGCRVjELC6fkbME3vyM="></latexit>
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<latexit sha1_base64="ZwKkaJcdU3hHlnhMyVD4tdz55QM=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZo1kwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOl5jQY=</latexit>x<latexit sha1_base64="tmEvmksfb9cWDAa5xB1ckWUhUbQ=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVx71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH6v2NBw==</latexit>y

<latexit sha1_base64="kGGHawqtlFMM8gYSlYtb4h2x0dU=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgxbArvo5RLx4jmgckS5idTJIhs7PLTK8QlnyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXEEth0HW/ndzS8srqWn69sLG5tb1T3N2rmyjRjNdYJCPdDKjhUiheQ4GSN2PNaRhI3giGtxO/8cS1EZF6xFHM/ZD2legJRtFKD9edk06x5JbdKcgi8TJSggzVTvGr3Y1YEnKFTFJjWp4bo59SjYJJPi60E8Njyoa0z1uWKhpy46fTU8fkyCpd0ou0LYVkqv6eSGlozCgMbGdIcWDmvYn4n9dKsHflp0LFCXLFZot6iSQYkcnfpCs0ZyhHllCmhb2VsAHVlKFNp2BD8OZfXiT107J3UT6/PytVbrI48nAAh3AMHlxCBe6gCjVg0IdneIU3RzovzrvzMWvNOdnMPvyB8/kDtQeNbw==</latexit>

A�

<latexit sha1_base64="AA5G9UwbqJv4l9PC4+EH/QELF2M=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgQcOu+DoGvXiMYB6QXcPsZDYZMjs7zMwKYclvePGgiFd/xpt/4yTZgyYWNBRV3XR3hZIzbVz32yksLa+srhXXSxubW9s75d29pk5SRWiDJDxR7RBrypmgDcMMp22pKI5DTlvh8Hbit56o0iwRD2YkaRDjvmARI9hYyZePpydIdn1JleyWK27VnQItEi8nFchR75a//F5C0pgKQzjWuuO50gQZVoYRTsclP9VUYjLEfdqxVOCY6iCb3jxGR1bpoShRtoRBU/X3RIZjrUdxaDtjbAZ63puI/3md1ETXQcaETA0VZLYoSjkyCZoEgHpMUWL4yBJMFLO3IjLAChNjYyrZELz5lxdJ86zqXVYv7s8rtZs8jiIcwCEcgwdXUIM7qEMDCEh4hld4c1LnxXl3PmatBSef2Yc/cD5/AC03kSU=</latexit>

p�, p?

<latexit sha1_base64="TS5KYnG4mHk2xZ4hERo5l8xOkBY=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgQcOu+DoGvXiMYB6QXcPsZDYZMjs7zMwKYclvePGgiFd/xpt/4yTZgyYWNBRV3XR3hZIzbVz32yksLa+srhXXSxubW9s75d29pk5SRWiDJDxR7RBrypmgDcMMp22pKI5DTlvh8Hbit56o0iwRD2YkaRDjvmARI9hYyeePpyeId31JleyWK27VnQItEi8nFchR75a//F5C0pgKQzjWuuO50gQZVoYRTsclP9VUYjLEfdqxVOCY6iCb3jxGR1bpoShRtoRBU/X3RIZjrUdxaDtjbAZ63puI/3md1ETXQcaETA0VZLYoSjkyCZoEgHpMUWL4yBJMFLO3IjLAChNjYyrZELz5lxdJ86zqXVYv7s8rtZs8jiIcwCEcgwdXUIM7qEMDCEh4hld4c1LnxXl3PmatBSef2Yc/cD5/ACDTkR0=</latexit>

l�, l?

<latexit sha1_base64="tNSwnHDoSCb9WsofRcDLqpyZggk=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgQcOu+DoGvXiMYB6QXcPspDcZMjs7zMwKYclvePGgiFd/xpt/4yTZgyYWNBRV3XR3hZIzbVz32yksLa+srhXXSxubW9s75d29pk5SRaFBE56odkg0cCagYZjh0JYKSBxyaIXD24nfegKlWSIezEhCEJO+YBGjxFjJl4+nJ3jY9SUo2S1X3Ko7BV4kXk4qKEe9W/7yewlNYxCGcqJ1x3OlCTKiDKMcxiU/1SAJHZI+dCwVJAYdZNObx/jIKj0cJcqWMHiq/p7ISKz1KA5tZ0zMQM97E/E/r5Oa6DrImJCpAUFni6KUY5PgSQC4xxRQw0eWEKqYvRXTAVGEGhtTyYbgzb+8SJpnVe+yenF/Xqnd5HEU0QE6RMfIQ1eohu5QHTUQRRI9o1f05qTOi/PufMxaC04+s4/+wPn8ASWFkSA=</latexit>

p�, k?

<latexit sha1_base64="m8YynDghQhw5HiwOPEUcrDrmoZ8=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBC8JOyKr2PQi8cI5gGbTZidzG6GzM4sM71CCPkMLx4U8erXePNvnCR70MSChqKqm+6uMBXcgOt+Oyura+sbm4Wt4vbO7t5+6eCwaVSmKWtQJZRuh8QwwSVrAAfB2qlmJAkFa4XDu6nfemLacCUfYZSyICGx5BGnBKzkp90K7sQxFt1Kr1R2q+4MeJl4OSmjHPVe6avTVzRLmAQqiDG+56YQjIkGTgWbFDuZYSmhQxIz31JJEmaC8ezkCT61Sh9HStuSgGfq74kxSYwZJaHtTAgMzKI3Ff/z/Ayim2DMZZoBk3S+KMoEBoWn/+M+14yCGFlCqOb2VkwHRBMKNqWiDcFbfHmZNM+r3lX18uGiXLvN4yigY3SCzpCHrlEN3aM6aiCKFHpGr+jNAefFeXc+5q0rTj5zhP7A+fwBzfiQTg==</latexit>

p� � l�
• Rapidity factorization

<latexit sha1_base64="avpIzz95+pyhmLyNDKMYTdnPHf4="></latexit>
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<latexit sha1_base64="pT1QCU+BliPIbN+/K80wSjv0/uQ="></latexit>
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• Straight Wilson line  along the light-cone. A gauge phase acquired by a quark 
propagating in an external gluon field. No “kicks" in the transverse direction! 

V(l⊥)

Expansion parameter



Transverse momentum at small-x
• Small-x: propagation along the light-cone direction -> shock-

wave picture 

• Due to wide separation in longitudinal momentum fraction 
one can obtain a large logarithm 

• BFKL/BK evolution: resummation of longitudinal logs

<latexit sha1_base64="avpIzz95+pyhmLyNDKMYTdnPHf4="></latexit>
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<latexit sha1_base64="uL5o8PcMyPsojeUp3NPxE9QEw4c=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4sSTi17HoxWMF0xbaWjbbSbt0swm7G6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvSATXxnW/naXlldW19cJGcXNre2e3tLdf13GqGPosFrFqBlSj4BJ9w43AZqKQRoHARjC8nfiNJ1Sax/LBjBLsRLQvecgZNVbyk8fTrtctld2KOwVZJF5OypCj1i19tXsxSyOUhgmqdctzE9PJqDKcCRwX26nGhLIh7WPLUkkj1J1seuyYHFulR8JY2ZKGTNXfExmNtB5Fge2MqBnoeW8i/ue1UhNedzIuk9SgZLNFYSqIicnkc9LjCpkRI0soU9zeStiAKsqMzadoQ/DmX14k9bOKd1m5uD8vV2/yOApwCEdwAh5cQRXuoAY+MODwDK/w5kjnxXl3PmatS04+cwB/4Hz+ACGhjkE=</latexit>

p�1
<latexit sha1_base64="qcm0Caf3Rw9dFMGDIx7iHrtBSsU=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBi2W3+HUsevFYwW0L7VqyabYNzWZDkhXK0t/gxYMiXv1B3vw3pu0etPXBwOO9GWbmhZIzbVz32ymsrK6tbxQ3S1vbO7t75f2Dpk5SRahPEp6odog15UxQ3zDDaVsqiuOQ01Y4up36rSeqNEvEgxlLGsR4IFjECDZW8uXjWa/WK1fcqjsDWiZeTiqQo9Erf3X7CUljKgzhWOuO50oTZFgZRjidlLqpphKTER7QjqUCx1QH2ezYCTqxSh9FibIlDJqpvycyHGs9jkPbGWMz1IveVPzP66Qmug4yJmRqqCDzRVHKkUnQ9HPUZ4oSw8eWYKKYvRWRIVaYGJtPyYbgLb68TJq1qndZvbg/r9Rv8jiKcATHcAoeXEEd7qABPhBg8Ayv8OYI58V5dz7mrQUnnzmEP3A+fwAjJY5C</latexit>

p�2
<latexit sha1_base64="1MSKgQpZNJwTpYr/jk/ZKOHvZy0=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBi2XX72PRi8cKblto15JNs21okl2SrFCW/gYvHhTx6g/y5r8xbfegrQ8GHu/NMDMvTDjTxnW/ncLS8srqWnG9tLG5tb1T3t1r6DhVhPok5rFqhVhTziT1DTOcthJFsQg5bYbD24nffKJKs1g+mFFCA4H7kkWMYGMlP3k86Z51yxW36k6BFomXkwrkqHfLX51eTFJBpSEca9323MQEGVaGEU7HpU6qaYLJEPdp21KJBdVBNj12jI6s0kNRrGxJg6bq74kMC61HIrSdApuBnvcm4n9eOzXRdZAxmaSGSjJbFKUcmRhNPkc9pigxfGQJJorZWxEZYIWJsfmUbAje/MuLpHFa9S6rF/fnldpNHkcRDuAQjsGDK6jBHdTBBwIMnuEV3hzpvDjvzsesteDkM/vwB87nDySpjkM=</latexit>

p�3

<latexit sha1_base64="2ox4ORAkoE9Sc1xGKCJqJ7wyTVQ=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4sSTi17HoxWMF0xbaWjbbSbt0swm7G6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvSATXxnW/naXlldW19cJGcXNre2e3tLdf13GqGPosFrFqBlSj4BJ9w43AZqKQRoHARjC8nfiNJ1Sax/LBjBLsRLQvecgZNVbyxeNp1+uWym7FnYIsEi8nZchR65a+2r2YpRFKwwTVuuW5ielkVBnOBI6L7VRjQtmQ9rFlqaQR6k42PXZMjq3SI2GsbElDpurviYxGWo+iwHZG1Az0vDcR//NaqQmvOxmXSWpQstmiMBXExGTyOelxhcyIkSWUKW5vJWxAFWXG5lO0IXjzLy+S+lnFu6xc3J+Xqzd5HAU4hCM4AQ+uoAp3UAMfGHB4hld4c6Tz4rw7H7PWJSefOYA/cD5/ABuBjj0=</latexit>

l�1 <latexit sha1_base64="Gy9Z8JgQ+anhKObkkB+GFFTX4II=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBi2W3+HUsevFYwW0L7VqyabYNzSZLkhXK0t/gxYMiXv1B3vw3pu0etPXBwOO9GWbmhQln2rjut1NYWV1b3yhulra2d3b3yvsHTS1TRahPJJeqHWJNORPUN8xw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsr+fzxrFfrlStu1Z0BLRMvJxXI0eiVv7p9SdKYCkM41rrjuYkJMqwMI5xOSt1U0wSTER7QjqUCx1QH2ezYCTqxSh9FUtkSBs3U3xMZjrUex6HtjLEZ6kVvKv7ndVITXQcZE0lqqCDzRVHKkZFo+jnqM0WJ4WNLMFHM3orIECtMjM2nZEPwFl9eJs1a1busXtyfV+o3eRxFOIJjOAUPrqAOd9AAHwgweIZXeHOE8+K8Ox/z1oKTzxzCHzifPx0Fjj4=</latexit>

l�2
<latexit sha1_base64="byLttjiOUfPPNaI+j96Q8F/UiNc=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBi2XX72PRi8cKblto15JNs21okl2SrFCW/gYvHhTx6g/y5r8xbfegrQ8GHu/NMDMvTDjTxnW/ncLS8srqWnG9tLG5tb1T3t1r6DhVhPok5rFqhVhTziT1DTOcthJFsQg5bYbD24nffKJKs1g+mFFCA4H7kkWMYGMlnz+edM+65YpbdadAi8TLSQVy1Lvlr04vJqmg0hCOtW57bmKCDCvDCKfjUifVNMFkiPu0banEguogmx47RkdW6aEoVrakQVP190SGhdYjEdpOgc1Az3sT8T+vnZroOsiYTFJDJZktilKOTIwmn6MeU5QYPrIEE8XsrYgMsMLE2HxKNgRv/uVF0jitepfVi/vzSu0mj6MIB3AIx+DBFdTgDurgAwEGz/AKb450Xpx352PWWnDymX34A+fzBx6Jjj8=</latexit>

l�3

<latexit sha1_base64="XUpXz8n+VGq0j2EA/CeSku4fQ7U=">AAACEnicbVC7TsMwFHXKq5RXgZHFokKCgZIgXmNVFsYi0YfUpJHjOq1V24lsB1FF+QYWfoWFAYRYmdj4G9zHAC1HuldH59wr+54gZlRp2/62cguLS8sr+dXC2vrG5lZxe6ehokRiUscRi2QrQIowKkhdU81IK5YE8YCRZjC4HvnNeyIVjcSdHsbE46gnaEgx0kbyi0cuE/DBr0JXUQ5dKnQndU6MkLmhRDjtxp3jLB01v1iyy/YYcJ44U1ICU9T84pfbjXDCidCYIaXajh1rL0VSU8xIVnATRWKEB6hH2oYKxIny0vFJGTwwSheGkTQlNByrvzdSxJUa8sBMcqT7atYbif957USHV15KRZxoIvDkoTBhUEdwlA/sUkmwZkNDEJbU/BXiPjJRaJNiwYTgzJ48TxqnZeeifH57VqpUp3HkwR7YB4fAAZegAm5ADdQBBo/gGbyCN+vJerHerY/JaM6a7uyCP7A+fwBsS51b</latexit>

lnxB ⇠
Z 1/xB dp�

p�



Transverse momentum at large-x
<latexit sha1_base64="7Atd8eSB40rqlonuMI0gtBmQfXQ=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiuCqJeFsW3bisYC/QhDCZnrRDJ8kwMxFK6MqNr+LGhSJufQZ3vo3TNgtt/WHg4z/ncOb8oeBMacf5tkpLyyura+X1ysbm1vaOvbvXUmkmKTRpylPZCYkCzhJoaqY5dIQEEocc2uHwZlJvP4BULE3u9UiAH5N+wiJGiTZWYB96kSQ054EnQIpxLgrAHufYDeyqU3OmwovgFlBFhRqB/eX1UprFkGjKiVJd1xHaz4nUjHIYV7xMgSB0SPrQNZiQGJSfT88Y42Pj9HCUSvMSjafu74mcxEqN4tB0xkQP1HxtYv5X62Y6uvJzlohMQ0Jni6KMY53iSSa4xyRQzUcGCJXM/BXTATG5aJNcxYTgzp+8CK3TmntRO787q9avizjK6AAdoRPkoktUR7eogZqIokf0jF7Rm/VkvVjv1sestWQVM/voj6zPH4FBmSQ=</latexit>

l?
p?

⌧ 1• Large-x : transverse “kicks” from the background field 

• Systematically can be taken into account -> twist expansion 

• Due to wide separation separation in transverse 
momentum, large logarithms of transverse momentum 
appear 

• DGLAP evolution equation. Resummation of transverse logs 

• Different factorization scheme -> different calculation
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Transverse momentum at large-x

• Low , not enough phase space for a large transverse integral 

• Wide separation in rapidity -> large rapidity logs (logs of xB)

Q

• Large  -> large transverse integrals 

• DIS at large x: rapidity logs are suppressed 

• Rapidity logs are essential in SIDIS

Q
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Existing Measurements with A ≥ 56 (Fe):
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Figure 2.1: Left: The x-Q2 range covered by the EIC (yellow) in comparison with past and
existing polarized e/µ+p experiments at CERN, DESY, JLab and SLAC, and p+p experiments
at RHIC. Right: The x-Q2 range for e+A collisions for ions larger than iron (yellow) compared
to existing world data.

The EIC covers a center-of-mass energy range for e+p collisions of
p

s of 20 to
140 GeV. The kinematic reach in x and Q2 is shown in Figure 2.1. The quanti-
ties x, y, and Q2 are obtained from measurements of energies and angles of final
state objects, i.e. the scattered electron, the hadronic final-state or a combination of
both. The quantity x is a measure of the momentum fraction of the struck parton
inside the parent-proton. Q2 refers to the square of the momentum transfer be-
tween the electron and proton and is inversely proportional to the resolution. The
diagonal lines in each plot represent lines of constant inelasticity y, which is the
ratio of the virtual photon’s energy to the electron’s energy in the target rest frame.
The variables x, Q2, y and s are related through the equation Q2 ' sxy. The left
figure shows the kinematic coverage for polarized and unpolarized e+p collisions,
and the right figure shows the coverage for e+A collisions. The EIC will allow in
both collider modes an important overlap with present and past experiments. In
addition, the EIC will provide access to entirely new regions in both x and Q2 in a
polarized e+p collider and e+A collider mode, such as the low-x region, providing
critical information about the gluon-dominated regime.

Volume 2 of this Yellow Report provides a detailed overview of the EIC physics
program, including several recent developments not addressed in the EIC White
Paper. In what follows, we focus on the most critical aspects of the scientific ques-
tions outlined above and motivate the machine and detector parameters needed to
address these questions.



Search of satura-on at EIC

• In EIC kinematics transverse logs will 
always be present -> No “pure” small-x 
regime. 

• This is going to jeopardize saturation 
search. 

• We need a factorization scheme which 
systematically takes into account 
transverse and longitudinal logs
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An Assessment of U.S.-Based Electron-Ion Collider Science
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a laboratory for studying QCD—the theory of quarks and gluons producing the 
strong forces holding matter together—with unprecedented depth, opening the 
study of the collective behavior of quarks and especially gluons. The situation 
is analogous to going from a knowledge of the Coulomb force between electric 
charges to seeing the complex phenomena that the force can produce, from su-
perconductivity to weather. Understanding the collective physics of gluons offers 
the opportunity for the most surprises, including new phases of matter and deep 
insights about quantum field theory. Furthermore, the increased understanding of 
nucleons, nuclei, and QCD itself that an EIC would bring would have direct impact 
in particle physics, basic energy sciences, plasma physics, and astrophysics, as well 
as revealing connections to the study of materials and other fields of science.

The committee also finds that an EIC would be much more capable and much 
more challenging to build than earlier electron or polarized proton machines. The 
accelerator challenges are twofold: a high degree of polarization for both beams 
and high luminosity. It would be the most sophisticated and challenging accelerator 
currently proposed for construction in the United States and would significantly 
advance accelerator science and technology here and around the world. The com-
mittee’s study resulted in a set of nine findings, which are summarized here.

Hearing from experts on the science that an EIC would be able to carry out, 
the committee finds that

Finding 1: An EIC can uniquely address three profound questions about 
nucleons—neutrons and protons—and how they are assembled to form the 
nuclei of atoms:

•	 How does the mass of the nucleon arise?
•	 How does the spin of the nucleon arise? 
•	 What are the emergent properties of dense systems of gluons? 

Consideration of the accelerator requirements to answer these questions leads 
to the second finding.

Finding 2: These three high-priority science questions can be answered by an 
EIC with highly polarized beams of electrons and ions, with sufficiently high 
luminosity and sufficient, and variable, center-of-mass energy. 

As a result of the comprehensive survey the committee made of existing and 
planned accelerator facilities in both nuclear and particle physics around the world, 
it finds that

Finding 3: An EIC would be a unique facility in the world and would maintain 
U.S. leadership in nuclear physics.



Search of satura-on at EIC

• Spin of the proton -> contribution of 
small-x? 

• Contribution of the region which cannot 
be accessed experimentally! 

• Theory input: small-x evolution evolution 
equations
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Deep inelas-c scaRering (DIS) experiments showed 
that quarks carry only about 30% of the proton’s spin: 

, which is much smaller than predicted by 
the quark model  - spin puzzle
ΔΣ ≈ 0.32

ΔΣ ≈ 0.6
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Integra-on from zero!

 

-0.5

0

0.5

1

1.5

xmin xmin xmin

0

0.2

0.4

0.6

0.8

1

-0.2

0

0.2

0.4

0.6

0.8
0d

x6
g(

x,
Q

2 )
1 x m

in 0d
x6

Y
(x

,Q
2 )

1 x m
in

½
-0

dx
[½

6
Y

(x
,Q

2 )+
6

g(
x,

Q
2 )]

1 x m
in

10-6 10-5 10-4 10-3 10-2 10-1 1 10-6 10-5 10-4 10-3 10-2 10-1 1 10-6 10-5 10-4 10-3 10-2 10-1 1

Q2 = 10 GeV2 Q2 = 10 GeV2

DSSV 2008
90% C.L. band

DSSV 2014
90% C.L. band

DSSV 2008
90% C.L. band

DSSV 2014
90% C.L. band

DSSV 2014
90% C.L. band

DIS+SIDIS 
no pp data in fit

RHIC spin
projected data 
up to 2015

Data
Data

Figure 9: 90% C.L. uncertainty estimates for the running integrals of the gluon helicity (left), quark helicity
(middle), and orbital angular momentum (right) distribution at Q2 = 10 GeV2 as a function of xmin. The gray-
shaded band denotes the DSSV08 [17] fit which includes primarily DIS data. The blue-shaded band is based on
the DSSV14 fit [18], which includes polarized p+p data from RHIC collected prior to 2012. The yellow-shaded
band is a projection, which accounts for the most recent RHIC data [19]. The region constrained by current data
lies to the right of the vertical dashed lines.

Q2, the spin of the proton can be written in terms
of its constituents using the Ja↵e–Manohar sum
rule [21]
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contribution, and �g(x,Q2) represents the gluon
helicity contribution to the total spin of the pro-
ton. The respective orbital angular momenta of
quarks and gluons are represented by L(Q2) =P
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Figure 9 shows an extraction of the integrals of
the quark and gluon contributions in Eq. 2, run-
ning between x = xmin and x = 1 with their 90%
confidence level (C.L) uncertainties. The gray-
shaded band is the outcome of the DSSV08 [17]
analysis, which is almost exclusively based on
the existing DIS data. The blue-shaded band
shows the result of the DSSV14 [18] fit, which in-
cludes polarized p+p data from RHIC. The yellow-
shaded region shows the projected constraints on
the parton distributions once all RHIC data col-
lected through 2015 is included. In the plots, the
region to the right of the dashed vertical line is
constrained by current data. It is clear that preci-

sion data are needed to determine the parton con-
tribution to the proton’s spin, especially at low x.
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alternative fits that are within the 90% C.L. limit.

The fraction of the spin from angular mo-
menta can be obtained by subtracting 1

2�⌃(Q2)
and �G(Q2) from the total spin of the proton, us-
ing the sum rule in Eq. 2. The right panel in Fig. 9
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Extractions based on DGLAP
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constrained by current data. It is clear that preci-

sion data are needed to determine the parton con-
tribution to the proton’s spin, especially at low x.
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menta can be obtained by subtracting 1
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and �G(Q2) from the total spin of the proton, us-
ing the sum rule in Eq. 2. The right panel in Fig. 9
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• The standard way to address the proton spin puzzle is by extrac-ng 
the hPDFs from experimental data using collinear factoriza-on 
along with the spin-dependent DGLAP evolu-on equa-ons 

• Since the DGLAP equa-ons evolve PDFs in , they cannot truly 
predict the  dependence of PDFs 

• The  dependence is greatly affected by the func-onal form of the 
PDF parametriza-on at the ini-al momentum scale , which 
gives the ini-al condi-ons for the DGLAP evolu-on
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DGLAP vs. small-x helicity evolution
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Q2, the spin of the proton can be written in terms
of its constituents using the Ja↵e–Manohar sum
rule [21]
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ton. The respective orbital angular momenta of
quarks and gluons are represented by L(Q2) =P
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⇤
+ Lg(Q2).

Figure 9 shows an extraction of the integrals of
the quark and gluon contributions in Eq. 2, run-
ning between x = xmin and x = 1 with their 90%
confidence level (C.L) uncertainties. The gray-
shaded band is the outcome of the DSSV08 [17]
analysis, which is almost exclusively based on
the existing DIS data. The blue-shaded band
shows the result of the DSSV14 [18] fit, which in-
cludes polarized p+p data from RHIC. The yellow-
shaded region shows the projected constraints on
the parton distributions once all RHIC data col-
lected through 2015 is included. In the plots, the
region to the right of the dashed vertical line is
constrained by current data. It is clear that preci-

sion data are needed to determine the parton con-
tribution to the proton’s spin, especially at low x.
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• In the x region which has not yet been probed 
experimentally, DGLAP-based predic-ons typically acquire a 
broad uncertainty band due to extrapola-on errors  

• The benefit of small-x helicity evolu-on is it makes a 
genuine predic-on for the hPDFs at small x given some 
ini-al condi-ons at a higher   

• To obtain reliable predic-ons we need transverse logarithms 
in the small-x evolu-on! (Note: leading order small-x 
evolu-on doesn’t have spin effects. Light-cone Wilson lines 
don’t contain any informa-on on the polariza-on of the 
target)

x0

Ini-al condi-on at x0

Small-x helicity evolu-on



Approach 1: extend the classical rapidity 
factorization scheme. Can we do that?

• Rapidity cut-off of a longitudinal integral can be used to resume both  longitudinal and 

transverse logarithms
∫
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• Exact result for the propagator in the 
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correc-ons to the leading order factoriza-on
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Sub-eikonal corrections
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the counting in inverse powers of p−. However, these terms can be resummed into Wilson-

line factors, which in the operator form are given by eq. (A.6) in appendix A. After this

resummation the scalar propagator takes the form
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Here V [x−, y−] are the light-cone Wilson-line operators akin to those in eq. (A.6), but

defined with finite integration limits.

Now let us rewrite this result in a gauge-covariant form. Introducing d
dz− (z−) = 1

in the second term in the curly brackets of eq. (5.20) and integrating by parts we can

recombine the resulting terms to get the following form of the propagator,
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where the second and third terms in the curly brackets are the boundary terms which we

obtained in the integration by parts.

Note that up to this point our calculation has been completely general. Now let

us consider the scalar propagator in the shock-wave approximation with the shock wave

localized near x− = 0. Since there are no fields outside the shock-wave we can neglect the

boundary terms and simplify the gauge factors V [x−, y−] → V for x− > 0 > y− (with V

the infinite light-cone Wilson line operator (A.6)), which yields
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which agrees with ref. [66]. Here we assume that x− > 0 > y−.

We find that at the leading order of the 1/p− expansion the interaction of the scalar

particle with the background field is defined by the eikonal Wilson line V , while at the
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Non-zero value of the transverse component
Originally, the first type of corrections was considered by Kovchegov, Pitonyak, Sievert (2016-2019). 
There are two helicity dependent operators at the sub-eikonal level.

Inclusion of these operators leads to the KPS evolution, which has been extensively studied.
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This operators generate a polarized dipole amplitude
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• Correc-on to the leading order factoriza-on. 
Dominates spin dependent effects
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KPS-CTT evolution
• Helicity dependent KPS-CTT evolu-on equa-ons 

• Sums up powers of  and  

• Double log originates in an interplay of the transverse and 
longitudinal integrals 

• Contains mixing between different types of operators 
(amplitudes) 

• Consistent with small-x DGLAP evolu-on 

• The equa-ons are closed in the large-  and large-  
limits. 

• Large-  equa-ons have been solved numerically (CKTT 
2022) and analy-cally (J. Borden and Y. V. Kovchegov, 2023). 
The result is in agreement with the BER result:

αs ln 1/x αs ln 1/x ln Q2

Nc Nc & Nf

Nc
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Figure 9: 90% C.L. uncertainty estimates for the running integrals of the gluon helicity (left), quark helicity
(middle), and orbital angular momentum (right) distribution at Q2 = 10 GeV2 as a function of xmin. The gray-
shaded band denotes the DSSV08 [17] fit which includes primarily DIS data. The blue-shaded band is based on
the DSSV14 fit [18], which includes polarized p+p data from RHIC collected prior to 2012. The yellow-shaded
band is a projection, which accounts for the most recent RHIC data [19]. The region constrained by current data
lies to the right of the vertical dashed lines.

Q2, the spin of the proton can be written in terms
of its constituents using the Ja↵e–Manohar sum
rule [21]
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2�⌃(x,Q2) represents the quark helicity

contribution, and �g(x,Q2) represents the gluon
helicity contribution to the total spin of the pro-
ton. The respective orbital angular momenta of
quarks and gluons are represented by L(Q2) =P

q

⇥
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⇤
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Figure 9 shows an extraction of the integrals of
the quark and gluon contributions in Eq. 2, run-
ning between x = xmin and x = 1 with their 90%
confidence level (C.L) uncertainties. The gray-
shaded band is the outcome of the DSSV08 [17]
analysis, which is almost exclusively based on
the existing DIS data. The blue-shaded band
shows the result of the DSSV14 [18] fit, which in-
cludes polarized p+p data from RHIC. The yellow-
shaded region shows the projected constraints on
the parton distributions once all RHIC data col-
lected through 2015 is included. In the plots, the
region to the right of the dashed vertical line is
constrained by current data. It is clear that preci-

sion data are needed to determine the parton con-
tribution to the proton’s spin, especially at low x.
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menta can be obtained by subtracting 1
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Experimental data
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TABLE I. Summary of polarized DIS data included in the fit, separated into A1 (left) and Ak (right), along with the �2/Npts

for each data set.

Data set (A1) Target Npts �2/Npts

SLAC (E142) [137] 3He 1 0.60

EMC [142] p 5 0.20

SMC [143, 145] p 6 1.29

p 6 0.53

d 6 0.67

d 6 2.26

COMPASS [146] p 5 1.02

COMPASS [147] p 17 0.74

COMPASS [148] d 5 0.88

HERMES [149] n 2 0.73

Total 59 0.91

Data set (Ak) Target Npts �2/Npts

SLAC(E155) [140] p 16 1.28

d 16 1.62

SLAC (E143) [139] p 9 0.56

d 9 0.92

SLAC (E154) [138] 3He 5 1.09

HERMES [150] p 4 1.54

d 4 0.98

Total 63 1.19

5⇥10�3 < x < 0.1 ⌘ x0, and the Q2 range is 1.69 GeV2 < Q2 < 10.4 GeV2. Since x ⇡ Q2/s, the minimum cut on Q2

determines the minimum accessible x in the data set (for a given experimental center-of-mass energy), and conversely
the maximum cut on x determines the maximum Q2. The upper limit on x (denoted by x0) was chosen based on our
previous (DIS-only) work [97], as (almost) the highest value of x which gave a good-�2 fit. This x0 is the point where
we start the small-x helicity evolution. The fact that our small-x approach was able to describe data up to such a high
value of x could be due to the fact that, unlike the unpolarized Balitsky–Fadin–Kuraev–Lipatov (BFKL) [121, 122],
Balitsky–Kovchegov (BK) [69–72] and Jalilian-Marian–Iancu–McLerran–Weigert–Leonidov–Kovner (JIMWLK)[73–
78] small-x evolution, which resums powers of ↵s ln(1/x) at the leading order, our helicity evolution has a di↵erent
(larger) resummation parameter, ↵s ln

2(1/x). For ↵s ⇡ 0.25, our resumation parameter becomes of order 1 for x ⇡ 0.1.
The lower limit of Q2 is set by the charm quark mass, m2

c = 1.69GeV2. This is also the cut placed by the JAM FF
set we use [34], which has independent functions for ⇡+,K+, h+ (⇡�,K�, h� are found through charge conjugation)
that we evolve through the DGLAP equations. By analogy to [97], we choose our IR cuto↵ to be ⇤ = 1 GeV. Also,
in the Q2 range specified above, the strong coupling in Eq. (16) is taken with Nf = 3 (and Nc = 3).

The range of the outgoing hadron momentum fraction z in polarized SIDIS is 0.2 < z < 1.0, and we do not place any
explicit cut on this variable. In practice, the data (after all the appropriate cuts) generally has values of 0.4 < z < 0.6 ;
some data sets integrate z 2 [0.2, 1] while others cover z 2 [0.2, 0.85]. After all the cuts we are left with 122 polarized
DIS data points and 104 polarized SIDIS data points, for a total Npts = 226. The overall �2/Npts of our fit, based
on the central theory curves, is 1.03. The breakdown of the data by experiment, along with our �2/Npts for those
individual data sets, is shown in Table I for DIS and Table II for SIDIS. The plots of the experimental data versus
our JAMsmallx theory are shown in Fig. 3 for polarized DIS and Fig. 4 for polarized SIDIS. Overall, our results
demonstrate very good agreement with the existing world data.

B. Proton g1 structure function

We now examine our result for the g1 structure function of the proton to analyze the predictive capability of our
formalism. Our calculation of gp1 for all replicas is given in Fig. 5. This is the result of 500 individual fits of the
experimental data where the (quark and gluon) hPDFs were extracted and then (the quark ones) used to compute
gp1 . We color code each replica by its asymptotic sign at small x in order to clarify the structure of the plot as well
as to help establish correlations with the hPDFs below. While gp1 is well constrained in the region where there is
experimental data (5⇥10�3 < x < 10�1), it is largely unconstrained at smaller x. The major di�culty in constraining
gp1 is caused by the insensitivity of the data to the G2 and eG amplitudes described above.

That being said, the asymptotic solution of the large-Nc&Nf evolution equations [96] guarantees that the small x
behavior of gp1 must be exponential in ln(1/x). This implies that it has to pick a sign (positive or negative) when
x ! 0. Our results indicate (see Fig. 7) that, given the existing experimental data constraining our formalism, the
asymptotic sign is likely to be picked by x = 3.5⇥10�4 with 10% uncertainty, with the uncertainty decreasing to 5% at
approximately x = 2.5⇥ 10�5. Currently, 70% of the replicas are asymptotically positive and 30% are asymptotically
negative. These percentages are stable as the number of replicas increases. The primary source of uncertainty is how
low in x one must go to determine the sign, as some replicas that appear positive may undergo a sign change at
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TABLE II. Summary of the polarized SIDIS data on Ah
1 included in the fit, along with the �2/Npts for each data set.

Dataset (Ah
1 ) Target Tagged Hadron Npts �2/Npts

SMC [144] p h+ 7 1.03

p h� 7 1.45

d h+ 7 0.82

d h� 7 1.49

HERMES [154] p ⇡+ 2 2.39

p ⇡� 2 0.01

p h+ 2 0.79

p h� 2 0.05

d ⇡+ 2 0.47

d ⇡� 2 1.40

d h+ 2 2.84

d h� 2 1.22

d K+ 2 1.81

d K� 2 0.27

d K+ +K� 2 0.97

HERMES [155] 3He h+ 2 0.49
3He h� 2 0.29

COMPASS [152] p ⇡+ 5 1.88

p ⇡� 5 1.10

p K+ 5 0.42

p K� 5 0.31

COMPASS [153] d ⇡+ 5 0.50

d ⇡� 5 0.78

d h+ 5 0.90

d h� 5 0.86

d K+ 5 1.50

d K� 5 0.78

Total 104 1.01

smaller x. Interestingly, our observation of a preference for gp1 to be positive at small x agrees with the recent papers
analyzing (unpolarized and polarized) DIS structure functions using the anti–de Sitter space/Conformal Field Theory
(AdS/CFT) correspondence [156–158] that make an even stronger statement that gp1 clearly grows positive at small x.
This behavior also has implications for the net parton spin expected at small x, as we discuss in Sec. III C.

1. Sign of gp1 and quantifying numerical ambiguity

From Fig. 5 alone, one can make the qualitative observation that indeed each replica of gp1 grows exponentially with
ln(1/x) as we suggested earlier, and the color indicates the asymptotic sign of gp1 for that given replica. We mentioned
in the previous section that the exponential behavior of helicity functions in our theory makes it di�cult for a given
replica to maintain a near-zero value, and thus it must eventually choose to (rapidly) increase in magnitude towards
positive or negative values. Given the numerical nature of our global analysis, we cannot compute each fitted replica
down to x = 0 (corresponding to lnx ! �1), so the color-coding and sign assignment is determined by the slope of
a replica at the lowest-computed value of x: if the slope increases (decreases) as x goes to zero, then it is considered
“asymptotically” positive (negative). To balance our time and computational resources, the results discussed in this
section use replica data computed down to xasymp = 10�7.5. One may realize potential issues with this system: a
given replica may have multiple di↵erent “asymptotic” signs depending on the lowest computed value of x.

Any given replica is defined by its specific combination of basis functions, and since our Bayesian analysis samples
parameters (Eq. (21)) that may be either positive or negative, competition between basis functions can result in
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TABLE I. Summary of polarized DIS data included in the fit, separated into A1 (left) and Ak (right), along with the �2/Npts

for each data set.

Data set (A1) Target Npts �2/Npts

SLAC (E142) [137] 3He 1 0.60

EMC [142] p 5 0.20

SMC [143, 145] p 6 1.29

p 6 0.53

d 6 0.67

d 6 2.26

COMPASS [146] p 5 1.02

COMPASS [147] p 17 0.74

COMPASS [148] d 5 0.88

HERMES [149] n 2 0.73

Total 59 0.91

Data set (Ak) Target Npts �2/Npts

SLAC(E155) [140] p 16 1.28

d 16 1.62

SLAC (E143) [139] p 9 0.56

d 9 0.92

SLAC (E154) [138] 3He 5 1.09

HERMES [150] p 4 1.54

d 4 0.98

Total 63 1.19

5⇥10�3 < x < 0.1 ⌘ x0, and the Q2 range is 1.69 GeV2 < Q2 < 10.4 GeV2. Since x ⇡ Q2/s, the minimum cut on Q2

determines the minimum accessible x in the data set (for a given experimental center-of-mass energy), and conversely
the maximum cut on x determines the maximum Q2. The upper limit on x (denoted by x0) was chosen based on our
previous (DIS-only) work [97], as (almost) the highest value of x which gave a good-�2 fit. This x0 is the point where
we start the small-x helicity evolution. The fact that our small-x approach was able to describe data up to such a high
value of x could be due to the fact that, unlike the unpolarized Balitsky–Fadin–Kuraev–Lipatov (BFKL) [121, 122],
Balitsky–Kovchegov (BK) [69–72] and Jalilian-Marian–Iancu–McLerran–Weigert–Leonidov–Kovner (JIMWLK)[73–
78] small-x evolution, which resums powers of ↵s ln(1/x) at the leading order, our helicity evolution has a di↵erent
(larger) resummation parameter, ↵s ln

2(1/x). For ↵s ⇡ 0.25, our resumation parameter becomes of order 1 for x ⇡ 0.1.
The lower limit of Q2 is set by the charm quark mass, m2

c = 1.69GeV2. This is also the cut placed by the JAM FF
set we use [34], which has independent functions for ⇡+,K+, h+ (⇡�,K�, h� are found through charge conjugation)
that we evolve through the DGLAP equations. By analogy to [97], we choose our IR cuto↵ to be ⇤ = 1 GeV. Also,
in the Q2 range specified above, the strong coupling in Eq. (16) is taken with Nf = 3 (and Nc = 3).

The range of the outgoing hadron momentum fraction z in polarized SIDIS is 0.2 < z < 1.0, and we do not place any
explicit cut on this variable. In practice, the data (after all the appropriate cuts) generally has values of 0.4 < z < 0.6 ;
some data sets integrate z 2 [0.2, 1] while others cover z 2 [0.2, 0.85]. After all the cuts we are left with 122 polarized
DIS data points and 104 polarized SIDIS data points, for a total Npts = 226. The overall �2/Npts of our fit, based
on the central theory curves, is 1.03. The breakdown of the data by experiment, along with our �2/Npts for those
individual data sets, is shown in Table I for DIS and Table II for SIDIS. The plots of the experimental data versus
our JAMsmallx theory are shown in Fig. 3 for polarized DIS and Fig. 4 for polarized SIDIS. Overall, our results
demonstrate very good agreement with the existing world data.

B. Proton g1 structure function

We now examine our result for the g1 structure function of the proton to analyze the predictive capability of our
formalism. Our calculation of gp1 for all replicas is given in Fig. 5. This is the result of 500 individual fits of the
experimental data where the (quark and gluon) hPDFs were extracted and then (the quark ones) used to compute
gp1 . We color code each replica by its asymptotic sign at small x in order to clarify the structure of the plot as well
as to help establish correlations with the hPDFs below. While gp1 is well constrained in the region where there is
experimental data (5⇥10�3 < x < 10�1), it is largely unconstrained at smaller x. The major di�culty in constraining
gp1 is caused by the insensitivity of the data to the G2 and eG amplitudes described above.

That being said, the asymptotic solution of the large-Nc&Nf evolution equations [96] guarantees that the small x
behavior of gp1 must be exponential in ln(1/x). This implies that it has to pick a sign (positive or negative) when
x ! 0. Our results indicate (see Fig. 7) that, given the existing experimental data constraining our formalism, the
asymptotic sign is likely to be picked by x = 3.5⇥10�4 with 10% uncertainty, with the uncertainty decreasing to 5% at
approximately x = 2.5⇥ 10�5. Currently, 70% of the replicas are asymptotically positive and 30% are asymptotically
negative. These percentages are stable as the number of replicas increases. The primary source of uncertainty is how
low in x one must go to determine the sign, as some replicas that appear positive may undergo a sign change at
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FIG. 3. Comparison of the experimental data and the fit based on our small-x theory for the double-spin asymmetries A1 and
Ak in polarized DIS on a proton (red), deuteron (blue) and 3He (green) target.

FIG. 4. Comparison of experimental data and fit based on our small-x theory for the double-spin asymmetry Ah
1 in polarized

SIDIS on a proton (red), deuteron (blue) and 3He (green) target for charged pion, kaon and unidentified hadron final states.
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FIG. 5. The small-x calculation of the g1 structure function of the proton. The black curve is the mean of all the replicas with
the green band giving the 1� uncertainty. Red (blue) curves are solutions that are asymptotically positive (negative).

nodes. Replicas with two nodes in gp1(x), such as the one illustrated in Fig. 6, can occur for linear combinations of
similar basis functions with opposite signs, as in the top/bottom panels of Fig. 1. These changes in sign can occur at
various values of x depending on the initial conditions, making the prediction of the asymptotic sign dependent on
what x value is used to make the prediction.

Careful readers may have already noticed this from Fig. 5, where there are a few red-coded replicas that appear
to be growing negative (and a blue-coded replica that appears to be growing positive) at x = 10�5. This is due to

each of these replicas having a delayed critical point (d gp
1 (x)
d x = 0) that occurs at x < 10�5, where a di↵erent basis

function takes over the growth and the replica changes the sign of its slope. These critical points also are connected
to the issue of ambiguity, where at a specific value of x we may be able to measure that a replica is growing positive
(or negative) but has a magnitude that is actively negative (or positive), leaving its asymptotic sign unconfirmed.
Luckily, investigations of these incidents show that they occur in a statistically small portion of replicas from the
perspective of our considerably small xasymp.

Since our goal is predictability at small x, we decided to quantify the amount of ambiguity by its probability density
in x. That is, for each replica we count the smallest-x instance of ambiguity, and take note of where in x it occurred.
For example, Fig. 6 shows a replica that begins positive (true for all replicas) and evolution drives it more positive
until it reaches a critical point, after which the replica then grows negative. After the critical point (in the gray
region), the replica will be considered ambiguous until it crosses gp1(x1) = 0, and then it is considered asymptotically
negative (in the blue region). Only when the sign of gp1 and the sign of its first derivative (as x decreases) agree
can the replica be considered asymptotically positive or negative. If we wanted to predict the asymptotic sign of the
replica based on an observation at x = xpred that resides in this (blue) region, then we would predict that this replica
is “asymptotically negative” as x ! 0. However, this same replica has a small-x critical point (around x = 10�4)
that causes the sign of its slope to change; the replica observed in the (gray) region (on the left) between the critical
point and gp1(x2) = 0 would be considered ambiguous again. After crossing zero a second time, a prediction made at
xpred < x2 would therefore designate the replica to be “asymptotically positive.” The smallest-x instance of ambiguity
is thus counted in a bin at x2. In this way, each replica is counted exactly once, and replicas that oscillate multiple
times about the gp1 = 0 axis only have their most delayed ambiguity counted. We can define the number of replicas
that have their smallest-x instance of ambiguity in a particular bin of x as CA(x) (the counts of ambiguities) and
make a histogram. The ambiguity count CA(x) is normalized such that it sums to the total number of replicas Nambig

containing at least one ambiguity:

x0X

x=xasymp

CA(x) = Nambig  Ntot . (35)

• 500 replicas 

• Each replica represents an individual fit of the 
experimental data 

• largely unconstrained at smaller x 

•  is well constrained in the region where 
there is experimental data 

• Evolu-on equa-ons guarantees that the small 
x behavior of  must be exponen-al in 

g1

g1
ln(1/x)
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FIG. 11. Comparing the e↵ect eG and G2 has on the overall sign of gp1(x) at small-x. Top row: the priors are restricted so that

(left) eG  0 and (right) eG � 0. Bottom row: the priors are restricted so that (left) G2 < eG = 0, and (right) G2 > eG = 0. All
other parameters initially are randomly sampled just as they were in the fit shown in Fig. 5. We see that controlling the sign
of eG strongly influences the sign of gp1 , and that the sign of G2 will also influence the sign of gp1 .

dipole amplitudes directly enter a DIS/SIDIS observable, the e↵ects of eG are only felt indirectly through its impact
on the evolution of the other amplitudes. As a result, hPDFs mediated by eG only become large at very small x (see
the top panel of Fig. 10), where there are no constraints from data.

While eG is the driving factor in determining the small-x asymptotics of gp1 , G2 also plays a role. In fact, if eG
was removed, G2 would be the most important amplitude in controlling the small-x asymptotics of gp1 . We see this

explicitly when setting the initial conditions for eG all to zero (ã = b̃ = c̃ = 0) and repeating the previous analysis of
now restricting the G2 initial condition parameters to be always positive or always negative. The result, shown in the
bottom panel of Fig. 11, confirms that, although constrained by large-x data, G2 plays the second-most important role
after eG in determining the small-x asymptotics of gp1 . The negative-definite G2 fit was 100% selective of asymptotically
positive gp1 replicas, while the positive-definite G2 fit was 96% selective of asymptotically negative gp1 replicas.

Fig. 11 then compactly summarizes the origin of the asymptotic behavior seen in Fig. 5. The origin of the huge
uncertainty band at small x is due to the inability to constrain the sign of eG from large-x data, and the overall
preference of the central curve in Fig. 5 favoring positive solutions is due to the fact that there is an experimental
constraint which prefers G2 < 0, leading to gp1 > 0.

Knowing now that the dipole amplitude eG controls the small-x asymptotics of gp1 gives us powerful insight into the
hPDF correlations which characterize the fits. Comparing Eqs. (4), (5), and (6) we can draw the conclusion that at
asymptotically small x these quantities are simply related by

gp1(x) / �q+(x) ⇠ �(Qq + 2G2) ! � eG, (41)

�G(x) ⇠ G2 ! eG ,

where the last step in each line represents the fact that the evolution of Qq and G2 is driven by eG (see Eqs. (9)). At

small x, the two hPDFs �q+ and �G are both driven by the same polarized dipole amplitude eG, but have opposite

• The major difficulty in constraining  is 
caused by the insensi-vity of the data to the 

 and  amplitudes

g1

G2 G̃
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FIG. 9. (Left) Histograms utilizing Eq. (38) showing that as x decreases, the intercept ↵h(x) becomes more constrained as
a consequence of the small-x evolution equations. (Right) Keeping information on the sign dependence by using Eq. (39)
produces bimodal peaks at ±↵h(x). At large x there is no asymptotic behavior, and for smaller values of x two refined peaks
emerge.

values of gp1 are normally distributed, both at small x (x = 10�3) and very small x (x = 10�7.45), as depicted in
Fig. 8. To uncover the bimodal behavior it is necessary to construct a new observable related to the curvature of
gp1 which is sensitive to how quickly our evolution equations drive the gp1 replicas toward the asymptotic limit. The
emphasis, therefore, is not so much on gp1 as on the exponent of its power-law behavior at small-x, i.e., gp1(x) ⇠ x�↵h .
The generalized x-dependent exponent ↵h(x) can be extracted through the logarithmic derivative of gp1 :

lim
x!0

gp1(x) ⌘ gp (0)
1 x�↵h(x) ) ↵h(x) ⌘

1

gp1(x)

d gp1(x)

d ln(1/x)
, (38)

where gp (0)
1 = const. Examining the distribution of ↵h(x) across replicas can provide complementary information

to the distribution of gp1(x) itself. Notably, the exponent provides a meaningful way to scale the solutions: if they
have the same ↵h(x), they have the same curvature, whether the magnitude of gp1(x) is large or small. To further
capture the signed behavior of gp1(x) and distinguish between solutions trending positive or negative at small x, we
can generalize the logarithmic derivative (38) to reflect the sign of gp1 itself:

↵h(x) =
1

gp1(x)

d gp1(x)

d ln(1/x)
) Sign

⇥
gp1(x)

⇤
↵h(x) =

1��gp1(x)
��

d gp1(x)

d ln(1/x)
. (39)

Both the e↵ective exponent ↵h(x) (38) and its signed generalization (39) are shown in Fig. 9 at varying values of
x (from the same global fit that produced Fig. 5). (We remark that if a gp1 replica has a delayed critical point it
will result in a delayed zero that may cause an artificially large ratio if gp 0

1 (x) � gp1(x) ⇡ 0. In order to avoid these
statistical outliers, any replica with a ratio value outside of 5� from the average are omitted from the results in
Fig. 9.) The distribution in the right panel at x = 10�2 (blue histogram) is skew-normal, which is expected since
we are definitively outside of the asymptotic regime. However, at x = 10�3 (yellow histogram) we already see the
formation of two separated peaks, one positive and one negative. As x continues to decrease down to x = 10�5 (green
histogram), the two peaks become more refined as the evolution equations predict specific curvature related to the
intercept ↵h (see Eq. (39)). Without the sign dependence, as displayed in the left panel of Fig. 9, as x ! xasymp,
a single peak emerges that approaches the expected asymptotic value for ↵h. The decreasing uncertainties are a
consequence of our small-x evolution, where the predictive power constrains the value of ↵h(x).

From the perspective of the right panel of Fig. 9 it appears that data sensitive to this curvature at x as large as
x = 10�3 may be enough to identify which bimodal peak gp1 belongs to. Unambiguously identifying this curvature
will provide us the asymptotic sign of gp1 as well as the asymptotic sign of all the (flavor singlet and C-even) hPDFs,
as will be discussed below. The fact that such a conclusion could be made at x ⇡ 10�3 by analyzing the curvature of
gp1(x), compared to x ⇡ 10�5 by studying gp1(x) itself (see the discussion around Fig. 7), makes the idea of curvature
a useful quantity to consider once future low-x data is available from the EIC.

3. Origins of asymptotic behavior

To understand what di↵erentiates the positively and negatively growing solutions for gp1 displayed in Fig. 5, we
examine the polarized dipole amplitude parameters themselves, defined in Eqs. (22). We note that the experimental
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we are definitively outside of the asymptotic regime. However, at x = 10�3 (yellow histogram) we already see the
formation of two separated peaks, one positive and one negative. As x continues to decrease down to x = 10�5 (green
histogram), the two peaks become more refined as the evolution equations predict specific curvature related to the
intercept ↵h (see Eq. (39)). Without the sign dependence, as displayed in the left panel of Fig. 9, as x ! xasymp,
a single peak emerges that approaches the expected asymptotic value for ↵h. The decreasing uncertainties are a
consequence of our small-x evolution, where the predictive power constrains the value of ↵h(x).

From the perspective of the right panel of Fig. 9 it appears that data sensitive to this curvature at x as large as
x = 10�3 may be enough to identify which bimodal peak gp1 belongs to. Unambiguously identifying this curvature
will provide us the asymptotic sign of gp1 as well as the asymptotic sign of all the (flavor singlet and C-even) hPDFs,
as will be discussed below. The fact that such a conclusion could be made at x ⇡ 10�3 by analyzing the curvature of
gp1(x), compared to x ⇡ 10�5 by studying gp1(x) itself (see the discussion around Fig. 7), makes the idea of curvature
a useful quantity to consider once future low-x data is available from the EIC.

3. Origins of asymptotic behavior

To understand what di↵erentiates the positively and negatively growing solutions for gp1 displayed in Fig. 5, we
examine the polarized dipole amplitude parameters themselves, defined in Eqs. (22). We note that the experimental
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FIG. 9. (Left) Histograms utilizing Eq. (38) showing that as x decreases, the intercept ↵h(x) becomes more constrained as
a consequence of the small-x evolution equations. (Right) Keeping information on the sign dependence by using Eq. (39)
produces bimodal peaks at ±↵h(x). At large x there is no asymptotic behavior, and for smaller values of x two refined peaks
emerge.

values of gp1 are normally distributed, both at small x (x = 10�3) and very small x (x = 10�7.45), as depicted in
Fig. 8. To uncover the bimodal behavior it is necessary to construct a new observable related to the curvature of
gp1 which is sensitive to how quickly our evolution equations drive the gp1 replicas toward the asymptotic limit. The
emphasis, therefore, is not so much on gp1 as on the exponent of its power-law behavior at small-x, i.e., gp1(x) ⇠ x�↵h .
The generalized x-dependent exponent ↵h(x) can be extracted through the logarithmic derivative of gp1 :

lim
x!0

gp1(x) ⌘ gp (0)
1 x�↵h(x) ) ↵h(x) ⌘

1

gp1(x)

d gp1(x)

d ln(1/x)
, (38)

where gp (0)
1 = const. Examining the distribution of ↵h(x) across replicas can provide complementary information

to the distribution of gp1(x) itself. Notably, the exponent provides a meaningful way to scale the solutions: if they
have the same ↵h(x), they have the same curvature, whether the magnitude of gp1(x) is large or small. To further
capture the signed behavior of gp1(x) and distinguish between solutions trending positive or negative at small x, we
can generalize the logarithmic derivative (38) to reflect the sign of gp1 itself:

↵h(x) =
1

gp1(x)

d gp1(x)

d ln(1/x)
) Sign

⇥
gp1(x)

⇤
↵h(x) =

1��gp1(x)
��

d gp1(x)

d ln(1/x)
. (39)

Both the e↵ective exponent ↵h(x) (38) and its signed generalization (39) are shown in Fig. 9 at varying values of
x (from the same global fit that produced Fig. 5). (We remark that if a gp1 replica has a delayed critical point it
will result in a delayed zero that may cause an artificially large ratio if gp 0

1 (x) � gp1(x) ⇡ 0. In order to avoid these
statistical outliers, any replica with a ratio value outside of 5� from the average are omitted from the results in
Fig. 9.) The distribution in the right panel at x = 10�2 (blue histogram) is skew-normal, which is expected since
we are definitively outside of the asymptotic regime. However, at x = 10�3 (yellow histogram) we already see the
formation of two separated peaks, one positive and one negative. As x continues to decrease down to x = 10�5 (green
histogram), the two peaks become more refined as the evolution equations predict specific curvature related to the
intercept ↵h (see Eq. (39)). Without the sign dependence, as displayed in the left panel of Fig. 9, as x ! xasymp,
a single peak emerges that approaches the expected asymptotic value for ↵h. The decreasing uncertainties are a
consequence of our small-x evolution, where the predictive power constrains the value of ↵h(x).

From the perspective of the right panel of Fig. 9 it appears that data sensitive to this curvature at x as large as
x = 10�3 may be enough to identify which bimodal peak gp1 belongs to. Unambiguously identifying this curvature
will provide us the asymptotic sign of gp1 as well as the asymptotic sign of all the (flavor singlet and C-even) hPDFs,
as will be discussed below. The fact that such a conclusion could be made at x ⇡ 10�3 by analyzing the curvature of
gp1(x), compared to x ⇡ 10�5 by studying gp1(x) itself (see the discussion around Fig. 7), makes the idea of curvature
a useful quantity to consider once future low-x data is available from the EIC.

3. Origins of asymptotic behavior

To understand what di↵erentiates the positively and negatively growing solutions for gp1 displayed in Fig. 5, we
examine the polarized dipole amplitude parameters themselves, defined in Eqs. (22). We note that the experimental
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on three scenarios for gp1 that are consistent with present data: (1) the mean of the asymptotically positive replicas
(“high g1”), (2) the mean of the asymptotically negative replicas (“low g1”) and (3) the mean of a fit where gp1 was
constrained to have |gp1 | < 100 at x = 10�4 (“mid g1”). These three options have qualitatively distinct behaviors
and comparing them should inform us if the impact of the EIC is dependent on the precise small-x asymptotics of
gp1 . The results are shown in Fig. 16. We find a dramatic decrease in uncertainties for all three scenarios, even
in the extrapolated region of x < 10�4. In Fig. 17 we plot the relative uncertainty of gp1 compared to that of a
JAM DGLAP-based extraction in Ref. [161] using EIC pseudodata. The results confirm the observation above that,
when using the genuine predictability of the small-x helicity evolution, control over uncertainties is maintained as
we extrapolate to smaller x. In contrast, since the DGLAP-based fit must use an ad-hoc parameterization of the x

FIG. 16. Extraction of gp1 from the current low-x experimental data (green, same as Fig. 5) and with EIC pseudodata generated
from the mean of the asymptotically positive gp1 replicas (red), mean of the asymptotically negative gp1 replicas (blue), and
mean of replicas restricted such that |gp1 | < 100 at x = 10�4 (magenta).

FIG. 17. Relative uncertainty for both this work (red) and a JAM DGLAP-based extraction [161] (blue) for EIC impact
studies using the high gp1 scenario. Dotted lines denote extrapolating beyond lowest x for which pseudodata was generated.
For this work, pseudodata was generated down to x = 10�4. For the JAM DGLAP-based fit, pseudodata was generated down
to x = 2⇥ 10�4 [161].

• In order to study the impact of lower x 
measurements on our ability to predict the 
behavior of  and the hPDFs at even smaller 
x, we u-lized EIC pseudodata for the kinema-c 
region of and 

g1

10−4 < x < 10−1

1.69 GeV2 < Q2 < 50 GeV2
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• Our equa-ons contain small-x limit of DGLAP 
but we use it for large x data 

• We need to include a single transverse 
logarithms . Full DGLAP evolu-on. 
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dependence, it cannot maintain control over the uncertainties into the extrapolation region.

E. Imposing additional constraints

While future data from the EIC is a promising way to resolve the issue of sizeable uncertainties in our extracted
hPDFs at small x, it is worth considering other options that might be more immediately accessible. Ideally these
constraints would enter in the form of existing data or as theoretical constraints on the initial conditions.

The hPDF with largest uncertainty that we have extracted is �G(x,Q2), as demonstrated in Fig. 13, so we explored
a few options to constrain it. The first such constraint is positivity, which is the statement that the number densities
for positive and negative helicity partons are positive. In particular, for gluons this leads to

|�G(x,Q2)| < G(x,Q2) , (45)

where G(x,Q2) is the unpolarized gluon PDF. (We will set aside issues as to whether Eq. (45) is strictly satisfied
under (MS) renormalization [162–164].) We impose this constraint by checking the value of �G(x,Q2) in the region
x < x0 = 0.1, and punishing the �2 of the fit if the positivity constraint is violated. Unfortunately, by the time our
evolution begins, our baseline fit for �G(x,Q2) and the JAM DGLAP-based G(x,Q2) [33, 34] are of comparable size.
The latter grows much faster at small x than our extraction for �G(x,Q2), causing the positivity constraint to have
a negligible e↵ect. This is perhaps not surprising, given that at small x the unpolarized gluon distribution G(x,Q2)
is eikonal, while �G(x,Q2) is sub-eikonal, and, hence, suppressed by a power of x.

Another constraint on �G(x,Q2) that we explored was a preliminary matching onto the (large-x) JAM DGLAP-
based extraction of �G(x,Q2) in Refs. [33, 34], in particular the SU(3)+positivity scenario. The result is shown in
Fig. 18; the red box is bounded by 10�1.3 < x < 10�1 and 0.05 < �G(x,Q2) < 0.2. The motivation is that any
complete description of �G(x,Q2) should agree with DGLAP extractions in this region. The matching is performed in
a simple way, by choosing an intermediate region in x and forcing our fit of �G(x,Q2) to qualitatively agree with the
JAM DGLAP-based extraction. This is done in a similar way to the positivity constraint described above, whereby
we punish the �2 whenever �G(x,Q2) strays outside of the matching region (red rectangle in Fig. 18). This constraint
causes our extracted �G(x,Q2) to take on mostly positive values at small x, seemingly changing sign from our original
extraction. However, note that while the baseline extraction uncertainty band grew negative for large x, there were still
a significant number of replicas (with good �2) that grew positive at large x and overlapped with the red region. Forcing
�G(x,Q2) to pass through that area then preferentially selects those replicas. Consequently, the whole uncertainty
band for �G(x,Q2) remains shifted upward even in the small-x region. Given that gp1(x,Q

2) / ��G(x,Q2) (see
Eq. (41)), the matching constraint leads to a quantitative change to the distribution of gp1 replicas: they are now 40%
positive and 60% negative. As we emphasized previously, input on hPDFs from large x can have a significant e↵ect
on predictions made at small x, motivating future work into a more rigorous matching to DGLAP-based hPDF fits.

FIG. 18. The result of matching onto the �G(x) extraction from DGLAP [33, 34] at intermediate x. The green band is our
baseline fit. The blue band is the result of matching. The light red square is the region where we enforce matching.
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p2 = Q2

<latexit sha1_base64="1wlkqvaUz99P3hhPo3Y6o901eQI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ1elvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBiI43h</latexit>⌫

<latexit sha1_base64="1wlkqvaUz99P3hhPo3Y6o901eQI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ1elvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBiI43h</latexit>⌫
<latexit sha1_base64="NwTVhUwpMxoGcj0+kwjDlfTQ8uE=">AAAB63icbVBNS8NAEN3Ur1q/qh69BIvgqSTi17HoxWMFawttKJvtpF26uwm7E6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvTAQ36HnfTmlldW19o7xZ2dre2d2r7h88mjjVDFosFrHuhNSA4ApayFFAJ9FAZSigHY5vc7/9BNrwWD3gJIFA0qHiEWcUc6kHSPvVmlf3ZnCXiV+QGinQ7Fe/eoOYpRIUMkGN6fpegkFGNXImYFrppQYSysZ0CF1LFZVggmx269Q9scrAjWJtS6E7U39PZFQaM5Gh7ZQUR2bRy8X/vG6K0XWQcZWkCIrNF0WpcDF288fdAdfAUEwsoUxze6vLRlRThjaeig3BX3x5mTye1f3L+sX9ea1xU8RRJkfkmJwSn1yRBrkjTdIijIzIM3klb450Xpx352PeWnKKmUPyB87nDwwijkI=</latexit>⌘

Swagato Mukherjee, Vladi Skokov, AT, Shaswat Tiwari, in preparaCon



Initial condition for small-x evolution from 
lattice

• There is a lot of progress in lance extrac-on of distribu-on 
func-ons (matrix element of operators) 

• Works well in the region of large x 

• This techniques can be used to define ini-al condi-ons for 
small-x evolu-on 

• For this we need a proper matching procedure. PDF is 
defined in a par-cular factoriza-on scheme! 

• Need a proper factoriza-on scheme for small-x

statistical errors, so we will ignore this quark contribution
in this calculation. However, in the future, when the
continuum-physical gluon PDF precision are improved,
we should reexamine this contribution more carefully.
We investigate the systematic uncertainty introduced by

the choice of parametrization form used for fgðx; μÞ.
We consider a three-parameter form used in PDF global
analysis and some lattice calculations,

fg;3ðx; μÞ ¼
xAð1 − xÞCð1þDxÞ

BðAþ 1; Cþ 1Þ þDBðAþ 2; Cþ 1Þ
: ð13Þ

We fit our continuum-physical–limit RpITDs to this form
up to maximal Ioffe time νmax ¼ 7. A comparison of the fit-
form choice is shown in Fig. 7. We find the goodness-of-fit
improves slightly due to the introduction of a new free
parameter in the fit form, but the gluon PDF results are
noisier and are consistent with the two-parameter fit.

We will use xgðx; μÞ=hxig from the two-parameter fit as
our main result for this work.
TheunpolarizednucleongluonPDFxgðxÞ canbe extracted

by taking the ratio of fgðx; μÞ ¼ xgðx; μÞ=hxigðμÞ and the
gluon momentum fraction hxigðμÞ obtained in Ref. [132].
Reference [132] calculated the gluon momentum fraction
using valence clover fermion action on 0.09-, 0.12-, and
0.15-fm HISQ 2þ 1þ 1-flavor lattice ensembles with
three pion masses, 220, 310, and 690 MeV. The renorm-
alization was done using RI/MOM nonperturbative
renormalization in MS scheme at 2 GeV and using
cluster-decomposition error reduction (CDER) to enhance
the signal-to-noise ratio of the renormalization constant
[133,134]. The gluon momentum fraction was extrapo-
lated to the continuum-physical limit and found to be
consistent with other recent lattice-QCD results at physi-
cal pion mass. Our final unpolarized nucleon gluon PDF
xgðxÞ extrapolated to physical pion mass Mπ ¼ 135 MeV
and the continuum limit a → 0 is shown as green bands in
Fig. 8. Once again, we find reasonable agreement with the
global fits from CT18 [7] and NNPDF3.1 [6] NNLO
analysis for x ∈ ½0.25; 1&, even though the gluon momen-
tum fraction obtained from the global fits is about two
sigma lower than the lattice calculations. We do observe
tension with the gluon PDF from JAM20 [129] for x < 0.6,
but its gluon PDF also behaves quite differently from the
CT18 and NNPDF results, even with smaller errors. We
look forward to updates by the global-fit community to
resolve this discrepancy.
We also compare our results with previous lattice-QCD

calculations of xgðxÞ. The cyan bands in Fig. 8 show the
first pseudo-PDF calculation done using clover-on-HISQ
with 0.12-fm lattice spacing and 310- and 700-MeV pion
mass using 898 lattice configurations with 32 sources per
configuration for the nucleon two-point correlators [92].
The results are extrapolated to physical pion mass using

FIG. 6. The unpolarized gluon PDF, xgðx; μÞ=hxig as a function
of x and its zoomed in plot, obtained from the fits to the smallest–
lattice-spacing ensemble data compared with the fit to the data
obtained from extrapolation to physical pion mass and continuum
limit. The black solid line is the central value of the fit to the
continuum-physical PDFs, including the gluon-in-quark term in
the matching, using CT18 for the quark PDF contributions. The
results from the global fits by CT18 [7] and NNPDF3.1 [6]
NNLO gluon PDFs are also shown in the plots, and our gluon
PDF results are consistent with the global fits for x ∈ ½0.3; 1&.

FIG. 7. xgðx; μÞ=hxig at μ2 ¼ 4 GeV2 as function of x, ex-
tracted from continuum-physical RpITDs using the two- (green)
and three-parameter (orange) fits described in Eqs. (11) and (13),
respectively. The results are consistent within statistical errors.

ZHOUYOU FAN, WILLIAM GOOD, and HUEY-WEN LIN PHYS. REV. D 108, 014508 (2023)

014508-8

Fan, Good, Li (2023)



First moment of the structure function
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The helicity can be extracted from the first moment of the  structure func-ong1
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Quark contribu-on to the proton spin is defined by the isosinglet axial vector current Jμ
5

• Does the eikonal/light-cone expansion always work? Can we write it down for all observables and study their 
asympto-c in a par-cular kinema-c limit or the expansion breaks down? 

• The expansion breaks down for topological quan--es. This effects are not local!

Integra-on from zero!



Anomaly equation

http://www.physics.adelaide.edu.au/theory/staff/leinweber/VisualQCD/QCDvacuum/
Topological charge density 

The fundamental property of the  current is the anomaly 
equa-on:

Jμ
5
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Chern-Simons current:The isosinglet current couples to the topological charge 
density in the polarized proton!

In the leading order the coupling is generated by the triangle 
diagram:

The anomaly arises from the non-invariance of the path 
integral measure under chiral ( ) rota-ons. Topological 
proper-es of the QCD vacuum!

γ5

Kazuo Fujikawa

K. Fujikawa, PRL. 42, 1195 (1979) 
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Jµ
5
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P, S

quark loop

insertion of the axial current



Infrared pole cancelation

a b c d

related
From the cancella-on of the anomaly pole, using Goldberger-Treiman 
rela-on one can relate helicity and the QCD topological suscep-bility - 
topological screening
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a0|Q2=10GeV 2 = 0.33± 0.05

In agreement with COMPASS ( ) and HERMES data 

( )

a0 |Q2=3GeV2 = 0.35 ± 0.08
a0 |Q2=5GeV2 = 0.330 ± 0.064

Anomaly cancellation and topological screeening

Computations on the lattice… Bali et al., arXiv:2106.05398

Sum rule analysis in good agreement 
with HERMES and COMPASS data

GA|model = 0.33±0.05

Narison,Shore,Veneziano (1998) HERMES (Q2= 5 GeV2) 
COMPASS (Q2=3 GeV2)

G. VenezianoG. M. Shore

Magnitude of  of OZI violation

Anomaly cancellation and topological screeening

Computations on the lattice… Bali et al., arXiv:2106.05398

Sum rule analysis in good agreement 
with HERMES and COMPASS data

GA|model = 0.33±0.05

Narison,Shore,Veneziano (1998) HERMES (Q2= 5 GeV2) 
COMPASS (Q2=3 GeV2)

G. VenezianoG. M. Shore

Magnitude of  of OZI violation

Shore Veneziano

Gives a natural resolu-on of the spin 
crisis
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hP, S|Jµ
5 |P, Si = MNSµ⌃(Q2) = 2MNSµa0

Shore (2007), Narison (2021)

a b c d
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Jµ
5

• The first moment of  is determined by the non-
perturba-ve effects 

• Can this rela-on be checked on the lance?

g1

WZW coupling
Tarasov, Venugopalan (2022)



Summary
• In a high-energy reac-on many observables can be factorized 

into a perturba-ve and non-perturba-ve parts 

• The structure of the factoriza-on depends on the type of the 
observable and kinema-c of the scaRering reac-on 

• In many problems we need to understand a transi-on between 
different types of factoriza-on 

• Problem: how to systema-cally extend the region of validity of 
the exis-ng factoriza-on schemes 

• Example: spin at small-x. Experimentally is not accessible. We 
need a theore-cal input. Interplay between large and small x 

• Lance extrac-ons of ini-al condi-ons for small-x evolu-on 
equa-ons 

• Anomaly: interplay between perturba-ve and non-perturba-ve 
effects



Thank you!


