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• Introduction: GPDs, Lattice QCD


• Frame-independent approach


• Lattice simulation in zero-skewness


• Quasi-GPDs


• LaMET -> Valence GPDs

Out l ine



 In t roduc t ion :  GPDs
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Chávez et al., PRL 128 (2022) 202501

Models

!!! Lattice QCD: from first principle

Form Factor (pion-electron scattering)
Parton Distribution Functions (Drell-Yan process)

1D Generalized Parton Distributions
3D
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 In t roduc t ion :  La t t i ce QCD

• Discretizing Spacetime -> 


• QCD Lagrangian  -> action 


• Path Integral and Partition Function  


                                            

N3
s × Nt

ℒ 𝒮[ϕ, ϕ̄, U]

⟨𝒪⟩ =
1
Z ∫ 𝒟[U] 𝒟[ϕ] 𝒟[ϕ̄] 𝒪 e−𝒮

Ncolor ⊗ Nflavor ⊗ Nspin ⊗ N3
space ⊗ Ntime ≳ 109 ⊗ Npolarization, Nmomentum, Ntemperature, ⋯

Kenneth G. Wilson

From first principle

Computational cost

Several months ~ years

1974
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 F rame- independen t  approach

Traditional: Symmetric
Bhattacharya,  Constantinou et al., PRD 106 (2022) 

Fix , vary  in one calc⃗pf Q2

Vary  in several calcs⃗pf

q

q̄

π π†
z⃗pf ⃗pi = ⃗pf − ⃗Q

⃗Q

• One  — only one  is useful

• Each  requires a seperate calculation

⃗pf Q2 = − t
Q2

Newly proposed: Asymmetric

Computational cost

Lattice: each  requires a seperate calculation  ->  Goal: reduce the number of ⃗pf ⃗pf

q

q̄

π π†
z⃗pf = P̄ +

⃗Q
2

⃗pi = P̄ −
⃗Q

2

⃗Q

• One  — several  are useful⃗pf Q2

Ncolor ⊗ Nflavor ⊗ Nspin ⊗ N3
space ⊗ Ntime ≳ 109

Several Q2
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 F rame- independen t  approach

Fμ(P, z, Q) =
1

EiEf
(PμA1 + m2zμA2 + QμA3), Pμ = (pμ

f + pμ
i )/2, Qμ = pμ

f − pμ
i .

• Lorentz invariant amplitudes ’sAi

Ai(Breit) ∼ Ai(Non − breit)

A3(−z ⋅ Q) = − A3(z ⋅ Q)
  H(P, z, Δ) = A1

• Frame-independent GPD H

H(P, z, Δ) = A1 +
z ⋅ Q
z ⋅ P

A3

ξ = 0
A3(z ⋅ Q = 0) = 0
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 Compar i son o f   ob ta ined f rom bo th f ramesAi
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z/a

°0.1

0.0

0.1

0.2

0.3

0.4

0.5

A
i

A1, Breit
A1, Non-breit
A3, Breit
A3, Non-breit

.


.                                     

Fμ(P, z, Δ) =
1

EiEf
(PμA1 + m2zμA2 + QμA3)

H(P, z, Δ) = A1 +
z ⋅ Q
z ⋅ P

A3

• Work on the Non-breit frame

, 
Ft(P, z, Δ) =
Ei + Ef

2 EiEf
A1

H(P, z, Δ) = A1 =
2 EiEf

Ei + Ef
Ft

0.968 GeV , Pz = 2 Q2 =
0.938 GeV ,   Breit2

0.952 GeV ,   Non-breit2

A1(Breit) ∼ A1(Non − breit)
A3(z ⋅ Q = 0) = 0
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 Bare Mat r ix e lemen t s

• Large momenta: 1.453, 1.937 GeV, 

• Varying different momentum transfer 
Pz =

Q2 = − t

0 5 10 15 20 25 30

z/a

0.0

0.2

0.4

0.6

0.8

1.0

F
B

Pz = 1.937 GeV

Q2 = 0.000 GeV2

Q2 = 0.231 GeV2

Q2 = 0.455 GeV2

Q2 = 0.887 GeV2

Q2 = 1.095 GeV2

Q2 = 1.690 GeV2

Quasi-GPDs
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 Renormal i za t ion :  Hybr id scheme

z ≤ zS :

z ≥ zS :
FR(z, ⃗p, ⃗q)
FR(zS, 0, 0)

= e(δm+m̄0)|z−zS|
FB(z, ⃗p, ⃗q)
FB(zS, 0, 0)

.

,    Ratio scheme
FR(z, ⃗p, ⃗q)
FR(z,0,0)

=
FB(z, ⃗p, ⃗q)
FB(z,0,0)

• RI/MOM, ratio schemes   —  short distance   

• Hybrid scheme                 —  long distance

FB(z, a) = Z(a)e−δm(a)|z|e−m̄0|z|FR(z) .
Linear 

Logarithmic Handle the renormalon ambiguity

Hybrid scheme, FR

Ji et al., NPB 964 (2021) 115311

Gao et al., PRL 128 (2022) 142003



10

 Hybr id - s cheme

• :         at  ;         m̄0 FB Pz = 0, ⃗q = 0⃗ e(δm+m̄0)Δz FB(z + Δz)
FB(z)

=
C0(μ2

0(z + Δz)2)
C0(μ2

0z2)
.

: NLO/NNLO, LRR, RGRC0

•  for  fm lattice.aδm(a) = 0.1508(12) a = 0.04

μ0 = 2κe−γE /z → μ = 2 GeV

0.05 0.10 0.15 0.20 0.25 0.30

z[fm]

0.00

0.05

0.10

0.15

0.20

0.25

0.30

0.35

m̄
0[

G
eV

]

NLO/
NLO/
NLO/
NLO/

NNLO+LRR+RGR, ∑=1.000
NNLO+LRR+RGR, ∑=1.414
NNLO+LRR+RGR, ∑=2.000
NNLO+LRR, µ = 2 GeV

0.12 fm
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 Renormal i za t ion

0 2 4 6 8 10 12

∏ = zPz

°0.2

0.0

0.2

0.4

0.6

0.8

1.0

F
R

Q2 = 1.589 GeV2 Original
Lattice artifacts

Unphysical oscillations 

in quasi-GPDs

Extrapolation
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 Ex t rapo la t ion

FR = A
e−mz

λd

0 2 4 6 8 10 12

∏ = zPz

°0.2

0.0

0.2

0.4

0.6

0.8

1.0

F
R

Q2 = 1.589 GeV2 Original
Extrapolated
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 Four ie r  t rans form -> Quas i -GPDs

  f̃(x, zS, Pz, Q2 = − t) = ∫
dλ
2π

eixλFR(λ, zS, Pz, Q2 = − t), λ = zPz

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00

x

0

1

2

3

4

5

6

f̃
(x

,z
S
,P

z
,Q

2 )

Pz = 1.937 GeV

Q2 = 0.000 GeV2

Q2 = 0.231 GeV2

Q2 = 0.455 GeV2

Q2 = 0.887 GeV2

Q2 = 1.095 GeV2

Q2 = 1.690 GeV2

 increases Q2 = − t

Smaller, decay slower
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 Per tu rba t i ve match ing :  LaMET

f(x, ξ = 0,Q2, μ) = ∫
∞

−∞

dy
|y |

C−1 ( x
y

,
μ

ypz
, |y |λS) f̃(y, ξ = 0,Q2, μ) + 𝒪 (

Λ2
QCD

(xpz)2
,

Λ2
QCD

[(1 − x)pz]2 )

[f(x, ξ = 0,Q2, μ)]x
≈ ∑

k,y
[C−1

evo]xk [C−1
mat]ky [f̃(y, ξ = 0,Q2, μ)]y

.

≈ ∫
∞

−∞

dk
|k | ∫

∞

−∞

dy
|y |

C−1
evo ( x

k
,

μ
μ0 ) C−1

mat ( k
y

,
μ0

ypz
, |y |λS) f̃(y, ξ = 0,Q2, μ0) .

Ji, PRL 110 (2013) 262002
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 Va lence GPDs :  -dependenceQ2(−t)

0.0 0.2 0.4 0.6 0.8 1.0

x

0.0

0.5

1.0

1.5

2.0

2.5

f
(x

,Q
2 ,

µ
)

Pz = 1.937 GeV

NNLO+LRR, µ = 2 GeV
NNLO+LRR+RGR
Q2 = 0.000 GeV2

Q2 = 0.231 GeV2

Q2 = 0.455 GeV2

Q2 = 0.887 GeV2

Q2 = 1.095 GeV2

Q2 = 1.690 GeV2

Preliminary • Fixed scale & RGR:


    - : identity


    - : correction

x > 0.3

? < x < 0.3

• Scale variation (lighter filled bands):


    - ? < x < 0.3
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 Va lence GPDs :  -dependencex

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75

Q2

0.00

0.25

0.50

0.75

1.00

1.25

1.50

1.75

2.00

f
(x

,Q
2 ,

µ
) Pz = 1.937 GeV, NNLO+LRR+RGR

x=0.20
x=0.35

x=0.50
x=0.65

x=0.80

Preliminary

 increases x

Declining trend -> stable plateau
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 Va lence GPDs :  Order -dependence

0.0 0.2 0.4 0.6 0.8 1.0

x

0.0
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1.0
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2.0

2.5

3.0

f
(x

,z
S
,P

z
,µ

)

Pz = 1.937 GeV, Q2 = 0.000 GeV2

NLO+LRR+RGR
NNLO+LRR+RGR

0.0 0.2 0.4 0.6 0.8 1.0

x

0.0

0.2

0.4

0.6

0.8

1.0

f
(x

,z
S
,P

z
,µ

)

Pz = 1.937 GeV, Q2 = 1.690 GeV2

NLO+LRR+RGR
NNLO+LRR+RGR

Preliminary

 increases Q2 = − t Order-dependence reduces

NNLO: better perturbative convergence



• Confirm the frame-independence of the amplitudes ’s


• Get the quasi-GPDs 

          - hybrid-scheme renormalization

          - NNLO + LRR + RGR


• Get the pion valance GPDs with LaMET


          - fixed scale  GeV & DGLAP evolution


          - -, -, and Order-dependence

Ai

μ = 2

Q2 x
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Thanks for your attention!

Summary
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Backup
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 Ampl i tude

Ft
M(z, p, Δ) =

1

EiEf
(pt

MA1 + Δt
MA3),

Fx
M(z, p, Δ) =

1

EiEf
(px

MA1 + Δx
MA3),

Fy
M(z, p, Δ) =

1

EiEf (py
MA1 + Δy

MA3),

Fz
M(z, p, Δ) =

1

EiEf
(pz

MA1 + m2zz
MA2 + Δz

MA3) .

Ft
M(z, p, Δ) =

Ei + Ef

2 EiEf
A1 = A1,

Fx
M(z, p, Δ) =

pf
x − pi

x

EiEf
A3,

Fy
M(z, p, Δ) =

pf
y − pi

y

EiEf
A3,

Fz
M(z, p, Δ) =

pi
z + pf

z

2 EiEf
A1 +

m2zz

EiEf
A2,

Non-breit Breit
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• ,          fm 


• HISQ action + Wilson-Clover action ⇒  GeV 

• Using boost smearing to enhance the signal


• Momentum transfer :     0 ~ 1.7 GeV

N3
s × Nt = 643 × 64 a = 0.04

mval
π = 0.3

Q2 2

 La t t i ce Se tup



      from ~ FB = ⟨E0, ⃗pf | 𝒪̂γμ(z, τ, ⃗q) |E0, ⃗pi⟩ C3pt / C2pt
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 How to ge t  the bare mat r ix e lemen t s  f rom la t t i ce

(0, ⃗p) (ts, ⃗p)
Initial FinalC2pt

(0, ⃗pi) (ts, ⃗pf)

𝒪(z, τ, ⃗q)

C3pt

Insert 𝒪(τ, ⃗q)

                                            , , 

C3pt(z; τ, ts; ⃗pi, ⃗pf) = ⟨H(ts, ⃗pf)𝒪̂Γ(z, τ, ⃗q)H†(0, ⃗pi)⟩
Γ : 1̂ γμ σμν

⃗pf = ⃗pi + ⃗q

C2pt(t, ⃗p) = ⟨H(ts, ⃗p)H†(0, ⃗p)⟩
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Pz = 1.937 GeV, Q2 = 0.000 GeV2

NLO+LRR+RGR, zS/a = 2
NLO+LRR+RGR, zS/a = 3
NLO+LRR+RGR, zS/a = 4
NNLO+LRR+RGR, zS/a = 2
NNLO+LRR+RGR, zS/a = 3
NNLO+LRR+RGR, zS/a = 4
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 Va lence GPD: -dependence zS

Preliminary
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 Va lence GPD: -dependence Pz
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NNLO+LRR+RGR

qGPD: Q2 = 0.000 GeV2, Pz = 1.453 GeV
qGPD: Q2 = 0.000 GeV2, Pz = 1.937 GeV
GPD: Q2 = 0.000 GeV2, Pz = 1.453 GeV
GPD: Q2 = 0.000 GeV2, Pz = 1.937 GeV
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