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Off-forward Compton amplitude
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General decomposition of the off-forward Compton amplitude contains 18 tensorial structures = 18 off-forward
Compton amplitudes H1, &7 etc.:
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Off-forward Compton amplitude

Decomposition depends on the Dirac bilinear:
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D P’ The amplitudes are related to DIS structure functions:
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We are interested in gluonic contribution to the Compton amplitudes. In the leading order
it's represented by a quark box diagram with two background gluons.
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In general, such off-forward calculation in a general
kinematics is a formidable tasks. We apply the worldline
approach which is a powerful technique for calculation of

multi-leg Feynman diagrams




Worldline approach

We start with a general form of the QCD effective action written in the form of a
functional integral over quark fields:
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In the worldline approach the effective action is rewritten as a quantum mechanical point /" O\

particle path integrals over classical trajectories x(7) and y(7), where spin degrees of
freedom of a particle (quark) are expressed in terms of Grassmann variables . V
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Functional integrals over classical \ A

trajectories in two spaces of bosonic
and fermionic degrees of freedom

Vector and axial-vector couplings to
external fields

Proper time variable 7 & [O, T] defines position of a point on the B
worldline, 1 is a period (“size”) of the worldline A



Z. Bern & D.A. Kosower 88

Worldline representation of the effective action M. J. Strassler 92

E. D’Hoker & D. G. Gagne 96

free prop. int. term (gauge phase) Schubert 2001
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! ! scalar QED fermionic degrees
boundary conditions of freedom \
The approach is explicitly gauge invariant: interaction with the background field A

via gauge phase (Wilson line) and strength tensor — analogous to the
background field method

The functional integrals can be easily evaluated using Green functions
(worldline propagators) of the corresponding free field operator:
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The approach can be efficiently applied to various

challenging problems. Example: calculation of the cusp
anomalous dimension Feal, Tarasov, Venugopalan, in preparation



Example: vacuum polarization tensors

It’s easy to write a general expression for a given amplitude

~ H“”(kl)(Qw)4(5(k1 -+ kg)
T1 T2 © \2 T dT T | | |
k — (i€) / —/ Dz Dwvl“(kl)\/f(kg)exp{ —/ dT(—iifQ + _wuwu)}
2 Jo 1 Jp AP | 0 4 2 .
interaction vertexes -~ free action
Vertexes describe interaction of a worldline with an external current: VFHE (k) = / dri (25 + 20tk - qp;)etti T
0

The functional integral can be easily evaluated as well:
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The really interesting result can be obtained after IBP (integration by part) procedure which eliminated GBlz Strassler (1992)

scalar coefficient (scalar integrals over proper-time variables) tensorial structure
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After IBP: scalar coefficient multiplied by a tensorial structure | The method allows unambiguously define the tensorial
— Decomposition of the Compton scattering amplitude structure of the diagram




Spin puzzle and the role of anomaly in polarized DIS

Why calculation in full off-forward kinematics are important? Example: the structure of the #1 amplitude
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The first moment of g, defines quark helicity: / dep g1(25,Q7) = 13 (3F + D +2%(Q%)) (1 — O(%)> +O(@
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DIS experiments showed that quarks carry only about 30% of the proton’s spin: A2 ~ 0.32, which
is much smaller than predicted by the quark model AX =~ 0.6 - spin puzzle
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In the parton model: S”AZ(QQ) — <P, S|J§(O)‘P, S>

T

Isosinglet axial vector current



Spin puzzle and the role of anomaly in polarized DIS

11
= SAS+AG+ Ly + L SAS(Q?) = - (P.S| L (O)|P,S)
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Fundamental property of the current. The anomaly equation isosinglet axial vector current
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5 Nnfog ~ The isosinglet current couples to
o Ju (QU) — 1r (F,uu (37)FW/ (ZU)) ' the topological charge density in g
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2T the polarized proton! fes. |

The anomaly arises from the non-invariance of the path integral measure under ‘.\b

chiral (y5) rotations. Topological properties of the QCD vacuum! K. Fujikawa, PRL. 42, 1195 (1979)
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New tools for an old problem: the small value of A2 can be explained due to interplay between
parton dynamics and the topology of the QCD vacuum in the helicity structure of the proton

Hard to see in the standard pQCD calculations! Requires calculations in full
Kinematics in a general background field




Thinking efficiently about anomalies with worldlines | 1=p—g

How does the anomaly manifest itself? To extract the anomaly effects we perform
calculation in general kinematics. The exact worldline calculation gives:

exact result! ABJ anomaly
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A AN topological charge density )
infrared pole (pseudoscalar operator) —_—
The worldline approach allows unambiguously define both the kinematic
coefficient and the operator structure corresponding to the background gluons
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Why poles are important? Mechanism of the pole cancellation allows to relate R. L. Jaffe, A. Manohar (1990)
Shore, Veneziano (1990)

amplitudes (first moments) between each other and topological properties of Tarasov, Venugopalan (2020)
the QCD vacuum Bhattacharya, Hatta, Vogelsang (2022)



Wess-Zumino-Witten coupling

How does the pole cancel? The crucial role is played by the Wess-Zumino-Witten I1
(WZW) coupling

Using the worldline approach, we calculate the imaginary part of the
effective action in the leading order in 11, which generates the isosinglet

Wess-Zumino-Witten coupling o nFF
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in agreement with the corresponding term in £'y,»w Which was derived from gopalan (2022)

chiral perturbation theory Leutwyler (1996); Herrara-Sikody et al (1997);
Leutwyler-Kaiser (2000) '
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another pole |

where 77 is a massless “primordial” ninth Goldstone boson arising from the
spontaneous symmetry breaking of the flavor group U;(3) X Ux(3)



Anomaly pole and the U ,(1) problem ®

However 7 is not observed. Instead there is a heavy ,’ I

(m,, & 95 7MeV) - the famous U, (1) problem. 1 |
/2 n 7
|
|
There is no Goldstone pole just as there is no anomaly pole I
in the QCD spectrum ®
We demonstrate that the dynamical interplay between the physics of the same
the anomaly, and that of the isosinglet pseudoscalar U,(1) sector of mechanism

QCD resolves both problems simultaneously: the lifting of the 7 pole
by topological mass generation of the #’ and the cancellation of the
anomaly pole

This mechanism relates the helicity structure of the proton to the topology
of the QCD vacuum




Pseudovector vs. pseudoscalar coupling

(P, S|JE|P,S) = a(P', ) |75 Ga(l®) + 1" 5Gp(l2) u(P, S)
Direct axial-vector coupling / ) Pseudg(s)faarlgre gosjrglggg to the
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This relations will allow us to
connect quark helicity . to the
topological properties of QCD
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related due to the

related due to the pole

topological screening  anomaly equation cancellation
2 2n W Shore-V i | i i
2\ __ / , e recover a Shore-Veneziano result (derived using
E(Q ) V3 M 9noNN \/X (O) anomalous functional chiral Ward identities)
N Shore, Veneziano (1992)




Anomaly pole in the box diagram

Why poles are important? Mechanism of the pole cancellation allows to relate amplitudes (first moments)
between each other and topological properties of the QCD vacuum

first moments are related (cancellation
of the pole + anomaly equation)
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triangle diagram contribution

Does this relation go beyond the first moment? — calculation of the off-forward box diagram without
kinematical approximations (in the standard calculations [? = ()

- - L . z .
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q% 44\? q Tarasov, Venugopalan (2020)
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How does the pole cancel? Can we relate amplitudes beyond the
P g q first moment (what about symmetric part)? Non-local anomaly
> p P’ equations? What is a logarithmic structure related to the anomaly,

interplay between poles and logarithms?



.y m Get access to topological properties of the QCD
SphalerOn transitions vacuum in DIS experiments — g(xp)
There are two scales in the problem at small-xp: mn2 and Qsz! Gluon saturation (Qsz) can be treated as a perturbation

around an instanton solution and induce over the barrier sphaleron-like transitions between different topological
sectors of the QCD vacuum, each corresponding to distinct integer valued Chern-Simons number NV
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sphaleron NCS (t) — /de KO

> 7\

Nes
The sphaleron-like transitions induced by interactions with the small-x background
fields introduce a “drag force” on 7 “axion” propagation proportional to sphaleron

transition rate: ‘ ,
.~ drag force” effect
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< @Eﬂ@ While at large x5 the gluon field is dominated by the instanton configurations, at small

| Xg the CGC background (QS2 > mﬂz,) can induce over-the-barrier transitions. We

TETHPETTIEENS (EEon =l predict over-the-barrier sphaleron transitions between different topological sectors of
In X the QCD vacuum = can be detected in DIS and DVCS

In Q?

saturation




Off-forward Compton amplitudes and the box diagram

These questions motivate further calculation of the off-forward box diagram
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How does the box diagram contribute to the off-forward Compton amplitudes a
in general? q
* tensorial structures generated by the box diagram
* pole and non-pole terms
* logarithms
e operator structures corresponding to background gluons
— Calculation of the box diagram in the most general kinematics 2



Box diagram in the worldline approach

The worldline approach is a powerful approach which
Calculation of the box diagram in allows to determine both the tensorial structure of the
the most general kinematics diagram and the corresponding kinematic coefficients.
Example: triangle diagram

General expression in the worldline approach:
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0
external fields/pol. oz
free action vectors

Functional integrals over trajectories can be easily evaluated:
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IBP procedure

Previously we saw that to reveal the tensorial structure of the diagram
one needs to perform the IBP procedure, which eliminates G:
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e?q® [ dT D T e :
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0 0 =1

Py(GBij, GBij, Grij) — Qu(Gpij, Grij)
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The form of the polynomial after IBP procedure is known Ahmadiniaz, Lopez-Arcos, Lopez-Lopez, Schubert (2020)
= Qj + Qi + Qi + Q?LQ strength tensors!

l

Qi = —(GB12GB23G 341G a1 — Gr12Gro3GrsaGrar) fuu (k1) [ (ka) Fog (k3) FH (ky)
—(GB23GB31GB14GB12 — Gra3Gr31Gr1aGras) fuu (k) FYP (k3) foo (k1) F7H (ky)
—(GB31GB12GB24G Bas — Gr31Gr12GraaGraz) Fu, (k3) f° (k1) foo (ko) F7H (ky)

scalar functions tensorial structure

* The problem simplifies to the calculation of the scalar coefficients and decomposition of the tensorial structure
* The tensorial structure is constructed from gauge covariant objects



Projectors for the tensorial structure

Qi = —(Gp12GB23G 314G a1 — Gr12Gro3GrsaGrar) fuw (k1) fP (ko) Fop (k3) FH (ky)
—(G23GB31GB14G B2 — Gro3Gr31GriaGras) fuy (ko) F P (k3) foo (k1) FH (ky)
—(G'B31GB12GB24G Bas — Gr31Gr12GraaGraz) Fuy (k3) f° (k1) for (ko) F7H (ky)

tensorial structure

The tensorial structure contains a direct product of two background gluon strength tensors
— It needs to be decomposed into irreducible components. There are 6 such components:

AR A = Vi & Vo a |7 e Va4 d Vi & Vi e.g. Cvitanovic (2011)

F:ull/l (kB)F,LbQVz (k4) — gM101gl/1,019,L620291/2/02Falpl (k3)F02p2 (k4)
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Each irreducible component should
be parametrized in terms of parton
distributions




Example: P4 projector
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P 1 =
Fu1vl(k3)Fuzl/z(k4) = 12€u1V1u2V2Faﬁ(k3)F B(kél)

Applying it to polynomials in the worldline result for the box diagram:
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The result can be compared with the decomposition of the off-forward Compton amplitude
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We find that the P4 provides contribution to £&1and & S 5 MU Ys5U

A similar analysis can be performed for other projectors, which provides
a whole set of amplitudes with contribution of the box diagram




Example: Pa PTOjeCtOT The scalar integrals for all

SixX projectors has the
Applying projector P4 to the expression for the box diagrams we obtain same structure!

e’ g* dT 1 _ -
29 /0 ?(47TT) / H dr; [3G23G31G14G42 + . } exp [ Z §GB@'J']’C@' ' k]} EWMQPA%TTCFM(kS)FQB(k4)
i,j=1

- | [ |
||

tensorial structure
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scalar functions

Finally, we need to calculate a scalar integral over proper-time variables

With a certain change of variables the last integral can be rewritten in terms of integration over DGLAP and
ERBL regions

However, to better understand dependence on the kinematical variables we want to perform all integrations

Two types of ordering of 1

the proper-time variables

(six contributions in total): T
K4

I second type of diagrams (with
gluons on mass-shell) can be

easily calculated



Calculation of the scalar integral b k:

Calculation of the scalar integrals of the first type is more challenging T
but can be done using differential equations method Bern, Dixon, Kosower (1993)
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After integration over period of the worldline 71" and a linear change of the proper- ko k4
time variables (7 — a) the scalar integral can be rewritten as

I4[Pm({az})] — P(Q 6) /O d4a25(1 — Z CLZ)P4({CLZ}) : Z Sijaiaj — ZE:

1 ,7=1
Polynomial of the fourth order defined by the dependence on the | T
worldline propagators, which is generated by a projector P;

kinematical variables

1
S19 = Sy = —516% etc.



Calculation of the scalar integral b k:

The problem is simplified to the calculation of the following scalar integral T
1 - 1—2—€
Li(P;({a; )] = T(2 + ¢) / d*a;0(1 =) ai)Pa({ai})| Y  Sijaia; —ie
0 i Ci,j=1 _ 2
where P4 is an arbitrary polynomial of the fourth order which should be represented (for
technical reason) as Psax ks ko

Using the differentiation technique we obtain the following representation for such integrals:

I[P3({a;})ak] = 041042043044“1%?2_6)”) oy, Ps (az{ 8247; })IE ] %5 = aag

The integral can be obtained by differentiation of the basic integrals 14 [ak]

(Y0, ajug)
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No actual calculation of the integrals is

The expression for the basic integrals (up to € y required! The integrals can be obtained by
can be deduced from literature differentiation, which can be easily
Bern, Dixon, Kosower (1993) automatized. This solves the problem of

Davydychev, Ussyukina (1991-1994) calculation of the scalar integrals




Summary

We want to deter the contribution of the box diagram to the off-forward Compton amplitudes
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The worldline approach is a powerful approach which allows to determine both the tensorial ! 7
structure of the diagram and the corresponding kinematic coefficients
The problem can be simplified to decomposition of the tensorial structure and calculation of the
Kinematic (scalar) coefficient
P P
dT 1 -
/O 47TT / HdT@ G23G31G14G42 -+ . } exXp { Z §GBzgkz ° k/.Ji| E“VpnquﬁTrcFag(kg)Faﬁ(k4)
i,7=1
r scalar functions tensorial structure
The integrals can be computed using differential equations method, which Using projectors onto
allows efficient automatization. The calculation is currently in progress irreducible components the

result can be identified with the
corresponding amplitudes



Thank you for your attention!



