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» Decompose matrix element in independent non-perturbative objects
while maintaining manifest Lorentz invariance

(1) = -

{Gl [e/* . e] — G3(€96;:,1)%‘i€m} 2P + Gy [€" (¢ - q) — e’*“(eq)])

» Spin-j fields embedded in objects with > 2j 4+ 1 components
— 4-vector, Rarita-Schwinger, Fierz-Pauli, ...

® Need for constraints
® Kinematical singularities

» Use (2j + 1)-component (chiral) spinors [(j, 0) & (0, j) trreps.]

[Joos; Barut-Muzinich-Williams; Weinberg 63+]



» Leads to systematic approach for any spin j

» “Basic” algebraic construction su(2) — su(N) — sl(2,C)

» Covariant “multipole” basis emerges — physical interpretation
» Parity conserving interactions — generalized Dirac algebra

» Easy to implement different types of spin
— canonical, helicity, light-front

» Exact degrees of freedom, no need for constraints



» Algebra for Generators of the Lorentz group
J1.Iml = i€mndn . [J1.Km] = iemKn, [Kj,Kpn]= —i€mndn
» Two independent su(2) subalgebras — irreps (ja,JjB)
Am=30m+iKm) . Bm=31(Tm—iKmn)
A, Ap] = i€mnAn . [B1, Bm| = i€mnBn ., [A),Bn]=0

» Simplest irreps that contain spin-j — (2j + 1 components)

® Right-handed (j,0): K — —illn

® |eft-handed (0,)): K, — +iln



» Lorentz invariant S-matrix using a Hamiltonian density built up from
causal fields

U[/\,a]Q[’a(x) U[X,la] = Z (D[g\')q]) oo’ Q[’o/(/\x+a)
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» No EoM for chiral fields (only obey KG eq.)

» Spinors appearing in the fields (not invariants, depend on choice boost)
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» Propagator numerator
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» Introduction of 2j-rank t-tensors Moo (P) = too ™~ PuaPriz - Punyj
totally symmetric NV (p) = & " puapys - Py
covariantly traceless S tg;',"”k'““"““zf =0
DU) — tllﬂlz---usz 15 ,5
» Central role of t-tensors [L(p)] n Pu - - - Puaj
used to construct boosts/spinors f)[({)(p)] =ttt p, By Py

(p" not 4-vectors) Canonical: Bt =1/ W(p0 +m,p)

Same for any spin!

For helicity and LF spinors similar expression (but C-numbers)




» Ceneralization of 0¥ = (1,0) 0" = (1, —0") to arbitrary spin

> Intertwining map:

(j,0)®(0,/) [rank-2 in sl(2,C]
)

(j,J) [rank-2j symm. traceless in so(3,1)]

» Recursion relation between different spins (CG)
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» Contain a basis of su(N): use to expand (A'|O]A).



» For Parity conserving interactions the direct sum of both chiral
representations is used, like the spin 1/2 case

» Boosts and bispinor (Weyl rep.)
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» Adjoint bispinor (Q/G = BD,'B)
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» The bispinor satisfy the Dirac eq.

(yur-'ﬂszm N mzj) uU)(p, 5)=0

UU)(pv 5) (yﬂl”'ﬂszyl © Py — m2j) =0

» Gamma matrices (chiral rep.)

s 0 th b2 0o 10 -1 0
yHHe = Fn i 0 . B=y"0= ( ) ;o Vs = ( 0 10)
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» The 0-th degree polynomial in the J's is always t%° =1
» The linear polynomials .
poly tO...l...O _ EJI _ }JI

are the rotation group generators 2j

» From pairwise symmetrizations of the rotation generators
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» Continues for higher orders [Jordan algebra, not universal]

= Matrices have more and more off-diagonal elements

4/mn0..0 _ ;0...0/0..0m0...0n0..0 _ ../' 1 ( { 0.0 tmnO...O} i {tmo...o’ tn/O...O} i {tno..o' t/mO...O}
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» Stops after 2j steps (eigenvalue eq.) (J—s)(J—s—1)...(J+s) =0

» t-tensors contain a basis for su(N=2j+1)
(Universal Enveloping Algebra)



» Use recursion relation

1 1 . .
YT s 1 pzeya
t ¥ — (jolj — 701 02) Gt — 51’151'2) ti 2j-1 tazzji,2

» Efficient in +-RL Lorentz coordinates
B Pauli matrices have only 1 non-zero element (=2)

m tHH2-12) elements in that basis have only 1 non-zero matrix element
— position follows from +-RL counting
— value from CG recursion

» Appropriate for efficient numerical implementation



(1/2

0-th order terms in J; t9=1

(1), i 1402 o;
1

Linear terms in J; ip

(Pauli matrices)

) _ [0 1 ) _ (0 =i @ (1 0

Quadratic terms in Jfl/z

(JO2 — %1)“(1/2) + %1) —0 = (JIR)2 = gl + cJ12



0-th order terms in JV: %0 =1

Linear terms in J\V: % — S

to1_i
V2

Quadratic terms in JV: ¢ = {J1Y, J}l)} — 19

0 0 1 0O 0 -1 1 0 O
=1 0 1 0 L2 = 0 1 0 3= 0 -1 0
1 0 O -1 0 O 0o 0 1

0 0 —i 1 0 1 o0 ; 0 -1 0
t2?=( 0 0 0 CtB=—1(1 0 -1 CtB=—1[11 0 1
i 0 0 V2\ o 1 o V2\ o -1 0

Cubic terms in JV:  (JU — 1)UV +1) =0 — (JY) = o1 + JU + c3(JV)2
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Reduction for Cubic Monomials

» Central role of the covariant t-tensors
— spinors, boosts, propagators, gamma matrices

» Bilinear calculus involve products with alternating “barring” pattern:
ttt---
» Matrices in t-tensors: su(2j + 1) basis — Products can be linearized

» Cubic products are reduced with an Invariant Tensor

2j
- 1
tHL e H2) §P1P2) $01° 027 - S S cheorer | g
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» Trade matrix multiplication by number multiplication



Reduction for Quadratic Monomials
» Central role of the covariant t-tensors

— spinors, boosts, propagators, gamma matrices

H 00 _ 300 _ o FV1 Vo > EVY Vs Cpoi
> Since, t00 = §00 1 5 pHE2EYL V) phL k2 VL v (tpl P2 oy - Npay

(2))!

i ED1 - Do 1 2j
tUI Uz, tp1 PZJ = _){ S } ( I:]. CUIPIUIC(I ”UI ) tal...azj
P1---P2j

n" =(1,0,0,0)

Creodn, = gn® — gt + g"“nf + ie"°*n,  (Rotational Invariant)

» Ceneral result (@Y7 = —Q" = crovp, — g n%)
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each 0 < m < 2j corresponds to a Lorentz rank-m bitensor [(m, 0) & (0, m)].



Covariant s/(2,C) Multipole expansion from quadratic monomials
» m=0 — Identity e, Qprirer (|_|s 1N ) toyap; = to0 =1

» m =1 — generators of Lorentz transf. [(1,0) & (0, 1)]
( [Mup Mw\] gP MY — ghVMPA + gPYIMIFA — gh VPV )

1 2j
[ ] (|_| ”as) (oo = Qe U)tao-0 = — M
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» For general m [(m,0) & (0, m)]|
(="

ml {up1. timpm} 1

m

|_| Qurp’ar(j ta1---o(m0---0 =

MHPr — (Lower Multipoles)

Decompose operators with physical interpretation for each term
— mono-, di-, quadrupole, ...

See also [Cotogno, Lorcé, Lowdon, Morales PRD 2020)]



Generalized Dirac basis  (Weyl rep)

2j-rank i ST 0 i
> 2j-rank symmetric tensors: vy il TR 0
(2j+1) independent matrices

Ha-H2j
» 2j-rank symmetric psuedo-tensors:  y#1Haiyg = ( —fu?...uzj ‘ 0 ' )
(2j+1) independent matrices
Ha-H2j $P1 P2j
> 4j-rank bi-tensors:  yF it PP — ( ‘ Jot J fu'-'tgl-upzj )
2(2j+1) independent matrices

— including 1, ys5

T Dy 2j 1 B;‘,’,j Q
ylll H2j yPl P2j — 2”11:0 (2j)!{ S }Zn=1 (Re {l_llemy.,,, Qfeldpl I]’ Yay--az;j y0 0
P1--P2j

: Hip1ay 0--0
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Generalized Bilinears

» Chains of ttt... contracted with p* and external 4-vectors (P, A, n)

Br- 5 o1 i
() AT 0 thpe t Py 0 o
Tovs! Yo = Y ( XA L A R N M S A

Canonical: pt =/ zmmmrpor (P° +m.p)

» How to implement helicity / LF spinors?
B Use their complex p* — complicates reduction
m Keep g but change u) [Melosh rotation] — efficient

» 2j-rank Tensor bilinear P =1 (5 +p), A=pr—p;
oy 3 up = m? [0 [2 (PPT - JAMAT) — (P2 1A2) g 4 ienPR] (hrltry oy 1)
. P ~ o~ ~ o~ ~ . ~ Tk
+m?% lei1 [2 (pu;pn — %ANIAT/) _ (P 142 ) gl + ,'eumPA] (A Ery- g 120)



Generalized Gordon ldentities

» Use Dirac Equation (y“’-'”“szul e Pusy — mzj) us=0

0t = %UZ/’ ({;PU’,I‘} n % [AU)yr]) us
o=t 3 (a0} 1]

1

_ , , p1odzj | bz
Pl‘lﬂ--ﬂzj = 5 (plli .Hpuzj + Puy - - pﬂzj) P(p/,p) = +P(p,P,)
Dy ppaj = p;/u "‘p;/lzj = Pux - Pugj A2 (p/, p) =N (p, p/)
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» Useful to reduce independent Dirac structures

» Rewrite independent terms to those with sl(2,C) multipoles appearing



» Using basis of bilinears and Gordon identities we can identify minimal
set of independent bilinears

» These will form the basis in decompositions of matrix elements of QCD
operators (currents/correlators)

» Each basis element comes with FF/distribution

» Has multipole interpretation, construction is identical for all spin cases
» Unified framework to discuss spin in hadronic physics

» Intuition from spin-1/2 carries over

» Extensions possible to transition matrix elements



o

Using spinor representation: (p',s'[j*(0)| p,s) = ¢, o

1
P-itp  mPrh, = 2P [P21Gc (@) — a7 [ — §gp,,l) Ga (Qz)]
/ 2 _ 2
A:p - P (A —_Q ) _ielJPU)( |:ApPU (t)(v_gg).vl) n:GM(Q2):|
n{ =(1,0,0,0)

Using polarization vectors:  (p',s'|j*(0)| p,s) = €, (p)) Thp(P. N)ef (p)
[Wang & Lorcé (2022)]

. NA? (2,,) P2
rraf = 2pr HBGC(Q’-’)——ZEnj =G (Q’-’))
ap
—_jeHror ApPU/(DZZA) GM(Qz))




» Construction allows for efficient and manifestly covariant calculations

Central role of the covariant t-tensors
— spinors, boosts, propagators, gamma matrices

\4

\4

Very simple “basis ingredient”
— reps of generators of rotations

v

Covariant s/(2,C)-multipole basis for operators
— transparent interpretation

v

Unique framework for any spin
— intuition from spin 1/2

v

Avoids calculations with (Dirac) matrices
— everything reduces to number multiplication (CHP?%, QFF9)



