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The classical Fermi function describes enhanced
(huge!) QED corrections for electron/positron
emission from large-Z nucleus
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Fermi function

In NR limit (not applicable to neutron and nuclear
beta decay) the Fermi function reduces to the
Sommerfeld factor
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Several questions naturally arise:

e what is the quantity r appearing in F(Z,E)?
Approximately the nuclear radius, but how to go

beyond this qualitative model? (answer:
rle’ = pys)

Fermi function

 how to combine with phenomenologically
important subleading corrections? (answer:
factorization, EFT, symmetry relating different

powers of Z at the same power of a)

e what is the “Fermi function” for neutron beta decay,
for which neither Z nor ﬂ_l Is large? (answer: RG
n
—)2 .
: : —P — 10 'n
analysis to resum | irlog = =)
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Fermi function T+ i) Feripr™™

E. Fermi, An attempt of a theory
of beta radiation. 1.
Z.Phys. 88 (1934)

“a rough estimate shows that ... *

=need a systematic understanding

e what is the quantity r appearing in F(Z,E)?

German

Dabei sei
bemerkt, dass
die
relativistisehen
Eigenfunktionen
im Coulomb-
Feld flit die
Zustimde mit j --
1/a (2s~/~und
~P~/2)fOrr~0
unendlieh grol~
werden.

Nun gehoreht
aber die
Kernanziehung
for die
Elektronen dem
Coulombsehen
Gesetz nur bis
r>rho, wo rho
hier den
Kernradius
bedeutet.

Eine
Ubersehlagsrech
nung zeigt, dass,
wenn man
plausible
Annahmen fiber
den Verlauf des
elektrischen
Feldes innerhalb

des Kerns macht,

der Wert yon XX
im Mittelpunkt
einen Wert hat,
der sehr nahe
dem Werte liegt,
den XX im Falle
des Coulomb-
Gesetzes in der
Entfernung rho
vom Mittelpunkt
annehmen
worde.

English

It should be noted
that the relativistic
eigenfunctions in the
Coulomb field for the
states with j -- 1/a
(2s~/~ and ~P~/2)
become infinitely
large for r ~ 0.

Now, however, the
nuclear attraction for
the electrons obeys
Coulomb's law only
up to r>rho, where
rho here means the
nuclear radius.

A rough calculation
shows that, if one
makes plausible
assumptions about
the course of the
electric field inside
the nucleus, the
value of XX at the
center has a value
very close to the
value of XX in the
case of Coulomb's
law at the distance
rho assume from the
center worde.



e Subleading corrections are critical at the sub-per
mille experimental precision. How are these

incorporated?
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Fermi function

Subleading corrections are critical at the sub-per
mille experimental precision. How are these
incorporated?

A 1 scale of matching to nuclear
T nuclear p
matrix element

mT scale of physical process

Systematically perform renormalization analysis from
scale of matching (1 = A to scale of process

(W ~p~m,)

nuclear)
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convenient counting for nuclei determining Vua:

7 ~ L?* = log*(A/m) ~ a™!

= ol Z2a%L ~ (x%
= 70l ~a
oL, 7203, Z*a*L ~ a7

= need three and four loops for per mille precision
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Factorization

When matrix elements are computed for the beta
decay process, large perturbative coefficients
appear

A
a~ ! ~log? —/= ~ Z? ~ 100
m

€

For example, super allowed nuclear beta decay
provides most precise determination of V,_;

5|V, | ~3x107*

Require high-order perturbative corrections, e.g.

A
Z?a’ log —= ~ 10*7%* = 107

M,
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Map the problem to effective field theory

Factorization

[A,Z] [A,Z+1]

Lo = — G (p T h*piA ey y(1 —ysv, + H.c.

v# = (1,0,0,0) is four-velocity of the heavy nucleus,

%NGF
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Factorization

Resum large logarithms by renormalization group
within a sequence of effective field theories

M = %S(AIR)%H(m’ p)%UV(AUV)

avi

matching coefficient onto heavy-heavy-light EFT

[/

matching coefficient onto heavy-heavy-heavy EFT

/

soft matrix element in heavy-heavy-heavy EFT

12



Consider the factorization at leading power in Z

Start with the Schrodinger Coulomb problem (i.e.,

NR limit)
17ati > & dPL, [ d°L d’L
FaCtorlzatlon M = Z %(n) _ Z (2m Zez)nJ 1 J 2 J n
=0 - CmP ) CmP  J 2r)P
1 1 1 1

L3+22 (L —pR—p2—i0 (L) — Ly?+22 (Ly—pP - p2 — i0

1 1
(L= L2 +22 (L, —p2—p2—i0
D =3-2¢

l< + + i
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At one loop:

Factorization .« -2mze?| oL 1 ! _im Ze2< 2 m)

CmP L2422 (L -pR—-p2—i0 P 4=n

Decompose into momentum regions

o [ 4L _Ze om iza (221
S Tl L2+12 _05. T —i0 B \u2) 2¢
2p - L —i0 H

Ho)Q@o? L2 (T -pe-p2-L—-i0 B \pu2—io e

Readily see that factorization holds through one-loop order

M= MMy =1+ M+ M+ ..
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Factorization

Remember an integration identity

0
Jd”x —f(x;, %5, ...,x,) =0
ox’

Apply this to Feynman diagram integrals,

d°K L 1 1 1 1 1
J(ai,a2,a3,a4,a5) = / (274 / (27)d (K2 [(p — K)2 — p2]e [L2]*s [(p — L)2 — p2]e (L — K)2]%s
Insert: o K¢ i,Li

0K 0K

0=d— air —as — 20,5 — CL11+(5_ — 3_) — CL22+(5_ — 4_)

E.g., apply this to J(0,1,1,1,1):

1
J(0,1,1,1,1) = P J(0,2,1,1,0) — J(0,2,1,0,1)]
v
simpler integrals

15



Factorization

We can continue to higher order,

@ _

[ dL, [ dL, Ze? 2m Ze? 2m
H

Qm?) Cm* LY (T, -p)2—p?—i0 (L~ Lp? (L=~ P —p*—i0
= (2mZe*? J(0,1,1,1,1)

282 i) 11 L
— —_—— —l —_— —
g P 8e2 ' 12

. 3 2
- [zZTa(_4p2/ﬂ2_i0)_€] [ 7 134(3)]

~1
48¢3  24e 6

e Even with the tricks of dimensional regularization,
these integrals become increasing difficult at high
loop order: 4 loops, 5, loops, etc.

e How about 48 loops?

16



Return to the position-space picture

H — p2 Zae—)\r
2m r

Factorization Solve for wavefunction

M=) =1 (1= 5 o [ T2 (5ot ) |+ 0

Since we know the soft function to all orders (exponentiation),
we also know the hard function to all orders:

Mu(p) = M/;/EM) =T (1 = ZZ%) exp [@ (g —H’log%} — ivE) ]

Za(m . 2p Za\? (7?2 ir 2p 1. 5 2p
=14+ —| = log — — — + —log — — = log” —
+6(2+Zogu>+<5)<24+20gu 2%

(check: matches with order by order results)

Explicit, all-orders factorization.
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Factorization

(+
¥

4

Wavefunction computation

Recall the Lippmann-Schwinger equation and Born
series,

()= . 1 R 1 R 1 R _
wo'(x) = (|| 1+ — V+ — 1% — V+ ... )|p)
P E-H,+i0 E-Hy+i0 E—H,+i0

Coulomb with massive photon,

. 2
- exp(—=4|x]) - — —Zle
V(X) = (—Ze? V(L) ==
w0 =1 : A | X L2+ 42
+)=> o d3L Tz —2m N
@) = P14+ | ——eTF— " Y(T)
(27) 26+ L + L2Fi0

d3L1 d3L2 s —2m ~ —> — —2m
e

WY ot —— Vb~ L) ==
(27)° (2m) 2p- Lo+ L3Fi0 2p- L+ L3Fi0

V(L) + ...

We require w;_)(())
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Factorization

Let us solve the Schrodinger equation,

=7,
[_va . @e—”] (@) = ——y ()

2m r 2m

Write
Then

1, mia _, .

——V“—ip-V — e | F(x)=0

2 r
Forr < A1
C1V2 3.V _
27 i p ‘pi Fo=0  FW®) =Np.2) FELiptr—2)
Forr > p_1

_ l,_; V 5 - e—ﬂ\/z'2+r2—zz

19
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Factorization

In the overlap region, p_1 < r < AL both solutions
apply,

1 e
) s _
FEO = N A eXp{ 5~ i loglp(r z)]} :

F& - exp{if [—log /1(7’2— 2 }’E] }

Enforcing equality determines N(p, 4), and then

l/fgr)(?c =0)=N(p,4) =T - if)eXP{ gf +i¢

| 2p
O — —
g P YE

Recall that this all-orders amplitude, combined with
the all-orders soft function, determines the all-orders
hard function

20



Factorization

Extend the factorization formalism to field theory: full
QED with relativistic and quantum corrections for the
electron

d?L 1 1 1
(1>:2E22/ 1— —~0
M “ ) @r)eLZ+ A2 (L —p)2—pZ—i0 [ L

-2 [(w3-5) () (3]

at one loop: two relevant momentum regions, L ~ p
(hard) and L ~ A (soft)

at two loops: contributions from L > p

(GGeneral factorization formula:

M = MsMpgMyy

21



Factorization

Using asymptotic wavefunction methods, can extract
hard function to all orders:

M (g, pigg) = M () M M (g

2pe e 2(n —i — 1 E+ 2
My =exp |i log pe — _ i(n — 1)£ (n = ic) d lém ikl d X
Us 21 I'2yn+1) l—igﬁEV E+m\ 149

2pe N\ [14+94°  E+ 1 —°
(%) |5 mw () 5
HH

2 E+nm E 2
_Za
p
n=1/1- (Zay’

= explicit, all-orders factorization (!)

M = M A )M y(p! 1) MGy (N )

22



With the explicit factorization formula,

e what is F(Z,E) as a field theory object? answer:
leading-in-Z hard function

4
v, H
e (1+1n)?

Factorization {|My|*)=F(ZE)

e what is the quantity r appearing in F(Z,E)?
Approximately the nuclear radius, but how to
beyond this qualitative model? answer:
renormalization scale

~1
r- e’ = uys

2pe e 2I'(n — i [E +
M= exp |i& log e —i(77—1)E (= ic) L
21 I'Cn+1) l—zf E+m 1+77
1—y

1 0
I+ E+
Y N m _5
2 E+nm 2

23



When matrix elements are computed for the beta
decay process, large perturbative coefficients
appear

Renormalization A
a~ ! ~log?—/= ~ Z? ~ 100
m

€

Account for log enhancements by RG evolution

Leading Z given by Dirac equation/Fermi function analysis
/ X

Z=0 limit given by heavy-light current operator

Subleading Z determined by leading Z (new!) using heavy particle symmetry

24



Symmetry argument

Renormalization

 (ZeQ)CLy + Ly)y™ (—eQ,) Lyy™
(L; + L,)* + i0 L? +i0

| —eQqv* —eQyv"
V(K1+K2)+IOVK1+ZO
_ —eQpV”! —eQpy”” -

V(=P +i0 v+ (=P, — Py) + i0

sum over diagrams is invariant under O, < QOp,
Q. = — 0,

25



Renormalization

See that e.g.

and in the sum over diagrams at a fixed order in a,
the amplitude is invariant

Can see that the anomalous dimension must be
built from

0./, 010, Q04— 0Qp)

In particular, with Q, = -1, QO,=Z+1, QOzp=Z72

the anomalous dimension at n loop order is a linear
combination of

ZNZ+ 1), 2i<n

26



a(Z+1)
dlog C +a* (Z*+Z+1)
dlogu  +a’ (Z°+Z°+Z+1)
Renormalization +a* (Z*+ 22+ 22+ Z + 1)

a (1)
+a* (Z(Z+1)+1)

_)
+a’ (HZ(Z+ 1)+ 1)
+at (ZXZ + 1) +#Z(Z + 1) + 1)

we calculate this number

remaining undetermined coefficient at 4 loops

27



n+1
n=0 i=0
s Loops 1-loop 2-loop 3-loop 4-loop
70
71
72
73
74

28




dlog‘g -
dlog,u ZZ

n=0 i=0

n+l1

n+1
(4 > y Wzt =y Za) + ayV(Za) + ...
T

Z’I’L

1-loop

2-loop

3-loop

4-loop

e no contributions Z"a™ withm > n

28




le G oo n+l n+1
g Z Z (47[) },(Z)Zn+1 i = }/(O)(Za) + a}/(l)(Za) +

dlog,u n=0 i=0

Z’I’L

1-loop 2-loop

3-loop

4-loop

no contributions Z"a™ with m > n

28




dlog®  _'& i
£ =)y (47[) yOzm 1=l = O Za) + ayD(Za) + .

dlog,u n=0 i=0

Z’I’L

Loops

1-loop 2-loop

3-loop

4-loop

e no contributions Z"a™ withm > n

e |eading Dirac solution

28




_dlog% i i ( > f
@) 7zn+1-i — ,,(0) (D
Yn'Z =y (Za)+ay(Za) + ...
- d log u e 4z
Loops

n 1-loop 2-loop 3-loop 4-loop

ZO

Z1 'y(go) =0

7Z? -~ 7;0) = —87?

A - - 75 =0

2 - - - 7 = —32n4

e no contributions Z"a™ withm > n

e |eading Dirac solution

28




oo n+l n+l
_dlog® Z Z y D711 = O (7)) + ayD(Za) + .
- d log u 4r
n=0 i=0
Loops
n 1-loop 2-loop 3-loop 4-loop
ZO
Z1 ,Y(go) =0
72 — 0) _ 872
A - - 75 =0
2 - - - 7 = —32n4

e no contributions Z"a™ withm > n

e |eading Dirac solution

e Z=0 limit (heavy-light current)

28




oo n+l n+l
_ dlog® =YY (Z) 0z = yOza) + ayVZa) + ...
- d log u 4r
n=0 i=0
Loops
n 1-loop 2-loop 3-loop 4-loop
A fyél) = — (2) —16(2 + 2 + n. ( ) = (see caption) ( ) = (see caption)
Z1 ,y(go) =0
Z? —~ 7§0) = —8n?
A - - 75 =0
2 - - - 7 = —32n4

e no contributions Z"a™ withm > n

e |eading Dirac solution

e Z=0 limit (heavy-light current)

28




_dlog® {8 e
Wzt~ = yO(Za) + ayD(Za) + .
T =YY (- =) rO(Za) + ayV(Za)
n=0 i=0
Loops
n 1-loop 2-loop 3-loop 4-loop

ZY fyél) = -3 (2) —16(2 + 2 + n. ( ) = = (see caption) ( ) = = (see caption)
Z1 ,Y(go) =0
72 — 0) _ 872
z? - - 7 =0
z* - - - ’yéo) = 3274

no contributions Z"a™ with m > n

leading Dirac solution

Z=0 limit (heavy-light current)

symmetry linking different powers of Z

28




d looc € oo n+l n+1
g Z Z (471-) },(Z)Zn+1 i = }/(O)(Za) + (X}’(l)(Za) +

d log,u n=0 i=0
1-loop 2-loop 3-loop 4-loop

fyél) = -3 (2) —16(2 + 2 + n. ( ) = = (see caption) ( ) = = (see caption)
W0 | A= = 0= =

- 1" = —8n?

0
_ _ v =0 7D = 2,
— - - 'yéo) = —327*

no contributions Z"a™ with m > n

leading Dirac solution
Z=0 limit (heavy-light current)

symmetry linking different powers of Z

28




_dlog® {8 e
Wzt~ = yO(Za) + ayD(Za) + .
T =YY (- =) rO(Za) + ayV(Za)
n=0 i=0
Loops
n 1-loop 2-loop 3-loop 4-loop

ZY fyél) = -3 (2) —16(2 + 2 + n. ( ) = = (see caption) ( ) = = (see caption)
R I S T s ==
Z? —~ 7%0) = —8n?
A - = v =0 y( = 240
zZ4 - - - 'yéo) = —327?

no contributions Z"a™ with m > n

leading Dirac solution

Z=0 limit (heavy-light current)

symmetry linking different powers of Z

remaining: Z2a> and Z’a*

28




d log% oo n+l n+1 ;
Wzt~ = yO(Za) + ayD(Za) + .
T =YY (- =) rO(Za) + ayV(Za)
n=0 i=0
Loops
n 1-loop 2-loop 3-loop 4-loop

ZY fyél) = -3 (2) —16(2 + 2 + n. ( ) = = (see caption) ( ) = = (see caption)
R B O s = 0= =0
72 o 750) — —871'2 },2(1) }/3S2)
A - = v =0 y( = 240
zZ4 - - - 'yéo) = —327?

no contributions Z"a™ with m > n

leading Dirac solution

Z=0 limit (heavy-light current)

symmetry linking different powers of Z

remaining: Z2a> and Z’a*

28




_dlog® _ ¢ & B
Z z: Ozntl=i = O (7o) + ayWD(Za) + ...
dlogy =4 (47:) % y(Za) + ay(Za)

Loops 1-loop 2-loop 3-loop 4-loop
ZY 'yél) = -3 (2) —16(2 + 2 + n. ( ) = = (see caption) ( ) = = (see caption)
R T e i
72 _ 1O _ gy /0 e
Z3 - = v =0 y(D = 2,
74 _ - - (0> —32r*

e no contributions Z"a™ with m > n
e |eading Dirac solution
e Z=0 limit (heavy-light current)
e symmetry linking different powers of Z
e remaining: Z’a> and Za*
= need y(l) as missing ingredient for permille level analysis of beta

decay .



Renormalization

To isolated powers of Z, it is convenient to rearrange
the perturbation series

[Z+1] [Z]

L =hNv-o0+eZ+ 1)y DY+ hPv -0+ eZv - ALY

+Gr hPThY pIe

Introduce Wilson line field redefinition to (almost)
decouple photons from heavy particles

Z =h -0+ ev- ALY + 1Py . oh®
+Gp SIS, hBOTRA0 e

29



Renormalization

Equivalent picture in terms of charge 1 heavy
particle in background charge Z field

Sv(x) — &Xp

Simplified calculation at fixed Z, and useful/

0
iZe[ dsv-Ax + sv)

= exp [iZe (

S'S, = exp [iZe (228(iv - O -A)]

[1]

[Z]

l

.
1v-0+ 10

1

interesting relations between different powers of Z
obtained by equating the two pictures

30
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Renormalization

With this rearrangement, 3-loop computation
reduced to 10 diagrams

=17

(a) (b) (c)

141

(p1) (p2) (v1)

—T—1

(v2 (w)
(b1)

(62)

31



basic idea:

e reduce to basis integrals

b
I( )(alaa’Qa as,as,as, a6)

1 1 1 1 1 1
[w? + (k+p)?]*t (p?)*2 [(p — @)%]* [w? + (K + @)?]* (@%)* @* + N

_ / (dw)(dk)(dg)(dp) w®

1 1
X (w2—|—k2)a6 w2+ k2 4+ )22’

e subset of integrals involving two momentum
differences, evaluated by

1) use that 4 (IR regulator) is the only scale
-1 d
A

6e = = I
I~ 27 6c  di

2) isolate and evaluate sub divergences
3) evaluate remaining finite coefficient of 1/¢ at ¢ — 0

e remaining integrals reduced to previous step using integration by
parts identities



n 1-loop 2-loop 3-loop 4-loop
A WP == 2 = —16¢ + 2+ Yn, ¥ = (see caption) | 73 = (see caption)
R B N B =t
Z? x VO = _gx? 7V = 162> <6—%2> 72
73 _ _ v =0 7D = 270
z* - - - 7§0) — —32

33




Loops

n 1-loop 2-loop 3-loop 4-loop
Z° (1) = — (2) —16(2 + 3 + ¥n. ( ) = = (see caption) ( ) = = (see caption)
71 v =0 =y =—8x 7y =1, r =1 -
72 _ ’750) — 872 7D = 1622 (6 _%2> },3(2)
A _ _ v =0 7D = 270
Z4 - - - %50) = —327%

e we disagree with an old result in the literature [Jaus and Rasche,
PRD 35, 3420 (1987)]. Only diagrams (a), (b), (c) considered.
Unregulated subdivergences.
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Numerically important modifications to nuclear beta
decay rates

transition  [(Aa) x Z%a® log(A/m)
Yc - B —0.6 x 10~ *
Implications 140 —» YN ~1.1x 104
20mAl — *°Mg —-3.2x 107"
Py - 1T —-10.5 x 10~*
°4Co — *Fe —14.6 x 1074

Current implementations of three-loop corrections
based on “heuristic ansatz” of Sirlin and Zucchini,
which incorporated (incorrect) log-enhanced term of
Jaus and Rasche

RC = (1 + 8)(1 + AV + Syg — 6¢)

table gives shift in “ 05 ”

34



The case Z=0

The Fermi function can be motivated by large Z or
small velocity. Neutron beta decay has neither.

(d'/dB)/T

1:wm —:
0_' st ALY IARRATAN AR .

0 0.2 0.4 0.6 0.8 1

B

The one-loop correction, and a Fermi function
ansatz for higher-order corrections, exhibit large
perturbative corrections. Where would these come
from?

l1+46a+16a*+34a+....

35



Previous treatments have not separated scales

"Sirlin g function”

“Fermi function”
The case Z=0 \ /

[very long (f)] x [long (g)] x [hadronic] x [electroweak]
P

The usual Fermi function does not apply to neutron
beta decay (Z=0). Differences starting at two loop
order

36



The case Z=0

Recall the hard function for the Schrodinger-

Coulomb problem (similar for Dirac-Coulomb),

My = [%(—4192/#2 - iO)‘€] [

iZa :
My = [7(—4192//42 - iO)‘€]

iZa )
My = [7(—4192//42 — iO)‘€]

—1
2€

2

8¢?

—1

48¢3

+ 2 4 5¢3)e + O(e)
12

24¢€

130(3)
6

+ O(e)

Note the presence of a new “scale”, associated with
the time-like process of electron+proton production

ldea: resum large logarithms associated with the

ratio of scales:

—p? —i0

irlog ——
B2

37




The case Z=0

These logarithms are associated with the
dependence on soft factorization scale yg,

M = M (Al ug) M (P! g, Pl i) Mooy (N )

Scale dependence determined by soft anomalous
dimension, known to all orders (heavy-heavy cusp
anomalous dimension for electron-proton system)

iag T 2 >y .
M p(ps,) = €77 exp 28 M p(p5_) sy =t 4p~—i0

Irrelevant phase

enhancement fact9f/

/

p%rturbative series, without large logs

“norma

38



The case Z large

1.4—m8m 11—

1.03

RC

1.02

1.01 ' —
0 80 100

A different counting is needed when Z becomes large
(e.g. Pb or U)

Z ~ L*=log*(A/m) ~ a™!

) - = 2O@an)r] + [warzt A2 ] [y o AL CoMIOS) o iz,

24/1— (Zay)? 6(1 — (Zay)?)2

1 1
a 2 ao a2

oo n+l n+l

a : :

r=>yy (7) yD7m =1 = yO(Za)) + ayD(Za) + ...
n=0 i=0

= need all (or at least high) orders for ;/(O) and }/(1) to

go beyond O(1)
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y(o) is known to all orders (Dirac limit):

rO =/1~Zay -1

A simple “exploratory spirit” ansatz for ;/(1) was
The case Z large previously used [Wilkinson 1997]*

(Za)y’
1 — (Za)

1) 1 2
r" =~ |(Za) +0.57(Zay’ +0.50

= — %(Za) — 0.28(Za)* — 0.25 [(Za)* + (Za)’ + (Za) + ...
—0.25 [Za)* + (Za)® + (Za)® + ... |
We now know
1 o —Za

},(1) — __y(O) —
°dd 2 9(Za) 20/1 = (Za)

- L)~ 220y - 20y - 2 za) +
2 4 16 32

4 2
Yeven = %@(” +...=0216 (Za)* + ...
v/

*0.50~ (048 +1+0.57+0.16)/4
40



e An all-orders explicit demonstration of factorization
(implies answer for certain arbitrary loop order

Feynman diagrams
Summary / grams)

e Systematic high order evaluation of radiative
corrections for neutron and nuclear beta decay for
Vud

e Potential applications for other beta decay
observables, reactor neutrino cross sections and
flux; muon conversion:; ...
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Thank you
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