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QCD is the richest known QFT
LQCD = �1

4
Ga

µ�Gµ�a + �̄i(iD/�mi)�i

Responsible for a plethora of interesting 
states, phenomena, and fields of physics

Hadrons Nuclei Neutron stars Quark-gluon 
plasma

jets

• Chiral Symmetry breaking, pions
• QCD phases and phase transitions

• Asymptotic Freedom

jet 
substructure

• Non-relativistic confined quarks QQ

• Exotic bound states,  X, T, Z …

• Factorization & Resummation
• Gluon saturation

• Multiloop QFT,  Amplitudes

• Lattice QCD
• Models

… …

• Flavor physics

• Confinement

• large Nc
2

• Collider physics



Unravelling the Mysteries of Relativistic Hadronic Bound States
Parton distributions provide useful snapshots•

1D image of the 

confined constituents

  Transverse Momentum Dependent distributions (TMDs) provide:f(x, kT)•

The NNPDF4.0 global 
analysis of proton structure

Juan Rojo, VU Amsterdam & Nikhef

ATLAS Standard Model Plenary Meeting

7th October 2021

x fi(x,Q)

x fi(x,Q)Quark TMDs

�[�+]
q h(x, b) = f1(x, b) + i✏µ⌫T bµs⌫Mf?1 (x, b)
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• There are eight TMD 
distributions in leading twist 

• TMD distributions provide a 
more detailed picture of the 
many body parton structure of 
the hadron 

• Interplay with the transverse 
momentum

access to “new dimensions”

quantum correlations inside the proton

microscope for the proton’s “fine-structure”

info on dynamics of hadronization (frag. functions)

•
•

•
•

key component for precision collider physics 
 ( Higgs ,  Drell-Yan  , … )qT qT

•

we know how image 

changes with μ2 = Q2
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1D  3D  imaging →•
New Dimensions

xp

kT
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1D  3D  imaging →•
New Dimensions

Spin-kT correlations  
(8 leading TMDs for each of

 q or g and PDF or FF)

•

Quark  
Polarization

xp

kT

Nucleon  
Polarization
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1D  3D  imaging →•
New Dimensions

Spin-kT correlations  
(8 leading TMDs)

•

TMDs are part of a larger family•
TMD Handbook 334

Figure 11.3: Quantities characterizing the multi-dimensional parton structure of hadrons and the
relations between them. 39In order to arrive through a Fourier transform (F.T.) from GPDs and GTMDs,
which (in principle) can be measured, at impact parameter distributions (IPDs) and Wigner distributions
(WDs), respectively, an extrapolation to the kinematical point ⇢ = 0 is needed.

transverse momentum on the one hand, and transverse spatial coordinates on the other.
Two sets of coordinate space quantities are needed to describe a phase-space distribution in

QCD: r) = (b8=

)
+b>DC

)
)/2, which is Fourier conjugate to ∆) , and b) = b8=

)
�b>DC

)
, which is Fourier

conjugate to the transverse momentum, k) . All quantities are measured with respect to the
proton center of momentum (CoM). By considering the collinear k) integrated quantity, setting
b) = 0 as in Eq. (11.1), one has that r) can be interpreted as the average position of the parton
inside the proton with respect to the CoM. Quark and gluon spatial probability distributions
in the transverse coordinate, r) , 5 (G , r)), are obtained by Fourier transformation with respect
to the transverse component ∆) , where ∆2

)
= �C by setting the skewness parameter, ⇢ = 0. The

transverse coordinate space variables for the GPD correlator are shown in Figure 11.2, cf. also
Ref. [1357].

Wigner distributions encompass both types of distributions, TMDs and GPDs. In what
follows, we elaborate on the complementary role of TMDs and GPDs using the concept of
Wigner distributions as illustrated in the scheme in Figure 11.3.

11.1 Wigner Distributions
Wigner distributions were first introduced in non-relativistic quantum mechanics [1350].

For quantum particles, they are also known as quasi-distributions40 since they are affected
by the uncertainty principle; in general, they are not positive definite, and therefore they do

39These relationships all hold for the bare versions of these functions. For the renormalized versions the
correspondence can be more complicated; see Sec. 2.9 for a discussion of the

Ø
3

2k) integral relation between the
TMD and PDF.

40Note this is a different concept than the quasi-distributions introduced in Chapter 6.
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1D  3D  imaging →•
New Dimensions

Spin-kT correlations  
(8 leading TMDs)

•

•
Most prominent among many quantum TMD correlators•

xp

kT

leading TMDs
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N -leading TMDs2
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1D  3D  imaging →•
New Dimensions

Spin-kT correlations  
(8 leading TMDs)

•

•
Most prominent among many quantum TMD correlators•

xp

kT

Connected to other interesting observables•

Energy Correlators (ENC)

Kyle Lee /45

JET SUBSTRUCTURE: STUDYING ENERGY FLOW WITHIN JETS

5

• Relative to inclusive jet cross-section, or one-point energy correlation, jet substructure 
gives us opportunity to study multi-point correlations of energy within jets

Primordial fluctuationsW
hat cosmic history gave rise to primordial fluctuations?

t

10
1
0
yr

10
5
yr

10 �
3
2
s?

E(~n1)

E(~n2)

Primordial fluctuationsW
hat cosmic history gave rise to primordial fluctuations?

t

10
1
0
yr

10
5
yr

10 �
3
2
s?

E(~n1)
E(~n2)

E(~n3)

• Modern detectors with spectacular angular resolution gives us an unprecedented opportunity
to peer into the energy flow within jets

N=2 N=3

d� /
⌦
O

†E(~n1) · · · E(~nN )O
↵
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1D  3D  imaging →•
New Dimensions

Spin-kT correlations  
(8 leading TMDs)

•

•
Most prominent among many quantum TMD correlators•

xp

kT

Connected to other interesting species•
And to interesting phenomena  
    eg. saturation, final-state interactions, fact. violation

•

Key Targets for EIC
9

TMDs are part of a larger family



Quark TMDs

�[�+]
q h(x, b) = f1(x, b) + i✏µ⌫T bµs⌫Mf?1 (x, b)
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• There are eight TMD 
distributions in leading twist 

• TMD distributions provide a 
more detailed picture of the 
many body parton structure of 
the hadron 

• Interplay with the transverse 
momentum

fq/P (x,~kT , µ, ⇣)

3D momentum distributions

Semi-Inclusive DIS

electron 
p

h 

Drell-Yan Dihadron in e+e-

p p

h1 

h2 h
h1

h2e-

e- e-e+

� � Dh1/q(x, kT )Dh2/q(x, kT )� � fq/P (x, kT )Dh/q(x, kT ) � � fq/P (x, kT )fq/P (x, kT )

Fragmentation
Dh/q(x, kT )

µ+

µ�

Q, qT

Pa Pb

TMDs

D⇡/q(x,~kT , µ, ⇣) of hadronizing partons

of confined partons 

Q, qT

PhT
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Semi-Inclusive DIS

electron 
p

h 

Drell-Yan Dihadron in e+e-

p p

h1 

h2 h
h1

h2e-

e- e-e+

� � Dh1/q(x, kT )Dh2/q(x, kT )� � fq/P (x, kT )Dh/q(x, kT ) � � fq/P (x, kT )fq/P (x, kT )

Fragmentation
Dh/q(x, kT )

µ+

µ�

Q, qT

Pa Pb

Q, qT

PhT

Two Scale probe:

11

Q, qT

Q, qT � ⇤QCD collinear factorization (1D)

Q � qT ⇠ ⇤QCD TMD factorization (3D)

Q � qT � ⇤QCD TMD (& collinear) factorization
f(x, kT ) = C

⇣x
⇠
, kT

⌘
⌦ f(⇠) + . . .



Observables
SIDIS with polarized electron & proton: e�p

�⇤

! e�hX

TMD handbook 82

hadron plane
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�s

z

x

Figure 2.12: Semi Inclusive Deep Inelastic Scattering process (SIDIS) in �⇤P center of mass frame. The
plot is from Ref. [189]. IS: [replace S? ! ST in figure to match Sec.2.6 or vs.vs.??]

SIDIS cross section can be written as [114, 190]

d6�
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Up to corrections suppressed as 1/Q2, the kinematic prefactors pi in Eq. (2.169) are given
by [190]

p1 ⇤
1 � y

1 � y + 1
2 y2
, p2 ⇤

y(1 � 1
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The structure functions Fweight
XY in Eq. (2.169) implicitly depend on xB, zh, P2

hT and Q2 '
xB yS. Their superscripts indicate the azimuthal dependence, while the subscripts encode
the beam and target polarizations. The first subscript U (L) denotes the unpolarized beam
(longitudinally polarized beam with twice helicity � ). The second subscript U(L or T) refers
to the target, which can be unpolarized (longitudinally (SL) or transversely (ST) polarized
with respect to virtual photon). FUU,T is the structure function due to transverse polarization
of the virtual photon (indicated by the third sub-index T), FUU,L arises from the longitudinal
polarization of the virtual photon. The subleading terms in the SIDIS cross section can be
found in Ch. 10 in Eq. (10.1).

The structure functions in Eq. (2.169) are described in terms of convolutions of TMDs and
FFs, similar to the case of polarized Drell-Yan, see Eqs. (2.154) and (2.156). They are given at
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TMDPDFs * TMDFFs: f1,pD1,h, h
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(leading order in )qT ≪ Q
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Drell-Yan with pol. proton: ⇡p
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! `+`�X
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Figure 2.10: The DY process in the Collins-Soper frame where the pion and the proton come in with
different momenta P⇡, Pp , but each carries the same transverse momentum 1

2 qT , and the produced
lepton pair is at rest. The angle � describes the inclination of the leptonic frame with respect to the
hadronic plane, and �S is the azimuthal angle of the transverse-spin vector of the proton. TM: This
caption doesnot explain what ✓ is.The figure is from Ref. [174].

where Jµem is the electromagnetic current. By decomposing the Lorentz tensors Lµ⌫ and Wµ⌫

into all independent angular and spin structures, one can derive the most general decompo-
sition of the Drell-Yan cross section. In the most general case with two arbitrarily polarized
hadrons, there are a total of 48 independent structures [175], out of which 24 are suppressed
at small qT .

For brevity of our discussion, we only focus on the case of unpolarized pions TM: do we
really need to say unpolarized here? scattering off polarized protons, ⇡p ! �⇤ ! `+`�, as
measured by the COMPASS Collaboration [176], and refer to [175] for the fully generic result.
We also neglect contributions from Z exchange, which are suppressed at low energies. At
small qT , this process is described by only six independent structures, and can be written
as [175]
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where ⌦ is the solid angle of the dilepton system in the Collins-Soper frame, with the angles
�, ✓ and �S defined accordingly, see Fig. 2.10. The first subscript on the structure functions
F indicates that the pion is unpolarized (U), while the second subscript corresponds to the
proton polarization, which can be unpolarized (U), longitudinally (L) or transversely (T)
polarized. It is also common to measure the individual structure functions normalized to the
unpolarized case, i.e.,

Aweight
XY (x⇡ , xp , qT ,Q2) ⇤

Fweight
XY (x⇡ , xp , qT ,Q2)
F1

UU(x⇡ , xp , qT ,Q2)
. (2.155)

products of TMDPDFs: f1,⇡f1,p, h?
1,⇡h

?
1,p, ...
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where Jµem is the electromagnetic current. By decomposing the Lorentz tensors Lµ⌫ and Wµ⌫

into all independent angular and spin structures, one can derive the most general decompo-
sition of the Drell-Yan cross section. In the most general case with two arbitrarily polarized
hadrons, there are a total of 48 independent structures [175], out of which 24 are suppressed
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�, ✓ and �S defined accordingly, see Fig. 2.10. The first subscript on the structure functions
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TMDs with Polarization

Quark TMDs

�[�+]
q h(x, b) = f1(x, b) + i✏µ⌫T bµs⌫Mf?1 (x, b)
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• There are eight TMD 
distributions in leading twist 

• TMD distributions provide a 
more detailed picture of the 
many body parton structure of 
the hadron 

• Interplay with the transverse 
momentum
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Figure 1.7: Leading power spin dependent quark TMDPDFs. The red dot and black circle represent
the quark and nucleon, while the red and black arrow represent their spin direction, respectively.

in isolation. We need QCD factorization formulas to relate TMDs to physical observables, such
as cross sections or spin asymmetries defined in terms of ratios of polarized and unpolarized
cross sections. Like the parton model formula for inclusive Drell-Yan cross section in Eq. (1.2),
sketched in Fig. 1.4, we have an extended parton model factorization formula in Eq. (1.4) to
express the differential Drell-Yan cross section, d�/d4

@, in terms of TMDs when @) ⌧ &.
A similar and more rigorous QCD factorization formula for the differential Drell-Yan cross
section will be introduced in Chapter 2.

However, with the Drell-Yan process alone in Eq. (1.4), it is impossible to extract and
disentangle various quark TMDs listed in Fig. 1.7, not to mention the antiquark and gluon
TMDs. We need more well-defined and factorizable two-scale observables to be able to probe
all TMDs. By detecting a hadron (or jet) of momentum %⌘ in the final state of electron-proton
DIS in addition to the scattered electron, as sketched in Fig. 1.8, this semi-inclusive DIS (SIDIS)
process provides more well-defined two-scale observables, where the hard scale & � ⇤QCD
and the soft scale is the transverse momentum of the observed final-state hadron %⌘) in the
photon-hadron frame where the exchanged virtual photon and the colliding hadron define
the I-axis. In this virtual photon-hadron frame, the produced leading hadron in the most
events of SIDIS is very likely to go in the direction opposite to the colliding hadron and to
have a very small %⌘) . So that, the %⌘)-distribution of lepton-hadron SIDIS is another natural
two-scale observable. In particular, it forms an important part of the physics program at a
future electron-ion collider [5], where it will be fully explored.

In the parton model picture, the lepton-proton SIDIS cross section can be factorized, as

SL, ⃗ST

8 different TMDs which encode spin-momentum correlations

f [�+]
i (x,~kT ) = f1(x, kT )�

✏⇢�T kT⇢ST�

M
f?
1T (x, kT )eg.
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t
z

q

q

b+

T

−∞

Field Theory
Rigorous Factorization Theorems•

d�

dQdY dq
2
T

= H(Q,µ)

Z
d
2~bT e

i~qT ·~bT fq(xa,
~bT , µ, ⇣a) fq(xb,

~bT , µ, ⇣b)
h
1 +O

⇣
q
2
T

Q2

⌘i

Cross

Sections TMDs

TMD Definitions (constructions & schemes) •
full understanding now available

fq(x,~bT , µ, ⇣) ⇠ Zuvhp|OB |pi
.p

h0|OS |0i

Universality•

tractable methods with Lattice QCD

OB :

CSS (Collins, Soper, Sterman)
SCET (Soft Collinear Effective Theory)

Brodsky-Huang-Schmidt; Collins, …

same TMDs in DY, SIDIS, e+e−

but with sign flip for Sivers and Boer-Mulders: f?
1T

SIDIS = �f?
1T

DY

h?
1
SIDIS = �h?

1
DY

directly probes final/initial state interactions 

with “spectator” partons in the proton!
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Field Theory
Evolution•

Sum large logarithms:L = ln(Q2b2
T ) � ln

Q2

q2
T

fq(x,~bT , µ, ⇣) = exp
hZ µ

µ0

dµ0

µ0 �
q
µ(µ

0, ⇣0)
i
exp

h1
2
�q
⇣ (µ, bT ) ln

⇣

⇣0

i

⇥ fq(x,~bT , µ0, ⇣0)

fq(x,~bT , µ, ⇣) = exp
hZ µ

µ0

dµ0

µ0 �
q
µ(µ

0, ⇣0)
i
exp

h1
2
�q
⇣ (µ, bT ) ln

⇣

⇣0

i

⇥ fq(x,~bT , µ0, ⇣0)

CS kernel Boundary condition

Perturbative  :  Leading Log (LL)  Next-to-leading log (NLL)  NNLL   N LL  N LLγq
i → → → 3 → 4

Nonperturbative  :   fit to data using models, or calculate with Lattice QCDγq
ζ
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Field Theory
Evolution•

Operator Product Expansion and (non)perturbative inputs•

fq(x,~bT , µ, ⇣) = exp
hZ µ

µ0

dµ0

µ0 �
q
µ(µ

0, ⇣0)
i
exp

h1
2
�q
⇣ (µ, bT ) ln

⇣

⇣0

i

⇥ fq(x,~bT , µ0, ⇣0)

fq(x,~bT , µ, ⇣) = exp
hZ µ

µ0

dµ0

µ0 �
q
µ(µ

0, ⇣0)
i
exp

h1
2
�q
⇣ (µ, bT ) ln

⇣

⇣0

i

⇥ fq(x,~bT , µ0, ⇣0)

CS kernel Boundary condition

Perturbative  :  Leading Log (LL)  Next-to-leading log (NLL)  NNLL   N LL  N LLγq
i → → → 3 → 4

Nonperturbative  :   fit to data using models, or calculate with Lattice QCDγq
ζ

fi/h(x, bT , µ, ⇣) = fpert
i/h (x, b⇤(bT ), µ, ⇣) f

NP
i/h (x, bT )

fpert
i/h (x, bT , µ, ⇣) =

X

j

Z
dy

y
Cij(x/y, bT , µ, ⇣)fj/h(y, µ)

perturbative nonperturbative (models, lattice)
 b−1

T ∼ qT ≫ ΛQCD  b−1
T ∼ qT ∼ ΛQCD

OPE:

LO   NLO  NNLO   N LO  (α0
s ) → (αs)→ (α2

s ) → 3 (α3
s ) longitudinal PDFs
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Multi-loop results
TMD physics with state-of-the-art precision

(3-loop result:  Li, Zhu 2016;  Vladimirov 2016)

Ebert, Mistlberger, Vita (2020)
Luo, Yang, Zhu, Zhu (2020)

4

pure rapidity renormalization scale. In this renormaliza-
tion scheme, the soft function is dropped since it is 1 to
all orders, while the collinear and anti-collinear jet func-
tions are identical up to � ! 1/�, and the rapidity scale
dependence cancels exactly at each order in perturbation
theory in the product of the jet functions.

The hard and jet functions in eq. (14) obey the follow-
ing renormalization group equations [51],

µ
d

dµ
ln Hqq̄(Q, µ) = �

q

H
(Q, µ) ,

µ
d

dµ
ln Jq

⇣
bT , µ,

QbT

�

⌘
= �Jq

(µ, �µ/Q) , (15)

with the anomalous dimensions

�
q

H
(Q, µ) = 4�q

cusp[↵s(µ)] ln
Q

µ
+ 4�

q

H
[↵s(µ)] , (16)

�Jq
(µ, �µ/Q) = 2�q

cusp[↵s(µ)] ln
�µ

Q
� 2�

q

H
[↵s(µ)] ,

where �q

cusp is the cusp anomalous dimension in the fun-
damental representation [19–21], the quark anomalous
dimension �

q

H
[↵s(µ)] is related to the quark collinear

anomalous dimension [109], and we di↵erentiated the
anomalous dimensions from their non-cusp part by the
number of arguments as commonly done in SCET liter-
ature. The EEC jet function also obeys a rapidity RGE,
governed by the rapidity anomalous dimension

�
d

d�
ln Jq

⇣
bT , µ,

QbT

�

⌘
= �

1

2
�
q

r
(bT , µ) , (17)

We solve these RGEs to obtain the resummed cross
section for the EEC explicitly in terms of the anomalous
dimensions and boundary functions

d�

dz
=

�̂0

8

Z 1

0
d(bTQ)2 J0

�
bTQ

p
1 � z

�
Hqq̄(Q, µH) (18)

⇥ Jq

⇣
bT , µJ ,

QbT

�n

⌘
Jq̄

⇣
bT , µJ , QbT�n̄

⌘⇣
�n

�n̄

⌘ 1
2�

q

r
(bT ,µJ )

⇥ exp


4

Z
µH

µJ

dµ
0

µ0 �q

cusp[↵s(µ
0)] ln

µ
0

Q
� �

q

H
[↵s(µ

0)]

�
.

The logarithmic accuracy of the resummed cross sec-
tion is defined in terms of the perturbative order at which
the ingredients entering eq. (18) are computed, as shown
in Table I. Explicitly, N4LL resummation requires the
cusp anomalous dimension and the QCD beta function
to 5 loops [110, 111], the collinear dimension at 4 loops
[109], the jet function boundaries at 3 loops [50], the
hard function at 3 loops [99, 100], and the 4-loop rapid-
ity anomalous dimension, which we obtained in this Let-
ter. In combination with an approximation of the five
loop cusp anomalous dimension [110], we have now all
anomalous dimensions for N4LL resummation at our dis-
posal and can apply them towards realistic observables.

Accuracy H, J �cusp(↵s) �
q

H
(↵s) �

q

r (↵s) �(↵s)

LL Tree level 1-loop – – 1-loop

NLL Tree level 2-loop 1-loop 1-loop 2-loop

NLL0 1-loop 2-loop 1-loop 1-loop 2-loop

NNLL 1-loop 3-loop 2-loop 2-loop 3-loop

NNLL0 2-loop 3-loop 2-loop 2-loop 3-loop

N3LL 2-loop 4-loop 3-loop 3-loop 4-loop

N3LL0 3-loop 4-loop 3-loop 3-loop 4-loop

N4LL 3-loop 5-loop 4-loop 4-loop 5-loop

N4LL0 4-loop 5-loop 4-loop 4-loop 5-loop

TABLE I Resummation accuracy in terms of the
perturbative order of boundary terms, anomalous

dimensions and beta function.

Numerical Results

We have implemented the resummed cross section of
eq. (18) in a private python code and performed the re-
summation of this observable up to N4LL. Note that this
constitutes the first ever resummation for an event shape
at this level of accuracy. On top of all the necessary ingre-
dients for N4LL resummation, we also include the 4-loop
hard function, which we have extracted from the 4-loop
form factor calculation of ref. [101]. Figure 2 shows our
results as a function of the scattering angle � through
di↵erent logarithmic orders. We observe that increasing
the logarithmic order leads to an improved description of
the EEC. We indicate uncertainty estimates due to the
truncation of the logarithmic accuracy by colored bands
and observe that successively higher order bands are con-
tained within the estimates based on previous orders. We
conclude that the our computation of the EEC in the
limit of z ! 1 at N4LL yields a highly precise deter-
mination of the perturbative contribution to scattering
observable in this limit.

Our uncertainty estimates are based on the variation of
renormalization scales. As expected, the explicit depen-
dence on the renormalization scales µ and � exactly can-
cels in the resummed cross section in eq. (18). The result
depends on the boundary scales {µH , µJ , �n,n̄} marking
the starting points of the RG evolution. The choice of
these boundary scales is in principle arbitrary and, at
any given logarithmic accuracy, the resummed cross sec-
tions obtained with di↵erent choices of boundary scales
would give results that di↵er by terms that are beyond
this logarithmic accuracy. We select the scales:

{µ
⇤
H

= Q, µ
⇤
J

= b0/bT , �
⇤
n

= QbT /b0 = 1/�
⇤
n̄
}. (19)

When choosing these values for the boundary scales,
all explicit logarithms in the boundary functions vanish
identically. Eq. (18) evaluated with this canonical choice
constitutes our central value of the resummed prediction.
We estimate perturbative uncertainties on the resummed

Key new ingredients:

• CS kernel to 4-loops

�q
⇣ [↵s] = ↵s �

q(1)
⇣ + ↵2

s �
q(2)
⇣ + ↵3

s �
q(3)
⇣ + ↵4

s �
q(4)
⇣ + . . .

Duhr, Mistlberger, Vita (2022)
Moult, Zhu, Zhu (2022)

• OPE for TMD PDFs and FFs to 3-loops

fpert
i/h (x, bT , µ, ⇣) =

X

j

Z
dy

y
Cij(x/y, bT , µ, ⇣)fj/h(y, µ)

(all channels)
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FIG. 2 Resummed result for the EEC in the back-to-
back region up to N4LL accuracy. Uncertainty bands
reflect the residual perturbative uncertainty and are ob-
tained with a 15-point scale variation of the resummation

scales. See text for details.

cross section by evaluating eq. (18) with di↵erent bound-
ary scales. Here, we vary the scales individually by a
factor of 1

2 or 2 around their canonical value and remove
the configurations with simultaneous variations of factors
greater than 2 or smaller than 1

2 . Next, we take the en-
velope of the results as our estimate of the perturbative
uncertainty. This results in a 15-point scale variation
procedure very analogous to the usual 7-point scale vari-
ation employed to estimate perturbative uncertainties in
fixed order calculations. To treat the large bT behavior
in the Fourier transform we use the b

⇤ prescription [2, 3]
employed in ref. [50].

Note that the cusp anomalous dimension is known at
5 loops only in approximate form [110] with an 80% rel-

ative uncertainty, �(5)
cusp = 0.21±0.17, but it is in general

expected that its numerical impact to be very small. In
figure 3 we show the e↵ect of varying the 5 loops cusp
anomalous dimension coe�cient around the values of the
uncertainty, {�(5)

Cusp,+ = 0.38, �(5)
Cusp = 0.21, �(5)

Cusp,� =
0.04}. We see that it generates a sub-per-mille variation,
confirming that it is indeed the case that its numerical
impact is small and that the approximation of ref. [110] is
more than enough for current phenomenological studies.

We leave a full phenomenological study of the EEC in-
cluding fixed order predictions [47, 70, 71], state of the
art resummation in the z ! 0 limit [44, 49] as well as esti-
mation of parametric and non-perturbative uncertainties
to future work.

CONCLUSION

Throughout this Letter we have discussed the com-
putation of the four-loop corrections to the quark and
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FIG. 3 Comparison of the central value for the EEC
distribution between the resummed result computed with
di↵erent values of the 5-loop cusp anomalous dimension.

gluon rapidity anomalous dimensions, which control the
all-order structure of large logarithms for several quan-
tities of phenomenological interest, including transverse
momentum distributions at proton colliders and event
shape observables at e

+
e
� colliders. Our computation is

built on our recent determination of the four-loop soft
anomalous dimension and the conjectured duality be-
tween the soft and rapidity anomalous dimensions. Our
result is fully analytic, up to four constant that are only
known numerically. Remarkably, our results exhibit gen-
eralized Casimir scaling, a property which was observed
to hold also for the cusp anomalous dimension through
four loops. We also applied our results for the rapidity
anomalous dimension to obtain for the first time phe-
nomenological results for the EEC in the back-to-back
region at N4LL, providing the most precise resummed
calculation for this observable to date and the first ex-
ample of the resummation of a TMD observable to fourth
logarithmic order. This shows that our result will play an
important role in the future precisely determine several
quantities of phenomenological interest.
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• large angle EEC = TMD FF sum rule
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FIG. 3: Coverage in the (x,Q2) plane of the full experimental data set included in this global fit.

This choice guarantees that the new variable b⇤ rapidly saturates to bmax (bmin) at large (small) values of |bT |
(see Refs. [1, 7] for more details). At the same time, the upper limit bmax introduces power corrections scaling
like O((⇤QCD/|qT |)k) [57], with k > 0, that in the region |qT | ' ⇤QCD need to be accounted for by introducing
nonperturbative corrections to the Collins–Soper kernel K and to the TMD formula of Eq. (18). Following
Refs. [1, 7], we split the Collins–Soper kernel K into a perturbative part K(b⇤, µb⇤) and a nonperturbative part
gK(|bT |) that must vanish in the limit |bT | ! 0. The final expression for the evolved TMD PDF is

f̂1(x, bT ; µf , ⇣f ) =
⇥
C ⌦ f1

⇤
(x, bT ; µb⇤ , µ

2
b⇤)

⇥ exp

⇢
K(b⇤, µb⇤) ln

p
⇣fq
µ2
b⇤

+

ˆ µf

µb⇤

dµ

µ


�F (↵s(µ)) � �K(↵s(µ)) ln

p
⇣f
µ

��
f1NP (x, bT ; ⇣f , Q0) , (21)

where f1NP is a correction term that contains the nonperturbative part of the Collins–Soper kernel gK , as
well as other parameters (see Sec. IV). The function f1NP must satisfy the boundary condition f1NP ! 1 for
|bT | ! 0, and it depends on an arbitrary scale Q0 at which this correction is parametrized.

III. ANALYSIS FRAMEWORK

A. Data

The set of experimental data used in the present analysis is identical to our previous MAPTMD22 global
fit [7]. The total number of data points is 2031, of which 484 are from DY and 1547 from SIDIS measurements.
In Tabs. II-III, we collect the relevant information on each data set. We emphasize that by combining data sets
coming from a large number of di↵erent experimental collaborations, we are able to cover a wide range in the
(x, Q2) plane, as shown in Fig. 3.

In order to focus on the region of phase space relevant for the TMD formalism, it is necessary to impose
appropriate kinematic cuts on the data set. For DY data, we consider vector-boson transverse momenta that
satisfy |qT | < 0.2 Q to match the conditions for TMD factorization, and we further exclude the bins in Q that
contain the ⌥ resonance. For SIDIS data, identifying the kinematic region where TMD factorization holds is
more involved. First of all, we impose that Q > 1.4 GeV in order to match the conditions for collinear QCD
factorization. Moreover, we require that 0.2 < z < 0.7 in order to include only data points in the SIDIS current
fragmentation region and avoid contamination from exclusive processes. Finally, we adopt a kinematic cut in
the detected hadron transverse momentum, |PhT | < min[ min[ 0.2 Q, 0.5 z Q ] + 0.3 GeV, z Q ]. In this way, we
can safely assume that |qT | ⌧ Q without excluding too many bins, consistently with our previous study [7].

We refer to Ref. [7] and references therein for more extensive details on the kinematic cuts and the treatment
of systematic and statistical uncertainties.

eg.
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FIG. 9: Comparison between the unpolarized TMD PDFs extracted in the MAPTMD24 fit with a flavor dependent
approach, for a up (purple), anti-up (light blue), down (green), anti-down (red), and sea (orange) quark, as functions of
the partonic transverse momentum |k?| at µ =
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⇣ = Q = 2 GeV and x = 0.1 (left panel), x = 0.01 (central panel), and

x = 0.001 (right panel). The uncertainty bands represent the 68% C.L.
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FIG. 10: Comparison between the normalized unpolarized TMD PDFs extracted in the MAPTMD24 fit with a flavor-
dependent approach, for a up (purple), anti-up (light blue), down (green), anti-down (red), and sea (orange) quark, as
functions of the partonic transverse momentum |k?| at µ =

p
⇣ = Q = 2 GeV and x = 0.1 (left panel), x = 0.01 (central

panel), and x = 0.001 (right panel). The uncertainty bands represent the 68% C.L.

At x = 0.1 (left panel), the TMD PDFs of the sea (s) and d quarks show the sharpest decrease in |k?|, while
the d̄ quark is the widest. At x = 0.001, the s quark is still narrow, while the u quark is the widest. As x
becomes smaller, the TMD PDFs of u and d become much wider while there are no significant di↵erences in
the other TMD PDFs.
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FIG. 11: Comparison between the unpolarized TMD FFs for the fragmentation into a ⇡
+ of up (purple) and down (green)

quarks, extracted in the MAPTMD24 fit with a flavor dependent approach, as functions of the hadronic transverse
momentum |P?| at µ =

p
⇣ = Q = 2 GeV and z = 0.4 (left panel), and z = 0.6 (right panel). The uncertainty bands

represent the 68% C.L.

Moreover, the distribution of quarks not belonging to the valence content of the proton appears to be the
least constrained with large uncertainty bands for all x values, as expected from the lack of experimental data
directly sensitive to sea quarks. On the contrary, at larger x (left panel) the uncertainty bands of the TMD
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⇣ = Q = 2 GeV and x = 0.1 (left panel), x = 0.01 (central

panel), and x = 0.001 (right panel). The uncertainty bands represent the 68% C.L.

At x = 0.1 (left panel), the TMD PDFs of the sea (s) and d quarks show the sharpest decrease in |k?|, while
the d̄ quark is the widest. At x = 0.001, the s quark is still narrow, while the u quark is the widest. As x
becomes smaller, the TMD PDFs of u and d become much wider while there are no significant di↵erences in
the other TMD PDFs.
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quarks, extracted in the MAPTMD24 fit with a flavor dependent approach, as functions of the hadronic transverse
momentum |P?| at µ =

p
⇣ = Q = 2 GeV and z = 0.4 (left panel), and z = 0.6 (right panel). The uncertainty bands

represent the 68% C.L.

Moreover, the distribution of quarks not belonging to the valence content of the proton appears to be the
least constrained with large uncertainty bands for all x values, as expected from the lack of experimental data
directly sensitive to sea quarks. On the contrary, at larger x (left panel) the uncertainty bands of the TMD
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ART23 Moos, Scimemi, Vladimirov, Zurita  (2305.07473)

Drell-Yan Global Fit at N LL & flavor dependent NP-TMDs4

4GeV 1000GeV
Very presice test of TMD evolution
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Extra features of analyses:

I Flavor dependent NP-ansatz (first time!)
I 2 parameters per flavor

I u, d, ū, d̄, rest

I New parametrization for Collins-Soper kernel (3 parameters)

I Consistent inclusion of the PDF uncertainty (first time!)

I artemide

Alexey Vladimirov TMD June 22, 2023 8 / 21
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126 7.2. MULTI-DIMENSIONAL IMAGING OF NUCLEONS, NUCLEI, AND MESONS

ments will also play a key role in the study of the flavor structure of TMDs, which
is currently almost unconstrained [489], making it difficult to estimate the impact
of the EIC.

Quark Sivers and Collins measurements

Figure 7.53: Expected impact on up and down quark Sivers distributions as a function of the
transverse momentum kT for different values of x, obtained from SIDIS pion and kaon EIC
pseudodata, at the scale of 2 GeV. The green-shaded areas represent the current uncertainty,
while the blue-shaded areas are the uncertainties when including the EIC pseudodata.

Sivers function measurements: The determination of the quark Sivers functions,
f ?q
1T (x, kT), is one of the major goals for TMD physics. It can be extracted most di-

rectly from the transverse SSA proportional to the sin(fh � fS) modulation of the
SIDIS cross section, which is expressed through the structure function Fsin(fh�fS)

UT
(see Eq. (7.27)). The Sivers function is a T-odd TMD [490], that turns into the Qiu-
Sterman matrix element [212, 491] in the regime of small b [492, 493]. The extrac-
tion of the Sivers TMD was performed by many groups [494–506]. However, the

Sivers TMD@EIC:
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Lattice TMDs



Towards quasi-TMDPDFs from Lattice QCD

Constructing the quasi beam function

Beam function: (light-cone correlator)

Bq(x,~bT , . . . ) =

Z
db+

4⇡
e
� i

2b
+
(xP�

)

D
p(P )

���q̄(bµ)W (0,~0T )

(b+,~bT )

�
�

2
q(0)

���p(P )
E

Quasi beam function: (equal-time correlator)

B̃q(x,~bT , . . . ) =

Z
dbz

2⇡
e
ibz

(xP z
)

D
p(P )

���q̄(bµ)W (0,~0T )

(bz,~bT )

�
3

2
q(0)

���p(P )
E

Wilson line path:
I Finite lattice size requires to truncate at length L

I Bare operators related by Lorentz boost

b?

t
z

q

q

b+

?

z

t

nn̄

b
z�b

z

�
�
b z
n̄

�
b z
n̄

b
µ =

b
+

2
(1, 0, 0, 1) + b

µ
T

Markus Ebert (MIT) Quasi (TMD)PDFs from Lattice QCD 02/05/19 21 / 30

Lattice QCDLattice Calculations for TMDs

• Basic issue:  lattice is Euclidean and TMDs involve the light-cone

• Strategy: 

b

t

z

q

q

bz

T

bz+ 2

2

bz
2-

d

˜

˜˜ ˜

Figure 4: Wilson line structure of (left) the quasi-beam function in eq. (2.29), and (right)
the MHENS scheme in eq. (2.39). Quasi-TMD staple legs extend along the z direction and
are closed by a perpendicular segment, whereas MHENS staple legs extend along a generic
spacelike direction v

µ and are closed by a segment with nontrivial cusp angle �.

Combining eqs. (2.29) and (2.31) as required by eq. (2.27) gives

f̃
[�̃]

i/h(x,
~bT , µ, ⇣̃, xP̃

z) = lim
⌘̃!1
a!0

Z
0
uv(µ, µ̃)Zuv(a, µ̃, yn � yB)

B̃
[�̃]

i/h(x,
~bT , a, ⌘̃, xP̃

z)
q
S̃R(bT , a, ⌘̃, 2yn, 2yB)

= lim
⌘̃!1

B̃
[�̃]

i/h(x,
~bT , µ, ⌘̃, xP̃

z)
q
S̃R(bT , µ, ⌘̃, 2yn, 2yB)

. (2.32)

Here ⇣̃ =
�
xmhe

yP̃+yB�yn
�
2
= (2xP̃ z

e
yB�yn)2, and the second equality holds for large P̃

z.
In practice, calculating (quasi-)TMD soft functions poses a significant challenge for the

lattice. It is possible to construct the quasi-soft function indirectly through the spacelike
meson form factor and quasi-wavefunction [38]; promising first results using this approach
have been reported in refs. [46, 47].

Prior to this work, the literature has studied different proposals of the quasi-soft func-
tion which are constructed from equal-time Wilson lines [33–36, 38, 39]. The naive quasi-soft
function features a rectangle-shaped Wilson loop along the z direction,

S̃
R
naive(bT , a, ⌘̃) ⌘ S

R
⇥
b?, a, ⌘̃ẑ,�⌘̃ẑ

⇤
, (2.33)

whose renormalized continuum version with ⌘̃ = 1 in the MS scheme is denoted

S̃
R
naive(bT , µ) ⌘ S

R
⇥
b?, µ,1ẑ,�1ẑ

⇤
. (2.34)

However, it has been shown at one-loop level [36] that S̃
R
naive

(bT , µ) does not have the
correct IR physics for the quasi-TMD to be perturbatively matchable to the Collins TMD.
Although Refs. [34, 36] proposed a bent quasi-soft function that works at one-loop order, it
was argued that the factorization utilizing this function will break down at two loops [38].
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lim
⌘̃!1

f̃i/h(x,~bT , µ, ⇣, xP̃
z, ⌘̃) = Ci

�
xP̃ z, µ

�
fC
i/h(x,

~bT , µ, ⇣) + . . .

Ebert, Schindler, 

IS, Zhao (2201.08401) 

30

Factorization relation between lattice TMDs and physical TMDs

perturbative
coefficient

Quasi MHENS

Collins JMY

LR

Lattice schemes

Continuum schemes

Change Wilson lines

Pz large, η ➝ ∞

Switch order of  
ε ➝ 0, Y ➝ ∞

Matching 
relations

Continuum  
limits

Figure 1: An overview of schemes and their relationships, including the LR scheme intro-
duced in this work. See section 3 for details.

~qT with qT = |~qT |. For qT ⌧ Q, we can factorize the cross-section of eq. (2.1) as [50–53]

d�

dQ2dY d2~qT
= �0

X

i,j

Hij(Q, . . . )

Z
d2~bT
(2⇡)2

e
i~qT ·~bT fi/h1

�
x1,

~bT , . . .
�
fj/h2

�
x2,

~bT , . . .
�
. (2.2)

Here, �0 is the Born cross-section; the sum runs over all parton flavors i, j contributing to the
Born process ij ! L; Hij is the hard function, which encodes virtual corrections to the Born
process; and fi/h are the TMDs, functions which describe the dynamics of partonic quarks
and gluons inside the parent hadron h. A struck hadron carries a fraction x1,2 = Qe

±Y
/Ecm

of its parent hadron’s longitudinal momentum, with Ecm =
p
(P1 + P2)2 the center-of-mass

energy of the incoming hadrons. The ellipses in eq. (2.1) denote additional parameters
related to UV and rapidity renormalization, whose precise forms are scheme dependent.
Note that we suppress indices related to spin-dependent processes and contributions.

The literature is rife with schemes for defining TMDs, each of which has different
strengths for different types of calculations. This section reviews schemes relevant for lattice
studies; in particular, we only discuss schemes based on off-lightcone Wilson lines. Schemes
with intrinsically lightlike Wilson lines [58, 60, 62–65] are not accessible on a Euclidean
lattice, but many are equivalent to the Collins scheme once limits needed to obtain TMD
PDFs are taken; see refs. [36, 66] for an overview. Because each scheme in the literature
employs its own conventions and notation, in section 2.1 we begin by introducing new unified
TMD Lorentz-invariant correlators for which all schemes follow as special cases. Then, we
provide definitions of physical and lattice schemes in sections 2.2 and 2.3, respectively.

2.1 Unified TMD notation

A TMD fi/h generally contains two pieces: a hadronic matrix element (called the beam
function or unsubtracted TMD), which encodes partonic radiation associated with the initial

– 6 –
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Matching coefficient: 
•Independent of spin; 

•No quark-gluon or flavor mixing, which makes gluon calculation 
much easier.

Factorization formula for the quasi-TMDs
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× f [s]
i/p (x, bT, μ, ζ){1 + 𝒪[ 1

(xP̃zbT)2
,

Λ2
QCD

(xP̃z)2 ]}

f̃ naive[s]
i/p (x, bT, μ, P̃z)

Sr(bT, μ)
= C(μ, xP̃z) exp[ 1

2 γζ(μ, bT)ln (2xP̃z)2

ζ ]
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Current status for the Collins-Soper kernel

22

Pion mass Renormalization Operator 
mixing

Fourier 
transform Matching x-plateau 

search
SWZ20 

PRD 102 (2020)  
Quenched

Yes Yes Yes LO Yes

LPC20 
PRL 125 (2020) N/A No N/A LO N/A

SVZES 
JHEP08 (2021), 

2302.06502
N/A No N/A NLO N/A

PKU/ETMC 21 
PRL 128 (2022) N/A No N/A LO N/A

SWZ21 
PRD 106 (2022) Yes Yes Yes NLO Yes

LPC22 
PRD 106 (2022) Yes No Yes NLO Yes

LPC23 
JHEP 08 (2023) Yes No Yes NLO Yes 

ASWZ23 
2307.12359 Yes Yes Yes NNLL Yes

mπ = 580 MeV

mπ = 827 MeV

mπ = 422 MeV

mπ = 547 MeV

mπ = 1.2 GeV

mπ = 670 MeV

mπ = 220 MeV

mπ = 148.8 MeV

CS Kernel:  Nonperturbative determinations with Lattice QCD
(slide from Yong Zhao)
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Comparison between lattice results and global fits

Collins Soper kernel from Lattice QCD

33

4

FIG. 2. Comparison of CS kernels extracted from differ-

ent combinations of the pseudo-data. The top plot shows all

possible (twelve) combinations of pseudo-data with different

kinematics, listed in the table I. The bottom plot show ex-

tractions made with different input collinear PDFs. The solid

lines are the central values. The shaded areas are the statis-

tical uncertainty. The oscillations at b ⇠ 4� 6GeV
�1

are due

to the finite bin size in the qT -space. The gray dashed line in

the lower plot shows the effect of incomplete cancellation of

parton’s momentum if PDFs in the comparing cross-section

are different (here, CT18 vs. CASCADE).

tions of CS kernel is shown in fig.3. The CASCADE
extraction lightly disagrees with the perturbative curve
(b < 1GeV�1), but in agreement with the SV19 [10] and
Pavia17 [7] for 1 < b < 3GeV�1.

The fit of the large-b part by a polynomial gives

D(b, µ) ⇠ [(0.069± 0.031)GeV]⇥ b, (11)

with a negligible quadratic part. We conclude that the
CASCADE suggests a linear asymptotic, which was also
used in the SV19 series of fits [9, 10, 37], and supported
by theoretical estimations [14, 38]

Conclusions. We have presented the method of di-
rect extraction of the CS kernel from the data, using the
proper combination of cross-sections with different kine-
matics. For explicitness, we considered the case of the
Drell-Yan process, but the method can be easily gener-
alized to other processes such as SIDIS, semi-inclusive
annihilation, Z/W-boson production, and their polarized
versions.
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FIG. 3. Comparison of the CS kernels obtained in different

approaches. CASCADE curve is obtained in this work. The

curves SV19, MAP22, Pavia19 and Pavia17 are obtained from

the fits of Drell-Yan and SIDIS data in refs. [39], [10], [11],

and [7], correspondingly. Dots represent the computations of

CS kernel on the lattice, with SVZES, ETMC/PKU, SVZ,

LPC20 and LPC22 corresponding to refs.[16], [40], [17], [41],

and [42].

The method is tested using the pseudo-data gener-
ated by the CASCADE event generator, and the corre-
sponding CS kernel is extracted. Amazingly, all expected
properties of the CS kernel (such as universality) are ob-
served in the CASCADE generator. This non-trivially
supports both the TMD factorization and the PB ap-
proaches and solves an old-stated problem of comparison
between non-perturbative distributions extracted within
these approaches [43, 44].

The procedure can be applied to the real experimental
data without modifications. In this case, the uncertain-
ties of extraction will be dominated by the statistical un-
certainties of measurements since many systematic uncer-
tainties cancel in the ratio. Thus the method is feasible
for modern and future experiments, such JLab [45, 46],
LHC [47], and EIC [48, 49]. They can be applied to al-
ready collected data after a rebinning. Importantly, the
procedure is model-independent and provides access to
the CS kernel based on the first principles.
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• Final result in comparison with global fits and perturbative QCD

Collins-Soper kernel from lattice at NNLL

26

SV19: I. Scimemi and A. Vladimirov, JHEP 06 (2020) 
Pavia19: A. Bacchetta et al., JHEP 07 (2020) 
BLNY: Landry, Brock, Nadolsky and Yuan, PRD 67 (2003)

14

bT [fm] 0.12 0.24 0.36 0.48 0.60 0.72 0.84
“MS, uNNLL

q 0.12(12) -0.20(9) -0.43(11) -0.64(15) -0.80(15) -0.94(41) -1.24(68)

TABLE II. Quark Collins-Soper kernel “MS

q (bT , µ = 2 GeV) as a function of bT .

FIG. 13. CS kernel in bT space for di�erent choices of
Dirac structure � with uNNLL matching (top panel) and
for all computed accuracies of the matching correction
”“MS

q (bT , µ, x, P z
1 , P z

2 ) (bottom panel).

renormalization scheme.
While a complete quantification of systematic uncer-

tainties would require performing lattice QCD calcula-
tions at multiple lattice spacings and at larger boosts or
higher-order perturbative matching, the precision and
control over systematic uncertainties achieved in this
work is su�cient to preliminarily compare the CS kernel
determination with phenomenological parameterizations
of the kernel fit to experimental data. In Fig. 15 the
final determination is compared with the following pa-
rameterizations: Scimemi and Vladimirov (SV19) [51],
Bachetta et al. (Pavia19) [52], the MAP Collaboration
(MAPTMD22) [55], Moos et al. (ART23) [56], as well as
an older parameterization based on the work of Brock,
Landry, Nadolsky and Yuan (BLNY) [44] and employed
in recent code packages for resummation calculations rel-
evant to precision electroweak measurements [110, 111].
Within quantified uncertainties, the data agrees with all

FIG. 14. Imaginary part of the CS kernel estimator shown
for various accuracies of the perturbative matching correction
”“MS

q (bT , µ, x, P z
1 , P z

2 ).
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FIG. 15. CS kernel with uNNLL matching in bT space (green
squares) compared to phenomenological parameterizations of
experimental data in Refs. [44, 51, 52, 55, 56] labelled BLNY,
SV19, Pavia19, MAP22, and ART23, respectively, as well as
perturbative results from Refs. [108, 109] labelled N3LO.

models in the range 0.12 fm <
≥ bT

<
≥ 0.24 fm, with all

but BLNY for 0.24 fm <
≥ bT

<
≥ 0.6 fm, and with SV19,

MAPTMD22 and ART23 for bT
>
≥ 0.6 fm. Finally, for

bT Ø 0.6 fm, the results are consistent with a constant,
as suggested for the large-bT behavior in Ref. [112]. Dis-
cretization artifacts and power corrections, both enhanced
at small bT , will be studied in more detail in future work.
More refined comparisons would also take into account
the di�erences in the number of quark flavors and their
masses between the lattice QCD determination and the
global analyses, which lead to perturbative corrections
described in Ref. [113].
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Figure 4: Isovector generalized 𝑔1𝑇 worm-gear shift in the nucleon in the SIDIS/DY limit as a function of

|𝑏𝑇 | for 𝜁 = 0.23, to be contrasted with Fig. 3 (right). Data in the shaded region at small |𝑏𝑇 | may be affected

by significant finite lattice spacing effects. Error bars show statistical uncertainties only.

setup is still beset by significant systematic uncertainties, the discrepancy between the magnitudes

of the ℎ⊥1𝐿 and 𝑔1𝑇 worm-gear shifts seen in Figs. 3 and 4 appears sufficiently marked as to make

an explanation purely through systematic biases in the calculational scheme seem unlikely. The

discrepancy rather appears more likely to be a manifestation of strong gluonic dynamical effects

present in full QCD that are not captured by quark models.

4. Summary

As part of an ongoing program exploring TMD observables within Lattice QCD, the present

investigation focused on longitudinally polarized nucleons. Results were obtained for the gener-

alized axial charge (5) and the generalized ℎ⊥1𝐿 worm-gear shift (4), which had hitherto not been

studied; all leading-twist quark TMD observables have thereby now been explored within the lattice

TMD program. The data were generated using a RBC/UKQCD domain wall fermion ensemble

at the pion mass 𝑚𝜋 = 139 MeV. To mitigate statistical fluctuations, a fairly small source-sink

separation 0.91 fm was employed in this exploratory calculation, leading to appreciable excited

state contaminations that are manifested in the magnitude of the extracted generalized axial charge.

The most striking outcome of this study is the magnitude found for the generalized ℎ⊥1𝐿 worm-gear

shift, which differs by close to a factor 2 from its counterpart, the 𝑔1𝑇 worm-gear shift associated

with longitudinally polarized quarks in a transversely polarized nucleon. In a wide range of quark

models, these two worm-gear shifts are predicted to have the same magnitude (and opposite sign,

as is indeed found within the present investigation). Despite the significant systematic biases still

contained in the calculational scheme employed, a discrepancy this marked appears likely to reflect

genuine physical effects generated by the gluonic dynamics in the nucleon that are not captured

by quark models. Additional studies comparing the two worm-gear shifts with reduced systematic

uncertainties are necessary to draw more definite conclusions regarding this interpretation.
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Figure 6.20: Preliminary analysis of nucleon lattice TMD data at the physical quark masses. Left:
Isovector generalized Sivers shift as a function of staple length ◆ at fixed 1) and ✓̂. Right: Isovector
generalized tensor in the SIDIS limit as a function of 1) for fixed ✓̂. Shaded area indicates region which
may be subject to significant lattice artefacts. Data were obtained using domain wall fermions at lattice
spacing 0 = 0.114 fm. Plot taken from Ref. [714].

clover fermion and domain wall fermion results is seen specifically in the 61) worm gear shift,
as discussed above and displayed in Fig. 6.18, is consistent with this mixing pattern obtained
in lattice perturbation theory. The pattern of mixing can be further understood using an aux-
iliary field approach to recast bilocal quark operators in terms of local operators, as laid out
for straight gauge links in Ref. [627], and extended to staple links in Ref. [640]. The nonper-
turbative mixing pattern for quark bilinear operators with staple-shaped gauge connections
in the RI’/MOM scheme was explored in Ref. [195] where mixing patterns were found that
extend beyond those found in one-loop perturbative calculations; a sample result for purely
transverse quark operator separation 1 is shown in Fig. 6.19. Lattice TMD calculations must
take into account these more complex renormalization patterns. One avenue is the use of chi-
rally symmetric formulations such as domain wall fermions in order to avoid certain operator
mixings, another is to use a scheme along the lines put forward in Refs. [627, 640] to correctly
incorporate mixing effects in clover fermion calculations.

Progress has also been achieved in terms of extending lattice TMD calculations to the
physical quark masses. Recent calculations have yielded the first results for TMD observables
at the physical values of the quark masses, employing a RBC/UKQCD domain wall fermion
ensemble with a lattice spacing 0 = 0.114 fm [714]. Results from a preliminary analysis are
exhibited in Fig. 6.20. Comparing the left panel with the left panel of Fig. 6.14, displayed
at similar values of 1) and ✓̂, there appears to be no marked dependence of the isovector
generalized Sivers shift on the quark masses in the explored range, extending all the way to
the physical quark masses. The right panel of Fig. 6.20 shows results for the generalized tensor
charge, cf. Eq. (6.63), in the SIDIS limit as a function of 1) .

Lattice TMD calculations have also been extended to include the dependence on the longi-
tudinal momentum fraction G, by performing scans of the matrix element in Eq. (6.55) in the
1 · % direction; 1 · % is Fourier conjugate to G. The geometries employed in performing this

mN f̃⊥[1](1)
1T (bT)

f̃ [1](0)
1 (bT)

M. Engelhardt, et al., TMD Handbook, 2304.03302.
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Figure 4: Isovector generalized 𝑔1𝑇 worm-gear shift in the nucleon in the SIDIS/DY limit as a function of

|𝑏𝑇 | for 𝜁 = 0.23, to be contrasted with Fig. 3 (right). Data in the shaded region at small |𝑏𝑇 | may be affected

by significant finite lattice spacing effects. Error bars show statistical uncertainties only.

setup is still beset by significant systematic uncertainties, the discrepancy between the magnitudes

of the ℎ⊥1𝐿 and 𝑔1𝑇 worm-gear shifts seen in Figs. 3 and 4 appears sufficiently marked as to make

an explanation purely through systematic biases in the calculational scheme seem unlikely. The

discrepancy rather appears more likely to be a manifestation of strong gluonic dynamical effects

present in full QCD that are not captured by quark models.

4. Summary

As part of an ongoing program exploring TMD observables within Lattice QCD, the present

investigation focused on longitudinally polarized nucleons. Results were obtained for the gener-

alized axial charge (5) and the generalized ℎ⊥1𝐿 worm-gear shift (4), which had hitherto not been

studied; all leading-twist quark TMD observables have thereby now been explored within the lattice

TMD program. The data were generated using a RBC/UKQCD domain wall fermion ensemble

at the pion mass 𝑚𝜋 = 139 MeV. To mitigate statistical fluctuations, a fairly small source-sink

separation 0.91 fm was employed in this exploratory calculation, leading to appreciable excited

state contaminations that are manifested in the magnitude of the extracted generalized axial charge.

The most striking outcome of this study is the magnitude found for the generalized ℎ⊥1𝐿 worm-gear

shift, which differs by close to a factor 2 from its counterpart, the 𝑔1𝑇 worm-gear shift associated

with longitudinally polarized quarks in a transversely polarized nucleon. In a wide range of quark

models, these two worm-gear shifts are predicted to have the same magnitude (and opposite sign,

as is indeed found within the present investigation). Despite the significant systematic biases still

contained in the calculational scheme employed, a discrepancy this marked appears likely to reflect

genuine physical effects generated by the gluonic dynamics in the nucleon that are not captured

by quark models. Additional studies comparing the two worm-gear shifts with reduced systematic

uncertainties are necessary to draw more definite conclusions regarding this interpretation.
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Figure 6.20: Preliminary analysis of nucleon lattice TMD data at the physical quark masses. Left:
Isovector generalized Sivers shift as a function of staple length ◆ at fixed 1) and ✓̂. Right: Isovector
generalized tensor in the SIDIS limit as a function of 1) for fixed ✓̂. Shaded area indicates region which
may be subject to significant lattice artefacts. Data were obtained using domain wall fermions at lattice
spacing 0 = 0.114 fm. Plot taken from Ref. [714].

clover fermion and domain wall fermion results is seen specifically in the 61) worm gear shift,
as discussed above and displayed in Fig. 6.18, is consistent with this mixing pattern obtained
in lattice perturbation theory. The pattern of mixing can be further understood using an aux-
iliary field approach to recast bilocal quark operators in terms of local operators, as laid out
for straight gauge links in Ref. [627], and extended to staple links in Ref. [640]. The nonper-
turbative mixing pattern for quark bilinear operators with staple-shaped gauge connections
in the RI’/MOM scheme was explored in Ref. [195] where mixing patterns were found that
extend beyond those found in one-loop perturbative calculations; a sample result for purely
transverse quark operator separation 1 is shown in Fig. 6.19. Lattice TMD calculations must
take into account these more complex renormalization patterns. One avenue is the use of chi-
rally symmetric formulations such as domain wall fermions in order to avoid certain operator
mixings, another is to use a scheme along the lines put forward in Refs. [627, 640] to correctly
incorporate mixing effects in clover fermion calculations.

Progress has also been achieved in terms of extending lattice TMD calculations to the
physical quark masses. Recent calculations have yielded the first results for TMD observables
at the physical values of the quark masses, employing a RBC/UKQCD domain wall fermion
ensemble with a lattice spacing 0 = 0.114 fm [714]. Results from a preliminary analysis are
exhibited in Fig. 6.20. Comparing the left panel with the left panel of Fig. 6.14, displayed
at similar values of 1) and ✓̂, there appears to be no marked dependence of the isovector
generalized Sivers shift on the quark masses in the explored range, extending all the way to
the physical quark masses. The right panel of Fig. 6.20 shows results for the generalized tensor
charge, cf. Eq. (6.63), in the SIDIS limit as a function of 1) .

Lattice TMD calculations have also been extended to include the dependence on the longi-
tudinal momentum fraction G, by performing scans of the matrix element in Eq. (6.55) in the
1 · % direction; 1 · % is Fourier conjugate to G. The geometries employed in performing this
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(x, bT) dependence of the unpolarized proton TMD
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J.-C. He, M.-H. Chu, J. Hua et al., (LPC), arXiv: 2211.02340.

SV19: Scimemi and Vladimirov, JHEP 06 (2020) 
Pavia19: Bacchetta et al., JHEP 07 (2020). 
MAPTMD22: Bacchetta et al., JHEP 10 (2022). 
BHLSVZ22: Bury et al., JHEP 10 (2022).

a = 0.12 fm, mπ = {310, 220} MeV, Pz
max = 2.58 GeV

6

!"
!,
$ !
,%
,&

!
0 0.2 0.4 0.6 0.8 10 0.2 0.4 0.6 0.8 1

0 0.2 0.4 0.6 0.8 1

!

!

"! = 0.12fm = 1.64GeV "# "! = 0.24fm = 0.82GeV "# "! = 0.36fm = 0.55GeV "#

"! = 0.48fm = 0.41GeV "# "! = 0.6 fm = 0.33GeV "#

This work

PV17

MAPTMD22

SV19

BHLSVZ22

0
0.2

0.4
0.6

0
0.2

0.4
0.6

FIG. 5. Our final results for isovector unpolarized TMDPDFs xf(x, b?, µ, ⇣) at renormalization scale µ = 2 GeV and rapidity
scale

p
⇣ = 2 GeV, extrapolated to physical pion mass 135 MeV and infinite momentum limit P z ! 1, compared with PV17

[6], MAPTMD22 [9], SV19 [7] and BHLSVZ22 [8] global fits (slashed bands). The colored bands denote our results with both
statistical and systematic uncertainties, the shaded grey regions imply the endpoint regions where LaMET predictions are not
reliable.
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SUPPLEMENTAL MATERIALS

Renormalization

In order to renormalize the bare quasi-TMD matrix
elements, the square root of Wilson loop

p
ZE and loga-

rithmic divergence factor ZO need to be computed.
The Wilson loop ZE(r = 2L+z, b?, a) is defined as the

vacuum expectation of a rectangular shaped space-like
gauge links with size r⇥b?. It is introduced to eliminate
the linear divergence form as e��m̄r, which comes from
the self-energy corrections of the gauge link [28, 34], as
well as the pinch-pole singularity, which comes from the
heavy quark e↵ective potential term e�V (b?)L from the
interactions between the two Wilson lines along the z
direction in the staple link [20]. In practice, the signal
to noise ratio of ZE(r, b?, a) grows fast and is hardly
available at large r and/or b?. To address this, we fit the
e↵ective energies of Wilson loop, which denote the QCD
static potentials, and then extrapolate them at large r
and/or b? area, as in Ref. [27]. Numerical results of
Wilson loop are shown in the upper panel of Fig. 6.

Besides, the logarithmic divergences factor ZO can be
extracted from the zero-momentum bare matrix elements
h̃0
� (z, b?, 0, a, L). In order to keep the renormalized ma-

trix elements consistent with perturbation theory, ZO

should be determined with the condition:

ZO(1/a, µ,�) = lim
L!1

h̃0
� (z, b?, 0, a, L)p

ZE (2L+ z, b?, a)h̃MS
� (z, b?, µ)

(12)

in a specific window where z ⌧ ⇤�1
QCD so that the

perturbation theory works well. Here the perturbation
results have been evolved from the intrinsic physical
scale 2e��E/

p
z2 + b2? to MS scale µ via renormalization

group equation [44]. To preserve a good convergence of
the perturbation theory before and after RG evolution,
we choose the region where b? = a, z = 0 or a. More
discussions about RG evolution can be found in the fol-
lowing section. The numerical value for ZO in this work
is taken as 1.0622(87), of which the uncertainty is negli-
gible compared with other systematic uncertainties.

Pion TMD wave function also available in 
M.-H. Chu, J.-C. He, J. Hua et al., (LPC), 2302.09961, 

and JHEP 08 (2023).
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Heavy-quark TMD FFs: Two parametric regimes

Regime �

⇤QCD ⇠ kT ⌧ m

TMD FFs not suppressed, unlike PDFs.

Regime �

⇤QCD ⌧ kT ⇠ m

N.B.: Continue to count 1 � zH ⇠ 1, i.e., 1 � zH � ⇤QCD/m.
��/��

Heavy Hadron TMD FFs von Kuk, Michel, Sun (2305.5461)Processes we consider (for now . . . )

e
+
e
�

! HH̄X eN ! HX

d�unpol / H D1H/Q ⌦ D1 H̄/Q̄

Rcos(2�0) / H H
?
1H/Q ⌦ D

?
1 H̄/Q̄

d�unpol / H f1Q/N ⌦ D1H/Q

Asin(2�H) / H h
?
1LQ/N ⌦ D

?
1H/Q

• Form of TMD factorization is unchanged as long asm,kT ⌧ Q

I Work out how mass modifies TMD FFs/PDFs depending on hierarchy ofm and kT

. . . great playground for e�ective field theory!

�/��
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?
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?
1H/Q

• Form of TMD factorization is unchanged as long asm, kT ⌧ Q

I Work out how mass modifies TMD FFs/PDFs depending on hierarchy ofm and kT

. . . great playground for e�ective field theory!

�/��

Regime � ⇤QCD ⇠ kT ⌧ m: Results for the unpolarized TMD FF

Taking the trace tr
⇥
FH(b?)

⇤
/ tr

⇥
u(v, hQ)ū(v, h0

Q)
⇤
sets hQ = h

0
Q:

D1H/Q(zH , bT ) / �1,H(bT ) =
1
2

X

hH

X

hQ

X

h`

|
⌦
sQ, hQ; s`, h`

��sH , hH

↵
|
2
⇢`,h`h`

(b?)

) �1,`(bT ) ⌘

X

H2M`

�1,H(bT ) =
X

h`

⇢`,h`h`
(b?) (�)

M` : spin symmetry multiplet (same light spin & flavor)

e.g.: s` =
1

2
: �1,D(bT , µ, ⇣) =

1

4
�1,`(bT , µ, ⇣) , �1,D⇤(bT , µ, ⇣) =

3

4
�1,`(bT , µ, ⇣)

s` = 1 : �1,⌃c
(bT , µ, ⇣) =

1

3
�1,`(bT , µ, ⇣) , �1,⌃⇤

c
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3
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⌦
0
��⇥W †
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⇥
Y

†
v W
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��0
↵

(�)

• Square & combine with soft factor) total e+
e
�

! HH̄X TMD cross section
I Theoretically simplest real-life TMD observable – ���� Wilson loops!

[Cf. Ji, Liu, Liu, ����.����� for extracting the TMD soft function from a similar lattice observable . . . ] ��/��

Heavy Quark Spin 

Symmetry relations

Unpolarized:

Polarized (Collins):

Regime � ⇤QCD ⇠ kT ⌧ m: Results for the Collins function

H
?(1)

1H/Q
(zH , bT ) / �

?
1,H(bT ) =

1
2

tr
h
/b?
bT

/z FH(b?)
i
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0
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I Heavy-quark limit lets us prove a much stronger result than Schäfer-Teryaev.
(only subset of hadrons in sum, pointwise in kT , holds at renormalized level) ��/��
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fragmentation probed by

pure Wilson line object

Clean probe of sign of 

Heavy Quark Collins function

Regime � ⇤QCD ⇠ kT ⌧ m: Results for the unpolarized TMD FF

Taking the trace tr
⇥
FH(b?)

⇤
/ tr

⇥
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⌦
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⇢`,h`h`
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�1,`(bT , µ, ⇣)

s` = 1 : �1,⌃c
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1

3
�1,`(bT , µ, ⇣) , �1,⌃⇤

c
(bT , µ, ⇣) =

2

3
�1,`(bT , µ, ⇣)

) �1(bT ) ⌘

X

H

�1,H(bT ) =
1
Nc
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⌦
0
��⇥W †

Yv

⇤
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⇥
Y

†
v W

⇤
(0)

��0
↵

(�)

• Square & combine with soft factor) total e+
e
�

! HH̄X TMD cross section
I Theoretically simplest real-life TMD observable – ���� Wilson loops!

[Cf. Ji, Liu, Liu, ����.����� for extracting the TMD soft function from a similar lattice observable . . . ] ��/��

Towards phenomenology: eN ! eHX at the EIC
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I Clean probe of sign of heavy-quark Collins function!
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Key challenge for probing hadronization and confinement at EIC is ability to 

   accurately reconstruct final  ,  and thus  ⃗ℓ ′￼ ⃗PhT

eg.         50% uncertainty on   Q = 20 GeV, Δℓ′￼= 0.5 GeV ⟹ PhT /z = 1 GeV

Solve by replacing   by observable   we can measure with EIC lab frame angles⃗PhT q*
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A Better Angle on Hadron Transverse Momentum Distributions at the EIC

Anjie Gao,1, ⇤ Johannes K. L. Michel,1, † Zhiquan Sun,1, ‡ and Iain W. Stewart1, §
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(Dated: September 19, 2022)

We propose a new transverse momentum dependent (TMD) sensitive observable q⇤ for semi-
inclusive deep-inelastic scattering, eN ! ehX, where q⇤/E

EIC
N is defined purely by lab-frame angles.

This enables precision 3-dimensional measurements of confinement and hadronization, resolving the
crippling issue of accurately reconstructing small hadron transverse momentum PhT . We prove
factorization for d�h/dq⇤ for q⇤ ⌧ Q with standard TMD distribution functions, enabling q⇤ to
substitute for PhT . A double-angle kinematic reconstruction method is also proposed which is exact
to all orders in QCD for q⇤ ⌧ Q. q⇤ enables an order-of-magnitude improvement in the expected
experimental resolution at the EIC.

I. INTRODUCTION

A deeper understanding of the emergent properties of
the nucleon, such as confinement and hadronization, has
been a frontier of nuclear and particle physics research
since the inception of Quantum Chromodynamics (QCD)
five decades ago. An important one-dimensional view of
the nucleon is provided by the deep-inelastic scattering
(DIS) process e

�(`) + N(P ) ! e
�(`0) + X, where the

scattering is mediated by an o↵-shell photon of momen-
tum q = ` � `

0 (with Q
2 ⌘ �q

2
> 0). Confinement is

probed by measurements of x = Q
2
/(2P · q), the mo-

mentum fraction carried by the colliding parton inside
the nucleon N . A more intricate view is obtained by
identifying a hadron h in semi-inclusive DIS (SIDIS),

e
�(`) +N(P ) ! e

�(`0) + h(Ph) +X . (1)

Here measurements of the longitudinal momentum frac-
tion z = (P · Ph)/(P · q) that the hadron retains
when forming from the struck quark give insight into
the complex dynamics of hadronization. Measuring the
hadron’s transverse momentum ~PhT relative to ~q gives
access to a three-dimensional view of the confinement
and hadronization processes for N and h, together with
spin correlations that probe these processes.

The region most sensitive to these dynamics occurs for
small transverse momentum, PhT ⇠ ⇤QCD ⌧ Q, where
⇤QCD is the QCD confinement scale. Here the cross sec-
tion obeys a rigorous factorization theorem [1], with the
confinement and hadronization dynamics encoded in uni-
versal transverse momentum-dependent (TMD) parton
distribution functions (PDFs) and fragmentation func-
tions (FFs). SIDIS cross sections have been extensively
studied experimentally at HERMES[2–4], COMPASS[5–
7], RHIC[8, 9], and JLab[10–12] and together with the
Drell-Yan process have enabled extractions of TMD
PDFs and FFs by various groups, e.g. [13–15]. A
key scientific goal of the upcoming Electron-Ion-Collider
(EIC)[16] is to study SIDIS with enormous beam lumi-
nosities to determine TMD PDFs and FFs with unprece-
dented precision. Progress has also been made towards
calculations of TMD PDFs from lattice QCD [17–22].

A key challenge in experimental studies of TMDs is
that measurements of ~PhT require reconstructing the
photon momentum (or, equivalently, the so-called Breit
frame) to great accuracy to avoid loss of precision on
PhT = |~PhT | ⌧ Q. More precisely, a misreconstruction

of ~̀0 by O(�) leads to a misreconstruction of ~q and there-
fore ~PhT by O(�), which is a large uncertainty for small
PhT ⌧ Q. For example, for a nominal measurement at
PhT /z = 1GeV with Q = 20GeV, a typical detector
resolution of � = 0.5GeV leads to a 50% uncertainty.
This puts in peril the EIC physics program to unveil the
dynamics of hadronization and confinement in the kine-
matic region with the most sensitivity.

In this paper we construct a novel SIDIS observable,
q⇤, designed to be maximally resilient against resolution
e↵ects while delivering the same sensitivity to TMD dy-
namics as ~PhT . The key insight is that while the mag-
nitude of the electron and hadron three momentum is
subject to limited detector resolution and requires care-
ful calibration, modern tracking detectors deliver near-
perfect resolution on the angles of charged particle tracks.
We will therefore construct q⇤ to satisfy the following
three criteria: (i) it is purely defined in terms of lab-
frame angles and the machine’s center-of-mass energy;
(ii) at small values q⇤ ⌧ Q, the di↵erential cross sec-
tion d�/dq⇤, including all possible spin correlations, still
satisfies a rigorous factorization theorem in terms of the
standard TMD PDFs and FFs; (iii) it does not dilute
the statistical power of the available event sample. Our
construction is inspired by, but features key di↵erences
to, the Drell-Yan �

⇤
⌘
observable in hadron-hadron colli-

sions [23], which has enabled extraordinarily successful
measurements of the TMD region at the permil level at
the Tevatron and at the LHC [24–28]. A novel feature
of q⇤ compared to �

⇤
⌘
is that it can be negative, allowing

one to measure asymmetries d�(q⇤ > 0)� d�(q⇤ < 0) to
obtain direct access to spin correlations.

Below we define q⇤ in detail, prove the factorization
theorem for q⇤ with standard TMDs, and evaluate the
expected detector resolution, statistical power, and re-
silience against systematic biases of q⇤ versus ~PhT .

q⇤ ⌘ 2P 0
EIC

e⌘h

1 + e(⌘h�⌘`0 )
tan�EIC

acop

measure same TMDs
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q⇤ = � sin�h
PhT

z
+ . . .PhT ⌧ Qz :

3

III. FACTORIZATION

Consider the standard factorization theorem for polar-
ized SIDIS [1, 31–33],

d�

dx dy dz d2 ~PhT

= �0

n
WUU,T + �eSL

p
1� ✏2 WLL

+ ✏ cos(2�h)W
cos(2�h)
UU

+ SL✏ sin(2�h)W
sin(2�h)
UL

+ ST sin(�h��S)W
sin(�h��S)
UT,T

+ ✏ST

h
sin(�h+�S)

⇥W
sin(�h+�S)
UT

+ sin(3�h��S)W
sin(3�h��S)
UT

i

+ �eST

p
1� ✏2 cos(�h��S)W

cos(�h��S)
LT

o
, (7)

where �0 ⌘ ↵
2
⇡y�/[zQ2(1 � ✏)], ↵ is the fine-

structure constant, �e is the lepton beam helicity, Sµ =
(0, ST cos�S , ST sin�S ,�SL) is the nucleon spin vector
decomposed in the Trento frame [33], ✏ = (1 � y)/(1 �
y + y

2
/2), and � = 1 for M ⌧ Q. We have only kept

the structure functions W that have nonvanishing con-
tributions at leading power in �. They can be written in
terms of the hard function H(Q2) and various bT -space
TMD PDFs g̃(x, bT ) and TMD FFs D̃(z, bT ) [34]:

W
ang
PP 0 / F

⇥
H g̃

(n)
D̃

(m)
⇤

(8)

⌘ 2z

Z
1

0

dbT bT
2⇡

I
⇥
H g̃

(n)
D̃

(m)
⇤
Jn+m(bTPhT /z)

with I[H g̃
(n)

D̃
(m)] ⌘ (MbT )n(�MhbT )m

P
f
Hf g̃

(n)
f

D̃
(m)
f

.

For example, W
cos(2�h)
UU

= �F
⇥
H h̃

?(1)
1 H̃

?(1)
1

⇤
, where

h̃
?(1)
1 and H̃

?(1)
1 are the standard Boer-Mulders [35] and

Collins [36] functions. We refer the reader to Ref. [37]
for details on our notation and conventions.

To compute the spectrum di↵erential in x, y, z and
q⇤, we insert the leading-power measurement �(q⇤ +
sin�hPhT /z) and analytically perform the integral over
d2 ~PhT = dPhT PhTd�h. As an explicit example, we work

out the contribution from W
cos(2�h)
UU

. Using Eq. (8):

Z
1

0
dPhT PhT

Z 2⇡

0
d�h �

�
q⇤ + sin�hPhT /z

�
cos(2�h)

⇥ (�2z)

Z
dbT bT
2⇡

I
⇥
H h̃

?(1)
1 H̃

?(1)
1

⇤
J2(bTPhT /z)

=� 2z3

⇡

Z
dbT I

⇥
H h̃

?(1)
1 H̃

?(1)
1

⇤

⇥
Z 2⇡

0

d�H

sin2�h

⇥
⇣
� q⇤

sin�h

⌘
cos(2�h)

bT |q⇤|
2

J2

⇣
bT q⇤

sin�h

⌘

=� 2z3

⇡

Z
dbT I

⇥
H h̃

?(1)
1 H̃

?(1)
1

⇤
cos(q⇤bT ) . (9)

The �h integral, which is specific to the structure func-
tion, can only depend on q⇤bT by dimensional analysis,
and in this case yields a simple cos(q⇤bT ).

10
-1

10
0

10
1

10
-1

10
0

10
1

10
2

10
3

FIG. 2. Expected event-level detector resolution �O for di↵er-
ent SIDIS TMD observables O. We show relative resolutions
as a function of the magnitude of O = q⇤ (solid red), PhT /z
(dashed blue), and sin�hPhT /z (dotted green).

Carrying out calculations for all contributions, the
leading-power SIDIS cross section di↵erential in q⇤ is:

d�

dx dy dz dq⇤
=

2z3

⇡
�0

Z
1

0
dbT

n
cos(q⇤bT )

⇣
I
⇥
H f̃1 D̃1

⇤

� ✏ I
⇥
H h̃

?(1)
1 H̃

?(1)
1

⇤
+ �eSL

p
1�✏2 I

⇥
H g̃1L D̃1

⇤⌘

+ cos�S sin(q⇤bT )ST

⇣
I
⇥
H f̃

?(1)
1T D̃1

⇤
+ ✏ I[H h̃1 H̃

?(1)
1 ]

+
✏

4
I
⇥
H h̃

?(2)
1T H̃

?(1)
1

⇤⌘

� sin�S sin(q⇤bT )�eST

p
1� ✏2 I

⇥
H g̃

?(1)
1T D̃1

⇤o
. (10)

We stress that the TMD PDFs and FFs f̃1, D̃1, h̃
?(1)
1 , . . .

are the same functions as in the standard factoriza-
tion for the PhT spectrum and TMD spin correlations.
This is analogous to the role of the unpolarized [38, 39]
and Boer-Mulders [40] TMD PDFs in the Drell-Yan �

⇤
⌘
.

The factorization theorem can equivalently be written
in terms of momentum-space TMDs, see Supplement D.
Crucially, definite subsets of these TMDs contribute to
the even and odd parts of the spectrum under q⇤ ! �q⇤.
The odd parts are accessible through the asymmetry
d�(q⇤ > 0) � d�(q⇤ < 0). Contributions can be further
disentangled experimentally through their unique depen-
dence on �e, Sµ and ✏, i.e., by taking asymmetries with
opposite beam polarizations and by measuring cross sec-
tions as a function of y.1 E.g., the double asymmetry for

1 We recommend reconstructing Sµ using a rotation by ✓h to main-
tain a purely angular measurement, which is justified at LP as in
Eq. (3), see Supplement C. Note that the transversity and pret-
zelosity PDFs have a degenerate constribution ✏ST (h1 + h?

1T /4)

to q⇤ in Eq. (10), while the worm-gear L function h?

1L drops out.
We leave the creation of other purely angular observables that
retain sensitivity to these TMDs to future work.

expected event-level resolution for 

  these TMD observables: 

 gives an order of magnitude  
improvement!
q*
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TMDs from Jets

Standard processes ~ two TMDs, 

while with jets ~ one TMD

 Kyle Lee

Beyond the standard processes

3/26

• Many other imaginable processes involving  jets  with sensitivity to the TMD structure

• Many experiments sensitive to such processes

• Standard processes have low sensitivity to gluon TMDs.

• Standard processes sensitive to two TMDs simultaneously; 
many involving jets will only be sensitive to a single TMD.

EICLHC / RHIC

PP ! J1 + J2 +X, eP ! J1 + J2 +X, PP ! J + V +X, eP ! J + V +X, · · ·

PP ! J1 + J2 +X, eP ! J1 + J2 +X, PP ! J + V +X, eP ! J + V +X, · · ·
PP ! J(h) +X, ...

e P ! e+ J +X

e P ! Q+ Q̄+X, ...

e P ! J(h) +X, ...

3) Lepton + jet imbalance with hadron in jet
e P ! e+ J +Xe P ! J(h) +X, ...

e P ! J(h) +X, ...

2) Fragmenting Jet Functions
<latexit sha1_base64="XDI455EVHo+y5OBG6rNEsBoXK4Y=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBg9TdIuqx6MXjCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsrq2vlHcLG1t7+zulfcPmlqmitAGkVyqdog15UzQhmGG03aiKI5DTlvh6Hbqt56o0kyKBzNOaBDjgWARI9hYqen73TN03itX3Ko7A1omXk4qkMPvlb+6fUnSmApDONa647mJCTKsDCOcTkrdVNMEkxEe0I6lAsdUB9ns2gk6sUofRVLZEgbN1N8TGY61Hseh7YyxGepFbyr+53VSE10HGRNJaqgg80VRypGRaPo66jNFieFjSzBRzN6KyBArTIwNqGRD8BZfXibNWtW7rNbuLyr1mzyOIhzBMZyCB1dQhzvwoQEEHuEZXuHNkc6L8+58zFsLTj5zCH/gfP4AKBCONA==</latexit>

PP /TMDFFs

e P ! e+ J +X
1) Lepton + jet imbalance

TMDPDFs

TMDFFs / TMDPDFs

 Kyle Lee

• One of  the simplest process

Lepton + Jet imbalance
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Giving relevant modes : (+,�,?)
<latexit sha1_base64="3JjjwjJSaJCAfBK4Ug1M5XTwxNA="></latexit>

� = q?/p?
<latexit sha1_base64="MagBWi8z+28s9Igo6FGszNMnHMk="></latexit>

q? ⌧ p?
<latexit sha1_base64="SXKeq7kKjkXBLddIRDVsbrydysY=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiuCqJF3RZdOOygr1AE8JketIOnSTjzEQIpb6KGxeKuPVB3Pk2TtsstPWHgY//nMM584eCM6Ud59sqrayurW+UNytb2zu7e/b+QVulmaTQoilPZTckCjhLoKWZ5tAVEkgccuiEo5tpvfMIUrE0ude5AD8mg4RFjBJtrMCuPgSeACmwxzkWcw7smlN3ZsLL4BZQQ4Wagf3l9VOaxZBoyolSPdcR2h8TqRnlMKl4mQJB6IgMoGcwITEofzw7foKPjdPHUSrNSzSeub8nxiRWKo9D0xkTPVSLtan5X62X6ejKH7NEZBoSOl8UZRzrFE+TwH0mgWqeGyBUMnMrpkMiCdUmr4oJwV388jK0T+vuWf3i7rzWuC7iKKNDdIROkIsuUQPdoiZqIYpy9Ixe0Zv1ZL1Y79bHvLVkFTNV9EfW5w932pSp</latexit>

,

l

p p

l

+

-

Soft

Beam

q?

Soft-collinear

Jet
e

Lepton

n-collinear kn ⇠ p?(�
2, 1,�)nn̄

n-collinear kn̄ ⇠ p?(1,�
2,�)nn̄

global soft kgs ⇠ p?(�,�,�)

collinear-soft kcs ⇠ p?R(�R,�/R,�)nJ ,n̄J

nJ -collinear kJ ⇠ p?(R
2, 1, R)nJ ,n̄J

n-collinear kn ⇠ p?(�
2, 1,�)nn̄

n-collinear kn̄ ⇠ p?(1,�
2,�)nn̄

global soft kgs ⇠ p?(�,�,�)

soft-collinear kcs ⇠ p?R(�R,�/R,�)nJ ,n̄J

nJ -collinear kJ ⇠ p?(R
2, 1, R)nJ ,n̄J

n-collinear kn ⇠ p?(�
2, 1,�)nn̄

n-collinear kn̄ ⇠ p?(1,�
2,�)nn̄

global soft kgs ⇠ p?(�,�,�)

soft-collinear ksc ⇠ p?R(�R,�/R,�)nJ ,n̄J

nJ -collinear kJ ⇠ p?(R
2, 1, R)nJ ,n̄J

n-collinear kn ⇠ p?(�
2, 1,�)nn̄

n-collinear kn̄ ⇠ p?(1,�
2,�)nn̄

global soft kgs ⇠ p?(�,�,�)

collinear-soft kcs ⇠ p?R(�R,�/R,�)nJ ,n̄J

nJ -collinear kJ ⇠ p?(R
2, 1, R)nJ ,n̄J

sensitive to the large logs of   
and TMD structures of  the hadrons.

ln(q?/p?)

q? ⌘ |~p�? + ~pJ?|, p? ⌘ |~p�? � ~pJ?|/2
<latexit sha1_base64="fe8vcZnPw7apiCwnHsRByk2t+RQ="></latexit>

~pe? ~pe?q? ⌘ |~p�? + ~pJ?|, p? ⌘ |~p�? � ~pJ?|/2
<latexit sha1_base64="fe8vcZnPw7apiCwnHsRByk2t+RQ="></latexit>

q? ⌘ |~p�? + ~pJ?|, p? ⌘ |~p�? � ~pJ?|/2
<latexit sha1_base64="fe8vcZnPw7apiCwnHsRByk2t+RQ="></latexit>

q? = pX,? = |~kc,? + ~kc̄,? + ~kgs,? + ~kcs,?|~ksc,?|q? = pX,? = |~kc,? + ~kc̄,? + ~kgs,? + ~kcs,?|

Liu, Ringer, Vogelsang, Yuan `18, `20 
Arratia, Kang, Prokudin, Ringer `20

Beam axis

e P ! e+ J +X

1) Lepton + jet imbalance
TMDPDFs
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l

p p

l

+

-

Soft

Beam

q?

Soft-collinear

Jet
e

Lepton

Beam axis

Liu, Ringer, Vogelsang, Yuan `18, `20 
Arratia, Kang, Prokudin, Ringer `20

d�eP!e+jet

dp?dq?
=

Z 4Y

i

d
2
ki?H(p?)�

(2)(~k1? + ~k2? + ~k3? � q?)

⇥ fa(x,~k1?)S
global(~k2?)SJc(~k3?)Jc(p?R)

Q

Also, Gutierrez-Reyes, Scimemi, Waalewijn, Zoppi `19, `20

TMDPDFs

} Soft functions

Jet functions

n-collinear kn ⇠ p?(�
2, 1,�)nn̄

n-collinear kn̄ ⇠ p?(1,�
2,�)nn̄

global soft kgs ⇠ p?(�,�,�)

collinear-soft kcs ⇠ p?R(�R,�/R,�)nJ ,n̄J

nJ -collinear kJ ⇠ p?(R
2, 1, R)nJ ,n̄J

n-collinear kn ⇠ p?(�
2, 1,�)nn̄

n-collinear kn̄ ⇠ p?(1,�
2,�)nn̄

global soft kgs ⇠ p?(�,�,�)

collinear-soft kcs ⇠ p?R(�R,�/R,�)nJ ,n̄J

nJ -collinear kJ ⇠ p?(R
2, 1, R)nJ ,n̄J

n-collinear kn ⇠ p?(�
2, 1,�)nn̄

n-collinear kn̄ ⇠ p?(1,�
2,�)nn̄

global soft kgs ⇠ p?(�,�,�)

soft-collinear kcs ⇠ p?R(�R,�/R,�)nJ ,n̄J

nJ -collinear kJ ⇠ p?(R
2, 1, R)nJ ,n̄J

n-collinear kn ⇠ p?(�
2, 1,�)nn̄

n-collinear kn̄ ⇠ p?(1,�
2,�)nn̄

global soft kgs ⇠ p?(�,�,�)

soft-collinear ksc ⇠ p?R(�R,�/R,�)nJ ,n̄J

nJ -collinear kJ ⇠ p?(R
2, 1, R)nJ ,n̄J
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Arratia, Kang, Prokudin, Ringer `20

d�eP!e+jet

dp?dq?
=

Z 4Y

i

d
2
ki?H(p?)�

(2)(~k1? + ~k2? + ~k3? � q?)

⇥ fa(x,~k1?)S
global(~k2?)SJc(~k3?)Jc(p?R)

Q

Also, Gutierrez-Reyes, Scimemi, Waalewijn, Zoppi `19, `20
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} Soft functions

Jet functions
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• Many other imaginable processes involving  jets  with sensitivity to the TMD structure

• Many experiments sensitive to such processes

• Standard processes have low sensitivity to gluon TMDs.

• Standard processes sensitive to two TMDs simultaneously; 
many involving jets will only be sensitive to a single TMD.

EICLHC / RHIC

PP ! J1 + J2 +X, eP ! J1 + J2 +X, PP ! J + V +X, eP ! J + V +X, · · ·

PP ! J1 + J2 +X, eP ! J1 + J2 +X, PP ! J + V +X, eP ! J + V +X, · · ·
PP ! J(h) +X, ...

e P ! e+ J +X

e P ! Q+ Q̄+X, ...

e P ! J(h) +X, ...

3) Lepton + jet imbalance with hadron in jet
e P ! e+ J +Xe P ! J(h) +X, ...

e P ! J(h) +X, ...

2) Fragmenting Jet Functions
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PP /TMDFFs

e P ! e+ J +X
1) Lepton + jet imbalance

TMDPDFs

TMDFFs / TMDPDFs
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Unpolarized hadron in jet
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Z
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Z-tagged jets at LHCb
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Primordial fluctuations

W
hat cosmic history gave rise to primordial fluctuations?

t
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Unpolarized case:

pT pTR⇤QCD
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pp!jet(h)X

dpT d⌘dzh
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X
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fa/A ⌦ fb/B ⌦H
c
ab ⌦ Gh

c (zh)

Procura, Stewart `10
Arleo, Fontannaz, Guillet, Nguyen `14
Kaufmann, Mukherjee, Vogelsang `15

Kang, Ringer, Vitev `16
Dai, Kim, Leibovich `16
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j
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pTR
collinear FFsmatching coefficients

⇤QCD
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Azimuthal angular dependence

• Sensitivity to different TMD FFs with 
 characteristic angular asymmetries

Polarization of  A,B, h

FSASB ,Sh
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TMD Fragmenting Jet functions can be related to the usual TMD FFs
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1. Measurements on Tracks
2. Power corrections
3. Improved perturbative accuracy
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Nonperturbative E↵ects in Energy Correlators:
From Characterizing Confinement Transition to Improving ↵s Extraction
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Energy correlators provide a powerful observable to study fragmentation dynamics in QCD. We
demonstrate that the leading nonperturbative corrections for projected N -point energy correlators
are described by the same universal parameter for any N , which has already been determined from
other event shape fits. Including renormalon-free nonperturbative corrections substantially improves
theoretical predictions of energy correlators, notably the transition into the confining region at small
angles. Nonperturbative corrections are shown to have a significant impact on ↵s extractions.

Introduction. The angular distribution of energy in
high-energy scattering o↵ers a powerful experimental lens
through which to explore the Lorentzian dynamics of
Quantum Chromodynamics (QCD). Central to this ex-
ploration is the energy flow operator [1–8],

E(~n) =

Z 1

0
dt lim

r!1
r
2
n

i
T0i(t, r~n) , (1)

which relates the energy-momentum tensor Tµ⌫ in
QCD to the energy captured by a detector in the di-
rection ~n. Measuring correlators of these operators
h |E (~n1) E (~n2) · · · E (~nN )| i through N -point energy
correlators (ENC), enable us to uncover subtle quantum
correlations in collider energy distributions [9–14]. The
state | i could be generated by a local source such as
an electromagnetic current injecting invariant mass Q

2,
or denote a collection of particles such as a jet [15]. As
the angles zij =

�
1 �~ni ·~nj

�
/2 are varied, the associated

invariant mass scale Q
p

zij(1 � zij) reveals numerous in-
trinsic and emergent scales in QCD [15–27].

In this Letter, we determine the leading nonpertur-
bative e↵ects for projected ENCs (pENCs)[14], which
measure only the largest angle xL ⌘ (1 � cos ✓L)/2 =
max{zij}. We find they are determined by two universal
hadronic parameters, ⌦1q and ⌦1g, with perturbatively
calculable N and xL dependence. The same ⌦1 ap-
pear in other observables, providing exciting prospects
for testing universality and making parameter-free pre-
dictions. Eliminating the renormalon ambiguity in ⌦1,
we find an improved description of the transition from
the partonic to confining region for pENCs, see Fig. 1.
Motivated by the recent CMS measurement of ↵s using
a ratio of energy correlators [28], we assess the impact
of nonperturbative e↵ects in ratios and the accuracy of
estimates based on e

+
e
� Monte Carlo generators (MC).

The hadronic final state in e
+
e
� collisions provides a

pristine environment for examining the nature of QCD
fragmentation. By exploring the energy correlations
across the entire scattering event — similar to cosmic
surveys mapping the sky — we can elegantly map par-
ticle interactions at their most fundamental level. The
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<latexit sha1_base64="sKlp3ERJITORsQoKyvLzp15uicc=">AAACNXicbZDLSsNAFIZnvNZ4a+3SzWARXJVEpLosunFZoTdoQ5lMJu3QySTMTKQh9Fnc6hP4LC7ciVtfwUmbhW394cDPd87hHH4v5kxp2/6AW9s7u3v7pQPr8Oj45LRcOeuqKJGEdkjEI9n3sKKcCdrRTHPajyXFocdpz5s+5P3eM5WKRaKt05i6IR4LFjCCtUGjcnWo6czsZW2JhWI5nI/KNbtuL4Q2jVOYGijUGlWgNfQjkoRUaMKxUgPHjrWbYakZ4XRuDRNFY0ymeEwHxgocUuVmi+/n6NIQHwWRNCU0WtC/GxkOlUpDz0yGWE/Uei+H//ZmywMrzFf5kVXmhWsf6uDOzZiIE00FWT4YJBzpCOURIp9JSjRPjcFEmswIIhMsMdEmaMuk56xntWm613WnUW883dSa90WOJXAOLsAVcMAtaIJH0AIdQEAKXsAreIPv8BN+we/l6BYsdqpgRfDnF6VPrEU=</latexit>

Transition

<latexit sha1_base64="kR7h37Pche/FNZfW93a8r1358jg=">AAACN3icbVDLSgMxFM3UV62vVnHlJlgEV2VGpLosCtJlBfuAdiiZzG0bmskMSUZahn6MW/0CP8WVO3HrH5hpZ2FbDwQO59zLPTlexJnStv1h5TY2t7Z38ruFvf2Dw6Ni6bilwlhSaNKQh7LjEQWcCWhqpjl0Igkk8Di0vfF96refQSoWiic9jcANyFCwAaNEG6lfPO1pmJi95EEC4DrxZSjUrF8s2xV7DrxOnIyUUYZGv2QVen5I4wCEppwo1XXsSLsJkZpRDrNCL1YQETomQ+gaKkgAyk3m+Wf4wig+HoTSPKHxXP27kZBAqWngmcmA6JFa9VLxX2+yOLCk+So9sqx5wUpCPbh1EyaiWIOgi4CDmGMd4rRE7DMJVPOpIYRKZv6I6YhIQrWpumDac1a7Wietq4pTrVQfr8u1u6zHPDpD5+gSOegG1VAdNVATUZSgF/SK3qx369P6sr4Xozkr2zlBS7B+fgF1mayf</latexit> F
re

e
H

ad
ro

n
s

<latexit sha1_base64="lbprY8afGVz7hgOuv/z4CXlrknA=">AAACLnicbVDLSgMxFM34rPXV6tJNsAiCtcyIVDdC0Y3LFuwD+yKT3rahycyQZMQy9D/c6hf4NYILcetnmGlnYVsPBA7n3Ms9OW7AmdK2/WmtrK6tb2ymttLbO7t7+5nsQU35oaRQpT73ZcMlCjjzoKqZ5tAIJBDhcqi7o7vYrz+BVMz3HvQ4gLYgA4/1GSXaSB3onEHnPN/KV25E97GbydkFewq8TJyE5FCCcjdrpVs9n4YCPE05Uarp2IFuR0RqRjlM0q1QQUDoiAygaahHBKh2NI09wSdG6eG+L83zNJ6qfzciIpQaC9dMCqKHatGLxX+959mBOa2n4iPzmisWEur+dTtiXhBq8OgsYD/kWPs47g73mASq+dgQQiUzf8R0SCSh2jScNu05i10tk9pFwSkWipXLXOk26TGFjtAxOkUOukIldI/KqIookugFvaI36936sL6s79noipXsHKI5WD+/iwuoBw==</latexit>

e
+
e
�

, Q = mZ

<latexit sha1_base64="+k5vcYTn9uU2ra7J/iWfPQhK4do=">AAACOHicbVBNS8NAEN34WetXVfDiJVgEvZREpHoUvXjwUMFqwZYw2Wzs0t1N2J2IJfbPeNVf4D/x5k28+gvctD3Y6oOBx3szzMwLU8ENet67MzM7N7+wWFoqL6+srq1XNjZvTJJpypo0EYluhWCY4Io1kaNgrVQzkKFgt2HvvPBvH5g2PFHX2E9ZR8K94jGngFYKKttt7DKE4HK/rWWuIeKgzOAgqFS9mjeE+5f4Y1IlYzSCDafcjhKaSaaQCjDmzvdS7OSgkVPBBuV2ZlgKtAf37M5SBZKZTj58YODuWSVy40TbUugO1d8TOUhj+jK0nRKwa6a9QvzXexwtmNAiUyyZ1EI5dSHGJ52cqzRDpujowDgTLiZukaIbcc0oir4lQDW3P7q0Cxoo2qzLNj1/Oqu/5Oaw5tdr9auj6unZOMcS2SG7ZJ/45JickgvSIE1CyRN5Ji/k1XlzPpxP52vUOuOMZ7bIBJzvH9EVrMU=</latexit>

✓L(radians)

<latexit sha1_base64="1sexMWvIc3YB9DJMks2F51cAzDI=">AAACNnicbZDLSsNAFIYn9VbjrVV3boJFcFUSkeqy6MZlFXuBNpTJ5LQdOpOEmYm0hr6LW30CX8WNO3HrIzhJs7CtBwZ+vnMO55/fixiVyrY/jMLa+sbmVnHb3Nnd2z8olQ9bMowFgSYJWSg6HpbAaABNRRWDTiQAc49B2xvfpv32EwhJw+BRTSNwOR4GdEAJVhr1S8c9BRO9lzyAjDnP6KxfqthVOytrVTi5qKC8Gv2yYfb8kMQcAkUYlrLr2JFyEywUJQxmZi+WEGEyxkPoahlgDtJNMvsz60wT3xqEQr9AWRn9u5FgLuWUe3pSGxzJ5V4K/+1N5gcWmC/TI4vM40sO1eDaTWgQxQoCMjc4iJmlQivN0PKpAKLYVAtMBNV/tMgIC0yUTtrU6TnLWa2K1kXVqVVr95eV+k2eYxGdoFN0jhx0heroDjVQExH0jF7QK3oz3o1P48v4no8WjHznCC2U8fMLiUKsuA==</latexit>

Resummation

<latexit sha1_base64="2lHwROS04BmYh1gtB/ExRuSCFDQ=">AAACNnicbVDLTsJAFJ36RHyBunPTSExckdYYdEl04xITeSSUkOlwgQkzbTNza8Cm/+JWv8BfcePOuPUTHKALAU8yyck59+aeOX4kuEbH+bDW1jc2t7ZzO/ndvf2Dw0LxqKHDWDGos1CEquVTDYIHUEeOAlqRAip9AU1/dDf1m0+gNA+DR5xE0JF0EPA+ZxSN1C2ceAhjTDyQ0TCpTXDIaZp2CyWn7MxgrxI3IyWSodYtWnmvF7JYQoBMUK3brhNhJ6EKOROQ5r1YQ0TZiA6gbWhAJehOMouf2udG6dn9UJkXoD1T/24kVGo9kb6ZlBSHetmbiv964/mBBa2np0cWNV8uJcT+TSfhQRQjBGwesB8LG0N72qHd4woYiokhlClu/mizIVWUoWk6b9pzl7taJY3LslspVx6uStXbrMccOSVn5IK45JpUyT2pkTph5Jm8kFfyZr1bn9aX9T0fXbOynWOyAOvnF4INrLQ=</latexit>

Pythia
<latexit sha1_base64="/AOr5OUA8+L5bdaKqpkiVPmg3UE=">AAACNnicbVDLTsJAFJ36RHyBunPTSExckdYYdEl0wxITeSRAyHS4wISZtpm5VbDhX9zqF/grbtwZt36CU+hCwJNMcnLOvblnjhcKrtFxPqy19Y3Nre3MTnZ3b//gMJc/qusgUgxqLBCBanpUg+A+1JCjgGaogEpPQMMb3SV+4xGU5oH/gJMQOpIOfN7njKKRurmTNsIY4zbIcBhXQD3xwXTazRWcojODvUrclBRIimo3b2XbvYBFEnxkgmrdcp0QOzFVyJmAabYdaQgpG9EBtAz1qQTdiWfxp/a5UXp2P1Dm+WjP1L8bMZVaT6RnJiXFoV72EvFfbzw/sKD1dHJkUfPkUkLs33Ri7ocRgs/mAfuRsDGwkw7tHlfAUEwMoUxx80ebDamiDE3TWdOeu9zVKqlfFt1SsXR/VSjfpj1myCk5IxfEJdekTCqkSmqEkWfyQl7Jm/VufVpf1vd8dM1Kd47JAqyfX3H2rKs=</latexit>

Herwig
<latexit sha1_base64="QrH+5UfaiVm3f/rDnb55c7xgqR8=">AAACM3icbVDLTsJAFJ3iC+sLdOmmkZjghrRqUHaoGxcmYiKPBBoynQ4wYfrIzK1CGj7FrX6BH2PcGbf+g1PoQsCTTHJyzr25Z44TcibBND+0zMrq2vpGdlPf2t7Z3cvl9xsyiAShdRLwQLQcLClnPq0DA05boaDYczhtOsObxG8+USFZ4D/COKS2h/s+6zGCQUndXL4DdATxfe3qrmhVKmcnk26uYJbMKYxlYqWkgFLUunlN77gBiTzqA+FYyrZlhmDHWAAjnE70TiRpiMkQ92lbUR97VNrxNPvEOFaKa/QCoZ4PxlT9uxFjT8qx56hJD8NALnqJ+K83mh2Y01yZHJnXHG8hIfQu7Zj5YQTUJ7OAvYgbEBhJgYbLBCXAx4pgIpj6o0EGWGACqmZdtWctdrVMGqclq1wqP5wXqtdpj1l0iI5QEVnoAlXRLaqhOiLoGb2gV/SmvWuf2pf2PRvNaOnOAZqD9vMLjj2pfA==</latexit>

OPAL(1993)

<latexit sha1_base64="pZSTePzA4MQubW0VujRygOC1kjk=">AAACJ3icbVDLSgMxFE3qq9ZXq0s3wSK4scyIVJdFNy4r2Ae0Y8lkMm1okhmSjFiGfoRb/QK/xp3o0j8x087Cth4IHM65l3ty/JgzbRznGxbW1jc2t4rbpZ3dvf2DcuWwraNEEdoiEY9U18eaciZpyzDDaTdWFAuf044/vs38zhNVmkXywUxi6gk8lCxkBBsrdVznMT13p4Ny1ak5M6BV4uakCnI0BxVY6gcRSQSVhnCsdc91YuOlWBlGOJ2W+ommMSZjPKQ9SyUWVHvpLO8UnVolQGGk7JMGzdS/GykWWk+EbycFNiO97GXiv97z/MCCFujsyKLmi6WEJrz2UibjxFBJ5gHDhCMToaw0FDBFieETSzBRzP4RkRFWmBhbbcm25y53tUraFzW3XqvfX1YbN3mPRXAMTsAZcMEVaIA70AQtQMAYvIBX8Abf4Qf8hF/z0QLMd47AAuDPL6FepZA=</latexit>

10�1
<latexit sha1_base64="FX2ABLq80O1T8s7vH0h5UqafHDU=">AAACJnicbVDLSgMxFE3qq46vVpdugkVwVWZEqsuiG5cV7APasWQymTY2yQxJRixD/8GtfoFf407EnZ9ipu3Cth4IHM65l3tygoQzbVz3GxbW1jc2t4rbzs7u3v5BqXzY0nGqCG2SmMeqE2BNOZO0aZjhtJMoikXAaTsY3eR++4kqzWJ5b8YJ9QUeSBYxgo2VWp77kLmTfqniVt0p0Crx5qQC5mj0y9DphTFJBZWGcKx113MT42dYGUY4nTi9VNMEkxEe0K6lEguq/Wwad4JOrRKiKFb2SYOm6t+NDAutxyKwkwKboV72cvFf73l2YEELdX5kUQvEUkITXfkZk0lqqCSzgFHKkYlR3hkKmaLE8LElmChm/4jIECtMjG3Wse15y12tktZ51atVa3cXlfr1vMciOAYn4Ax44BLUwS1ogCYg4BG8gFfwBt/hB/yEX7PRApzvHIEFwJ9fKqylWA==</latexit>

100

<latexit sha1_base64="5IIMluGpiyVIpVFdDVvDe9pCjW4=">AAACIXicbVDLSgMxFE3qq46vVpdugkVwVWZEqsuiG5ct2Ae0Q8lkMm1okhmSjFiGfoFb/QK/xp24E3/GTDsLWz0QOJxzL/fkBAln2rjuFyxtbG5t75R3nb39g8OjSvW4q+NUEdohMY9VP8CaciZpxzDDaT9RFIuA014wvcv93iNVmsXywcwS6gs8lixiBBsrtRujSs2tuwugv8QrSA0UaI2q0BmGMUkFlYZwrPXAcxPjZ1gZRjidO8NU0wSTKR7TgaUSC6r9bJF0js6tEqIoVvZJgxbq740MC61nIrCTApuJXvdy8V/vaXlgRQt1fmRVC8RaQhPd+BmTSWqoJMuAUcqRiVFeFwqZosTwmSWYKGb/iMgEK0yMLdWx7XnrXf0l3cu616g32le15m3RYxmcgjNwATxwDZrgHrRABxBAwTN4Aa/wDb7DD/i5HC3BYucErAB+/wB8KaN1</latexit>

6

<latexit sha1_base64="oldeFIRjF2AJu9VuuuRh9IOr6LA=">AAACHXicbVDLTgIxFL2DLxxf4NZNIzFxRWaMQZdENy4xkUcCE9LpdKCh7UzajpEQvsCtfoFf484tf2MHZiHgSZqcnHNv7ukJU8608byFU9rZ3ds/KB+6R8cnp2cVt9rRSaYIbZOEJ6oXYk05k7RtmOG0lyqKRchpN5w85n73lSrNEvlipikNBB5JFjOCjZWeb4eVmlf3lkDbxC9IDQq0hlXHHUQJyQSVhnCsdd/3UhPMsDKMcDp3B5mmKSYTPKJ9SyUWVAezZdI5urJKhOJE2ScNWqp/N2ZYaD0VoZ0U2Iz1ppeL/3pvqwNrWqTzI+taKDYSmvg+mDGZZoZKsgoYZxyZBOV1oYgpSgyfWoKJYvaPiIyxwsTYUl3bnr/Z1Tbp3NT9Rr1Raz4ULZbhAi7hGny4gyY8QQvaQIDCO3zAp/PlfDs/q8GSU2ycwxqcxS+tW6IQ</latexit>

4

<latexit sha1_base64="oz8lyYpamctkRBYr3s1Fcg8Paik=">AAACIXicbVDLSgMxFE3qq9ZXq0s3wSK4KjNFqsuiG5ct2Ae0Q8lkMm1okhmSjFiGfoFb/QK/xp24E3/GTDsL23ogcDjnXu7J8WPOtHGcb1jY2t7Z3Svulw4Oj45PypXTro4SRWiHRDxSfR9rypmkHcMMp/1YUSx8Tnv+9D7ze09UaRbJRzOLqSfwWLKQEWys1K6PylWn5iyANombkyrI0RpVYGkYRCQRVBrCsdYD14mNl2JlGOF0XhommsaYTPGYDiyVWFDtpYukc3RplQCFkbJPGrRQ/26kWGg9E76dFNhM9LqXif96z8sDK1qgsyOrmi/WEprw1kuZjBNDJVkGDBOOTISyulDAFCWGzyzBRDH7R0QmWGFibKkl25673tUm6dZrbqPWaF9Xm3d5j0VwDi7AFXDBDWiCB9ACHUAABS/gFbzBd/gBP+HXcrQA850zsAL48wt1NaNx</latexit>

2

<latexit sha1_base64="XRYa/KXh1FTBQjpIxiDyfL/TzDI=">AAACIXicbVDLSgMxFE3qq46vVpdugkVwVWZUqsuiG5ct2Ae0Q8lkMm1okhmSjFhKv8CtfoFf407ciT9jpp2FbT0QOJxzL/fkBAln2rjuNyxsbG5t7xR3nb39g8OjUvm4reNUEdoiMY9VN8CaciZpyzDDaTdRFIuA004wvs/8zhNVmsXy0UwS6gs8lCxiBBsrNa8GpYpbdedA68TLSQXkaAzK0OmHMUkFlYZwrHXPcxPjT7EyjHA6c/qppgkmYzykPUslFlT703nSGTq3SoiiWNknDZqrfzemWGg9EYGdFNiM9KqXif96z4sDS1qosyPLWiBWEpro1p8ymaSGSrIIGKUcmRhldaGQKUoMn1iCiWL2j4iMsMLE2FId25632tU6aV9WvVq11ryu1O/yHovgFJyBC+CBG1AHD6ABWoAACl7AK3iD7/ADfsKvxWgB5jsnYAnw5xd28qNy</latexit>

3

<latexit sha1_base64="Pi7ZsuXSV68ijUAfPqhJVcxIPqc=">AAACIXicbVDLSgMxFE3qq46vVpdugkVwVWZEqsuiG5ct2Ae0Q8lkMm1okhmSjFiGfoFb/QK/xp24E3/GTDsLWz0QOJxzL/fkBAln2rjuFyxtbG5t75R3nb39g8OjSvW4q+NUEdohMY9VP8CaciZpxzDDaT9RFIuA014wvcv93iNVmsXywcwS6gs8lixiBBsrtd1RpebW3QXQX+IVpAYKtEZV6AzDmKSCSkM41nrguYnxM6wMI5zOnWGqaYLJFI/pwFKJBdV+tkg6R+dWCVEUK/ukQQv190aGhdYzEdhJgc1Er3u5+K/3tDywooU6P7KqBWItoYlu/IzJJDVUkmXAKOXIxCivC4VMUWL4zBJMFLN/RGSCFSbGlurY9rz1rv6S7mXda9Qb7ata87bosQxOwRm4AB64Bk1wD1qgAwig4Bm8gFf4Bt/hB/xcjpZgsXMCVgC/fwBxu6Nv</latexit>

0

<latexit sha1_base64="oz8lyYpamctkRBYr3s1Fcg8Paik=">AAACIXicbVDLSgMxFE3qq9ZXq0s3wSK4KjNFqsuiG5ct2Ae0Q8lkMm1okhmSjFiGfoFb/QK/xp24E3/GTDsL23ogcDjnXu7J8WPOtHGcb1jY2t7Z3Svulw4Oj45PypXTro4SRWiHRDxSfR9rypmkHcMMp/1YUSx8Tnv+9D7ze09UaRbJRzOLqSfwWLKQEWys1K6PylWn5iyANombkyrI0RpVYGkYRCQRVBrCsdYD14mNl2JlGOF0XhommsaYTPGYDiyVWFDtpYukc3RplQCFkbJPGrRQ/26kWGg9E76dFNhM9LqXif96z8sDK1qgsyOrmi/WEprw1kuZjBNDJVkGDBOOTISyulDAFCWGzyzBRDH7R0QmWGFibKkl25673tUm6dZrbqPWaF9Xm3d5j0VwDi7AFXDBDWiCB9ACHUAABS/gFbzBd/gBP+HXcrQA850zsAL48wt1NaNx</latexit>

2

<latexit sha1_base64="oldeFIRjF2AJu9VuuuRh9IOr6LA=">AAACHXicbVDLTgIxFL2DLxxf4NZNIzFxRWaMQZdENy4xkUcCE9LpdKCh7UzajpEQvsCtfoFf484tf2MHZiHgSZqcnHNv7ukJU8608byFU9rZ3ds/KB+6R8cnp2cVt9rRSaYIbZOEJ6oXYk05k7RtmOG0lyqKRchpN5w85n73lSrNEvlipikNBB5JFjOCjZWeb4eVmlf3lkDbxC9IDQq0hlXHHUQJyQSVhnCsdd/3UhPMsDKMcDp3B5mmKSYTPKJ9SyUWVAezZdI5urJKhOJE2ScNWqp/N2ZYaD0VoZ0U2Iz1ppeL/3pvqwNrWqTzI+taKDYSmvg+mDGZZoZKsgoYZxyZBOV1oYgpSgyfWoKJYvaPiIyxwsTYUl3bnr/Z1Tbp3NT9Rr1Raz4ULZbhAi7hGny4gyY8QQvaQIDCO3zAp/PlfDs/q8GSU2ycwxqcxS+tW6IQ</latexit>

4

<latexit sha1_base64="5IIMluGpiyVIpVFdDVvDe9pCjW4=">AAACIXicbVDLSgMxFE3qq46vVpdugkVwVWZEqsuiG5ct2Ae0Q8lkMm1okhmSjFiGfoFb/QK/xp24E3/GTDsLWz0QOJxzL/fkBAln2rjuFyxtbG5t75R3nb39g8OjSvW4q+NUEdohMY9VP8CaciZpxzDDaT9RFIuA014wvcv93iNVmsXywcwS6gs8lixiBBsrtRujSs2tuwugv8QrSA0UaI2q0BmGMUkFlYZwrPXAcxPjZ1gZRjidO8NU0wSTKR7TgaUSC6r9bJF0js6tEqIoVvZJgxbq740MC61nIrCTApuJXvdy8V/vaXlgRQt1fmRVC8RaQhPd+BmTSWqoJMuAUcqRiVFeFwqZosTwmSWYKGb/iMgEK0yMLdWx7XnrXf0l3cu616g32le15m3RYxmcgjNwATxwDZrgHrRABxBAwTN4Aa/wDb7DD/i5HC3BYucErAB+/wB8KaN1</latexit>

6

<latexit sha1_base64="46apvGdOrpmE0tNtDjm/A5UOBB0=">AAACIXicbVDLSgMxFE3qq46vVpdugkVwVWZEqsuiG5ct2Ae0Q8lkMm1okhmSjFiGfoFb/QK/xp24E3/GTDsLWz0QOJxzL/fkBAln2rjuFyxtbG5t75R3nb39g8OjSvW4q+NUEdohMY9VP8CaciZpxzDDaT9RFIuA014wvcv93iNVmsXywcwS6gs8lixiBBsrtb1RpebW3QXQX+IVpAYKtEZV6AzDmKSCSkM41nrguYnxM6wMI5zOnWGqaYLJFI/pwFKJBdV+tkg6R+dWCVEUK/ukQQv190aGhdYzEdhJgc1Er3u5+K/3tDywooU6P7KqBWItoYlu/IzJJDVUkmXAKOXIxCivC4VMUWL4zBJMFLN/RGSCFSbGlurY9rz1rv6S7mXda9Qb7ata87bosQxOwRm4AB64Bk1wD1qgAwig4Bm8gFf4Bt/hB/xcjpZgsXMCVgC/fwBzeKNw</latexit>

1

<latexit sha1_base64="oz8lyYpamctkRBYr3s1Fcg8Paik=">AAACIXicbVDLSgMxFE3qq9ZXq0s3wSK4KjNFqsuiG5ct2Ae0Q8lkMm1okhmSjFiGfoFb/QK/xp24E3/GTDsL23ogcDjnXu7J8WPOtHGcb1jY2t7Z3Svulw4Oj45PypXTro4SRWiHRDxSfR9rypmkHcMMp/1YUSx8Tnv+9D7ze09UaRbJRzOLqSfwWLKQEWys1K6PylWn5iyANombkyrI0RpVYGkYRCQRVBrCsdYD14mNl2JlGOF0XhommsaYTPGYDiyVWFDtpYukc3RplQCFkbJPGrRQ/26kWGg9E76dFNhM9LqXif96z8sDK1qgsyOrmi/WEprw1kuZjBNDJVkGDBOOTISyulDAFCWGzyzBRDH7R0QmWGFibKkl25673tUm6dZrbqPWaF9Xm3d5j0VwDi7AFXDBDWiCB9ACHUAABS/gFbzBd/gBP+HXcrQA850zsAL48wt1NaNx</latexit>

2

<latexit sha1_base64="oldeFIRjF2AJu9VuuuRh9IOr6LA=">AAACHXicbVDLTgIxFL2DLxxf4NZNIzFxRWaMQZdENy4xkUcCE9LpdKCh7UzajpEQvsCtfoFf484tf2MHZiHgSZqcnHNv7ukJU8608byFU9rZ3ds/KB+6R8cnp2cVt9rRSaYIbZOEJ6oXYk05k7RtmOG0lyqKRchpN5w85n73lSrNEvlipikNBB5JFjOCjZWeb4eVmlf3lkDbxC9IDQq0hlXHHUQJyQSVhnCsdd/3UhPMsDKMcDp3B5mmKSYTPKJ9SyUWVAezZdI5urJKhOJE2ScNWqp/N2ZYaD0VoZ0U2Iz1ppeL/3pvqwNrWqTzI+taKDYSmvg+mDGZZoZKsgoYZxyZBOV1oYgpSgyfWoKJYvaPiIyxwsTYUl3bnr/Z1Tbp3NT9Rr1Raz4ULZbhAi7hGny4gyY8QQvaQIDCO3zAp/PlfDs/q8GSU2ycwxqcxS+tW6IQ</latexit>

4

<latexit sha1_base64="Pi7ZsuXSV68ijUAfPqhJVcxIPqc=">AAACIXicbVDLSgMxFE3qq46vVpdugkVwVWZEqsuiG5ct2Ae0Q8lkMm1okhmSjFiGfoFb/QK/xp24E3/GTDsLWz0QOJxzL/fkBAln2rjuFyxtbG5t75R3nb39g8OjSvW4q+NUEdohMY9VP8CaciZpxzDDaT9RFIuA014wvcv93iNVmsXywcwS6gs8lixiBBsrtd1RpebW3QXQX+IVpAYKtEZV6AzDmKSCSkM41nrguYnxM6wMI5zOnWGqaYLJFI/pwFKJBdV+tkg6R+dWCVEUK/ukQQv190aGhdYzEdhJgc1Er3u5+K/3tDywooU6P7KqBWItoYlu/IzJJDVUkmXAKOXIxCivC4VMUWL4zBJMFLN/RGSCFSbGlurY9rz1rv6S7mXda9Qb7ata87bosQxOwRm4AB64Bk1wD1qgAwig4Bm8gFf4Bt/hB/xcjpZgsXMCVgC/fwBxu6Nv</latexit>

0
<latexit sha1_base64="XRYa/KXh1FTBQjpIxiDyfL/TzDI=">AAACIXicbVDLSgMxFE3qq46vVpdugkVwVWZUqsuiG5ct2Ae0Q8lkMm1okhmSjFhKv8CtfoFf407ciT9jpp2FbT0QOJxzL/fkBAln2rjuNyxsbG5t7xR3nb39g8OjUvm4reNUEdoiMY9VN8CaciZpyzDDaTdRFIuA004wvs/8zhNVmsXy0UwS6gs8lCxiBBsrNa8GpYpbdedA68TLSQXkaAzK0OmHMUkFlYZwrHXPcxPjT7EyjHA6c/qppgkmYzykPUslFlT703nSGTq3SoiiWNknDZqrfzemWGg9EYGdFNiM9KqXif96z4sDS1qosyPLWiBWEpro1p8ymaSGSrIIGKUcmRhldaGQKUoMn1iCiWL2j4iMsMLE2FId25632tU6aV9WvVq11ryu1O/yHovgFJyBC+CBG1AHD6ABWoAACl7AK3iD7/ADfsKvxWgB5jsnYAnw5xd28qNy</latexit>

3

<latexit sha1_base64="46apvGdOrpmE0tNtDjm/A5UOBB0=">AAACIXicbVDLSgMxFE3qq46vVpdugkVwVWZEqsuiG5ct2Ae0Q8lkMm1okhmSjFiGfoFb/QK/xp24E3/GTDsLWz0QOJxzL/fkBAln2rjuFyxtbG5t75R3nb39g8OjSvW4q+NUEdohMY9VP8CaciZpxzDDaT9RFIuA014wvcv93iNVmsXywcwS6gs8lixiBBsrtb1RpebW3QXQX+IVpAYKtEZV6AzDmKSCSkM41nrguYnxM6wMI5zOnWGqaYLJFI/pwFKJBdV+tkg6R+dWCVEUK/ukQQv190aGhdYzEdhJgc1Er3u5+K/3tDywooU6P7KqBWItoYlu/IzJJDVUkmXAKOXIxCivC4VMUWL4zBJMFLN/RGSCFSbGlurY9rz1rv6S7mXda9Qb7ata87bosQxOwRm4AB64Bk1wD1qgAwig4Bm8gFf4Bt/hB/xcjpZgsXMCVgC/fwBzeKNw</latexit>

1

<latexit sha1_base64="oz8lyYpamctkRBYr3s1Fcg8Paik=">AAACIXicbVDLSgMxFE3qq9ZXq0s3wSK4KjNFqsuiG5ct2Ae0Q8lkMm1okhmSjFiGfoFb/QK/xp24E3/GTDsL23ogcDjnXu7J8WPOtHGcb1jY2t7Z3Svulw4Oj45PypXTro4SRWiHRDxSfR9rypmkHcMMp/1YUSx8Tnv+9D7ze09UaRbJRzOLqSfwWLKQEWys1K6PylWn5iyANombkyrI0RpVYGkYRCQRVBrCsdYD14mNl2JlGOF0XhommsaYTPGYDiyVWFDtpYukc3RplQCFkbJPGrRQ/26kWGg9E76dFNhM9LqXif96z8sDK1qgsyOrmi/WEprw1kuZjBNDJVkGDBOOTISyulDAFCWGzyzBRDH7R0QmWGFibKkl25673tUm6dZrbqPWaF9Xm3d5j0VwDi7AFXDBDWiCB9ACHUAABS/gFbzBd/gBP+HXcrQA850zsAL48wt1NaNx</latexit>

2

<latexit sha1_base64="Pi7ZsuXSV68ijUAfPqhJVcxIPqc=">AAACIXicbVDLSgMxFE3qq46vVpdugkVwVWZEqsuiG5ct2Ae0Q8lkMm1okhmSjFiGfoFb/QK/xp24E3/GTDsLWz0QOJxzL/fkBAln2rjuFyxtbG5t75R3nb39g8OjSvW4q+NUEdohMY9VP8CaciZpxzDDaT9RFIuA014wvcv93iNVmsXywcwS6gs8lixiBBsrtd1RpebW3QXQX+IVpAYKtEZV6AzDmKSCSkM41nrguYnxM6wMI5zOnWGqaYLJFI/pwFKJBdV+tkg6R+dWCVEUK/ukQQv190aGhdYzEdhJgc1Er3u5+K/3tDywooU6P7KqBWItoYlu/IzJJDVUkmXAKOXIxCivC4VMUWL4zBJMFLN/RGSCFSbGlurY9rz1rv6S7mXda9Qb7ata87bosQxOwRm4AB64Bk1wD1qgAwig4Bm8gFf4Bt/hB/xcjpZgsXMCVgC/fwBxu6Nv</latexit>

0

<latexit sha1_base64="Pi7ZsuXSV68ijUAfPqhJVcxIPqc=">AAACIXicbVDLSgMxFE3qq46vVpdugkVwVWZEqsuiG5ct2Ae0Q8lkMm1okhmSjFiGfoFb/QK/xp24E3/GTDsLWz0QOJxzL/fkBAln2rjuFyxtbG5t75R3nb39g8OjSvW4q+NUEdohMY9VP8CaciZpxzDDaT9RFIuA014wvcv93iNVmsXywcwS6gs8lixiBBsrtd1RpebW3QXQX+IVpAYKtEZV6AzDmKSCSkM41nrguYnxM6wMI5zOnWGqaYLJFI/pwFKJBdV+tkg6R+dWCVEUK/ukQQv190aGhdYzEdhJgc1Er3u5+K/3tDywooU6P7KqBWItoYlu/IzJJDVUkmXAKOXIxCivC4VMUWL4zBJMFLN/RGSCFSbGlurY9rz1rv6S7mXda9Qb7ata87bosQxOwRm4AB64Bk1wD1qgAwig4Bm8gFf4Bt/hB/xcjpZgsXMCVgC/fwBxu6Nv</latexit>

0

<latexit sha1_base64="6DVc8fw2NqlTDUvGaBDGl1UUi4c="></latexit>

2N 1

�

d�
[N ]

d✓L

FIG. 1. The projected N -point energy correlators for N = 2–
5 at Q = mZ display a transition from the perturbative to
free hadron scaling region for small angles. The R scheme
calculation with ↵s and ⌦1 values from Ref. [29] significantly
improves the description near this transition without fitting.
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 < 40 GeV/c
T

 = 5.02 TeV, 20 < Charged Jet psALICE Preliminary: 

 < 60 GeV/c
T

 = 5.02 TeV, 40 < Charged Jet psALICE Preliminary: 

 < 80 GeV/c < 80 GeV/c
T

 = 5.02 TeV, 60 < Charged Jet p = 5.02 TeV, 60 < Charged Jet pssALICE Preliminary: ALICE Preliminary: 

 < 40 GeV/c
T

 = 13 TeV, 20 < Charged Jet psALICE Preliminary: 

 < 60 GeV/c
T

 = 13 TeV, 40 < Charged Jet psALICE Preliminary: 

 < 80 GeV/c
T

 = 13 TeV, 60 < Charged Jet psALICE Preliminary: 

 < 220 GeV/c
T

 = 13 TeV, 97 < Full Jet psCMS Preliminary: 

 < 330 GeV/c
T

 = 13 TeV, 220 < Full Jet psCMS Preliminary: 

 < 468 GeV/c
T

 = 13 TeV, 330 < Full Jet psCMS Preliminary: 

 < 638 GeV/c
T

 = 13 TeV, 468 < Full Jet psCMS Preliminary: 

 < 846 GeV/c
T

 = 13 TeV, 638 < Full Jet psCMS Preliminary: 

9
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Full QFT based description of the transition is an open problem 

Recent progress from free hadron side based on TMD FF models!

1) Liu, Vogelsang, Yuan, Zhu (2410.16371)

3

� by the TMD distribution:

EEC(�)|�!0 = (2⇡)E2
J�

X

h

Z
dz c3zDh(z, cEJ�) , (4)

where we have used pT ⇡ cEJ� with EJ = Q/2. The
parameter c characterizes the fraction of EJ that popu-
lates the small-angle region around h. As the behavior of
the EEC in Fig. 1 indicates, for small � the energy flow
is nearly uniformly distributed. We hence expect c to be
approximately constant. Its value may depend on the jet
radius R; however, we assume R to be su�ciently large
for this dependence to be negligible. Also, for simplicity,
we have neglected a possible scale dependence of c.

We next follow [90] to parameterize the non-
perturbative TMD as

SNP (b, µ) =
g1
z2

b2 +
g2
2
ln

✓
b

b⇤

◆
ln

µ

µ0
, (5)

where b⇤ = b/
p
1 + b2/b2max. In the above equation, the

term with the g2 parameter represents the energy de-
pendence in our results, following the evolution of the
Collins-Soper kernel. We will see that this term plays
a crucial role in predicting the correct behavior of the
near-side EEC as a function of energy. We set µ = cEJ .
Another plausible choice is to set µ = REJ following the
philosophy of factorization theorem [15]. While these two
options will not lead to visible di↵erences within the kine-
matic region we will study, we stick to µ = cEJ in the
rest of the work. Inserting into Eq. (4) we find

EEC(�)|�!0 = c3NE2
J�

Z
db b J0(cEJ�b)e

� g1
c2

b2

⇥e�
g2
2 ln( b

b⇤ ) ln
cEJ
µ0 , (6)

where the normalization Ne
g1
c2

b2 ⇡
R
dz

P
h zdh(z)e

g1
z2

b2

remains to be determined. This completes our model
considerations and is our main result, which we will now
apply to the EEC data and simulations. We note that
the slope of the EEC in our model for � ! 0 is related
to the zeroth moment of the Collins-Soper kernel:

m0 = c3NE2
J

Z
dbbe�

g1
c2

b2e�
g2
2 ln( b

b⇤ ) ln
cEJ
µ0 . (7)

Fixing model parameters and comparison to ex-
perimental data. In principle, the model parameters
could be obtained from a global fit to experimental data.
Fortunately, most parameters are related to the quark
TMD Collins-Soper kernel and have already been de-
termined using semi-inclusive deep-inelastic scattering
(SIDIS) data [90]. For the quark EEC, we follow Ref. [90]
to set g1 = 0.042GeV2, g2 = 0.84, µ0 = 1.55 GeV, and
bmax = 1.5 GeV�1. This leaves only two free param-
eters, the normalization N , and the energy fraction c,
which we determine by reproducing the quark-jet EEC

distribution at 300 GeV, resulting in N = 0.8670 and
c = 0.346. The parameters for the gluon distribution are
less constrained, for simplicity we just rescale g2 ! CA

CF
g2

for gluons, keeping all other parameters identical to the
quark ones.

Q = 91.2 GeV

Q = 300 GeV

Q = 600 GeV

Q = 1000 GeV

Q = 5000 GeV

OPAL data

0.5 1 5 10 50 100 500
10-4

0.001

0.010

0.100
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100

χ Q

EE
C
(χ
)

FIG. 2: Comparison between the quark EEC obtained
by Pythia simulation (solid lines) or OPAL data [91]
(red dots) with our model prediction (dashed curves).

We validate the model by comparing it to Pythia
simulations [89] and experimental data. The compar-
ison to Pythia for the EEC constructed from quark-
initiated jets is shown in Fig. 2, where the jet energy
EJ 2 (0.98Q

2 , 1.02
Q
2 ). Details on the Pythia simulation

are given in the Supplemental Material. We show results
for various Q, including Q = 91.2 GeV where we also
compare to OPAL experimental data [91]. The model
predictions are shown as dashed curves, with variations
in Q being the only factor influencing these predictions,
as all parameters have been previously determined. Fig-
ure 2 indicates good agreement between our model and
the Pythia/OPAL results in the non-perturbative regime.
Notably, the model captures both the Q dependence and
the position of the peak in the transition region. Be-
yond the peak, outside the “free hadron” regime, the
model naturally fails to describe the data. In this region,
a dihadron fragmentation picture and/or matching to a
perturbative calculation will be required. We note that
we have also compared our model to Pythia simulations
for the EEC distribution measured in gluon jets, find-
ing a similarly good agreement. Details are given in the
Supplemental Material.
We next turn to pp collisions and test our model

predictions against recent CMS measurements [41] atp
s = 13 TeV. Figure 3 shows the EEC measured in

events with at least two jets, defined via the anti-kT algo-
rithm with R = 0.4, following CMS to require pseudora-
pidity |⌘J | < 2.1 for each jet and an azimuthal separation
of �|�| > 2.0 between the jets. We estimate the relative
quark and gluon jet fractions using a Pythia simulation
as shown in Table I. Our model prediction is then given
by ⌃ = fg⌃g�jet + fq⌃q�jet with the scale EJ approx-

Pythia

TMD model
4

FIG. 3: Comparison of our TMD model predictions (solid curves) to CMS data [41] at
p
s = 13 TeV (red dots).

Here we follow the CMS notation where RL = �.

imated by the medium value of pT in each pjet,T bin.
The results are represented by the brown solid curves
in Fig. 3, where the band is derived by adjusting EJ to
the upper and lower boundaries of each pjet,T bin. The
close match between the model predictions and the CMS
data clearly suggests the universality of the mechanism
for EEC in high-energy collisions. We note that we have
also compared to recent ALICE data [42] and found a
similar agreement for the shape in the small-� region,
see the supplementary material.

pjet,T range (GeV) fg fq
97 – 220 0.82 0.18
220 – 330 0.80 0.20
330 – 468 0.78 0.22
638 – 846 0.71 0.29

1101 – 1410 0.69 0.31
1410 – 1784 0.64 0.36

TABLE I: Relative quark (fq) and gluon (fg) jet
fractions for di↵erent pjet,T ranges.

A further prediction of the model may be obtained for
the projected E3C distribution [12], defined as

E3C(�) ⌘
X

a,b,c

Z
EaEbEc

�E3
J

d��
�
��max(✓ab, ✓ac, ✓bc)

�
. (8)

For � 6= 0 this three-point correlator receives contribu-
tions from two-point configurations (e.g., a = b 6= c) via

the term E2
aEc

E3
J

�(��✓ac), shown by the two left diagrams

in Fig. 4. Meanwhile, the genuine three-point configu-
ration (third diagram in Fig. 4) is proportional to the
area A ⇠ �2, so that this contribution quickly vanishes
as � ! 0 in the TMD model, leading to the prediction

E2
a

Ec

Ea

E2
c

Ea

Ec

Eb

FIG. 4: Configurations that contribute to E3C. The
three-point configuration is proportional to the area

(shaded area) set by �.

E3C(�)

EEC(�)
|�!0 = 2c ⇡ 0.7 . (9)

This behavior was observed in recent CMS [41] (see
Fig. 5) and ALICE measurements [92]. It is remark-
able that the value 2c ⇡ 0.7 agrees well with the data
even though it was derived from an apparently unrelated
physical quantity. In the Supplemental Material, we also

FIG. 5: Ratio E3C/EEC calculated from CMS
data [41], where RL = �.

provide results for the ratio from Pythia simulation, as

e+e−

pp
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Recent progress from free hadron side based on TMD FF type models!
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10�3 10�2 10�1

RL

10�1

100

101

102

�
s = 13 TeV

CMS

pT [GeV]

1410�1784

846�1101

468�638

220�330Theory

10�3 10�2 10�1

RL

�
s = 13 TeV

CMS

pT [GeV]

1101�1410

638�846

330�468

97�220

10�2 10�1

RL

�
s = 5.02 TeV

ALICE
pT [GeV]

60�80

40�60

20�40

d�pp(RL)
dpT dy dRL

FIG. 1. Di↵erential EEC distribution in pp collisions as a function of the angle RL compared to the experimental data from
CMS [16] and ALICE [17]. The theory prediction at the average pT of the bin is shown with solid lines, while the shaded band
corresponds to the prediction with the minimum and maximum pT in each bin.

the ALICE data is only for charged jets while the CMS
data is for inclusive jets, and thus the non-perturbative
parameters should di↵er.

A direct analysis of Fig. 1 allows us to conclude that
our description, accommodating the LL perturbative pre-
diction at large angles and a non-perturbative jet func-
tion at small angles, can describe the data quite precisely
in the entire angular domain and for a wide range of
di↵erent pT values. We note that while the large-angle
region is fully determined from perturbative considera-
tions, the non-perturbative sector for all of the curves in
each experiment is described by the same a0 parameter,
in agreement with the universal character of jnp. Most
crucially, we capture the location of the distribution’s
peak for all values of pT , indicating a good theoretical
description of the transition between the two sectors.

Proton–nucleus collisions. Having introduced a de-
scription of the EEC in pp collisions in the full angular
domain, we extend our construction to collisional sys-
tems where a QCD background medium is present. The
presence of the medium can, in general, induce modifi-
cations to both the hard and the EEC jet functions. In
pA collisions, the hard function should be updated to ac-
count for the target nucleus. To that end we replace one
of the PDFs in Eq. (2) by a nuclear PDF (nPDF), i.e.
fb/p(xb, µ) ! fb/A(xb, µ).

The jet function receives medium-induced modifica-
tions to the perturbative and non-perturbative sectors.
For the former, the medium correction enters as a higher-
twist/power correction to the leading perturbative QCD
result. Thus, it cannot change the RG evolution at the
current accuracy, and the corrections can be entirely in-
corporated into the fixed-order jet function which now
reads J

pA = J
pp + J

med, with

dJ
med

dRL
=

↵s(RLpT )

⇡RL

⇥
Z 1

0
dx x(1 � x)P vac(x)Fmed(pT , RL, x) , (7)

where the medium modification (matrix) factor Fmed de-
pends on the jet quenching parameter q̂ and the e↵ective
path length in the medium L. Here P

vac denotes the ap-
propriate vacuum splitting kernel. In the large-Nc limit,
Fmed can be explicitly computed in a semi-classical ex-
pansion [65, 66]; we provide the explicit formulas in the
supplementary material.
The non-perturbative sector of J

pA is also modified
compared to pp collisions. Physically, these corrections
are driven by the multiple scattering of the jet partons
on the nucleus, which results in the broadening of the un-
derlying momentum distribution. Thus, at small angles
we update Eq. (4) to the form

jnp(b) = exp
�
�a0b � a1b

2
�
, (8)

where a0 is the same as in the vacuum case and the
parameter a1 accounts for the medium-induced di↵u-
sive contribution to the hadronization of the jet partons.
Note that a1 captures the relative transverse momentum
broadening of a particle pair inside the jet, di↵ering, in
general, from the standard q̂L scaling for a single par-
ton. Finally, we also note that, as in AA collisions, one
should account for energy-loss e↵ects which can a↵ect the
non-perturbative sector. However, since in pA collisions
these are expected to be negligible due to the smallness
of q̂ and L, we shall neglect them in what follows.
We consider a typical value for the jet quenching pa-

rameter in cold nuclear matter, q̂ = 0.02GeV2
/fm [67,

68], and take the path length to be L = 3 fm, while the
non-perturbative medium-dependent parameter is set at
a1 = 0.25GeV2. The K-factors, the proton PDF and the
a0 parameter are the same as in our pp analysis, while
we use the EPPS21 fit [69] for the nPDF.

pp

(charged jets)

2

vacuum cascade as well as the medium-induced modifi-
cations to the partonic branchings in pA events. This
holistic approach allows for an e�cient description of the
entire EEC region and can be extended to other colli-
sional systems. As we shall show, this permits a first di-
rect observation of purely medium-induced modifications
to the jet cascade in pA collisions using EECs.

Proton–proton collisions. The collinear limit of the
EEC distribution satisfies the factorization formula [8, 9]:

d⌃pp

dpT dy dRL
=

Z 1

0
dx x

2 dJ (x, pT , RL)

dRL
· H (x, y, pT ) ,

(1)

where we made implicit the dependence on the factoriza-
tion scale µ, y denotes the rapidity, and pT is the trans-
verse momentum of the jet. This factorization formula
separates the production of the outgoing states into a
hard function H, which does not depend on the angular
separation between the outgoing states RL, and an EEC
jet function J , which incorporates the collinear fragmen-
tation inside the jet. Restraining our discussion to the
LL accuracy, the convolution in Eq. (1) trivializes to set-
ting x = 1, and the dot product is taken in flavor space,
i.e. J = {Jq, Jg}, and respectively for H.

The hard function can be obtained from collinear fac-
torization [53–56], where the cross section to extract a
parton c from the initial hard scattering reads

d�c

dpT dy
=
X

a,b

fa/p(xa, µ) ⌦ fb/p(xb, µ) ⌦ �̂a+b!c . (2)

Here ⌦ denotes a convolution over the parton momen-
tum fraction, �̂ab!c is the hard partonic cross section to
produce a parton c with a transverse momentum pT and
rapidity y, and fa/p is the parton distribution function
(PDF) associated to the parton a coming from the pro-
ton. The hard function can then be defined from Eq. (2)
as H(y, pT , µ) = {d�q/(� dpT dy), d�g/(� dpT dy)} [57–
60], which is normalized by the jet cross section � as in
the definition of the EEC. We choose the factorization
scale µ = pT .

Moving to the jet function, we first note that renor-
malization group (RG) consistency implies that, at the
LL accuracy, J satisfies a multiplicative renormalization
formula, which results in the di↵erential jet function [9]

dJ

dRL
=

↵s(RLpT )

⇡RL
(1, 1) ·

✓
↵s(µ)

↵s(RLpT )

◆ �(3)
�0

· �(3) , (3)

where �0 = (11CA�2nf )/3 and �(j) ⌘ �
R 1
0 dz z

j�1
P̂ (z)

is the anomalous dimension matrix, with P̂ being the reg-
ularized splitting function, such that only the spin j = 3
contributes to the EEC at the leading power. As a re-
sult, Eq. (3) defines the perturbative vacuum component
of the EEC jet function.

So far, we have discussed the perturbative sector where
RLpT � ⇤QCD. At lower scales, the EEC becomes highly
sensitive to non-perturbative dynamics in the fragmen-
tation process. The underlying physics of fragmentation
leading to the modification of the momentum distribution
should be the same as in the back-to-back limit, and thus
we model it using a form inspired by the non-perturbative
Sudakov factor in TMD factorization [11, 42]:

jnp(b) = exp(�a0b) , (4)

where a0 is a free parameter accounting for non-
perturbative e↵ects. We note that the parameter a0

should di↵er for quarks and gluons due to their di↵er-
ent color charge, but in this work we shall not consider
the separation in flavor. In the momentum space, we can
interpret jnp as a probability distribution for the pro-
duced hadrons to get additional transverse momentum
in the fragmentation, and the condition jnp(b = 0) = 1
guarantees that the distribution is correctly normalized.
Furthermore, we note that this non-perturbative element
inherits the universal behavior of the hadronization tran-
sition and can thus be applied to extractions of the (vac-
uum) jet EEC in other processes; we discuss the medium-
induced modifications below. To incorporate this non-
perturbative element, it is convenient to work in the po-
sition space where the convolution is multiplicative:

d⌃pp

dpT dy dRL
= RLp

2
T

Z 1

0
db b J0(RLpT b) jnp(b) e⌃(b) ,

(5)

e⌃(b) = (1, 1) ·
✓

↵s(RpT )

↵s(µb⇤)

◆ �(3)
�0

· H . (6)

This relation follows from evolving the jet function in
the position space where the initial scale RLpT is re-
placed by µb⇤ = 2e��E/b⇤, see supplementary material.
This choice minimizes large logarithms that appear at
higher orders, and we use the standard b⇤-prescription
b⇤ = b/

p
1 + b2/b2max with bmax = 2e��E GeV�1 [61, 62].

Eq. (5) resums the same logarithms as the momentum-
space expression in Eq. (3). We take into account the
finite jet radius R = 0.4, consistent with the experimen-
tal data, by evolving the jet function up to RpT [63].
The numerical results for the EEC in pp collisions are

shown in Fig. 1, with the parameter a0 characterizing
non-perturbative physics chosen as a0 = 3.8GeV for
CMS and a0 = 2.5GeV for ALICE, fitted to the ex-
perimental data presented in [16] and [17], respectively.
We use the CT18ANLO fit [64] for the proton PDF, and
we also incorporate a K-factor of K ⇡ 0.90 for CMS
and K ⇡ 0.75 for ALICE to account for higher-order
corrections beyond the LL approximation in our formal-
ism. While the non-perturbative part is supposed to be
universal, we use di↵erent parameter values to describe
the CMS and ALICE data. The reason for this is that
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vacuum cascade as well as the medium-induced modifi-
cations to the partonic branchings in pA events. This
holistic approach allows for an e�cient description of the
entire EEC region and can be extended to other colli-
sional systems. As we shall show, this permits a first di-
rect observation of purely medium-induced modifications
to the jet cascade in pA collisions using EECs.

Proton–proton collisions. The collinear limit of the
EEC distribution satisfies the factorization formula [8, 9]:
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dRL
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where we made implicit the dependence on the factoriza-
tion scale µ, y denotes the rapidity, and pT is the trans-
verse momentum of the jet. This factorization formula
separates the production of the outgoing states into a
hard function H, which does not depend on the angular
separation between the outgoing states RL, and an EEC
jet function J , which incorporates the collinear fragmen-
tation inside the jet. Restraining our discussion to the
LL accuracy, the convolution in Eq. (1) trivializes to set-
ting x = 1, and the dot product is taken in flavor space,
i.e. J = {Jq, Jg}, and respectively for H.

The hard function can be obtained from collinear fac-
torization [53–56], where the cross section to extract a
parton c from the initial hard scattering reads

d�c

dpT dy
=
X

a,b

fa/p(xa, µ) ⌦ fb/p(xb, µ) ⌦ �̂a+b!c . (2)

Here ⌦ denotes a convolution over the parton momen-
tum fraction, �̂ab!c is the hard partonic cross section to
produce a parton c with a transverse momentum pT and
rapidity y, and fa/p is the parton distribution function
(PDF) associated to the parton a coming from the pro-
ton. The hard function can then be defined from Eq. (2)
as H(y, pT , µ) = {d�q/(� dpT dy), d�g/(� dpT dy)} [57–
60], which is normalized by the jet cross section � as in
the definition of the EEC. We choose the factorization
scale µ = pT .

Moving to the jet function, we first note that renor-
malization group (RG) consistency implies that, at the
LL accuracy, J satisfies a multiplicative renormalization
formula, which results in the di↵erential jet function [9]

dJ

dRL
=

↵s(RLpT )

⇡RL
(1, 1) ·

✓
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◆ �(3)
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where �0 = (11CA�2nf )/3 and �(j) ⌘ �
R 1
0 dz z

j�1
P̂ (z)

is the anomalous dimension matrix, with P̂ being the reg-
ularized splitting function, such that only the spin j = 3
contributes to the EEC at the leading power. As a re-
sult, Eq. (3) defines the perturbative vacuum component
of the EEC jet function.

So far, we have discussed the perturbative sector where
RLpT � ⇤QCD. At lower scales, the EEC becomes highly
sensitive to non-perturbative dynamics in the fragmen-
tation process. The underlying physics of fragmentation
leading to the modification of the momentum distribution
should be the same as in the back-to-back limit, and thus
we model it using a form inspired by the non-perturbative
Sudakov factor in TMD factorization [11, 42]:

jnp(b) = exp(�a0b) , (4)

where a0 is a free parameter accounting for non-
perturbative e↵ects. We note that the parameter a0

should di↵er for quarks and gluons due to their di↵er-
ent color charge, but in this work we shall not consider
the separation in flavor. In the momentum space, we can
interpret jnp as a probability distribution for the pro-
duced hadrons to get additional transverse momentum
in the fragmentation, and the condition jnp(b = 0) = 1
guarantees that the distribution is correctly normalized.
Furthermore, we note that this non-perturbative element
inherits the universal behavior of the hadronization tran-
sition and can thus be applied to extractions of the (vac-
uum) jet EEC in other processes; we discuss the medium-
induced modifications below. To incorporate this non-
perturbative element, it is convenient to work in the po-
sition space where the convolution is multiplicative:

d⌃pp

dpT dy dRL
= RLp

2
T

Z 1

0
db b J0(RLpT b) jnp(b) e⌃(b) ,

(5)

e⌃(b) = (1, 1) ·
✓

↵s(RpT )

↵s(µb⇤)

◆ �(3)
�0

· H . (6)

This relation follows from evolving the jet function in
the position space where the initial scale RLpT is re-
placed by µb⇤ = 2e��E/b⇤, see supplementary material.
This choice minimizes large logarithms that appear at
higher orders, and we use the standard b⇤-prescription
b⇤ = b/

p
1 + b2/b2max with bmax = 2e��E GeV�1 [61, 62].

Eq. (5) resums the same logarithms as the momentum-
space expression in Eq. (3). We take into account the
finite jet radius R = 0.4, consistent with the experimen-
tal data, by evolving the jet function up to RpT [63].
The numerical results for the EEC in pp collisions are

shown in Fig. 1, with the parameter a0 characterizing
non-perturbative physics chosen as a0 = 3.8GeV for
CMS and a0 = 2.5GeV for ALICE, fitted to the ex-
perimental data presented in [16] and [17], respectively.
We use the CT18ANLO fit [64] for the proton PDF, and
we also incorporate a K-factor of K ⇡ 0.90 for CMS
and K ⇡ 0.75 for ALICE to account for higher-order
corrections beyond the LL approximation in our formal-
ism. While the non-perturbative part is supposed to be
universal, we use di↵erent parameter values to describe
the CMS and ALICE data. The reason for this is that

K-factors 0.9 (CMS), 0.75 (ALICE)

LL scaling
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Summary
• TMDs provide new dimensions to 

probe mysteries of hadronic structure

New Lattice QCD calculations

New insights into hadronization

Many Targets for EIC

126 7.2. MULTI-DIMENSIONAL IMAGING OF NUCLEONS, NUCLEI, AND MESONS

ments will also play a key role in the study of the flavor structure of TMDs, which
is currently almost unconstrained [489], making it difficult to estimate the impact
of the EIC.

Quark Sivers and Collins measurements

Figure 7.53: Expected impact on up and down quark Sivers distributions as a function of the
transverse momentum kT for different values of x, obtained from SIDIS pion and kaon EIC
pseudodata, at the scale of 2 GeV. The green-shaded areas represent the current uncertainty,
while the blue-shaded areas are the uncertainties when including the EIC pseudodata.

Sivers function measurements: The determination of the quark Sivers functions,
f ?q
1T (x, kT), is one of the major goals for TMD physics. It can be extracted most di-

rectly from the transverse SSA proportional to the sin(fh � fS) modulation of the
SIDIS cross section, which is expressed through the structure function Fsin(fh�fS)

UT
(see Eq. (7.27)). The Sivers function is a T-odd TMD [490], that turns into the Qiu-
Sterman matrix element [212, 491] in the regime of small b [492, 493]. The extrac-
tion of the Sivers TMD was performed by many groups [494–506]. However, the
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I New parametrization for Collins-Soper kernel (3 parameters)
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I artemide
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• Final result in comparison with global fits and perturbative QCD

Collins-Soper kernel from lattice at NNLL
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BLNY: Landry, Brock, Nadolsky and Yuan, PRD 67 (2003)

14

bT [fm] 0.12 0.24 0.36 0.48 0.60 0.72 0.84
“MS, uNNLL

q 0.12(12) -0.20(9) -0.43(11) -0.64(15) -0.80(15) -0.94(41) -1.24(68)

TABLE II. Quark Collins-Soper kernel “MS

q (bT , µ = 2 GeV) as a function of bT .

FIG. 13. CS kernel in bT space for di�erent choices of
Dirac structure � with uNNLL matching (top panel) and
for all computed accuracies of the matching correction
”“MS

q (bT , µ, x, P z
1 , P z

2 ) (bottom panel).

renormalization scheme.
While a complete quantification of systematic uncer-

tainties would require performing lattice QCD calcula-
tions at multiple lattice spacings and at larger boosts or
higher-order perturbative matching, the precision and
control over systematic uncertainties achieved in this
work is su�cient to preliminarily compare the CS kernel
determination with phenomenological parameterizations
of the kernel fit to experimental data. In Fig. 15 the
final determination is compared with the following pa-
rameterizations: Scimemi and Vladimirov (SV19) [51],
Bachetta et al. (Pavia19) [52], the MAP Collaboration
(MAPTMD22) [55], Moos et al. (ART23) [56], as well as
an older parameterization based on the work of Brock,
Landry, Nadolsky and Yuan (BLNY) [44] and employed
in recent code packages for resummation calculations rel-
evant to precision electroweak measurements [110, 111].
Within quantified uncertainties, the data agrees with all

FIG. 14. Imaginary part of the CS kernel estimator shown
for various accuracies of the perturbative matching correction
”“MS

q (bT , µ, x, P z
1 , P z

2 ).
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FIG. 15. CS kernel with uNNLL matching in bT space (green
squares) compared to phenomenological parameterizations of
experimental data in Refs. [44, 51, 52, 55, 56] labelled BLNY,
SV19, Pavia19, MAP22, and ART23, respectively, as well as
perturbative results from Refs. [108, 109] labelled N3LO.

models in the range 0.12 fm <
≥ bT

<
≥ 0.24 fm, with all

but BLNY for 0.24 fm <
≥ bT

<
≥ 0.6 fm, and with SV19,

MAPTMD22 and ART23 for bT
>
≥ 0.6 fm. Finally, for

bT Ø 0.6 fm, the results are consistent with a constant,
as suggested for the large-bT behavior in Ref. [112]. Dis-
cretization artifacts and power corrections, both enhanced
at small bT , will be studied in more detail in future work.
More refined comparisons would also take into account
the di�erences in the number of quark flavors and their
masses between the lattice QCD determination and the
global analyses, which lead to perturbative corrections
described in Ref. [113].
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FIG. 1. Di↵erential EEC distribution in pp collisions as a function of the angle RL compared to the experimental data from
CMS [16] and ALICE [17]. The theory prediction at the average pT of the bin is shown with solid lines, while the shaded band
corresponds to the prediction with the minimum and maximum pT in each bin.

the ALICE data is only for charged jets while the CMS
data is for inclusive jets, and thus the non-perturbative
parameters should di↵er.

A direct analysis of Fig. 1 allows us to conclude that
our description, accommodating the LL perturbative pre-
diction at large angles and a non-perturbative jet func-
tion at small angles, can describe the data quite precisely
in the entire angular domain and for a wide range of
di↵erent pT values. We note that while the large-angle
region is fully determined from perturbative considera-
tions, the non-perturbative sector for all of the curves in
each experiment is described by the same a0 parameter,
in agreement with the universal character of jnp. Most
crucially, we capture the location of the distribution’s
peak for all values of pT , indicating a good theoretical
description of the transition between the two sectors.

Proton–nucleus collisions. Having introduced a de-
scription of the EEC in pp collisions in the full angular
domain, we extend our construction to collisional sys-
tems where a QCD background medium is present. The
presence of the medium can, in general, induce modifi-
cations to both the hard and the EEC jet functions. In
pA collisions, the hard function should be updated to ac-
count for the target nucleus. To that end we replace one
of the PDFs in Eq. (2) by a nuclear PDF (nPDF), i.e.
fb/p(xb, µ) ! fb/A(xb, µ).

The jet function receives medium-induced modifica-
tions to the perturbative and non-perturbative sectors.
For the former, the medium correction enters as a higher-
twist/power correction to the leading perturbative QCD
result. Thus, it cannot change the RG evolution at the
current accuracy, and the corrections can be entirely in-
corporated into the fixed-order jet function which now
reads J

pA = J
pp + J

med, with

dJ
med

dRL
=

↵s(RLpT )

⇡RL

⇥
Z 1

0
dx x(1 � x)P vac(x)Fmed(pT , RL, x) , (7)

where the medium modification (matrix) factor Fmed de-
pends on the jet quenching parameter q̂ and the e↵ective
path length in the medium L. Here P

vac denotes the ap-
propriate vacuum splitting kernel. In the large-Nc limit,
Fmed can be explicitly computed in a semi-classical ex-
pansion [65, 66]; we provide the explicit formulas in the
supplementary material.
The non-perturbative sector of J

pA is also modified
compared to pp collisions. Physically, these corrections
are driven by the multiple scattering of the jet partons
on the nucleus, which results in the broadening of the un-
derlying momentum distribution. Thus, at small angles
we update Eq. (4) to the form

jnp(b) = exp
�
�a0b � a1b

2
�
, (8)

where a0 is the same as in the vacuum case and the
parameter a1 accounts for the medium-induced di↵u-
sive contribution to the hadronization of the jet partons.
Note that a1 captures the relative transverse momentum
broadening of a particle pair inside the jet, di↵ering, in
general, from the standard q̂L scaling for a single par-
ton. Finally, we also note that, as in AA collisions, one
should account for energy-loss e↵ects which can a↵ect the
non-perturbative sector. However, since in pA collisions
these are expected to be negligible due to the smallness
of q̂ and L, we shall neglect them in what follows.
We consider a typical value for the jet quenching pa-

rameter in cold nuclear matter, q̂ = 0.02GeV2
/fm [67,

68], and take the path length to be L = 3 fm, while the
non-perturbative medium-dependent parameter is set at
a1 = 0.25GeV2. The K-factors, the proton PDF and the
a0 parameter are the same as in our pp analysis, while
we use the EPPS21 fit [69] for the nPDF.
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TMD Factorization (Drell Yan) CSS (Collins, Soper, Sterman)
SCET (Soft Collinear Effective Theory)

Hard virtual  
corrections

d�

dQdY dq
2
T

= H(Q,µ)

Z
d
2~bT e

i~qT ·~bT fq(xa,
~bT , µ, ⇣a) fq(xb,

~bT , µ, ⇣b)
h
1 +O

⇣
q
2
T

Q2

⌘i

Reminder (& notation) of TMDPDFs

Definition of TMDPDFs

Motivation: TMD factorization theorem (example: pp ! Z ! l
+
l
�)

�(~qT ) = H(Q,µ)

Z
d2~bT e

i~qT ·~bT f
TMD
q/a (xa,

~bT , µ, ⇣a) f
TMD
q/b (xb,

~bT , µ, ⇣b) + O

⇣
qT

Q

⌘2

I H(Q ⇠ mZ , µ): Hard function (virtual corrections)

Quark TMDPDF: [Collins ’11; Echevarria, Idilbi, Scimemi ’11; Chiu, Jain, Neill, Rothstein ’12, ...]

f
TMD
q (x,~bT , µ, ⇣) = Zuv(µ, ⇣, ✏) lim

⌘!0
Bq(x,~bT , ✏, ⌘, ⇣)

p
Sq(bT , ✏, ⌘)

S0
q(bT , ✏, ⌘)

I Bq: Beam function (collinear matrix element)
I Sq, S

0
q : Soft contributions

I ⌘: Regulates rapidity divergences
I ⇣: Collins-Soper scale [Collins, Soper’81]

Definitions of ⌘ and hence of Bq and Sq

are scheme dependent,
but fTMD

q is scheme independent
l

p p

l

+

-

Soft

Beam
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TMDs

Review of TMD factorization

Rapidity (light-cone) divergences

�(~qT ) = Hqq̄!Z(mZ)

Z
d2~bT e

i~qT ·~bT Bq(x1,
~bT )Bq̄(x2,

~bT )S
q(bT )

Hard function H: Describes hard process qq̄ ! Z

Beam functions Bq,q̄: collinear radiation

Soft function S
q: soft radiation

Beam and soft modes have virtuality p
2
⇠ q

2

T

I Induces rapidity (light-cone) singularities
(not regulated by dimension regularization)

Rapidity divergences arise from integrals of type
Z

dk+dk� f(k+
k
�)

(k+k�)1+✏
=

Z
d(k+

/k
�)

2 k+/k�

Z
d(k+

k
�)

f(k+
k
�)

(k+k�)1+✏

Unphysical rapidity divergences cancel in physical TMDPDF:
f
TMD

q (x,~bT ) = Bq(x,~bT )
p

Sq(bT ) = Bq(x,~bT )�
q
S(bT )

p
+

p
�

QqTq
2
T
/Q

Q

qT

q
2
T

Q
p
2 = q

2
T

p
2 = Q

2
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H

fq

fq

µ

⇣a

fq(x,~bT , µ, ⇣) ⇠ ZuvBq/
p

Sq

fq(x,~bT , µ, ⇣) ⇠ ZuvBq/
p

Sq

fq(x,~bT , µ, ⇣) ⇠ ZuvBq/
p

Sq

fq(x,~bT , µ, ⇣) ⇠ ZuvBq/
p

Sq

complications

two cutoff 
parameters

⇣ = 2
�
xP+e�yn

�2


