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K → ππ & CP violation

|ε| = 2.228(11) x 10-3 from “odd” mixing b/w K0 & K0


ε’ only found in decays 


‣ Re(ε’/ε)exp = 1.66(23) x 10-3 


‣ Consistent with SM?

|KL> = |K2> + ε|K1>
CP odd CP even

|ππ>
CP even

ε’ ε
direct 
CPV

indirect 
CPV

Discovered in 1964

(KTeV & NA48)

Discovered in 1999

<latexit sha1_base64="jBNn1mB0kfBeA79DDgu0L3Iq6GQ="></latexit>
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<latexit sha1_base64="C32379OG5p1hlO6km5Q4GgH0JpY="></latexit>
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Re(ε’/ε) x104

PRD 102,054509

PRD 102,094517

PRL 115,212001 G-parity Boundary Conditions (GPBC) 
a-1 ≈ 1.38 GeV

Periodic Boundary Conditions (PBC) 
a-1 ≈ 1.38 GeV & 1.02 GeV

σ operator

better controlled 
excited states

Re(ε'/ε) [x 10-4]

Published
Preliminary
Experiment

GPBC 15, 1.4 GeV

GPBC 20, 1.4 GeV

PBC 23, 1.0 GeV

PBC 24, 1.0 GeV
PBC 24, 1.4 GeV

PBC 24, a→0

PDG 2012-23
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RBC/UKQCD vs Experiment

-

a-1 = 1.02 GeV
a-1 = 1.38 GeV
a → 0

preliminary results 
with multiple 

lattice spacings

2015

2020

2023

2012–24

2024

a-1 = 1.02 GeV

RBC/UKQCD achievements
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Challenges 

Computational cost/
Statistics 

disconnected diagrams

Operator mixing 
10 four-quark operators 
desired to prevent extra mixing  
chiral symmetry with domain wall 
fermions preferable

Charm-loop effects 
expected significant 
lattices still not fine enough to 
introduce charm with physical mπ

On-shell kinematics in 
euclidean space 

final two-pion state with       
E = mK ≈ 500 MeV needed

Overall complexity 
requires significant human 
time & effort



Introduction to renormalization 
on lattice and continuum limit
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Renormalization in lattice calculation
6

Regularization

Divergent quantity

Finite quantity

Renormalization

Renormalized quantity with finite 
regularization parameters left

Removal of regularization parameter

Renormalized quantity 
unique to scheme & scale

Calculate the quantity with chosen lattice action 
‣ particular regularization parameter: lattice spacing a

O → O’ = O – O (additive) &  
O’ → OR = Z O’ (multiplicative) 
‣ Condition unique to scheme & scale

‣ Still dependent on lattice spacing → discretization error

Continuum limit: a → 0 
‣ Repeat the above steps with multiple lattice spacings and 

fit with some ansatz 

‣ e.g. OR(a) = OR(0) + c2 a2 + c4 a4 
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Example 1: BK
7

<latexit sha1_base64="6UUg3cxCFYHTjAvDKeehB+51mR0="></latexit>

BK =

D
K
0ØØØs̄∞µ(1°∞5)d · s̄∞µ(1°∞5)d

ØØØK0
E

8
3m

2
Kf

2
K

<latexit sha1_base64="+iyF6HIriLMPcybi5OpM3vVBf2g="></latexit>

ª h0|s̄∞µ∞5d|Ki
to be renormalized by ZA

4-quark operator to be renormalized

2404.02297
*Included simulations at unphysical mπ
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Continuum limit of renormalized quantity
Operator renormalization

8

<latexit sha1_base64="NepbIrzMydr0IpfkmziAoqRMSG4="></latexit>

O
R(µ,a) =Z(µ,a)Olat(a)

<latexit sha1_base64="Ei9h7ttTFKmxTfG+hdAg1vx3Ofg="></latexit>D
O
R(µ,a)

E
=Z(µ,a)

D
O
lat(a)

E

<latexit sha1_base64="LfZwSgQh+SC7uQ5wWRxHaOD5YPM="></latexit>

=
D
O
R(µ,0)

E
+c

R
2 (µ)a2+c

R
4 (µ)a4+ . . .

Renormalized quantity

dependent on computational details

‣ lattice action

‣ renormalization scheme, scale, …

‣ …
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Continuum limit of renormalized quantity
Operator renormalization

8

<latexit sha1_base64="NepbIrzMydr0IpfkmziAoqRMSG4="></latexit>

O
R(µ,a) =Z(µ,a)Olat(a)

<latexit sha1_base64="Ei9h7ttTFKmxTfG+hdAg1vx3Ofg="></latexit>D
O
R(µ,a)

E
=Z(µ,a)

D
O
lat(a)

E

<latexit sha1_base64="LfZwSgQh+SC7uQ5wWRxHaOD5YPM="></latexit>

=
D
O
R(µ,0)

E
+c

R
2 (µ)a2+c

R
4 (µ)a4+ . . .

Renormalized quantity

dependent on computational details

‣ lattice action

‣ renormalization scheme, scale, …

‣ …

Independent of 
computational details
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Example 2: HVP
9

Vector currents scale independent and 
not divergent, but needs renormalization 
b/c 


still some variety in how to determine    
→      &　   in the plot

<latexit sha1_base64="asM9MpUwYwwWp5gGcjmfNNKjQ+U=">AAACFXicbZDLSgMxFIYz9VbrpVWXboJFcFVmRKrLohtxVcFeoB2HTHqmDU1mhlyEMvQ5XLjVx3Anbl37FL6C6WVhWw8Efv7/nOTkC1POlHbdbye3tr6xuZXfLuzs7u0XSweHTZUYSaFBE57IdkgUcBZDQzPNoZ1KICLk0AqHN5O89QRSsSR+0KMUfEH6MYsYJdpaQanYVREu3AVdYR4zEOOgVHYr7rTwqvDmoozmVQ9KP91eQo2AWFNOlOp4bqr9jEjNKIdxoWsUpIQOSR86VsZEgPKz6eJjfGqdHo4SaU+s8dT9O5ERodRIhLZTED1Qy9nE/C/rGB1d+RmLU6MhprOHIsOxTvCEAu4xCVTzkRWESmZ3xXRAJKHaslq8KZWsP7A/iixyBnJCyFvmsSqa5xWvWqneX5Rr13NWeXSMTtAZ8tAlqqFbVEcNRJFBL+gVvTnPzrvz4XzOWnPOfOYILZTz9QuYt5+M</latexit>

Jemµ
<latexit sha1_base64="asM9MpUwYwwWp5gGcjmfNNKjQ+U=">AAACFXicbZDLSgMxFIYz9VbrpVWXboJFcFVmRKrLohtxVcFeoB2HTHqmDU1mhlyEMvQ5XLjVx3Anbl37FL6C6WVhWw8Efv7/nOTkC1POlHbdbye3tr6xuZXfLuzs7u0XSweHTZUYSaFBE57IdkgUcBZDQzPNoZ1KICLk0AqHN5O89QRSsSR+0KMUfEH6MYsYJdpaQanYVREu3AVdYR4zEOOgVHYr7rTwqvDmoozmVQ9KP91eQo2AWFNOlOp4bqr9jEjNKIdxoWsUpIQOSR86VsZEgPKz6eJjfGqdHo4SaU+s8dT9O5ERodRIhLZTED1Qy9nE/C/rGB1d+RmLU6MhprOHIsOxTvCEAu4xCVTzkRWESmZ3xXRAJKHaslq8KZWsP7A/iixyBnJCyFvmsSqa5xWvWqneX5Rr13NWeXSMTtAZ8tAlqqFbVEcNRJFBL+gVvTnPzrvz4XzOWnPOfOYILZTz9QuYt5+M</latexit>

Jemµ

needs to be renormalized by
<latexit sha1_base64="zgHgdvfjqC4PWk/GIKO166YOtMs=">AAACDnicdVDLSgMxFM3UV62vqks3wSK4GjJTGeuu6MZlBfug7VgyaaYNzWSGJCOUof/gwq1+hjtx6y/4Ff6C6UOwogcCh3Puvbn3BAlnSiP0YeVWVtfWN/Kbha3tnd294v5BQ8WpJLROYh7LVoAV5UzQumaa01YiKY4CTpvB6GrqN++pVCwWt3qcUD/CA8FCRrA2UrurQlho9xp3bq9YQvZFxfNcByLbKTvlcsUQVHYRcqBjoxlKYIFar/jZ7cckjajQhGOlOg5KtJ9hqRnhdFLopoommIzwgHYMFTiiys9mG0/giVH6MIyleULDmfqzI8ORUuMoMJUR1kP125uKf3mdVIcVP2MiSTUVZP5RmHKoYzg9H/aZpETzsSGYSGZ2hWSIJSbahLQ8KZFsMDQXhSZrRuXEJPQdA/yfNFzb8Wzv5qxUvVxklQdH4BicAgecgyq4BjVQBwQI8AiewLP1YL1Yr9bbvDRnLXoOwRKs9y+w45zy</latexit>

Z2V

<latexit sha1_base64="hprQQGicWmM1H5W5LtMkff4F6Qc=">AAACHnicbZDLSgMxFIYzXmu9Vd0IboJFcFVmRKrLohuXFewFO8OQSc+0oZnMmGSEMozP4sKtPoY7catP4SuYXha29YfAz3/OSXK+IOFMadv+tpaWV1bX1gsbxc2t7Z3d0t5+U8WppNCgMY9lOyAKOBPQ0ExzaCcSSBRwaAWD61G99QhSsVjc6WECXkR6goWMEm0iv3ToqhAXOYv8jLg6tvN7v+kKeHD8Utmu2GPhReNMTRlNVfdLP243pmkEQlNOlOo4dqK9jEjNKIe86KYKEkIHpAcdYwWJQHnZeIMcn5iki8NYmiM0Hqd/JzISKTWMAtMZEd1X87VR+F+tk+rw0suYSFINgk4eClOOdYxHOHCXSaCaD40hVDLzV0z7RBKqDbTZmxLJen2zUWjYM5C5IeTM81g0zbOKU61Ub8/LtaspqwI6QsfoFDnoAtXQDaqjBqLoCb2gV/RmPVvv1of1OWldsqYzB2hG1tcvaW6jIA==</latexit>

lima!0ZV 6= 1

<latexit sha1_base64="bPhz5JPnQKSt74dJMeTh1GSwp78=">AAACDHicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4xkUcEQmaHXpgwO7uZmTUhG37Bg1f9DG/Gq//gV/gLDrAHASuZpFLV3dNdfiy4Nq777eTW1jc2t/LbhZ3dvf2D4uFRQ0eJYlhnkYhUy6caBZdYN9wIbMUKaegLbPqj26nffEKleSQfzDjGbkgHkgecUWOlVkcHpPDYa/SKJbfszkBWiZeREmSo9Yo/nX7EkhClYYJq3fbc2HRTqgxnAieFTqIxpmxEB9i2VNIQdTed7TshZ1bpkyBS9klDZurfjpSGWo9D31aG1Az1sjcV//PaiQmuuymXcWJQsvlHQSKIicj0eNLnCpkRY0soU9zuStiQKsqMjWhxUqz4YGgvCmzSHNXEJuQt57FKGhdlr1Ku3F+WqjdZVnk4gVM4Bw+uoAp3UIM6MBDwAq/w5jw7786H8zkvzTlZzzEswPn6BRz/nBU=</latexit>

ZV
<latexit sha1_base64="4KFdBi1QFOZKGsQoxNzPBKEPXWY=">AAACDnicbVDLSgNBEOz1GeMr6tHLYBDEQ9gViR6DXjxGMA+SrGF20psMmZ1dZmaFEPIPHrzqZ3gTr/6CX+EvOHkcTGLBQFHV3dNdQSK4Nq777aysrq1vbGa2sts7u3v7uYPDqo5TxbDCYhGrekA1Ci6xYrgRWE8U0igQWAv6t2O/9oRK81g+mEGCfkS7koecUWOlRkuHJNtoVx/P27m8W3AnIMvEm5E8zFBu535anZilEUrDBNW66bmJ8YdUGc4EjrKtVGNCWZ92sWmppBFqfzjZeEROrdIhYazsk4ZM1L8dQxppPYgCWxlR09OL3lj8z2umJrz2h1wmqUHJph+FqSAmJuPzSYcrZEYMLKFMcbsrYT2qKDM2pPlJieLdnr0otFlzVCObkLeYxzKpXhS8YqF4f5kv3cyyysAxnMAZeHAFJbiDMlSAgYQXeIU359l5dz6cz2npijPrOYI5OF+/SfCcsQ==</latexit>

Z§
V

Various ways to calculate give different results 
at finite lattice spacing, but become consistent 
in a → 0

2301.08696

<latexit sha1_base64="jzm9OOLDdNI4ZEUv9iI2VQE0eXo="></latexit>

Z§
V =

P
i=1,2,3hVc

i (t§)V`
i (0)†i

P
j=1,2,3hV`

j (t§)V`
j (0)†i

<latexit sha1_base64="+N0h50NxrMndAHNxLmpoGfDqD24="></latexit>

ZVhº(~p= 0)|Vi|º(~q= 0)i= 1



Renormalization & continuum limit 
of K → ππ matrix elements
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Approach to weak matrix elements

Two typical scales

‣ Electroweak scale: mW = 80 GeV, mZ = 91 GeV

‣ QCD scale: ΛQCD ~ 300 MeV 


Low-energy effective interactions @ QCD scale


‣ HW = Σi ci(μ) Oi(μ)

⇠ GF / g2

m2
W

<latexit sha1_base64="k2Bclr5lkz6NI6p8PkHdKSF4lOc=">AAAAAHicbVDNS8MwHE39nPWr6tFLcCieRjsGehwK6nGC+4C1ljRLt7CkKUkqjLL/wIv/ihcPinj16s3/xmzrQTcfhDze+/1I3otSRpV23W9raXlldW29tGFvbm3v7Dp7+y0lMolJEwsmZCdCijCakKammpFOKgniESPtaHg58dsPRCoqkjs9SknAUT+hMcVIGyl0TnwV276iHF6HV9BPpUi1gH4sEc7799VxzsO2uUKn7FbcKeAi8QpSBgUaofPl9wTOOEk0ZkipruemOsiR1BQzMrb9TJEU4SHqk66hCeJEBfk0zxgeG6UHYyHNSTScqr83csSVGvHITHKkB2rem4j/ed1Mx+dBTpM00yTBs4fijEETeVIO7FFJsGYjQxCW1PwV4gEyXWhToW1K8OYjL5JWteLVKu5trVy/KOoogUNwBE6BB85AHdyABmgCDB7BM3gFb9aT9WK9Wx+z0SWr2DkAf2B9/gDYKJvs</latexit>

s d

q q

Wilson coefficients Effective operators
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ΔS = 1 effective operators

  13 / 37

Operators and Wilson Coe0cients

[Rev.Mod.Phys. 68 (1996) 1125-1144]

    [J.Phys.Conf.Ser. 800 (2017) 1, 012008]

● 10 ΔS=1 Weak effective operators:

– Q
1
-Q

2
   “current-current” operators, dominant 

contributions to real parts of K→ππ amplitudes.

– Q
3
-Q

6
  “QCD penguin” operators, dominant 

contributions to imaginary (CP-violating) parts of 
amplitudes.

– Q
7
-Q

10
 “EM penguin” operators.

● Wilson coefficients z
i
, y

i
 capture high-energy 

behavior.

● Involve running from M
W
 down to charm scale 

O(1.2 GeV) in QCD PT with some E&M effects 
(EM penguins). 

● Determined to NLO in MSbar scheme.

● NNLO expected in near-future

● Use of PT near charm threshold significant sys. err.  
 

1m30

Current-current operators

QCD penguin operators

EW penguin operators

(s̄q)V�A(q̄
0q00)V±A = s̄�µ(1� �5)q

0 · q̄0�µ(1± �5)q
00

<latexit sha1_base64="/UdJtzOrX82MUkc3FFGCKeWYaEo="></latexit>

↵,�: color indices

<latexit sha1_base64="Rxc233Y9e57UDATrq9/XR4pVnxY=">AAACCnicbVC5TsNAFFyHK4TLQEmzkCBRoMiOkDiqCBrKIJFDiqPoefOcrLJeW941UhSlpuFXaChAiJYvoONv2BwFJEw1mnlv5+34seBKO863lVlaXlldy67nNja3tnfs3b2aitKEYZVFIkoaPigUXGJVcy2wEScIoS+w7vdvxn79ARPFI3mvBzG2QuhKHnAG2kht+9BTAS14IOIenHo+aihc0cmzlMsOZ6jadt4pOhPQReLOSJ7MUGnbX14nYmmIUjMBSjVdJ9atISSaM4GjnJcqjIH1oYtNQyWEqFrDSeaIHhulQwMTH0RSTy/5vTGEUKlB6JvJEHRPzXtj8T+vmergojXkMk41SjYNClJBdUTHvdAOT5BpMTAEWMLNrZT1IAGmTXs5U4I7/+VFUisV3bPi5V0pX76e1ZElB+SInBCXnJMyuSUVUiWMPJJn8krerCfrxXq3PqajGWu2s0/+wPr8AZm8mZo=</latexit>

Qc
1 = (s̄↵c�)V�A(c̄�d↵)V�A

<latexit sha1_base64="So221FkP+pOvHmBcGiMJKaH8wjE="></latexit>

Qc
2 = (s̄c)V�A(c̄d)V�A

<latexit sha1_base64="A1Dn3qKVSvK84yxLj1B8SVYdHkA=">AAACGnicbZDLSsNAFIYn9VbjLerSzWAR6sKSlIK6EKpuXLZgL9DEMJlM2qGTCzMToYQ+hxtfxY0LRdyJG9/GaZtFbf1h4Oc753Dm/F7CqJCm+aMVVlbX1jeKm/rW9s7unrF/0BZxyjFp4ZjFvOshQRiNSEtSyUg34QSFHiMdb3g7qXceCRc0ju7lKCFOiPoRDShGUiHXsJpu9QHDK1i2PcShgPjUzWwewvbZ9VifQQz9OegaJbNiTgWXjZWbEsjVcI0v249xGpJIYoaE6FlmIp0McUkxI2PdTgVJEB6iPukpG6GQCCebnjaGJ4r4MIi5epGEUzo/kaFQiFHoqc4QyYFYrE3gf7VeKoMLJ6NRkkoS4dmiIGVQxnCSE/QpJ1iykTIIc6r+CvEAcYSlSlNXIViLJy+bdrVi1SqXzVqpfpPHUQRH4BiUgQXOQR3cgQZoAQyewAt4A+/as/aqfWifs9aCls8cgj/Svn8BsvmdmA==</latexit>

&

enter when nf ≥ 4

sum over q runs for all active quarks
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<latexit sha1_base64="MtTYT4q6qXrT7Y2UBLJw4HfNyeE="></latexit>

AI =
G
p
2
V§
usVud

X

i
[zi(µ)+øyi(µ)]MI,i(µ)

Matrix elements 
LQCD

K → ππ Amplitude and ε’
13

ππ phase shifts at mK

Wilson coefs. 
pQCD

<latexit sha1_base64="xDSJT1y7OSPDURVFbPAdjLyw+LA="></latexit>

"0 = i!ei(±2°±0)

p
2

∑
ImA2

ReA2
° ImA0

ReA0

∏
<latexit sha1_base64="8gt0OK2dWgahkiwrss3hsyUEcEY=">AAACIHicbVDLTgIxFO3gC/E16k43jcQENzhDDLoxQd24RCOPBAjplDtDQ+eRtmNCJiR+iwu3+hnujEv9CX/BDrAQ8CRtTs6597b3OBFnUlnWl5FZWl5ZXcuu5zY2t7Z3zN29ugxjQaFGQx6KpkMkcBZATTHFoRkJIL7DoeEMblK/8QhCsjB4UMMIOj7xAuYySpSWuuZBW7q5Qjv0wSP4Et/DVbd0mt7WSdfMW0VrDLxI7CnJoymqXfOn3Qtp7EOgKCdStmwrUp2ECMUoh1GuHUuICB0QD1qaBsQH2UnGO4zwsVZ62A2FPoHCY/VvR0J8KYe+oyt9ovpy3kvF/7xWrNyLTsKCKFYQ0MlDbsyxCnEaCO4xAVTxoSaECqb/immfCEKVjm12UiSY19cbuTp9BmKkE7Ln81gk9VLRLhfLd2f5yvU0qyw6REeogGx0jiroFlVRDVH0hF7QK3ozno1348P4nJRmjGnPPpqB8f0LJSSiPQ==</latexit>

(!=ReA2/ReA0)

<latexit sha1_base64="FEheVehyGl4mOVhuLIny88t3QII="></latexit>

MI,i(µ) = lima!0
X

j
Zij(µ,a)

D
(ºº)I

ØØØQlat
j (a)

ØØØK
E
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<latexit sha1_base64="MtTYT4q6qXrT7Y2UBLJw4HfNyeE="></latexit>

AI =
G
p
2
V§
usVud

X

i
[zi(µ)+øyi(µ)]MI,i(µ)

Matrix elements 
LQCD

K → ππ Amplitude and ε’
13

ππ phase shifts at mK

Wilson coefs. 
pQCD

<latexit sha1_base64="xDSJT1y7OSPDURVFbPAdjLyw+LA="></latexit>

"0 = i!ei(±2°±0)

p
2

∑
ImA2

ReA2
° ImA0

ReA0

∏
<latexit sha1_base64="8gt0OK2dWgahkiwrss3hsyUEcEY=">AAACIHicbVDLTgIxFO3gC/E16k43jcQENzhDDLoxQd24RCOPBAjplDtDQ+eRtmNCJiR+iwu3+hnujEv9CX/BDrAQ8CRtTs6597b3OBFnUlnWl5FZWl5ZXcuu5zY2t7Z3zN29ugxjQaFGQx6KpkMkcBZATTHFoRkJIL7DoeEMblK/8QhCsjB4UMMIOj7xAuYySpSWuuZBW7q5Qjv0wSP4Et/DVbd0mt7WSdfMW0VrDLxI7CnJoymqXfOn3Qtp7EOgKCdStmwrUp2ECMUoh1GuHUuICB0QD1qaBsQH2UnGO4zwsVZ62A2FPoHCY/VvR0J8KYe+oyt9ovpy3kvF/7xWrNyLTsKCKFYQ0MlDbsyxCnEaCO4xAVTxoSaECqb/immfCEKVjm12UiSY19cbuTp9BmKkE7Ln81gk9VLRLhfLd2f5yvU0qyw6REeogGx0jiroFlVRDVH0hF7QK3ozno1348P4nJRmjGnPPpqB8f0LJSSiPQ==</latexit>

(!=ReA2/ReA0)

<latexit sha1_base64="FEheVehyGl4mOVhuLIny88t3QII="></latexit>

MI,i(µ) = lima!0
X

j
Zij(µ,a)

D
(ºº)I

ØØØQlat
j (a)

ØØØK
E

Qj can mix  
Need 10x10 = 100 conditions?
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Qi not linearly independent in 4D
Fierz identity


Linear dependence in 4D

14

<latexit sha1_base64="GUH3l8olGfZz7dqZ3n19wZqa1QE="></latexit>

(q̄1q2)L(q̄3q4)L = q̄1∞µ(1°∞5)q2 · q̄3∞µ(1°∞5)q4
= (q̄1q4)L(q̄3q2)L+ (4°d)E

<latexit sha1_base64="AiJ/cpAHlczlTAMXCzMQiTtfFwk=">AAACHHicbVDLSsNAFJ3UV62vqODGzWARBLEktVQ3QtGNywbsA9oQJtNJO3QyCTMTocT+igu3+hnuxK3gV/gLTtssbOuBC4dz7r1z5/gxo1JZ1reRW1ldW9/Ibxa2tnd298z9g6aMEoFJA0csEm0fScIoJw1FFSPtWBAU+oy0/OHdxG89EiFpxB/UKCZuiPqcBhQjpSXPPOrKoOB4FXgDLxzPPne8sq5LzyxaJWsKuEzsjBRBhrpn/nR7EU5CwhVmSMqObcXKTZFQFDMyLnQTSWKEh6hPOppyFBLpptP7x/BUKz0YREIXV3Cq/p1IUSjlKPR1Z4jUQC56E/E/r5Oo4NpNKY8TRTiePRQkDKoITsKAPSoIVmykCcKC6lshHiCBsNKRzW+KBe0P9I8CnTwlYqwTshfzWCbNcsmulqpOpVi7zbLKg2NwAs6ADa5ADdyDOmgADJ7AC3gFb8az8W58GJ+z1pyRzRyCORhfv04aoC0=</latexit>

Q4 =°Q1+Q2+Q3
<latexit sha1_base64="aY9cZL1OLz2E6Co4vKQeIzlNF6Y=">AAACJXicbZFNS8MwGMfT+TbnW9WjB4ND8OJoN5l6EIZePG7gXmAdJc3SLSxNS5IKo+zoZ/HgVT+GNxE8+RH8CmZdD27zgcCP//OSPP94EaNSWdaXkVtZXVvfyG8WtrZ3dvfM/YOWDGOBSROHLBQdD0nCKCdNRRUjnUgQFHiMtL3R3TTffiRC0pA/qHFEegEacOpTjJSWXPPYkX6h4V7DG+j4AuFKueHa5ynaGiuuWbRKVhpwGewMiiCLumv+OP0QxwHhCjMkZde2ItVLkFAUMzIpOLEkEcIjNCBdjRwFRPaSdJEJPNVKH/qh0IcrmKp/OxIUSDkOPF0ZIDWUi7mp+F+uGyv/qpdQHsWKcDy7yI8ZVCGcugL7VBCs2FgDwoLqt0I8RNoEpb2bnxQJOhjqjXz9BZSIiXbIXvRjGVrlkl0tVRsXxdpt5lUeHIETcAZscAlq4B7UQRNg8ARewCt4M56Nd+PD+JyV5oys5xDMhfH9C6aapAw=</latexit>

Q9 =
3

2
Q1°

1

2
Q3

<latexit sha1_base64="IrQJccRgxOKpQH04M3dSEdTkQeQ="></latexit>

Q10 =
1

2
Q1+Q2°

1

2
Q3

7 independent operators

evanescent operators vanish in 4D
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Chiral representations

Renormalization schemes usually defined in the chiral limit, m → 0

‣ Further constraints based on chiral symmetry


Irreps of 4-quark operators in 3-flavor case: SU(3)L x SU(3)R

‣ (nL, nR): nL/R indicates irreducible representation of SU(3)L/R


‣ Left-right operators:                    → (8,1) & (8,8) representations possible

‣ Left-left operators:                      only yields 27, 8 and 1 but no singlet in                      
→ (27,1) & (8,1)

15

<latexit sha1_base64="ZDD7T5jtppxGiMxcxVJc3eimciM=">AAACIHicbZC7TsMwFIadcivlFmCDxaJCapcqQagwVrAwMBREL1ITRY7rtFYdJ7UdpCqqxLMwsMJjsCFGeAleAbfNQFt+ydKn/5xj+/x+zKhUlvVl5FZW19Y38puFre2d3T1z/6Apo0Rg0sARi0TbR5IwyklDUcVIOxYEhT4jLX9wPam3HomQNOIPahQTN0Q9TgOKkdKWZx45MiiUHB8JKLtl73aGw2HZu/fMolWxpoLLYGdQBJnqnvnjdCOchIQrzJCUHduKlZsioShmZFxwEklihAeoRzoaOQqJdNPpDmN4qp0uDCKhD1dw6v6dSFEo5Sj0dWeIVF8u1ibmf7VOooJLN6U8ThThePZQkDCoIjgJBHapIFixkQaEBdV/hbiPBMJKxzZ/Uyxor683CnT6lIixTshezGMZmmcVu1qp3p0Xa1dZVnlwDE5ACdjgAtTADaiDBsDgCbyAV/BmPBvvxofxOWvNGdnMIZiT8f0LN1mi5A==</latexit>

(s̄d)L(q̄q)R
<latexit sha1_base64="PKu2hUAHBCIc9HQfjwwOiBsV6uE=">AAACMnicbVHLSgMxFL1TX7W+Rl26GSyCCykzKtVl0Y3LCvYBnVIyaaYNzSRDkhHK0J/wW1y41b/QnbgV/AUz7Sxs64WQwzn3kXsSxIwq7brvVmFldW19o7hZ2tre2d2z9w+aSiQSkwYWTMh2gBRhlJOGppqRdiwJigJGWsHoNtNbj0QqKviDHsekG6EBpyHFSBuqZ5/5Kiz5wqRkHS58TSOi8muJ7tllt+JOw1kGXg7KkEe9Z//4fYGTiHCNGVKq47mx7qZIaooZmZT8RJEY4REakI6BHJkp3XS61cQ5MUzfCYU0h2tnyv6tSFGk1DgKTGaE9FAtahn5n9ZJdHjdTSmPE004ng0KE+Zo4WQWOX0qCdZsbADCkpq3OniIJMLaGDnfKZZ0MDQbheY/KJET45C36McyaJ5XvGqlen9Zrt3kXhXhCI7hFDy4ghrcQR0agOEJXuAV3qxn68P6tL5mqQUrrzmEubC+fwH+1KxF</latexit>

3£3£3£3
<latexit sha1_base64="v4PRuPcwMQ+JVIL+2r9RP8pc/bM=">AAACIHicbZC7TsMwFIadcivlFmCDxaJCKkuVIFQYK1gYGIpEL1ITRY7jtFYdJ7UdpCqqxLMwsMJjsCFGeAleAbfNQFt+ydKn/5xj+/x+wqhUlvVlFFZW19Y3ipulre2d3T1z/6Al41Rg0sQxi0XHR5IwyklTUcVIJxEERT4jbX9wM6m3H4mQNOYPapQQN0I9TkOKkdKWZx45MixVHB8JKIMz726Gw6FGzyxbVWsquAx2DmWQq+GZP04Q4zQiXGGGpOzaVqLcDAlFMSPjkpNKkiA8QD3S1chRRKSbTXcYw1PtBDCMhT5cwan7dyJDkZSjyNedEVJ9uVibmP/VuqkKr9yM8iRVhOPZQ2HKoIrhJBAYUEGwYiMNCAuq/wpxHwmElY5t/qZE0F5fbxTq9CkRY52QvZjHMrTOq3atWru/KNev86yK4BicgAqwwSWog1vQAE2AwRN4Aa/gzXg23o0P43PWWjDymUMwJ+P7Fy2Tot4=</latexit>

(s̄d)L(q̄q)L
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<latexit sha1_base64="P7TeJv2Pqpj3mXTiHwQt+Mehna4="></latexit>

Q0
1 = 3Q1+2Q2°Q3

Q0
2 =

2

5
Q1°

2

5
Q2+

1

5
Q3

Q0
3 =°3

5
Q1+

3

5
Q2+

1

5
Q3

Chiral basis

Mixing only with operators in the same chiral multiplet allowed

16

<latexit sha1_base64="HT8FXHOoD7OWr5IyxRu974hTi3U=">AAACHHicbZDLSgMxFIYz9VbrbVRw4yZYRBdSZkSrG6HoxmUL9gLtMGTSM21o5kKSEcrYV3HhVh/DnbgVfApfwbSdhW09EPj4/3OSk9+LOZPKsr6N3NLyyupafr2wsbm1vWPu7jVklAgKdRrxSLQ8IoGzEOqKKQ6tWAAJPA5Nb3A39puPICSLwgc1jMEJSC9kPqNEack1DzrSL9Tc9PKsPDrBNzhD1yxaJWtSeBHsDIooq6pr/nS6EU0CCBXlRMq2bcXKSYlQjHIYFTqJhJjQAelBW2NIApBOOtl/hI+10sV+JPQJFZ6ofydSEkg5DDzdGRDVl/PeWPzPayfKv3ZSFsaJgpBOH/ITjlWEx2HgLhNAFR9qIFQwvSumfSIIVTqy2ZtiwXp9/SNfJ89AjBOy5/NYhMZ5yS6XyrWLYuU2yyqPDtEROkU2ukIVdI+qqI4oekIv6BW9Gc/Gu/FhfE5bc0Y2s49myvj6BUuyoMU=</latexit>

Q0
5,6 =Q5,6

<latexit sha1_base64="u+9ArHCjVNjLXTIjzLYukHPy21U=">AAACHHicbZDLSgMxFIbP1Futt1HBjZtgEV1ImRFpuxGKbly2YC/QDiWTZtrQzIUkI5Sxr+LCrT6GO3Er+BS+gpl2FrZ6IPDx/+ckJ78bcSaVZX0ZuZXVtfWN/GZha3tnd8/cP2jJMBaENknIQ9FxsaScBbSpmOK0EwmKfZfTtju+Tf32AxWShcG9mkTU8fEwYB4jWGmpbx71pFdo9JPKRXV6hq5Rhn2zaJWsWaG/YGdQhKzqffO7NwhJ7NNAEY6l7NpWpJwEC8UIp9NCL5Y0wmSMh7SrMcA+lU4y23+KTrUyQF4o9AkUmqm/JxLsSznxXd3pYzWSy14q/ud1Y+VVnYQFUaxoQOYPeTFHKkRpGGjABCWKTzRgIpjeFZERFpgoHdniTZFgw5H+kaeTZ1SkCdnLefyF1mXJLpfKjati7SbLKg/HcALnYEMFanAHdWgCgUd4hhd4NZ6MN+Pd+Ji35oxs5hAWyvj8AVj2oM0=</latexit>

Q0
7,8 =Q7,8

(8,1)

(27,1)

(8,8)

ΔI = 1/2 & 3/2

ΔI = 1/2

ΔI = 1/2 & 3/2
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RI/SMOM schemes
17

Renormalization condition


SMOM momenta & scale definition: 

Landau gauge chosen

124 (= (nc ns)4) elements projected to only several equations (labeled by m)

Qj

<latexit sha1_base64="w5QVQNJ93qNSicsUYZSBSeasbos=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bsB/QhrLZbtq1m03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38389hPXRsTqAScJ9yM6VCIUjKKV2j0Tlhr9x3654lbdOcgq8XJSgRz1fvmrN4hZGnGFTFJjup6boJ9RjYJJPi31UsMTysZ0yLuWKhpx42fzc6fkzCoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGF77mVBJilyxxaIwlQRjMvudDITmDOXEEsq0sLcSNqKaMrQJlWwI3vLLq6R1UfUuqzeNy0rtNo+jCCdwCufgwRXU4B7q0AQGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8Ap+2PJQ==</latexit>

p1

<latexit sha1_base64="bGdnzAHiWgzet6b3pLwhLxXT37M=">AAAB7nicbVBNSwMxEJ3Ur7p+VT16CRbBU9kVQb0VvXisYD+gXUo2zbah2WxIskJZ+iO8eFDEq7/Hm//GtN2Dtj4YeLw3w8y8SAlurO9/o9La+sbmVnnb29nd2z+oHB61TJppypo0FanuRMQwwSVrWm4F6yjNSBIJ1o7GdzO//cS04al8tBPFwoQMJY85JdZJ7Z6JPdUP+pWqX/PnwKskKEgVCjT6la/eIKVZwqSlghjTDXxlw5xoy6lgU6+XGaYIHZMh6zoqScJMmM/PneIzpwxwnGpX0uK5+nsiJ4kxkyRynQmxI7PszcT/vG5m4+sw51Jllkm6WBRnAtsUz37HA64ZtWLiCKGau1sxHRFNqHUJeS6EYPnlVdK6qAWXtZuHy2r9toijDCdwCucQwBXU4R4a0AQKY3iGV3hDCr2gd/SxaC2hYuYY/gB9/gCAw48L</latexit>

p2

<latexit sha1_base64="pRNcfLdTsVGY3kP7fcZfGEhI3oA=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LBbBU0lKQb0VvXisYD+gDWWz3bRLN5tldyOU0B/hxYMiXv093vw3btMctPXBwOO9GWbmhZIzbTzv2yltbG5t75R33b39g8OjyvFJRyepIrRNEp6oXog15UzQtmGG055UFMchp91werfwu09UaZaIRzOTNIjxWLCIEWys1B3oyJXD+rBS9WpeDrRO/IJUoUBrWPkajBKSxlQYwrHWfd+TJsiwMoxwOncHqaYSkyke076lAsdUB1l+7hxdWGWEokTZEgbl6u+JDMdaz+LQdsbYTPSqtxD/8/qpia6DjAmZGirIclGUcmQStPgdjZiixPCZJZgoZm9FZIIVJsYm5NoQ/NWX10mnXvMbtZuHRrV5W8RRhjM4h0vw4QqacA8taAOBKTzDK7w50nlx3p2PZWvJKWZO4Q+czx+CR48M</latexit>

p2

<latexit sha1_base64="pRNcfLdTsVGY3kP7fcZfGEhI3oA=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LBbBU0lKQb0VvXisYD+gDWWz3bRLN5tldyOU0B/hxYMiXv093vw3btMctPXBwOO9GWbmhZIzbTzv2yltbG5t75R33b39g8OjyvFJRyepIrRNEp6oXog15UzQtmGG055UFMchp91werfwu09UaZaIRzOTNIjxWLCIEWys1B3oyJXD+rBS9WpeDrRO/IJUoUBrWPkajBKSxlQYwrHWfd+TJsiwMoxwOncHqaYSkyke076lAsdUB1l+7hxdWGWEokTZEgbl6u+JDMdaz+LQdsbYTPSqtxD/8/qpia6DjAmZGirIclGUcmQStPgdjZiixPCZJZgoZm9FZIIVJsYm5NoQ/NWX10mnXvMbtZuHRrV5W8RRhjM4h0vw4QqacA8taAOBKTzDK7w50nlx3p2PZWvJKWZO4Q+czx+CR48M</latexit>

p1

<latexit sha1_base64="bGdnzAHiWgzet6b3pLwhLxXT37M=">AAAB7nicbVBNSwMxEJ3Ur7p+VT16CRbBU9kVQb0VvXisYD+gXUo2zbah2WxIskJZ+iO8eFDEq7/Hm//GtN2Dtj4YeLw3w8y8SAlurO9/o9La+sbmVnnb29nd2z+oHB61TJppypo0FanuRMQwwSVrWm4F6yjNSBIJ1o7GdzO//cS04al8tBPFwoQMJY85JdZJ7Z6JPdUP+pWqX/PnwKskKEgVCjT6la/eIKVZwqSlghjTDXxlw5xoy6lgU6+XGaYIHZMh6zoqScJMmM/PneIzpwxwnGpX0uK5+nsiJ4kxkyRynQmxI7PszcT/vG5m4+sw51Jllkm6WBRnAtsUz37HA64ZtWLiCKGau1sxHRFNqHUJeS6EYPnlVdK6qAWXtZuHy2r9toijDCdwCucQwBXU4R4a0AQKY3iGV3hDCr2gd/SxaC2hYuYY/gB9/gCAw48L</latexit>

p1

<latexit sha1_base64="bGdnzAHiWgzet6b3pLwhLxXT37M=">AAAB7nicbVBNSwMxEJ3Ur7p+VT16CRbBU9kVQb0VvXisYD+gXUo2zbah2WxIskJZ+iO8eFDEq7/Hm//GtN2Dtj4YeLw3w8y8SAlurO9/o9La+sbmVnnb29nd2z+oHB61TJppypo0FanuRMQwwSVrWm4F6yjNSBIJ1o7GdzO//cS04al8tBPFwoQMJY85JdZJ7Z6JPdUP+pWqX/PnwKskKEgVCjT6la/eIKVZwqSlghjTDXxlw5xoy6lgU6+XGaYIHZMh6zoqScJMmM/PneIzpwxwnGpX0uK5+nsiJ4kxkyRynQmxI7PszcT/vG5m4+sw51Jllkm6WBRnAtsUz37HA64ZtWLiCKGau1sxHRFNqHUJeS6EYPnlVdK6qAWXtZuHy2r9toijDCdwCucQwBXU4R4a0AQKY3iGV3hDCr2gd/SxaC2hYuYY/gB9/gCAw48L</latexit>

p2

<latexit sha1_base64="pRNcfLdTsVGY3kP7fcZfGEhI3oA=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LBbBU0lKQb0VvXisYD+gDWWz3bRLN5tldyOU0B/hxYMiXv093vw3btMctPXBwOO9GWbmhZIzbTzv2yltbG5t75R33b39g8OjyvFJRyepIrRNEp6oXog15UzQtmGG055UFMchp91werfwu09UaZaIRzOTNIjxWLCIEWys1B3oyJXD+rBS9WpeDrRO/IJUoUBrWPkajBKSxlQYwrHWfd+TJsiwMoxwOncHqaYSkyke076lAsdUB1l+7hxdWGWEokTZEgbl6u+JDMdaz+LQdsbYTPSqtxD/8/qpia6DjAmZGirIclGUcmQStPgdjZiixPCZJZgoZm9FZIIVJsYm5NoQ/NWX10mnXvMbtZuHRrV5W8RRhjM4h0vw4QqacA8taAOBKTzDK7w50nlx3p2PZWvJKWZO4Q+czx+CR48M</latexit>

p2

<latexit sha1_base64="pRNcfLdTsVGY3kP7fcZfGEhI3oA=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LBbBU0lKQb0VvXisYD+gDWWz3bRLN5tldyOU0B/hxYMiXv093vw3btMctPXBwOO9GWbmhZIzbTzv2yltbG5t75R33b39g8OjyvFJRyepIrRNEp6oXog15UzQtmGG055UFMchp91werfwu09UaZaIRzOTNIjxWLCIEWys1B3oyJXD+rBS9WpeDrRO/IJUoUBrWPkajBKSxlQYwrHWfd+TJsiwMoxwOncHqaYSkyke076lAsdUB1l+7hxdWGWEokTZEgbl6u+JDMdaz+LQdsbYTPSqtxD/8/qpia6DjAmZGirIclGUcmQStPgdjZiixPCZJZgoZm9FZIIVJsYm5NoQ/NWX10mnXvMbtZuHRrV5W8RRhjM4h0vw4QqacA8taAOBKTzDK7w50nlx3p2PZWvJKWZO4Q+czx+CR48M</latexit>

p1

<latexit sha1_base64="bGdnzAHiWgzet6b3pLwhLxXT37M=">AAAB7nicbVBNSwMxEJ3Ur7p+VT16CRbBU9kVQb0VvXisYD+gXUo2zbah2WxIskJZ+iO8eFDEq7/Hm//GtN2Dtj4YeLw3w8y8SAlurO9/o9La+sbmVnnb29nd2z+oHB61TJppypo0FanuRMQwwSVrWm4F6yjNSBIJ1o7GdzO//cS04al8tBPFwoQMJY85JdZJ7Z6JPdUP+pWqX/PnwKskKEgVCjT6la/eIKVZwqSlghjTDXxlw5xoy6lgU6+XGaYIHZMh6zoqScJMmM/PneIzpwxwnGpX0uK5+nsiJ4kxkyRynQmxI7PszcT/vG5m4+sw51Jllkm6WBRnAtsUz37HA64ZtWLiCKGau1sxHRFNqHUJeS6EYPnlVdK6qAWXtZuHy2r9toijDCdwCucQwBXU4R4a0AQKY3iGV3hDCr2gd/SxaC2hYuYY/gB9/gCAw48L</latexit>

Qi

<latexit sha1_base64="KYny2ecrTP2mEEU4fXQKc4oOpbU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YD+gDWWznbRLN5uwuxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akm93O/84RK81g+mmmCfkRHkoecUWOlTl+HpeaAD8oVt+ouQNaJl5MK5GgMyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FkqaYTazxbnzsiFVYYkjJUtachC/T2R0UjraRTYzoiasV715uJ/Xi814Y2fcZmkBiVbLgpTQUxM5r+TIVfIjJhaQpni9lbCxlRRZmxCJRuCt/ryOmlfVb1a9bZZq9Tv8jiKcAbncAkeXEMdHqABLWAwgWd4hTcncV6cd+dj2Vpw8plT+APn8wemaY8k</latexit>

NP free

Amputated vertex functions

<latexit sha1_base64="Xl+V49bsa+jqSCdoWdAfxGuMIhM=">AAACH3icbZC7TsMwFIYdrqXcAkyIJaJCKktJECqMFSwwVJRLL6IJleM6ranjRLaDVEURz8LACo/Bhlj7FLwCbpuBtvySpV//Ocf2+dyQEiFNc6DNzS8sLi1nVrKra+sbm/rWdk0EEUe4igIa8IYLBaaE4aokkuJGyDH0XYrrbu9iWK8/Yy5IwO5lP8SODzuMeARBqaKWvmsLL/vQislT8hjfXh3dla/LSd72o8OWnjML5kjGrLFSkwOpKi39x24HKPIxk4hCIZqWGUonhlwSRHGStSOBQ4h6sIObyjLoY+HEoxUS40AlbcMLuDpMGqP070QMfSH6vqs6fSi7Yro2DP+rNSPpnTkxYWEkMUPjh7yIGjIwhjyMNuEYSdpXBiJO1F8N1IUcIqmoTd4UctLpqo08BZ9gnihC1jSPWVM7LljFQvHmJFc6T1llwB7YB3lggVNQApegAqoAgRfwBt7Bh/aqfWpf2ve4dU5LZ3bAhLTBL6G+ozA=</latexit>

ZRI/SMOM

ij
(µ)

<latexit sha1_base64="oacIwa3/SuiHVigM/nDqRiOhpBk="></latexit>

µ2 = p21 = p22 = (p1°p2)2

<latexit sha1_base64="ZPte9ZF08PYpFesj58yaP9oZ994=">AAACEnicbZDLTgIxFIbP4A3xhrp000hMcENmiEGXRDcuMZFLZIB0Sgca2pmx7ZiQCW/hwq0+hjvj1hfwKXwFC8xCwJM0+fP/57SnnxdxprRtf1uZtfWNza3sdm5nd2//IH941FBhLAmtk5CHsuVhRTkLaF0zzWkrkhQLj9OmN7qZ5s0nKhULg3s9jmhH4EHAfEawNlbXVX7uofdYdEV83i338gW7ZM8KrQonFQVIq9bL/7j9kMSCBppwrFTbsSPdSbDUjHA6ybmxohEmIzygbSMDLKjqJLOtJ+jMOH3kh9KcQKOZ+3ciwUKpsfBMp8B6qJazqflf1o61f9VJWBDFmgZk/pAfc6RDNEWA+kxSovnYCEwkM7siMsQSE21ALd4USTYYmh/5hjejcmIIOcs8VkWjXHIqpcrdRaF6nbLKwgmcQhEcuIQq3EIN6kBAwgu8wpv1bL1bH9bnvDVjpTPHsFDW1y99tp5r</latexit>

Zq(µ)2

0712.1061

<latexit sha1_base64="uWZOMBzGkTtb3GjiCcZWBpm3OCI="></latexit>

X

j

Zsij(µ)

Zq(µ)2
PÆØ∞±m §

ÆØ∞±

j = PÆØ∞±m §
ÆØ∞±

j

ØØØ
free

*Projectors specifically define the scheme
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Renormalization condition


SMOM momenta & scale definition: 

Landau gauge chosen

124 (= (nc ns)4) elements projected to only several equations (labeled by m)

Qj

<latexit sha1_base64="w5QVQNJ93qNSicsUYZSBSeasbos=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bsB/QhrLZbtq1m03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38389hPXRsTqAScJ9yM6VCIUjKKV2j0Tlhr9x3654lbdOcgq8XJSgRz1fvmrN4hZGnGFTFJjup6boJ9RjYJJPi31UsMTysZ0yLuWKhpx42fzc6fkzCoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGF77mVBJilyxxaIwlQRjMvudDITmDOXEEsq0sLcSNqKaMrQJlWwI3vLLq6R1UfUuqzeNy0rtNo+jCCdwCufgwRXU4B7q0AQGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8Ap+2PJQ==</latexit>

p1

<latexit sha1_base64="bGdnzAHiWgzet6b3pLwhLxXT37M=">AAAB7nicbVBNSwMxEJ3Ur7p+VT16CRbBU9kVQb0VvXisYD+gXUo2zbah2WxIskJZ+iO8eFDEq7/Hm//GtN2Dtj4YeLw3w8y8SAlurO9/o9La+sbmVnnb29nd2z+oHB61TJppypo0FanuRMQwwSVrWm4F6yjNSBIJ1o7GdzO//cS04al8tBPFwoQMJY85JdZJ7Z6JPdUP+pWqX/PnwKskKEgVCjT6la/eIKVZwqSlghjTDXxlw5xoy6lgU6+XGaYIHZMh6zoqScJMmM/PneIzpwxwnGpX0uK5+nsiJ4kxkyRynQmxI7PszcT/vG5m4+sw51Jllkm6WBRnAtsUz37HA64ZtWLiCKGau1sxHRFNqHUJeS6EYPnlVdK6qAWXtZuHy2r9toijDCdwCucQwBXU4R4a0AQKY3iGV3hDCr2gd/SxaC2hYuYY/gB9/gCAw48L</latexit>

p2

<latexit sha1_base64="pRNcfLdTsVGY3kP7fcZfGEhI3oA=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LBbBU0lKQb0VvXisYD+gDWWz3bRLN5tldyOU0B/hxYMiXv093vw3btMctPXBwOO9GWbmhZIzbTzv2yltbG5t75R33b39g8OjyvFJRyepIrRNEp6oXog15UzQtmGG055UFMchp91werfwu09UaZaIRzOTNIjxWLCIEWys1B3oyJXD+rBS9WpeDrRO/IJUoUBrWPkajBKSxlQYwrHWfd+TJsiwMoxwOncHqaYSkyke076lAsdUB1l+7hxdWGWEokTZEgbl6u+JDMdaz+LQdsbYTPSqtxD/8/qpia6DjAmZGirIclGUcmQStPgdjZiixPCZJZgoZm9FZIIVJsYm5NoQ/NWX10mnXvMbtZuHRrV5W8RRhjM4h0vw4QqacA8taAOBKTzDK7w50nlx3p2PZWvJKWZO4Q+czx+CR48M</latexit>

p2

<latexit sha1_base64="pRNcfLdTsVGY3kP7fcZfGEhI3oA=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LBbBU0lKQb0VvXisYD+gDWWz3bRLN5tldyOU0B/hxYMiXv093vw3btMctPXBwOO9GWbmhZIzbTzv2yltbG5t75R33b39g8OjyvFJRyepIrRNEp6oXog15UzQtmGG055UFMchp91werfwu09UaZaIRzOTNIjxWLCIEWys1B3oyJXD+rBS9WpeDrRO/IJUoUBrWPkajBKSxlQYwrHWfd+TJsiwMoxwOncHqaYSkyke076lAsdUB1l+7hxdWGWEokTZEgbl6u+JDMdaz+LQdsbYTPSqtxD/8/qpia6DjAmZGirIclGUcmQStPgdjZiixPCZJZgoZm9FZIIVJsYm5NoQ/NWX10mnXvMbtZuHRrV5W8RRhjM4h0vw4QqacA8taAOBKTzDK7w50nlx3p2PZWvJKWZO4Q+czx+CR48M</latexit>

p1

<latexit sha1_base64="bGdnzAHiWgzet6b3pLwhLxXT37M=">AAAB7nicbVBNSwMxEJ3Ur7p+VT16CRbBU9kVQb0VvXisYD+gXUo2zbah2WxIskJZ+iO8eFDEq7/Hm//GtN2Dtj4YeLw3w8y8SAlurO9/o9La+sbmVnnb29nd2z+oHB61TJppypo0FanuRMQwwSVrWm4F6yjNSBIJ1o7GdzO//cS04al8tBPFwoQMJY85JdZJ7Z6JPdUP+pWqX/PnwKskKEgVCjT6la/eIKVZwqSlghjTDXxlw5xoy6lgU6+XGaYIHZMh6zoqScJMmM/PneIzpwxwnGpX0uK5+nsiJ4kxkyRynQmxI7PszcT/vG5m4+sw51Jllkm6WBRnAtsUz37HA64ZtWLiCKGau1sxHRFNqHUJeS6EYPnlVdK6qAWXtZuHy2r9toijDCdwCucQwBXU4R4a0AQKY3iGV3hDCr2gd/SxaC2hYuYY/gB9/gCAw48L</latexit>

p1

<latexit sha1_base64="bGdnzAHiWgzet6b3pLwhLxXT37M=">AAAB7nicbVBNSwMxEJ3Ur7p+VT16CRbBU9kVQb0VvXisYD+gXUo2zbah2WxIskJZ+iO8eFDEq7/Hm//GtN2Dtj4YeLw3w8y8SAlurO9/o9La+sbmVnnb29nd2z+oHB61TJppypo0FanuRMQwwSVrWm4F6yjNSBIJ1o7GdzO//cS04al8tBPFwoQMJY85JdZJ7Z6JPdUP+pWqX/PnwKskKEgVCjT6la/eIKVZwqSlghjTDXxlw5xoy6lgU6+XGaYIHZMh6zoqScJMmM/PneIzpwxwnGpX0uK5+nsiJ4kxkyRynQmxI7PszcT/vG5m4+sw51Jllkm6WBRnAtsUz37HA64ZtWLiCKGau1sxHRFNqHUJeS6EYPnlVdK6qAWXtZuHy2r9toijDCdwCucQwBXU4R4a0AQKY3iGV3hDCr2gd/SxaC2hYuYY/gB9/gCAw48L</latexit>

p2

<latexit sha1_base64="pRNcfLdTsVGY3kP7fcZfGEhI3oA=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LBbBU0lKQb0VvXisYD+gDWWz3bRLN5tldyOU0B/hxYMiXv093vw3btMctPXBwOO9GWbmhZIzbTzv2yltbG5t75R33b39g8OjyvFJRyepIrRNEp6oXog15UzQtmGG055UFMchp91werfwu09UaZaIRzOTNIjxWLCIEWys1B3oyJXD+rBS9WpeDrRO/IJUoUBrWPkajBKSxlQYwrHWfd+TJsiwMoxwOncHqaYSkyke076lAsdUB1l+7hxdWGWEokTZEgbl6u+JDMdaz+LQdsbYTPSqtxD/8/qpia6DjAmZGirIclGUcmQStPgdjZiixPCZJZgoZm9FZIIVJsYm5NoQ/NWX10mnXvMbtZuHRrV5W8RRhjM4h0vw4QqacA8taAOBKTzDK7w50nlx3p2PZWvJKWZO4Q+czx+CR48M</latexit>

p2

<latexit sha1_base64="pRNcfLdTsVGY3kP7fcZfGEhI3oA=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LBbBU0lKQb0VvXisYD+gDWWz3bRLN5tldyOU0B/hxYMiXv093vw3btMctPXBwOO9GWbmhZIzbTzv2yltbG5t75R33b39g8OjyvFJRyepIrRNEp6oXog15UzQtmGG055UFMchp91werfwu09UaZaIRzOTNIjxWLCIEWys1B3oyJXD+rBS9WpeDrRO/IJUoUBrWPkajBKSxlQYwrHWfd+TJsiwMoxwOncHqaYSkyke076lAsdUB1l+7hxdWGWEokTZEgbl6u+JDMdaz+LQdsbYTPSqtxD/8/qpia6DjAmZGirIclGUcmQStPgdjZiixPCZJZgoZm9FZIIVJsYm5NoQ/NWX10mnXvMbtZuHRrV5W8RRhjM4h0vw4QqacA8taAOBKTzDK7w50nlx3p2PZWvJKWZO4Q+czx+CR48M</latexit>

p1

<latexit sha1_base64="bGdnzAHiWgzet6b3pLwhLxXT37M=">AAAB7nicbVBNSwMxEJ3Ur7p+VT16CRbBU9kVQb0VvXisYD+gXUo2zbah2WxIskJZ+iO8eFDEq7/Hm//GtN2Dtj4YeLw3w8y8SAlurO9/o9La+sbmVnnb29nd2z+oHB61TJppypo0FanuRMQwwSVrWm4F6yjNSBIJ1o7GdzO//cS04al8tBPFwoQMJY85JdZJ7Z6JPdUP+pWqX/PnwKskKEgVCjT6la/eIKVZwqSlghjTDXxlw5xoy6lgU6+XGaYIHZMh6zoqScJMmM/PneIzpwxwnGpX0uK5+nsiJ4kxkyRynQmxI7PszcT/vG5m4+sw51Jllkm6WBRnAtsUz37HA64ZtWLiCKGau1sxHRFNqHUJeS6EYPnlVdK6qAWXtZuHy2r9toijDCdwCucQwBXU4R4a0AQKY3iGV3hDCr2gd/SxaC2hYuYY/gB9/gCAw48L</latexit>

Qi

<latexit sha1_base64="KYny2ecrTP2mEEU4fXQKc4oOpbU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YD+gDWWznbRLN5uwuxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akm93O/84RK81g+mmmCfkRHkoecUWOlTl+HpeaAD8oVt+ouQNaJl5MK5GgMyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FkqaYTazxbnzsiFVYYkjJUtachC/T2R0UjraRTYzoiasV715uJ/Xi814Y2fcZmkBiVbLgpTQUxM5r+TIVfIjJhaQpni9lbCxlRRZmxCJRuCt/ryOmlfVb1a9bZZq9Tv8jiKcAbncAkeXEMdHqABLWAwgWd4hTcncV6cd+dj2Vpw8plT+APn8wemaY8k</latexit>

NP free

Amputated vertex functions

<latexit sha1_base64="Xl+V49bsa+jqSCdoWdAfxGuMIhM=">AAACH3icbZC7TsMwFIYdrqXcAkyIJaJCKktJECqMFSwwVJRLL6IJleM6ranjRLaDVEURz8LACo/Bhlj7FLwCbpuBtvySpV//Ocf2+dyQEiFNc6DNzS8sLi1nVrKra+sbm/rWdk0EEUe4igIa8IYLBaaE4aokkuJGyDH0XYrrbu9iWK8/Yy5IwO5lP8SODzuMeARBqaKWvmsLL/vQislT8hjfXh3dla/LSd72o8OWnjML5kjGrLFSkwOpKi39x24HKPIxk4hCIZqWGUonhlwSRHGStSOBQ4h6sIObyjLoY+HEoxUS40AlbcMLuDpMGqP070QMfSH6vqs6fSi7Yro2DP+rNSPpnTkxYWEkMUPjh7yIGjIwhjyMNuEYSdpXBiJO1F8N1IUcIqmoTd4UctLpqo08BZ9gnihC1jSPWVM7LljFQvHmJFc6T1llwB7YB3lggVNQApegAqoAgRfwBt7Bh/aqfWpf2ve4dU5LZ3bAhLTBL6G+ozA=</latexit>

ZRI/SMOM

ij
(µ)

<latexit sha1_base64="oacIwa3/SuiHVigM/nDqRiOhpBk="></latexit>

µ2 = p21 = p22 = (p1°p2)2

<latexit sha1_base64="ZPte9ZF08PYpFesj58yaP9oZ994=">AAACEnicbZDLTgIxFIbP4A3xhrp000hMcENmiEGXRDcuMZFLZIB0Sgca2pmx7ZiQCW/hwq0+hjvj1hfwKXwFC8xCwJM0+fP/57SnnxdxprRtf1uZtfWNza3sdm5nd2//IH941FBhLAmtk5CHsuVhRTkLaF0zzWkrkhQLj9OmN7qZ5s0nKhULg3s9jmhH4EHAfEawNlbXVX7uofdYdEV83i338gW7ZM8KrQonFQVIq9bL/7j9kMSCBppwrFTbsSPdSbDUjHA6ybmxohEmIzygbSMDLKjqJLOtJ+jMOH3kh9KcQKOZ+3ciwUKpsfBMp8B6qJazqflf1o61f9VJWBDFmgZk/pAfc6RDNEWA+kxSovnYCEwkM7siMsQSE21ALd4USTYYmh/5hjejcmIIOcs8VkWjXHIqpcrdRaF6nbLKwgmcQhEcuIQq3EIN6kBAwgu8wpv1bL1bH9bnvDVjpTPHsFDW1y99tp5r</latexit>

Zq(µ)2

0712.1061

<latexit sha1_base64="uWZOMBzGkTtb3GjiCcZWBpm3OCI="></latexit>

X

j

Zsij(µ)

Zq(µ)2
PÆØ∞±m §

ÆØ∞±

j = PÆØ∞±m §
ÆØ∞±

j

ØØØ
free

symmetric

*Projectors specifically define the scheme

operator carries momentum 
with “symmetric” magnitude
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Diagrams
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connected disconnected
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Discretization error on Z

Roughly O((a μ)2) but …


O(4) violation on lattice → Z dependent on direction of p1 & p2


‣ example at O(a2):   


We have to make the O(a2) coefficient mutual for all lattices

‣ Simply choosing the same p1 & p2 is enough

‣ Not a problem if the physical volume L is mutual for these ensembles

19

<latexit sha1_base64="jOUI4znhslVPz6uTqAEaFfooVcM=">AAACHnicbZDLSgMxFIYz9VbrbdSN4CZYBFdlpkh1IxTduHBRwV6gM5RMmmlDM5mQZIQy1Gdx4VYfw5241afwFcy0s7CtPwR+/nNOkvMFglGlHefbKqysrq1vFDdLW9s7u3v2/kFLxYnEpIljFstOgBRhlJOmppqRjpAERQEj7WB0k9Xbj0QqGvMHPRbEj9CA05BipE3Us488FZYEvIJeKBFOq56gkE/Su0nPLjsVZyq4bNzclEGuRs/+8foxTiLCNWZIqa7rCO2nSGqKGZmUvEQRgfAIDUjXWI4iovx0usEEnpqkD8NYmsM1nKZ/J1IUKTWOAtMZIT1Ui7Us/K/WTXR46aeUi0QTjmcPhQmDOoYZDtinkmDNxsYgLKn5K8RDZFBoA23+JiHpYGg2Cg17SmRGyF3ksWxa1Ypbq9Tuz8v165xVERyDE3AGXHAB6uAWNEATYPAEXsAreLOerXfrw/qctRasfOYQzMn6+gXZw6LN</latexit>

p= 2ºn

L
possible momenta:

<latexit sha1_base64="pVWJhGhnboe8xZtV7x940cG18QU="></latexit>P
µ(apµi )4/(aµ)2

<latexit sha1_base64="hAUbWFlPsiujXKl1NJ1TkP8CFuk="></latexit>

n=° L

2a
+1, . . . ,

L

2a
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Continuum extrapolations of MEs
20

0.06

0.08

0.1
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0.14

0.16

0.18

0.2

0 0.01 0.02 0.03 0.04

total error
statistical error

PBC
GPBC

continuum

a2 [fm2]

M3
(γμ,γμ)(1.2 GeV) [GeV3]

-0.75

-0.7

-0.65

-0.6

-0.55

-0.5

-0.45

0 0.01 0.02 0.03 0.04

total error
statistical error

PBC
GPBC

continuum

a2 [fm2]

M6
(γμ,γμ)(1.2 GeV) [GeV3]

SMOM(γμ,γμ) scheme at 1.2 GeV


Only 2 lattice spacings → potential effect of O(a4)?

<latexit sha1_base64="tI5mv5yRR3sxlygoAJ+LVvuRcQs=">AAACDHicbVDLTgJBEOzFF+IL9ehlIjF6Irtq0CPRi0dI5JHAhswOvTBh9pGZWROy4Rc8eNXP8Ga8+g9+hb/gAHsQsJJJKlXdPd3lxYIrbdvfVm5tfWNzK79d2Nnd2z8oHh41VZRIhg0WiUi2PapQ8BAbmmuB7VgiDTyBLW90P/VbTygVj8JHPY7RDegg5D5nVBup3VV+od67Ou8VS3bZnoGsEicjJchQ6xV/uv2IJQGGmgmqVMexY+2mVGrOBE4K3URhTNmIDrBjaEgDVG4623dCzozSJ34kzQs1mal/O1IaKDUOPFMZUD1Uy95U/M/rJNq/dVMexonGkM0/8hNBdESmx5M+l8i0GBtCmeRmV8KGVFKmTUSLk2LJB0NzkW+S5ignJiFnOY9V0rwsO5VypX5dqt5lWeXhBE7hAhy4gSo8QA0awEDAC7zCm/VsvVsf1ue8NGdlPcewAOvrF+EGm/A=</latexit>

Q0
3

<latexit sha1_base64="F8GOQ0czxLpSzA+bRzyDpv9c9AM=">AAACDHicbVDLTgJBEOzFF+IL9ehlIjF6IrvGoEeiF4+QCJIAIbNDL0yYnd3MzJqQDb/gwat+hjfj1X/wK/wFB9iDgJVMUqnq7ukuPxZcG9f9dnJr6xubW/ntws7u3v5B8fCoqaNEMWywSESq5VONgktsGG4EtmKFNPQFPvqju6n/+IRK80g+mHGM3ZAOJA84o8ZKrY4OCvVe5bxXLLlldwaySryMlCBDrVf86fQjloQoDRNU67bnxqabUmU4EzgpdBKNMWUjOsC2pZKGqLvpbN8JObNKnwSRsk8aMlP/dqQ01Hoc+rYypGaol72p+J/XTkxw0025jBODks0/ChJBTESmx5M+V8iMGFtCmeJ2V8KGVFFmbESLk2LFB0N7UWCT5qgmNiFvOY9V0rwse5VypX5Vqt5mWeXhBE7hAjy4hircQw0awEDAC7zCm/PsvDsfzue8NOdkPcewAOfrF+Xsm/M=</latexit>

Q0
6
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Intermediate scheme/scale-dependence

afine on a very fine lattice ensemble

This should be the bare matrix elements 
on that fine lattice

should be independent of intermediate 
scheme/scale

Difference should be from 

‣ failure of the continuum extrapolation with O(a2) 

assumption

‣ mixing with excluded operators

21
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Z2A (Z32Ifine→RI(μl)-1 lima→0 MRI(μl))6

<latexit sha1_base64="dNjvpOFOqxyT2IVDUpHel1RDAWQ="></latexit>

Zlat!RI(µ,afine)°1 lim
a!0

Zlat!RI(µ,a)~MI(a)

<latexit sha1_base64="tI5mv5yRR3sxlygoAJ+LVvuRcQs=">AAACDHicbVDLTgJBEOzFF+IL9ehlIjF6Irtq0CPRi0dI5JHAhswOvTBh9pGZWROy4Rc8eNXP8Ga8+g9+hb/gAHsQsJJJKlXdPd3lxYIrbdvfVm5tfWNzK79d2Nnd2z8oHh41VZRIhg0WiUi2PapQ8BAbmmuB7VgiDTyBLW90P/VbTygVj8JHPY7RDegg5D5nVBup3VV+od67Ou8VS3bZnoGsEicjJchQ6xV/uv2IJQGGmgmqVMexY+2mVGrOBE4K3URhTNmIDrBjaEgDVG4623dCzozSJ34kzQs1mal/O1IaKDUOPFMZUD1Uy95U/M/rJNq/dVMexonGkM0/8hNBdESmx5M+l8i0GBtCmeRmV8KGVFKmTUSLk2LJB0NzkW+S5ignJiFnOY9V0rwsO5VypX5dqt5lWeXhBE7hAhy4gSo8QA0awEDAC7zCm/VsvVsf1ue8NGdlPcewAOvrF+EGm/A=</latexit>

Q0
3

<latexit sha1_base64="F8GOQ0czxLpSzA+bRzyDpv9c9AM=">AAACDHicbVDLTgJBEOzFF+IL9ehlIjF6IrvGoEeiF4+QCJIAIbNDL0yYnd3MzJqQDb/gwat+hjfj1X/wK/wFB9iDgJVMUqnq7ukuPxZcG9f9dnJr6xubW/ntws7u3v5B8fCoqaNEMWywSESq5VONgktsGG4EtmKFNPQFPvqju6n/+IRK80g+mHGM3ZAOJA84o8ZKrY4OCvVe5bxXLLlldwaySryMlCBDrVf86fQjloQoDRNU67bnxqabUmU4EzgpdBKNMWUjOsC2pZKGqLvpbN8JObNKnwSRsk8aMlP/dqQ01Hoc+rYypGaol72p+J/XTkxw0025jBODks0/ChJBTESmx5M+V8iMGFtCmeJ2V8KGVFFmbESLk2LFB0N7UWCT5qgmNiFvOY9V0rwse5VypX5Vqt5mWeXhBE7hAjy4hircQw0awEDAC7zCm/PsvDsfzue8NOdkPcewAOfrF+Xsm/M=</latexit>

Q0
6



Seminar    Masaaki Tomii

a → 0 trajectories in the “fine lattice scheme” 
via 4 different sets of intermediate scheme/scale

Trajectories similar for μ < 1.5 GeV

‣ data points at finite a not significantly 

affected by discretization error on Z

‣ a-dependence appears rather coming from 

calculation of bare matrix elements


But the trajectory and the value in 
continuum limit via μ ≈ 1.5 GeV quite 
different


More study on O(a4) effect underway

22
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Towards more accurate continuum limit
23
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Nonperturbative scale evolution 
and matching to MS



Seminar    Masaaki Tomii

Perturbative matching & window problem

Continuum pQCD works

‣ Wilson coefficients computed to NLO in MS: NPB 408,209 (1993)

‣ Perturbative matching between RI/SMOM & MS in 3-flavor done to NLO:         

PRD 84,014001 (2011)


Window problem

‣ Perturbative matching requires μ ≫ ΛQCD


‣ Renormalization on finite lattices requires μ ≪ π/a

25
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AI =
G
p
2
V§
usVud

X

i
[zi(µ)+øyi(µ)]MI,i(µ)

Matrix elements 
LQCD

Wilson coefs. 
pQCD
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Step scaling

Nonperturbative scale evolution


μℓ < μh ≪ π/afine


Sometimes (and in this work) done at single fine lattice afine when required 
precision is not high


These fine lattice ensembles often have unphysical mπ and smaller L

‣ still useful to understand short-distance behavior of QCD such as Σ(µh,µℓ)

26
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ßRI(µh,µ`) = lim
afine!0

Zlat!RI(µh,afine)Zlat!RI(µ`,afine)
°1
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~MRI
I (µh) =ßRI(µh,µ`)~MRI

I (µ`)
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Intermediate scheme-dependence 
on high-energy side 

Difference between the results through(γµ,γµ) &         schemes should be from

‣ truncation of perturbative matching

‣ O(afine) error

27

<latexit sha1_base64="2TAuKTaeVVbVOIiRplTPO+j6GlY="></latexit>

~MRI
I (µh) =Zlat!RI(µh,afine)Zlat!RI(µ`,afine)

°1~MRI
I (µ`)

Matrix elements in the “fine lattice scheme” 
Found insensitive to the intermediate scheme/scale 
for µℓ < 1.5 GeV
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=Zlat!RI(µh,afine)~Mlat
I (afine)
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~MMS
I (µh) =RRI!MS(µh)Zlat!RI(µh,afine)~Mlat

I (afine)
Perturbative matching to NLO 

 by Lehner-Sturm (2011)
<latexit sha1_base64="6AXnaVl8yX1/CX9DHGSvq1ajgCo="></latexit>
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should be 0 if no systematic error

28

Intermediate scheme-dependence 
on high-energy side 
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•0(µh) =
≥
R( /q, /q)!MS(µh)Zlat!( /q, /q)(µh,afine)

¥°1

different pairs of (p1,p2)
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Intermediate scheme-dependence 
on high-energy side 

µh ≈ 3.0 GeV

µh ≈ 5.0 GeV

via
<latexit sha1_base64="dCm2XLJXoACsKfGDwkYXQubcEOU="></latexit>

(/q, /q)
<latexit sha1_base64="EcE20kZrfhdKXJA1hdXc7Xq/3hA="></latexit>

¢ZMS√32Ifine(µh) =R( /q, /q)!MS(µh)Zlat!( /q, /q)(µh,afine)°R(∞µ,∞µ)!MS(µh)Zlat!(∞µ,∞µ)(µh,afine)
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Intermediate scheme-dependence 
on high-energy side 

µh ≈ 3.0 GeV

µh ≈ 5.0 GeV

via
<latexit sha1_base64="dCm2XLJXoACsKfGDwkYXQubcEOU="></latexit>

(/q, /q)
<latexit sha1_base64="EcE20kZrfhdKXJA1hdXc7Xq/3hA="></latexit>

¢ZMS√32Ifine(µh) =R( /q, /q)!MS(µh)Zlat!( /q, /q)(µh,afine)°R(∞µ,∞µ)!MS(µh)Zlat!(∞µ,∞µ)(µh,afine)

20%

11%

Q3’ significant for ReA0 → Need to better understand



Nonperturbative matching of ΔS=1 
operators b/w 3 & 4-flavor theories
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Wilson coefs

wi   (μ): large uncertainty 

12% uncertainty on A0

wi  (μ): precise at HEs4fμmc

<f|HW|i> = Σi wi  (μ) <f|Oi (μ)|i>3f 3f

LQCDpQCD

3f

wi

perturbative 
matching done below 
charm threshold 

(NLO known) • Relevant for                      : ΔI = 1/2

• Does not happen for ΔI = 3/2

<latexit sha1_base64="zyDuI5SdXDyx7dR4esSxNdSwVdw=">AAACB3icbZDLSsNAFIYn9VbjLepSkMEitJuaSFGXRTcuuqhiL9CEMJlO6tDJJMxMhBK6c+OruHGhiFtfwZ1v47TNQlt/GPj4zzmcOX+QMCqVbX8bhaXlldW14rq5sbm1vWPt7rVlnApMWjhmsegGSBJGOWkpqhjpJoKgKGCkEwyvJvXOAxGSxvxOjRLiRWjAaUgxUtryrUNXhmbZDZCAsl/xGzPEuOJnjZPbsW+V7Ko9FVwEJ4cSyNX0rS+3H+M0IlxhhqTsOXaivAwJRTEjY9NNJUkQHqIB6WnkKCLSy6Z3jOGxdvowjIV+XMGp+3siQ5GUoyjQnRFS93K+NjH/q/VSFV54GeVJqgjHs0VhyqCK4SQU2KeCYMVGGhAWVP8V4nskEFY6OlOH4MyfvAjt06pzVq3d1Er1yzyOIjgAR6AMHHAO6uAaNEELYPAInsEreDOejBfj3fiYtRaMfGYf/JHx+QMWgJeP</latexit>

(̄sd)L(c̄c)L/R

Possible resolutions

‣ NNLO perturbative matching [Cerda-Sevilla et al. Acta Phys.Polon.B 4 (2018) 1087-1096]

‣ Matching nonperturbatively [MT, LATTICE2019] 
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How much  wi ≠ wi  ?
Sea charm quark →            


If Oi  involves charm quark…


‣ WCs of charm operators will be a part                                                                           
of 3f WCs


‣ Difference can be 


wi   necessary if MEs are calculated w Oi


‣ our fine lattice: a-1 ≈ 1.38 GeV used for MEs


‣ not appropriate to introduce charm on this lattice


‣ 803 x 160 may be needed to have fine enough lattice maintaining 

3f 4f

O(↵2
s )

<latexit sha1_base64="2KAtahVkNLmwSxE9vPtXsCCQh6E=">AAAB+nicbVBNS8NAEN34WeNXqkcvwSLUS0lKQb0VvXizgv2AJobJdtMu3WzC7kYptT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMC1NGpXKcb2NldW19Y7OwZW7v7O7tW8WDlkwygUkTJywRnRAkYZSTpqKKkU4qCMQhI+1weDX12w9ESJrwOzVKiR9Dn9OIYlBaCqyiJyPzpuwBSwcQyPvqaWCVnIozg71M3JyUUI5GYH15vQRnMeEKM5Cy6zqp8scgFMWMTEwvkyQFPIQ+6WrKISbSH89On9gnWunZUSJ0cWXP1N8TY4ilHMWh7oxBDeSiNxX/87qZis79MeVppgjH80VRxmyV2NMc7B4VBCs20gSwoPpWGw9AAFY6LVOH4C6+vExa1Ypbq1zc1kr1yzyOAjpCx6iMXHSG6ugaNVATYfSIntErejOejBfj3fiYt64Y+cwh+gPj8we0lZME</latexit>
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s

dc

c

W c c
g

W
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3f 3f

mphys
⇡
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Seminar    Masaaki Tomii 33

NP matching of 4-quark operators
Basic idea


Strategy

‣ Consider many 3pt functions on fine lattice


‣ Perform fit with many pairs of Oa & Ob at large tout – t & t - tin


‣ Trying with ~ 200 relevant pairs of Oa & Ob


‣ Automatic Wick contractor in use 

O
4f
i !

P
j MijO

3f
j

<latexit sha1_base64="icy8VJf+k41yPhyZoB+nHpEEzRo=">AAACGHicbVDLTsJAFJ3iC+sLdelmIpi4whZJ1B3RjRsDJvJIKDTTYQoD00dmphrS9DPc+CtuXGiMW3b+jQN0oeBJbnJyzr259x4nZFRIw/jWMiura+sb2U19a3tndy+3f9AQQcQxqeOABbzlIEEY9UldUslIK+QEeQ4jTWd0M/Wbj4QLGvgPchySjof6PnUpRlJJdu6sYAlXr9q0G5fdBFqc9gcScR48QUtEnj28s2M6TKr2sBufu0nBzuWNojEDXCZmSvIgRc3OTaxegCOP+BIzJETbNELZiRGXFDOS6FYkSIjwCPVJW1EfeUR04tljCTxRSg+6AVflSzhTf0/EyBNi7Dmq00NyIBa9qfif146ke9mJqR9Gkvh4vsiNGJQBnKYEe5QTLNlYEYQ5VbdCPEAcYamy1FUI5uLLy6RRKprl4tV9KV+5TuPIgiNwDE6BCS5ABdyCGqgDDJ7BK3gHH9qL9qZ9al/z1oyWzhyCP9AmP0aan/Y=</latexit>
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hEout|O4f
i |Eini =

P
j MijhEout|O3f

j |Einii.e. for small Eout & Ein compared to mc
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C
3f/4f
i,ab (tout, t, tin) = hOa(tout)O

3f/4f
i (t)Ob(tin)i
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Operator basis for ΔS=1
(nL, nR): Representation of SU(3)L x SU(3)R


Classification of 7 independent nf = 3 operators


‣ 1 in (27,1);   4 in (8,1);   2 in (8,8)


4 charm operators                               all in (8,1) with SU(3)LxSU(3)R


Only operators in (8,1) matter


‣  
O3f
j = (Q0

1,Q
0
2,Q

0
3,Q

0
4)
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16 nontrivial elements
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(s̄ÆdÆ/Ø)L(c̄ÆcØ/Æ)L/R
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SU(3)LxSU(3)R to SU(4)LxSU(4)R chiral bases
7-operator basis w nf = 3

‣ (27,1) x1, (8,1) x4, (8,8) x2


9-operator basis w nf = 4

‣ (84,1) x2, (20,1) x1, (15,1) x4, (15,15) x2


9x7 matching matrix can be 
determined once the 16 elements of 
Mij are obtained


Instability of Mij doesn’t propagate to 
4-flavor matrix elements

‣ Instability still concerning and trying to 

better understand

35
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determined once the 16 elements of 
Mij are obtained


Instability of Mij doesn’t propagate to 
4-flavor matrix elements

‣ Instability still concerning and trying to 

better understand

35

matrix element of P7’ (analogous to Q6) 
 in 4-flavor
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Example results on finer lattice
36

value [GeV] significant    
statistical errors

significant 
systematic errors

ReA0

perturbative 2.89(23)stat(35)sys        
x 10-7

matrix elements 8.0% Wilson coefficients 12%

nonperturbative 2.97(22)stat(1)sys        
x 10-7

• matrix elements 6.5%

• 3/4-flavor matching 2.3%

ImA0

perturbative -7.11(54)stat(94)sys        
x 10-11

matrix elements 7.6%
• Wilson coefficients 12%

• High-energy parameters 

5.6%

nonperturbative -6.82(94)stat(37)sys        
x 10-11

• matrix elements 11%

• 3/4-flavor matching 6.3%

High-energy parameters 
5.4%

**outdated results 
**Discretization effects (12% overall) and finite volume effects (7% overall) not included above



Seminar    Masaaki Tomii

Summary

So many issues to address for precise SM prediction of K → ππ

‣ better continuum limit → calculation at a-1 ≈ 1.7 GeV underway, 2.3 GeV planned

‣ continuum limit of step scaling 

‣ dependence on intermediate scheme/scale on the high-energy side (µh)

‣ NNLO perturbative matching would be very helpful


‣ Nonperturbative 3/4-flavor matching mostly done, but maybe a bit more to 
understand before writing up a paper


‣ NNLO Wilson coefficients should significantly reduce the systematic error

37
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Why periodic BC?
Already have lattice ensembles with physical pion mass

‣ a-1 = 1 GeV, 243 x 64  & a-1 = 1.4 GeV, 323 x 64  & …

‣ Continuum limit easier 


Hope to introduce QED/IB effects near future 

‣ G-parity BC violate charge conservation

‣ PBC appear necessary 


Presence of Eππ = 2mπ state challenging

‣ S/N ratio of Eππ = mK state should be the same as in G-parity BC:

‣ interesting to see feasibility of extracting signal of excited states

38
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Lattice setup
39

RBC/UKQCD’s 2+1-flavor MDWF ensembles at physical pion & kaon 
masses

‣ 243 x 64, a-1 = 1.0 GeV, 258 confs 

‣ 323 x 64, a-1 = 1.4 GeV, 107 confs 

Chiral symmetry of DWF → strong constraints on operator mixings

‣ with lower-dimensional operators

‣ among different representations w.r.t. chiral symmetry (8,1), (8,8) & (27,1)


All-to-all quark propagators

‣ 2,000 low modes for light quarks (no low mode for strange)

‣ high-mode part: spin, color and time dilutions => 768 inversions

Lattice setup
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Matrix elements
For extraction of ground-state ME


Excited (n-th) ππ state needed for on-shell kinematics with PBC

40
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Diagrams for K → ππ 3pt functions
41

π
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type 4 dominates stat. error

Previous G-parity calculation

‣ types 1,2: averaged over 

every 8 time translations

‣ types 3,4: averaged over 

every time translation


types 1,2 still expensive but 
no need of such precision


　→ cost reduction?

42

π

K

π

HW

π

K

π

HW

23

FIG. 3: The contributions of the four Wick contraction topologies type1-type4 to the C2 (left) and

C6 (right) three-point functions with the pp(111) sink operator, plotted as a function of the time

separation between the kaon and the four-quark operator, t, at fixed tK!snk
sep = 16. For clarity we

plot with an inverted x-axis such that the pp sink operator is on the left-hand side. These

correlation functions include the subtraction of the pseudoscalar operator.

We perform measurements with all three two-pion operators described in Sec. III D. For the

K ! pp matrix elements of the four-quark operators, the full set of Wick contractions for the

pp(111) and pp(311) sink operators can be found in Appendix B.1 and B.2 of Ref. [33], and those

of the s operator in Appendix A of this document. The Wick contractions for the K ! pp matrix

elements of the pseudoscalar operator (with all three sink operators) as well as the K !vacuum

matrix elements of this and the four-quark operators are provided in Appendix B of this document.

In Fig. 3 we plot the contributions of the four classes of Wick contraction illustrated in Fig. 2 to

the three-point functions of the (subtracted) Q2 and Q6 operators with the pp(111) sink operator.

As the individual topologies are not separately interpretable as Green’s functions of the QCD

path integral, their time dependence is not necessarily described by the propagation of physical

eigenstates of the QCD Hamiltonian. As such we cannot combine our data sets with different

tK!snk
sep when generating such plots, and instead plot with a single, fixed tK!snk

sep = 16. Despite the

inability to interpret the time dependence physically, we can look at the relative contributions of

each topology within the central region of the plot in which the behavior of the combined data is

dominated by the kaon and pp ground-states, i.e. the region in which we perform our fits below.

Our final choices of cut incorporate data from this set in the range 6  t  11 (cf. Sec. IV E 4). In

this window we observe that for both the C2 and C6 correlation functions, the contribution of the

noisy, type4 disconnected diagrams is largely consistent with zero, albeit with much larger errors

π

K

π

HW

type 3

type 1

type 2

π

K

π

HW

type 4

RBC/UKQCD, PRD 102,054509

ππ K
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Sparsening HW
Contraction cost mostly proportional to volume of HW


G-parity calculation: summed HW over full 3D volume


This calculation: volume of HW (243 → 83: 27x speed up) for types 1 & 2

43

π

K

π

HW

full vol. sum full vol. sumsparse vol. sum
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I = 0 correlation functions
44
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Sparsen HW for types1,2 – still more precise than type4

Precision of type4 disconnected diagram
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 operator

πp=(0,0,1)πp=(0,0,-1) 
 operator
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Effective matrix elements (ΔI = 1/2)
243 x 64


Plateau appears

       : Correlated fit result with 


                          t1 = top–tK ≥ 4 && t2 = tππ–top ≥ 4 (colored filled data points)
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Renormalization (RI/SMOM scheme)


Interpolation

Translating to more physical ME

ZRI/SMOM

ij
(µ0)
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p1

<latexit sha1_base64="bGdnzAHiWgzet6b3pLwhLxXT37M=">AAAB7nicbVBNSwMxEJ3Ur7p+VT16CRbBU9kVQb0VvXisYD+gXUo2zbah2WxIskJZ+iO8eFDEq7/Hm//GtN2Dtj4YeLw3w8y8SAlurO9/o9La+sbmVnnb29nd2z+oHB61TJppypo0FanuRMQwwSVrWm4F6yjNSBIJ1o7GdzO//cS04al8tBPFwoQMJY85JdZJ7Z6JPdUP+pWqX/PnwKskKEgVCjT6la/eIKVZwqSlghjTDXxlw5xoy6lgU6+XGaYIHZMh6zoqScJMmM/PneIzpwxwnGpX0uK5+nsiJ4kxkyRynQmxI7PszcT/vG5m4+sw51Jllkm6WBRnAtsUz37HA64ZtWLiCKGau1sxHRFNqHUJeS6EYPnlVdK6qAWXtZuHy2r9toijDCdwCucQwBXU4R4a0AQKY3iGV3hDCr2gd/SxaC2hYuYY/gB9/gCAw48L</latexit>

p1

<latexit sha1_base64="bGdnzAHiWgzet6b3pLwhLxXT37M=">AAAB7nicbVBNSwMxEJ3Ur7p+VT16CRbBU9kVQb0VvXisYD+gXUo2zbah2WxIskJZ+iO8eFDEq7/Hm//GtN2Dtj4YeLw3w8y8SAlurO9/o9La+sbmVnnb29nd2z+oHB61TJppypo0FanuRMQwwSVrWm4F6yjNSBIJ1o7GdzO//cS04al8tBPFwoQMJY85JdZJ7Z6JPdUP+pWqX/PnwKskKEgVCjT6la/eIKVZwqSlghjTDXxlw5xoy6lgU6+XGaYIHZMh6zoqScJMmM/PneIzpwxwnGpX0uK5+nsiJ4kxkyRynQmxI7PszcT/vG5m4+sw51Jllkm6WBRnAtsUz37HA64ZtWLiCKGau1sxHRFNqHUJeS6EYPnlVdK6qAWXtZuHy2r9toijDCdwCucQwBXU4R4a0AQKY3iGV3hDCr2gd/SxaC2hYuYY/gB9/gCAw48L</latexit>

p2

<latexit sha1_base64="pRNcfLdTsVGY3kP7fcZfGEhI3oA=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LBbBU0lKQb0VvXisYD+gDWWz3bRLN5tldyOU0B/hxYMiXv093vw3btMctPXBwOO9GWbmhZIzbTzv2yltbG5t75R33b39g8OjyvFJRyepIrRNEp6oXog15UzQtmGG055UFMchp91werfwu09UaZaIRzOTNIjxWLCIEWys1B3oyJXD+rBS9WpeDrRO/IJUoUBrWPkajBKSxlQYwrHWfd+TJsiwMoxwOncHqaYSkyke076lAsdUB1l+7hxdWGWEokTZEgbl6u+JDMdaz+LQdsbYTPSqtxD/8/qpia6DjAmZGirIclGUcmQStPgdjZiixPCZJZgoZm9FZIIVJsYm5NoQ/NWX10mnXvMbtZuHRrV5W8RRhjM4h0vw4QqacA8taAOBKTzDK7w50nlx3p2PZWvJKWZO4Q+czx+CR48M</latexit>

p2

<latexit sha1_base64="pRNcfLdTsVGY3kP7fcZfGEhI3oA=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LBbBU0lKQb0VvXisYD+gDWWz3bRLN5tldyOU0B/hxYMiXv093vw3btMctPXBwOO9GWbmhZIzbTzv2yltbG5t75R33b39g8OjyvFJRyepIrRNEp6oXog15UzQtmGG055UFMchp91werfwu09UaZaIRzOTNIjxWLCIEWys1B3oyJXD+rBS9WpeDrRO/IJUoUBrWPkajBKSxlQYwrHWfd+TJsiwMoxwOncHqaYSkyke076lAsdUB1l+7hxdWGWEokTZEgbl6u+JDMdaz+LQdsbYTPSqtxD/8/qpia6DjAmZGirIclGUcmQStPgdjZiixPCZJZgoZm9FZIIVJsYm5NoQ/NWX10mnXvMbtZuHRrV5W8RRhjM4h0vw4QqacA8taAOBKTzDK7w50nlx3p2PZWvJKWZO4Q+czx+CR48M</latexit>

p1

<latexit sha1_base64="bGdnzAHiWgzet6b3pLwhLxXT37M=">AAAB7nicbVBNSwMxEJ3Ur7p+VT16CRbBU9kVQb0VvXisYD+gXUo2zbah2WxIskJZ+iO8eFDEq7/Hm//GtN2Dtj4YeLw3w8y8SAlurO9/o9La+sbmVnnb29nd2z+oHB61TJppypo0FanuRMQwwSVrWm4F6yjNSBIJ1o7GdzO//cS04al8tBPFwoQMJY85JdZJ7Z6JPdUP+pWqX/PnwKskKEgVCjT6la/eIKVZwqSlghjTDXxlw5xoy6lgU6+XGaYIHZMh6zoqScJMmM/PneIzpwxwnGpX0uK5+nsiJ4kxkyRynQmxI7PszcT/vG5m4+sw51Jllkm6WBRnAtsUz37HA64ZtWLiCKGau1sxHRFNqHUJeS6EYPnlVdK6qAWXtZuHy2r9toijDCdwCucQwBXU4R4a0AQKY3iGV3hDCr2gd/SxaC2hYuYY/gB9/gCAw48L</latexit>

Qi

<latexit sha1_base64="KYny2ecrTP2mEEU4fXQKc4oOpbU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjy2YD+gDWWznbRLN5uwuxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkRwbVz32ylsbG5t7xR3S3v7B4dH5eOTto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akm93O/84RK81g+mmmCfkRHkoecUWOlTl+HpeaAD8oVt+ouQNaJl5MK5GgMyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FkqaYTazxbnzsiFVYYkjJUtachC/T2R0UjraRTYzoiasV715uJ/Xi814Y2fcZmkBiVbLgpTQUxM5r+TIVfIjJhaQpni9lbCxlRRZmxCJRuCt/ryOmlfVb1a9bZZq9Tv8jiKcAbncAkeXEMdHqABLWAwgWd4hTcncV6cd+dj2Vpw8plT+APn8wemaY8k</latexit>
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Examples of interpolation of 
renormalized ME

‣ Linear & quadratic in Eππ/mK


‣ Systematic error estimated as lin vs 
quad is small as 1st excited st. 
close to on-shell
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Precision performance
47

323 G-parity BC 
(previous work) 243 Periodic BC 323 Periodic BC

# of configurations 741 258 → 440 107 → 470

ΔI = 1/2 ME via Q2lat 10% 14% → (11%) 14% → (6.7%)

ΔI = 1/2 ME via Q6lat 6.5% 8.9% → (6.8%) 11% → (5.3%)

Re A0 11% 13% → (10%) 14% → (6.7%)

Good precision performance of PBC (ME with excited-state ππ) 
compared to G-parity BC calculation (ME with ground-state ππ)

Error % 
(statistical)

expectations of upcoming analysis in ( )
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Summary & Outlook
48

Main sources of systematic errors at the moment

‣ Finite lattice spacing


‣ Wilson coefficients


‣ QED/IB effects


We are successful in

‣ Extracting excited-state signals of the challenging ΔI = 1/2 process


‣ Good precision performance of PBC approach


Precision will reach that of experiment in the near future

‣ Could attract a lot of attention 

- Easier to take continuum limit with PBC as we already have lattice ensembles 

- Independent study on-going 

- Theoretical approach being developed [Christ et al, PRD106, 014508 (2021)] 
with PBC 


