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K = rirt & CP violation

CP odd CP even

K> = IKo> + elKy> ['(KL —n°n) /F(Kwaﬁn‘)
| \ € l indirect ['(Ks — %)/ I'(Kg —n*n™)
dcl:rlg\(;t |1T1T>CPV =1 —-6Re(e'/¢)
CP even

Discovered In 1964

g| = 2.228(11) x 10-3 from “odd” mixing b/w KO & Ko [V g ” g

e’ only found in decays  Discovered in 1999 @ 4 ae

> Re(SI/S)exp = 1.66(23) x 10-3 ) MH
K
» Consistent with SM? > %<
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RBC/UKQCD achievements

Re(e'/e) x10*
RBC/UKQCD vs Experiment

Published

2015 H—@—H PRL 115,212001

o operato\ Preliminary :
better controlled ® IExp?rlment |

2020 PRD 102,054509

excited states

2023 a1 =1.02 GeV PRD 102,094517

1 Periodic Boundary Conditions (PBC)
ot =1.02Gev preliminary results J a =~ 1.38 GeV & 1.02 GeV

2024 Fa1=1.38 GeV with multiple
lattice spacings

a—-0 —

2012-24

-10 0 10 20 30 40 50
Re(e'/e) [x 1074]
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Challenges

On-shell kinematics in

Operator mixing euclidean space

¢ 10 four-quark operators

¢ final two-pion state with

¢ desired to prevent extra mixing E = mk = 500 MeV needed

¢ chiral symmetry with domain wall
fermions preferable

Computational cost/
Statistics
¢ disconnected diagrams

Charm-loop effects Overall complexity

* expected significant ¢ requires significant human
¢ |attices still not fine enough to time & effort
introduce charm with physical mn




Introduction to renormalization
on lattice and continuum Iimit
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Renormalization in lattice calculation

Divergent quantity
l Regularization
Calculate the quantity with chosen lattice action
Finite quantity > particular regularization parameter: lattice spacing a
l Renormalization
O - O’ =0 -0 (additive) &
: : : o O’ = Or =Z O’ (multiplicative)
RenOrmazllze_d quantlty with finite > Condition unigue to scheme & scale
regularlzatlon parameters left > Still dependent on lattice spacing — discretization error
l Removal of regularization parameter
Continuum limit:a = 0
Renormalized quantity > Repeat the above steps with multiple lattice spacings and

_ fit with some ansatz
unique to scheme & scale > e.9. Or(a) = Or(0) + C2 a2 + c4 a
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Example 1: Bk

N On

i
O
~I

Ol /\

4-quark operator to be renormalized = i
, g 0.55 E
K [sy(1-ys)d -5y, (1 - ys)d|K° Tou]]
SYu(l—Y5)d-Syu(l—ys) 3
Q I
§ 2 2 0.53 1 | 2
3 m K fK : x-/DOF:1.297

0.00 0.05 0.10 0.15 0.20 0.25 0.30

_~<O|§ypy5d|K> a*[GeV~2]

to be renormalized by Za

0.56 -

'\

=
N
B

E|
/ O
NV n
-
YV N
\V Q
2.0GeV)
\

_ S
Au,c,t W+ W — i com B MIS
Q ! C1S M2S
0.534 1 FIM M3S
V4 / /
: N _N _<. i p-value:0.274 &1 MOM MY phys
S d u,c,t S !

( 0.025 0.050 0.075 0.100 0.125 0.150 0.175  0.200

2 2
melGeVI 5404.02207

*Included simulations at unphysical mn
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Continuum limit of renormalized quantity

Operator renormalization

OR(W,a) = Z(p,a)0" (a)

Renormalized quantity

(OR(wa)) =Z(p,2) (0" (a))

_ <OR(p, 0)> rcR(wa?+cRwat+...
1 t

dependent on computational details
> |attice action
> renormalization scheme, scale, ...
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Continuum limit of renormalized quantity

Operator renormalization

OR(W,a) = Z(p,a)0" (a)

Renormalized quantity

(OR(wa)) =Z(p,2) (0" (a))

_ <OR(p, 0)> rcR(wa?+cRwat+...

Independent of T T
computational details dependent on computational detalls

> |attice action
> renormalization scheme, scale, ...
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Example 2: HVP
O

225}

em em ’ Ic
220F  Z,6,C :
—— —— * A C

needs to be renormalized by Z%/

W,iso,conn,ud X 1010

1}

2151 ZV*,,(D, Clc A
210f /

da

Vector currents scale independent and 205f T ———
not divergent, but needs renormalization o ’\é\
. 0 0.002 0.004 0.006 0.008 0.01 0.012 0.014
b/C ||ma_,OZV # 1 o2 / tm?2
1l . " h d . Various ways to calculate give different results
St Some*V?r|ety IN how to determine at finite lattice spacing, but become consistent
— Zy & Zy, in the plot ina— 0

. 123V )V (O
Y X130

Ly(m(p=0)V;In(=0)) =1



Renormalization & continuum limit
of K — it matrix elements
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Approach to weak matrix elements

Two typical scales

» Electroweak scale: mw = 80 GeV, mz = 91 GeV
» QCD scale: Aacp ~ 300 MeV

Low-energy effective interactions @ QCD scale

E * XNGFO(
> Hw = Z|C|

Wilson coefficients Effective operators

11
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AS =1 effective operators

/I =/ /!

(§Q)V—A(67/q )ViA — S”Yu(l — %)q q %(1 £ 75)@

o, B: color indices

Q= (gauﬁ’)v_A ("_‘ﬁda)v_A ; 1 C . X :
Qy, = (5u )v A(ﬁd)v A urrent-current operators

Qs = (5d)y_x S (q9)y_4 - Q7 = (5ac8)v-a(Csda)v—r & Q5 = (5¢)v_a(cd)yv_a

q
i ) enter when nf > 4
Q1 = ('Sad/ff)v_,\z((I;fi(]cX)v_,\
q

Qs = (=§‘1)V—AZ(‘7‘1)\I+A:

q

QG — (ga'dﬂ)v AZ((ZS’QQ)Vu\ )

QCD penguin operators

sum over g runs for all active quarks

_ 3
@Qr = 3 (5d)_ AZ( 9via
A 3
(28 = 5 50(1[3 V_ AZ( qﬁqa V4A O
] EW penguin operators
Qg = § (sd) V_ A Zc:q (qq) V_A
q
3
Ql() — 5 ( adﬁ)v_A Z €q ((1/3(1(1)\,*_;\
a
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K = it Amplitude and €’

nirt phase shifts at mg

'd

o iwe'©=%) 11mA;  ImAy |
B V@E LF@aAQ FﬂaAoi

G

(w = ReAs/ReAp)

Al = _2V35Vud Z[Zi (1) + Tyi (WM (W)

\/_ | Wilson coefs. Matrix elements
pQCD LQCD

My () =lima_o ) Zij(p,a) <(TU[)|
]

Q™ ()

)

13
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K = itm Amplitude and €’

nirt phase shifts at mg

(w = ReAs/ReAp)

. e
v we'©27%) [1mAy;  ImAg |
R Vﬁz LF@aAQ FﬂaAoj
G\ .
Al = —=VsVud D [zi (W) + Ty (WM} ; (W)
\/§ i Wilson coefs. Matrix elements

My i () =1lima_g ZZU (K,a) <(T[T[)| QJ!at(a)

J

pQCD LQCD

Q; can mix
Need 10x10 = 100 conditions?

)

13



Seminar Masaaki Tomii

Qi not linearly independent in 4D

Fierz identity

(9192)L(G394)L =q1Yu(1 = Y5)a2-q3Yu(1 —Y5)qs

=(9194)L(G392) + (4 - d)E\

| | evanescent operators vanish in 4D
Linear dependence in 4D

Qs =-Q1+ Q2+ Q3

3 1
Qo =7Q1-5Q3 —P 7 independent operators

1

1
Q10 = §Q1 + Q2 — §Q3

14
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Chiral representations

Renormalization schemes usually defined in the chiral limit, m — O

>

Further constraints based on chiral symmetry

Irreps of 4-quark operators in 3-flavor case: SU(3)L x SU(3)r

>

>

>

(nL, NR): NnuRr Indicates irreducible representation of SU(3)ur
Left-right operators: (5d)| (Qg)r — (8,1) & (8,8) representations possible

Left-left operators: 3 x 3 x 3 x 3 only yields 27, 8 and 1 but no singlet in (3d) (§q)|
= (27,1) & (8,1)

15
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Chiral basis

1=3Q1+2Q2 - Q3 (27,1) Al = 1/2 & 3/2
D D 1

, EE— — —

Q2 — 5Q1 5Q2 5Q3 ]
3 3 1

! — — - - — —
Q3 = 5Q1+5Q2+5Q3 J (8,1) Al =1/2
Q,5,6 — Q5,6
Q75=Q7s (8,8) Al = 1/2 & 3/2

* Mixing only with operators in the same chiral multiplet allowed

16
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RI/SMOM schemes

Renormalization condition

Pz P1 P2
S < >——< pd >
Q;
q(p) pz NP 01 05 free

Amputated vertex functions

SMOM momenta & scale definition: p? = p% = p% = (p1-p2)°
Landau gauge chosen

124 (= (nc Ns)?) elements projected to only several equations (labeled by m)

*Projectors specifically define the scheme

1) 0([3\(6 afyo aPfyo , aPyo
A. =P A.
%" Z, (IJ)Z Fm ) m ) free
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RI/SMOM schemes

symmetric

Renormalization condition

Pz P1 P2
S < >——< pd >
Q;
q(p) pz NP 01 05 free

Amputated vertex functions

2 operator carries momentum
with “symmetric” magnitude

SMOM momenta & scale definition: p? = p% = p% = (p1 —P2)
Landau gauge chosen

124 (= (nc Ns)?) elements projected to only several equations (labeled by m)

*Projectors specifically define the scheme

1) 0([3\(6 afyo aPfyo , aPyo
A. =P A.
%" Z, (IJ)Z Fm ) m ) free



connected
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Diagrams

\*/

disconnected

18
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Discretization error on Z

Roughly O((a p)?) but ...
O(4) violation on lattice = Z dependent on direction of p1 & p2
> example at O(a?): ¥, (ap})*/(ap)?

We have to make the O(a?) coefficient mutual for all lattices
> Simply choosing the same p1 & p2 is enough

> Not a problem if the physical volume L is mutual for these ensembles

27N | L

possible momenta: p = n = -1

L 2a " 2a

19



MY YW(1.2 GeV) [GeVI]

0.2 :
total error
- statistical error
0.18 | PBC A -
-+ GPBC —&—
continuum —l—
0.16 | -
‘ ~~~~~~~~
0.14F+ T
o12r T F
ol1f e
0.08 } Q3 %
0.06 [ o [ o [ o [ o
0 0.01 0.02 0.03 0.04
a [fm?]

SMOM(yu,yu) scheme at 1.2 GeV

Seminar

Continuum extrapolations of MEs

M YW(1.2 GeV) [GeVI]

Masaaki Tomii

20

Only 2 lattice spacings — potential effect of O(a#)?

-0.45 :
T total error
statistical error
0.5 LT PBC —A&— |
. GPBC —6&—
continuum —lH
055y T
------------------------- o
-o6fr}y T4
-4 A ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
-0.65} | T
0.7} Ql
-0.75 4 6 ' ' '
0.01 0.02 0.03 0.04
a? [fm?]
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Intermediate scheme/scale-dependence

73 (z321fine=RI ) limao o MRI())3

0.4

via (V)
0.38 } via (9/,q/) —@— T
lat—RI -1 lat—RI \ / 36}
/ (W, afine) ;111(1)2 (u,a)M(a) oal T . .
0.32} 1s T
037 me ™ .. T
arine ON a very fine lattice ensemble ol W E | .
This should be the bare matrix elements g-gg'Qs R
. . 1 1.1 1.2 1.3 1.4 1.5 1.6
on that fine lattice 4 [GeV
should be independent of intermediate i =B i
scheme/scale T & ;
Difference should be from ool T rf .
> failure of the continuum extrapolation with O(a2) jﬁz: %o o J
assumption 2.8 4l It !
-3 F , 1 -
> mixing with excluded operators .21 Q6
ST T 41 12 13 14 15 1.6

W [GeV]



a — 0 trajectories in the “fine lattice scheme”
via 4 different sets of intermediate scheme/scale

Trajectories similar for p < 1.5 GeV

> data points at finite a not significantly
affected by discretization error on Z

> a-dependence appears rather coming from
calculation of bare matrix elements

But the trajectory and the value in
continuum limit via y = 1.5 GeV quite
different

More study on O(a4) effect underway

Seminar Masaaki Tomii 22

M%ZIfine [GeV3]

0.36

0.34
0.32

0.3
0.28
0.26
0.24
0.22

0.2
0.18
0.16
0.14 =

(YpYp(1.2GeV)  =:=: (y,y(1.3 GeV) @,a9)(1.2GeV) —— (q/,0)(1.3 GeV)

0 0.01 0.02 0.03

MgZIfine [Gev3]

0.04

2.2
2.4 F
2.6
2.8

-3.2 T

-1.8

(YwYw(1.2GeV) == (y,Yy(1.3 GeV)

(a/,9/)(1.2 GeV) — (9/,9/)(1.3 GeV)

3475 0.01

0.02
a2 [fm]

0.03

0.04
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Towards more accurate continuum limit

RBC/UKQCD 2+1 lattice ensembles with physical mn

8

7 - -

6 start soon O

L @
g <N
:I underway just showed results

3 paper in prep

2 PBC/lwasaki

PBC/lwasaki+DSDR
1 GPBC/Iwasaki+DSDR
0 GPBC/lwasaki+DSDR (to be generated)
0 0.01 0.02 0.03 0.04

a2 [fm?]



Nonperturbative scale evolution
and matching to MS
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Perturbative matching & window problem

G
A= —=VisVud Z[Zi (1) + Ty (WM} (W)

\/§ | Wilson coefs. Matrix elements
pQCD LQCD

Continuum pQCD works

> Wilson coefficients computed to NLO in MS:
> Perturbative matching between RI/SMOM & MS in 3-flavor done to NLO:

Window problem

> Perturbative matching requires p » Aacp

> Renormalization on finite lattices requires y « 1/a

25
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Step scaling

M (p) = 2R (g, koM ()

ZIat—»RI ZIat—»RI

| 1
>R (up, ) = lim (Me, afine)

(Kh> Afine)
Afine—0

Nonperturbative scale evolution

Ue < Ph < T/ @fine

Sometimes (and in this work) done at single fine lattice asne Wwhen required
precision Is not high

These fine lattice ensembles often have unphysical mr and smaller L

> still useful to understand short-distance behavior of QCD such as 2(un,ue)

26
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Intermediate scheme-dependence
on high-energy side

. B B 14
M (k) = 22N (1, a6ine) 22N ey afine) MY ()

Matrix elements in the “fine lattice scheme”

¢ Found insensitive to the intermediate scheme/scale
for pe < 1.5 GeV

— Zlat—>R| (Hh, af|ne) N/lllat (af|ne)

MM () = R¥M () 72 Ry i) M2 afine)

Perturbative matching to NLO
by Lehner-Sturm (2011)

Difference between the results through(yu,yu) &(d, d) schemes should be from
> truncation of perturbative matching
> O(afine) error

27
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Intermediate scheme-dependence
on high-energy side

__ -1
= (1) = (R(d,af)éMS(ph)Zlaté(d,Of)(Hh,aﬁne))

X R(YH’Y“)_’MS(ph)ZIat_’(Y“’Y“) (Mh,afine) — I7x7, should be 0 if no systematic error

=33 —36
0— - - - - 0.0145
-0.02 | ® - 0.014 }
Jifs - " 0.0135}
-0.04 | ifferent pairs of (p1,p2) - 0013
-0.06 /%C@ - 0.0125
-0.08 | T - 0.012} i T
_ )
_01 _ 2 - 00115 B | 7
Ofats () ) c 0.011F & -- > -
-0.12 - | |
0.0105f | ) -
-0.14 D i 0.01F - 1
0163 3.5 4 4.5 5 0-0095 =3 3.5 4 4.5 5

U [GeV] Un [GeV]
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Intermediate scheme-dependence

on high-energy side

Uh =~ 3.0 GeV

Uh = 5.0 GeV

Masaaki Tomii

via(d, q)
v
@' AZgy 15> () M1y | AMisy(en) || M5 1) (in)
2 | -0.0415(51) -0.0711(41) 0.0000(17)  0.00099(88) | -0.160 -0.0132 -0.0995(89]
3| 0.0544(27) 0.0781(21) 0.00364(88) -0.00812(50) | 0.243 0.0279 0.1409(81)
5| -0.003(17) -0.010(13)  0.0028(59) 0.0016(28) -0.887 -0.0085 -0.333(31
6 | -0.0491(44) -0.0998(43) 0.0012(17) 0.0048(13) -2.563 -0.0298 -1.231[74
Table 7: up = 3.0 GeV. Last three columns given in physical units GeV?.

75 AZggyy 2 (un) Mgy | AMiGsay (i) || Mitss)(in)
2 | -0.0068(30) -0.0138(22) -0.0001(11) 0.00141(42) | -0.160 -0.00579 -0.01096[94]
3 | 0.01142(96) 0.01089(83) 0.00332(34) -0.00716(20) | 0.243 0.01623 0.1498(84]
5| 0.0070(95)  0.0125(70)  0.0020(33) 0.0005(12) -0.887 -0.00114 -0.383(32
6 | -0.0238(24) -0.0607(22) 0.00486(85) -0.01116(66) | -2.563 0.01334 -1.463(88

Table 10: up, = 5.0 GeV. Last three columns given in physical units GeV?.

29



Seminar Masaaki Tomii 29

Intermediate scheme-dependence
on high-energy side

Uh =~ 3.0 GeV

Uh = 5.0 GeV

via(d, q)
v
z’ AT ) MERES | AN ) [ M (o)
2 | -0.0415(51) -0.0711(41) 0.0000(17)  0.00099(88) | -0.160 -0.0132 -0.0995|89
3| 0.0544(27) 0.0781(21) 0.00364(88) -0.00812(50) | 0.243 0.0279 0.1409(81) | 20%
5| -0.003(17) -0.010(13)  0.0028(59) 0.0016(28) -0.887 -0.0085 -0.333(31
6 | -0.0491(44) -0.0998(43) 0.0012(17) 0.0048(13) -2.563 -0.0298 -1.231[74
Table 7: up = 3.0 GeV. Last three columns given in physical units GeV?.

| AZYS T ) M | AMIE, ) | M ()
2 | -0.0068(30) -0.0138(22) -0.0001(11) 0.00141(42) | -0.160 -0.00579 -0.01096/94
3 | 0.01142(96) 0.01089(83) 0.00332(34) -0.00716(20) | 0.243 0.01623 0.1498(84] | 11%
5| 0.0070(95) 0.0125(70) 0.0020(33)  0.0005(12) -0.887 -0.00114 -0.383(32
6 | -0.0238(24) -0.0607(22) 0.00486(85) -0.01116(66) | -2.563 0.01334 -1.463(88

Table 10: up, = 5.0 GeV. Last three columns given in physical units GeV?.

Q3’ significant for ReAo — Need to better understand



Nonperturbative matching of AS=1
operators b/w 3 & 4-flavor theories



Wilson coefs

<f|Hw|i> = =i wi' () <f|Oi ()[i>
pQCD ~ LQCDh

Wi

perturbative
matching done below
charm threshold
(NLO known)

Mc
Possible resolutions
> NNLO perturbative matching
>  Matching nonperturbatively

Seminar Masaaki Tomii

wi’ (W): large uncertainty

12% uncertainty on A,

» Relevant for (5d)_(cc)/r: Al =1/2
* Does not happen for Al = 3/2

wi'(): precise at HEs

31



3f 4f
How much wizw ?
Sea charm quark = O(a?)

4f .
If Oi involves charm quark...

S C
> WCs of charm operators will be a part
of 3f WCs W
> Difference can be O( ) = -

: 3f
wi" necessary if MEs are calculated w O

> our fine lattice: a' = 1.38 GeV used for MEs

> not appropriate to introduce charm on this lattice

> 80° x 160 may be needed to have fine enough lattice maintaining mfrhys

32
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NP matching of 4-quark operators

Basic idea
Oi4f — Zj MijOff

l.e. <Eout|0i4f\Ein> — Zj Mij<Eout\Oj3f|Ein> for small Eout & Ein compared to mc

Strategy

> Consider many 3pt functions on fine lattice

Co (bouts £ i) = (Oa(tou) O] (1) Op (tin))

> Perform fit with many pairs of Oa & Op at large tout —t & t - tin cH = wm;Ct

],ab

> Trying with ~ 200 relevant pairs of Oa & Op

»  Automatic Wick contractor in use

33
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Operator basis for AS=1

(nL, nR): Representation of SU(3)L x SU(3)r

Classification of 7 independent ns = 3 operators

> 1in (27,1): 4in(8,1): 2in (8,8)

4 charm operators (Sada/p)L (Cacp/a)L/r all in (8,1) with SU(3).xSU(3)r

Only operators in (8,1) matter
> O?f — ( aaQéngvQZ)

— Mi. — | e
J
Oi4f — (Qll, QIQ, Qé}, QZL; P17 P27 P37 P4)

16 nontrivial elements

34



/-operator basis w nf = 3
> (27,1) x1, (8,1) x4, (8,8) x2

9-operator basis w ns = 4
> (84,1) x2, (20,1) x1, (15,1) x4, (15,15) x2

9x7 matching matrix can be
determined once the 16 elements of
Mij are obtained

Instability of M doesn’t propagate to
4-flavor matrix elements

> |nstability still concerning and trying to
better understand

0.8 —= —c 350

075} X "1 200

0.7} ]
0.65 f + { 250
0.6} -
~ 055} { 200,
s | 55
0.5 1 150™

0.45 | :

0.4} 1 100

035 1 50

0.3} | | ]

025(2” (4,2) (6@ (8@ uoa 02& 0

(tsnk-tsres top = tsre
-0.08 —= == 350
01 ) 300

-0.12} -

-0.14 } i 250
8-016" 1 200,
s '018 B 7 t§<

0.2} \ X 4150

0.22F x ¥ 1 100

-0.24 , ]

-0.26 | S5 % ] 50

-0.28 0

Seminar

SU(3).xSU(3)r to SU(4).xSU(4)r chiral bases

@1)

(@,2)

(63) (84) (105) (126)

Masaaki Tomii

0-8 L T MS -%'<_‘ 350
2/do% o
07| : 1 300
1 250
0.6} % -
{ 200,
s 0.5 ¢ 7 c\i
1 150
04}t .
1 100
0.3 B . 50
02 G 42 63 64 (05 ase °
(tsnk-tsre: top - tsre)
0.1 T T % f+ 350
I X —
0.09 X . 1 300
0.08} A
41 250
0.07t b S
3 0.06 t - 200§
= 0.05} : 15()N><
0.04¢ .
1 100
0.03 .
0.02} ] 50
0.01 (6, 3) (8 4) (1 O ,5) (12,6) 0

35
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(tsnk-tsre: top - tsre)



/-operator basis w nf = 3
> (27,1) x1, (8,1) x4, (8,8) x2

9-operator basis w ns = 4
> (84,1) x2, (20,1) x1, (15,1) x4, (15,15) x2

9x7 matching matrix can be
determined once the 16 elements of
Mij are obtained

Instability of M doesn’t propagate to
4-flavor matrix elements

> |nstability still concerning and trying to
better understand

Seminar

SU(3).xSU(3)r to SU(4).xSU(4)r chiral bases

Masaaki Tomii

matrix element of P7’ (analogous to Qg)
In 4-flavor

Myo <l Q5IK> —C—
My, <l Q3IKS —E—
My <l QglK> ——
Mye <ri QglK> —O—

total —>¢—

2,1) (42 (6,3) (8,4) (10,5 (12,6)
(tsnk'tsrc, top'tsrc) fOr 4f/3f matChing
21 @42 63 ©4 (105 (26 ° 027G @2 (63) (84 (105 (126)
(tsnk-tsre: top - tsrc) (tsnk-tsre: top - ts.rc)
T Msa’ﬁk_‘ 350 01 Ly % _;(_4
O :300 009k x f —©
1 0.08 | *
{ 250
b
: ZOOS 5 0.06|
X 150N>< = 005}
\ ! 100 0.04
* . 0.03 |
S X 150 0.02
— 0 0.01 —

@1) 42 63 @64 (105 (126)
)

( ttttttttttttt - tsrc

@1) 42 (63 (84 (105) (126)
(tsnk-tsre: top'tsrc)
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Example results on finer lattice

signiticant significant
value [Ge\/] ~ statistical errors ~ systematic errors

........................................................................................................................................................................................................................................................................................................................................................................................................

E 2 89(23)stat(35)sys

10-7 matrix elements 8.0% Wilson coefficients 12%
X

perturbative

~ nonperturbative 2-97(22)stat(1)sys * matrix elements 6.5%

x 10-7 * 3/4-flavor matching 2.3%
5 | + Wilson coefficients 12%
~ perturbative _7 11 (54)Stﬁt(94)sys matrix elements 7.6% ¢ High-energy parameters
10 5.6%
L e R
- ;-6 82(94)stat(37)sys « matrix elements 11%  High-energy parameters
nonperturbative x 10-11 * 3/4-flavor matching 6.3% 5.4%

**outdated results
**Discretization effects (12% overall) and finite volume effects (7% overall) not included above
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Summary

So many issues to address for precise SM prediction of K = it

>

>

>

better continuum limit — calculation at a-' = 1.7 GeV underway, 2.3 GeV planned
continuum limit of step scaling

dependence on intermediate scheme/scale on the high-energy side (un)

> NNLO perturbative matching would be very helpful

Nonperturbative 3/4-flavor matching mostly done, but maybe a bit more to
understand before writing up a paper

NNLO Wilson coefficients should significantly reduce the systematic error

37
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Why periodic BC?

Already have lattice ensembles with physical pion mass

» a1l=1GeV,24°x64 &a1=1.4GeV,32°x64 &...
» Continuum limit easier

Hope to introduce QED/IB effects near future
> G-parity BC violate charge conservation
» PBC appear necessary

Presence of Enn = 2mpn state challenging

> S/N ratio of Enn = mk state should be the same as in G-parity BC: ~~ e~ (Mk—2mx )t

> Interesting to see feasiblility of extracting signal of excited states
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Lattice setup

RBC/UKQCD'’s 2+1-flavor MDWF ensembles at physical pion & kaon
masses

> 243 x 64, a = 1.0 GeV, 258 confs

> 32°x64,a =1.4 GeV, 107 confs

Chiral symmetry of DWF — strong constraints on operator mixings
> with lower-dimensional operators
> among different representations w.r.t. chiral symmetry (8,1), (8,8) & (27,1)

All-to-all quark propagators
> 2,000 low modes for light quarks (no low mode for strange)
> high-mode part: spin, color and time dilutions => 768 inversions

39
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Matrix elements

For extraction of ground-state ME

~ 11/2
Eﬂwt EK
€ 2e= 1 large t1 & to

MeF(t,. ;) = CP (1. t .
(27 1) (27 1) _wa(tz)CK(t1>_

M

Excited (n-th) rirt state needed for on-shell kinematics with PBC

large t1 & to

> M,

C." : 2-pt function of it operators diagonalized by GEVP

C§,3) . K = nirt 3-pt function with riit operator used in C©"
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Diagrams for K = it 3pt functions

T
T
Hy,
K
K
T
T

type 1 type 2

EC e

type 3 type 4

41
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type 4 dominates stat. error

Previous G-parity calculation

42

> types 1,2: averaged over 3 T type 4
every 8 time translations ! !
> types 3,4: averaged over type 1 Tt e e ., v d
every time translation .S e ", .
K ° EO‘A"’A“¢A+A+A+0’0. -
. . T
types 1,2 still expensive but type 2 ;.
no need of such precision - $
- = 9 typel
: Hw i Q " type
— cost reduction? JCICIU T R RPN oo
% + \_# ty_pe4
. °% 14 12 10 & 6 4 3 0

t

type 3 RBC/UKQCD, PRD 102,054509




Sparsening Hw

Contraction cost mostly proportional to volume of Hw

G-parity calculation: summed Hw over full 3D volume

This calculation: volume of Hw (24° — 83: 27x speed up) for types 1 & 2

full vol. sum full vol. sum
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| = 0 correlation functions

44

O > <P X

Tp=(0,0,1)TTp=(0,0,-1) Mp=(0,0,1)TTp=(0,0,-1)
kaon operator operator kaon operator operator
3 < 2 total
< typel
2 = 1 type2
= type3
1 S 0 type4
-1
0 2
-1 -3
-4
-2
-5
-3 -
0 2 4 6 38 10 °

top - Ik
Sparsen Hw for types1,2 — still more precise than type4

Precision of type4 disconnected diagram
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Effective matrix elements (Al = 1/2)

243 X 64

Plateau appears
. Correlated fit result with

t1 = top—tk = 4 && t2 = tin—top = 4 (colored filled data points)
2.5 — - - - - —— 0.0

(DU SEDGNY U T S 1 Wa g = 6re— 810 '
20} 92 : ool Qs
15} [ [ 0.4} __ |
1.0 - » .T - -0.6 .0“ -"' m

| 1 - | 1T !

05} i el . 08}
0.0 | 1.0}
0.5t - 1.2
1 2 3 4 5 6 | 1 2 3 4 5 6



Seminar Masaaki Tomii 46

Translating to more physical ME

Renormalization (RI/SMOM scheme)

12 2 2 2
P1 P1 P1 P1 U = P1 = P = (Pl _ pz)
RI/SMOM (/) \Q_/ _
" J ——
] N Qi
NP free
P2 P2 % P P2 P2
Amputated vertex functions
] 1 SMOM(g1,4) G 3 / SMOM(g,q) G 3
Interpolation T — S L — osp N
Examples of interpolation of ol |
renormalized ME O __ | 1or
> Linear & quadratic in Enn/mk | " | 12}
» Systematic error estimated as lin vs ! * 1 Ll
quad is small as 1st excited st. | / : .
close to on-shell 0.00 | o 1 O
| at lattice rmt energies —@— : 1.8 ,-at lattice rut energies —@—

0095 06 07 08 09 1 11 12 13 14 15 °%5 06 07 08 09 1 141 12 13 14 15

Em/mK Em/mK
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Precision performance

323 G-parity BC

. 243 Periodic BC 323 Periodic BC
(previous work)
# of configurations 741 258 — 440 107 — 470
Al = 1/2 ME via Qolat 10% 14% — (11%) 14% — (6.7%)
0
(stE;:i(:;:i é ;I) Al = 1/2 ME via Qg 6.5% 8.9% — (6.8%) 11% — (5.3%)
Re Ao 11% 13% — (10%) 14% — (6.7%)

expectations of upcoming analysis in ()

Good precision performance of PBC (ME with excited-state rr)
compared to G-parity BC calculation (ME with ground-state rr)
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Summary & Outlook

Main sources of systematic errors at the moment

> Finite lattice spacing - Easier to take continuum limit with PBC as we already have lattice ensembles

> Wilson coefficients - Independent study on-going
» QED/IB effects - Theoretical approach being developed [Christ et al, PRD106, 014508 (2021)]
with PBC

We are successful Iin

> Extracting excited-state signals of the challenging Al = 1/2 process

» (Good precision performance of PBC approach

Precision will reach that of experiment in the near future

» Could attract a lot of attention
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